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2 JUE 1 B AR

ZUEAMEEEAR Z N TE 5T E LA ALK,
Hk@mArRXE—xm(— ) &nETER AR, 2K/ ZFiE,
MANOVA (‘& #EHotelling T2#30) 2 £ T A ME A WK IE L .

V1
%113, [5)— % G & A 3/~ FH 5< B i i (response) y = <Y2>, bk Rk
Y3

LR, Fwxdmy S R Ey (FLINEE) T2 — o R A

Vi = A + bpx + &, Eg=0,var(e,) =of, k=123

3R S AE — S H 2 22 T A T el A AR (S AR R )« ex~ (0, 0%)
yl a1 b]_ 81
y= <y2> =\| a b2 (i) + <EZ> = BTX +¢& B = (Zi Zz Zj)
Y3 as bs €3

Hie~(0,%), BREHZE T &3 X IRMSEGERE (R DXT A HRE
Br22 X 3RS EHF



PR En M TN FR, HA Vi,xi), 1 =1,..,n, T B H IR

Yi1 a, by 1 €i1
yi=|Yiz|=|a, b, (xi>+ €i2 éBTxi+£i,

Vi3 as bs €i3
FATHRIIREAS .
v Y11 Y1z V13 X{ 1 x
y,I Yn1 Yn2 Yn3 XZ 1 x,
yi X{
I)_I\IJYnxg = : = i |B+E = X,x2By43 TEnxs
T T
Yn X1

— R, RGN, piEARE,
AR youq = B Xpxq + €gx1, €~ (0,%) Bie~N,(0,%)
FEAS R Yan = anpoxq +En><q



eI i
[ Y A A

(S AARRRA)

i N Ag x 1=y, HARENp X 1A &Ex (F—r8EAND ,
CRRRRAS D 22 04 M [m] VA R AR 14 -

Ygx1 = BTprl + Eqx1 €~ (O; Z) —%Xﬁ'ﬁ (*)

HrefiRZRmE, E(e) = 0,var(e) = X, B&p X qRlHREGE %
BTHZEkAT, BMIEE kB2 ko8 T H AR = x 1A B H 22

IR A A & Gauss-Markov /i 1% -

Q FHREZEM:: E(y|x) =B'x

Q FZEFME: var(ylx) = 2, H5xhk
Q /hEM: e=y—BTx 1l x

VE
o Fq =1, ()R TCE R,
. %p =2,X= (jlc)'x = ng]_’ )I"I\[M:;i;@(*)/_%ﬁﬂz?&rﬂ%ﬂo



SRS X B, y A N0 (04, BRI E,

B =3xZxys Z=Zyy— Zyxak Zxy = Zyyex

(1) B M fRike=y - B 'x Lx
=>0=cov(y—B'X,X) =Zyy — B Iy
= B = Z;,}Exy

(2) AL (*) WIARTT%: By = BT EgB + X

=> 2 =3, —BTEoB =Ly — LBl Iy = Ly




eI Ak By, xi, 0 = 1, ..., nif 2 2 Jo eV [l A .

Eﬁgillj%iﬁi) Yi :BTXi+£i,£i,i = 1, ...,Tliid"’ (O,Z) (&)
AT HEY
yi x{ £
Yaxg=| ! | Xnxp=| ! [ E=] :
Yn Xn £n

M FRATTH 22 o2 ] A i 77
Yisg = XnxpBpxq + Enxqg, EFIEATid~(0,%),Z = (o)

iEY, B;EE/(J/EI%]{§U?"7 Y(k)’ B(k)’ S(k)’ E]]
Y=y - ¥@) B= (B - Bw@)E = (€ &q)
S ke B PR — o AR A
Yao = XBw) + €y €x)~Nn(0,0kly), k=1,....,q

%*’l‘*ﬁ*ﬁ@ll‘ﬂ%*ﬁ?éﬁ‘] COU(S(R), S(j)) = O'kjlno ﬁﬁﬁ%?ﬁ%
TR g D — o (S WEEIED



B/ 3R

SHEFTHEREA, B € R4, 58 LA
(A, B) = tT(ATB) = Zi,j al’jb

5B %A Frobenius/RX FGAR
Al = /(4,4) = \/tr(ATA) = /zi,j a;;

LARIZAT FIA = (ay, ., a,) "= (ag), -, a(g),
HANI2 = llagll + -+ llagllz = lay||” + -+ |lacp ||

ij

Sy o  ERY = XB + E HIRZE 5 A
IE|IZ = ||Y — XBI|? = tr((Y — XB)T(Y — XB))
B/ I (LS B/ IMENE %



A HEF
Y =y - ¥a) B = (Ba - B(q)) E = (e - &q))

WEN2 = NlY = xBIZ = X% _, el = ~ XBuo |’
ﬁTW¢%MW,R%W$QMﬂ¢Mt B

X FRABIRL, H - TCAR PR
Yo = XB) + €y, €y ~Nn(0,0kn), k=1,....q

—JuIAR RN %PE(LS)

2 : 2
B(mlegpns()” = meRp“y(k) XBol =u](r%161:1(X)||y(k)_u(k)||

RAELS: wgy = Iy (o EXTIIRAIEICCO L) W, REF s
ALFFe A, o

Yoo = PxYoo = X(XTX) 72X Ty = XBo
R 2 I 441
XT(yao — Vo) = X" (Yo — XBay) = 0

BT B RARf . BILSHE B = (XTX) X Ty,

B ewy=Yu — Yo = Yao — XBgo-



B LS At it

B =By - Bgy) = XTX) X (yay, - V(gp) = (XTX) T1XTY
BMEBIEEE ) Y = By, - Vi) = XB=X(XTX) XY
WA IE R XT(Y—XB) =0
REE =Y —XB = (ew), -, eq))

R E P WILS TS min tr(ETE). min tr(SETE JHRiA FIHb.
SEFRL, ZRMEREALY = XB+E,E ~ (0,%), MR IESRE, /b 3Rk
min tr(ETE )= min tr((Y - XB)T(Y — XB))

< min tr(Z7E"E)=mintr(z(Y - XB)" (Y - XB))

(XTX)TXTY,

BELSfhit: B
SHILS{ B L $ = rlp(v ~XB)T(Y - XB) =——YT(1, P )Y .




7€ PP I -
LY =PY = X (XTX)™XTY = XBAYLEXF 7K B 23 18] C (X )
IR, MY —XB=(1, -P)Y,(I. =P, )X =0, frbA
tr(Y — XB)Z (Y = XB)" =tr(Y — XB+ XB — XB)Z (Y — XB+ XB— XB)"
=tr(Y — XB)Z (Y — XB)" +tr(XB — XB)Z(XB — XB)"
> tr(Y — XB)= (Y — XB)",
Hod &2 X Hitr(Y — XB)Z ™ (XB—XB)" =tr(l, — P, )YS*(XB— XB)"
=trX (1, -P,)Y=(B-B)" =0.
Y FHEEET AL, Bitr(Y — XB)(Y — XB)T > tr(Y — XB)(Y — XB)',
FTLAB = BIF, tr(Y — XB)Z (Y — XB) T Hitr(Y — XB)(Y — XB) /.




EH2. zﬁ%@(ﬁla)@@
Yig = X B E..., ERI#EATIid~ N, (0,X), 5XMaL,

nxp pxq

BAIS I K ALARAE 1B = (X TX)EXTY, X =%(Y — XB)T(Y — XB).

L RFEHRFPILSH TS 1IEA FBIMLERRTE, (B 7 ZA5 1A 2 7+
EH2MIER : X R,y ~ N (B™x,,Z), T EMUSR R ECH

n

L(B,Z) :H (Zﬂ)q/:l- Iz exp[—z( i BTXi)TZ_l( i BTXi)j

i=1

1
= exp| —=tr(Y — XB) (Y — XB)"
(27Z_)nq/2 |Z|n/2 p[ 2 ( ) ( ) j

logL(B,X)=-n/2log|Z| —%tr(Y — XB)X (Y — XB)" = BJMLES LS5 1H4HIA] .
logL(,2) =c +2Iog |z [* —%tr(Y — XB)"(Y — XB)z™

=c+glog|Q|—%trAQ, (AQ=3" A=(Y -XB)"(Y - XB)

~5-61-1a
n



ik, NTORBAERALY = XB + E R R BOEFEB, BATTR AR
RL BIY = (yay - Y@)> B = (B, Bw) E = (eq) - &) 15
—4l, WG JuE .

Yoo = XBuo + €k E)~Nn(0,01kly), k=1,...,q

15 BILSA T A b 72
By = "X "X Tyuy ew) = Ya — XBw
=
= rALSfhTE. PrARES A RS RBIILSfE T KE:
B =By - Bgy) = XTX) 1XTY,
E =(eq ...eq)=Y—XB
= e, e FIEEAR T T Z 1T oy)
Gij = e(ne(/(n—p)
>IKLS it

$=ETE/(n—p) = (efye() /(n—p)



5E F3(IR 4 Johnson &Wichern, Result 7.10). Rk IEAZ AR,
Yirg = XopBpxg + Eneg ERIAHATIID ~ N, (0,Z), HXHHAL,
B= (x X)—leYﬁLsﬁﬁ, KB AB, WTEL EXIME T
(D)FEFEBIK T JC B E S IR IEZS 23 Aii
E(B)=B,var(B ) = o (X" X)™,cov(B ), B;) = o (X TX)™

2)(n-p)Z~W,(n-p,Z), SBHOL,

________________________________________

s D B=(X"X)"XTY, B =(XTX)"X Ty
— EB|X)=(X"X) XTE(Y | X)=(X"X)*X"XB =B,
COV(B ) By | X) =(XTX)XT oV, Y () )X (XTX) T =0 (XTX)™

2) HY =XB=(I, = X(X"X)XT)Y =(I_ = X(X"X)*X")XB+E)

=(I, -P)E, = (n-p)E=(Y —XB)"(Y-XB)=E"(I,—P,)E.

KNI - P AR AEE tr(1, — P, )=n—p, HCochraniE#E,
(n-p)Z~W,(n-p,z), HEBMAL.



SE 4 (PR A Johnson & Wichern, Result7.11) R IE AR 2 PEA Y
Yig = XupBosg + Engr  EFIFATIID ~ N, (0,2),
B, | (k+1
RIX = (X, X,), X Anx (k +1),X27'~jnx(p—k),ﬂZ|J§J\B:{Bl} (k+1)>xq
2
ALY = X,B, + X,B, + E, JR{E1KH, : B, = ORMELR L As 46

_ _ d
—~2log(A) =-nlog( £ |/|Z, )=, 22py N—> 0.

ﬁtﬁizlvT(ln—Px)Y, 3, :l\ﬂ(ln P, )Y >3,
n n !

(p—k)xq

VE SIS, HEE+(E, S [HW |/|W +B|

UE: B N RLIR BRI 2R
L(B,3) =

1 1
exp| —=tr(Y — XB)Z (Y —= XB)'
(27Z_)nq/2 |2|n/2 p( 2 ( ) ( ) )
1

B=(X"X)*XTy, ﬁ:%(Y—XIé)T(Y —Xé):HYT(In ~P,)Y

1 nqg
B NAUSR |
/TJ\ L( ) (2 )nQ/Z | |n/2 exp( 2 j

14



JFEBE Y = X,B, +E, E&4Tiid ~ N, (0,%),

U EIL(B,,Z) = 2 )nq/lz G exp(_itr(Y — X,B)Z(Y - XlBl)T)

=(x1Tx1)—1x1TY,io——(Y X,B)T(Y - X,B,) = Y (1,-P,)Y

S L 1 ng
B UAL(B, S,) - e (_ _jo
( 1 0) (Zﬂ)anZ |20 |n/2 p 2

RLIRLE -
_maxL(B,,%) _ L(Bl,Z ) _ |§| Wllks lambda A% = A2 — 121 |
maxL(B,Z) L(B,Z) \|%,] pry

SRR . %) ¢
H_E—3fWilksE #, H oLk, - Iog[|| |J—>;(§(p_k), n — oo

2o |




Z2ltb, FIINABTHHESTRITDITNEERRE,
i/ R f)acobianitE 2 2Tt as
EMESITETNEETE, TEEENBINA
Mo R R EF)JacobianitE I8 .



fff = SR JE 205 Jacobian

BATEN EATE Mz, o) 2y 11d ~Np(0,2) © Z~Nppy(0,1,0%) H
MEXNE, MARERGEKW =277 HIBEEE.

AT KAE #ryJacobian, —ANHLSRA B ey T 25 T 2 8 77 vk £ A
AR T A (exterior product, exterior differential
forms)

Exterior products and exterior differential forms were given a systematic
treatment by Carian (1922) in his theory of integral invariants. Since then
they have found wide use in differential geometry and mathematical physics;
see, for example, Sternberg (1964), Cartan (1967), and Flanders (1963).

Definition 2.1.2 can be extended to define exterior differential forms on
differentiabie and analytic manifolds and, under certain conditions, these in
turn can be used to construct invariant measures on such manifolds. Details
of this construction can be found in James (1954) for manifolds of particu-
lar interest in multivariate analysis. We will not go further into the formal

A B SRR A -
Muirhead (1982) Aspects of multivariate statistical theory. Wiley. Chapter 2

17



R L AR
oy 1= [, f et oo X)dXg oo X (%)

X B 113 ix - y:
A2 H (] Jacobian

x1 = X1(V1,-, Ym) dx, 02,
Jx—-y) =det]| : :
Xm = xm()’1;--;ym) ax_m ax_m
1 0Ym
Q@B

I=[, fOIE-=y)dy; ...dy,

6x1 axz _ 6x1 axz
0y1 0y, 0y, 0y1

I = fA, f&x(¥)) dy,dy,.

FHN—TT L, BATARRR AN ZAE R AR (%),

0x;
dx; =

dx
dy, + - +—d
ayl yl yn

dyp

18



INEEm = 215

0 0 0 0
L= f, Fa@) (G + 5,0 dyz) (52 dys + 52 dys )

6x1 axz Bxl sz 6x1 axz axl axz

= [y FOOY) (G252 dyrdys + 5272 dyidy, + 5252 dy,dy; + 7222 dy,dy, )

? dxq 0xy dxq 0xy
& [, Foxy) (G252 - 2222 dy, dy,
M JE— 3 or, R U IR (AR i 2 R b A
dy,dy, = —dy,dy, ,dy,dy; = dy,dy, =0,
AT E5—RERIRIX 43, RATHMFSA (wedge)FRasFMA .

dx;0x, 0xq0x,
dy1 0y, 0y, 0y,

I, = ; f&x®) < )dY1 A dy;



dx = (dxq, ..., dx,,) " &m X 1557 7] &=, 777 MR (exterior
product,wedge product)

‘?ﬁﬁ/@dxl AN dx] = —dx] N dxl-

EHAL Fidy = (dys, -, dym) "7em X WHOF I, Bixm
A%, dx = Bdy, I

Ai=q1dx; = det(B) A2, dy;

WER: AL, dx; = p(B) A%, dy;, p(B) &BRIGER B2 Tz,
o p(B)XT B 1741

o dx;, dxWikFFeBHBH, 1T, p(B)BUAEM S
* pUm) =1

DL ERAT A E X, #p(B) = det(B) .



F—PRII L BRARA X € R™ - (1,04, ..., 07 1)

x, = 1 cos(6,) r>00<6,..,0, ,<m,0<6,_,<2n

Xp—q1 =1 sin(8;) - sin(6,_,) cos(6,,_1)
Xn =r1sin(6y)--sin(8,_,) sin(6,,_1)

Jacobian: J(x = (r,0)) =" 1sin™®2(6;) sin® 3(8,) ---sin(6,,_,) .

R HRESRSIFHEAR N =M% (= 0Bilodeau P32) (HIATIRHIMATTX4:
x2 = r2sin%(0,) - sin®(6,,_) sin?(6,,_1)
x2+x2_,  =r1?%sin?(0;) - sin?(6,_,)

X2+ -+ xf =12

55— 2 KW
2x,dx, = 2r?sin®(0;) -+ sin?(0,,_5) sin(0,_,) cos(0,_1)d0,,_1 +dr,db,, ..., d6,_,terms
Ok
2x,dxy, + 2Xxp_1dxX,_q = 212 sin%(0;) - sin(0,_,) cos(0,_,) d0,,_, +dr,do,, ..., d6,_sterms
e — TSR
2x,dx, + o+ 2x1dxq = 2rdr
P22 [ B SR A AR
2% - xy NIy dx; = 2™r2"15in2"3(0,) sin?™"~5(8,) -+ sin(B,,_1) cos(6;) -+ cos(B,,_1) dr NI} d6;
= 2Mx; - x, 7™ 1sin™"2(8,) sin™"3(8,) -+~ sin(B,,_,) dr NI do;

= AL, dx; = v 1sin™®2(6;) sin®3(8,) -+ sin(8,,_,) dr A" d6;

21



Pl OEREREX = (), HMordX = (dx;), dXIAMATE
piy  JESHIE

(dX) = /\i,j dxl]
X fn X nXTHRAERE, (dX) = Ay i

NABAE: d(XY) = X.dY +dX.Y

AT EFA2: AX = BY, X, YRnx miElE, BEn xno i
SOIELCIIEI %, NJ(X - Y) = |B|™

UEH]: dX = BdY, dX = (dX4,..,dX,,), dY = (dyy,...,dyn), X; =5y,
dx;=Bdy;, HEMAL, AlL,dx;; = |B|Aj=1dy;;» FTLL
(dX) = /\;'n=1 /\?=1dxij = /\;'n=1(|B| /\?=1 d)’ij )
= |B|m/\§'n:1 Ni=1 dy;; = |B|™(dY)

Hete: X = BYC, HhX, YEnxmilE, B, CHO%Enxn,
m X mA] W fE, WJjX ->Y) = |B|™|C|"

22



EHIA3: #X = BYBT, HAX, Yiimx m¥WHEME, B &
m X ma] W fE, X - Y) = |B|™*t!

iFRH: X = BYBT, dX = BdYBT, W
(dX) = (BdYBT) = p(B)(dY)

HAp(B)EBRIITTRNZ . SEMAIm x mA] ¥ 55454, B,

p(AB)(dY) = (ABdY(AB)") = (ABAYBTA") = p(4)(BdYBT)

= p(Ap(B)(dY)
FrLh p(AB) = p(A)p(B), M—EfFERENEE k, {F18p(B) = |B|*
BB = bl,, WX = BYBT = b?Y,

(dX) = (b?dY) = (b>)™m+D/2(dy) = pmM*D([dY) > k=m+ 1

EHAL: HX =YL Hpy2Em x miFRERE, N
JX - Y) = |y|"(m+D

EH: YX =1, WYdX +dYX =0 =dY = —-X"ldxx!
= (dY) = (=X"tdxx™ 1) = |X| ~M+V(dx)



CIVERUE 5:0A5: Hd g > 0,4 = TTT, 5 TAR 7L N IER N =
GEN FAERE, W J(A > T) = 2m [, =i+t

Jacobian
E

aj; Qi - Qi tg 0 0 t11  li2
aiz Az Aom | [ tiz T2 0 0 2
A1m  Aom  Amm tlm th ces tmm 0 0
_ 2

a1 = t1q da,; = 2dt;,

A1z = t11l12 da,, = t{1dty, + -+

A1m = t211t1m2 Ay, = ti1dty, + -

Az =l T 13 = da,, = 2ty,dty, + -

Aom = lizlim T l22lom Ay = tydtyy, + -
_ 42 2 '

Amm = Uim - tlmm AdAym = 2tymmAtmm +

U
P21 A B SR AR

24



€ M Al: ZJtgammalrfiZ:

L) = j exp(—tr(A)IAI*" 2 (dA),a > (m — 1)2
A

mxm-=>0

EHA6: a>(m—1)/2

— —1
T, (a) = pmm=1)/4 e, r (a _ (12 ))

ER: A=TTT, H TﬁXTﬁ%mﬁEé&H’JL FHEEE, T
tT(A) = Zl<] ij’ |A| Htu
1l

m+1

Tn(@) = [, exp(—tr(4)IA1*" = (dA)

=/ feXp( Zl<, t7) TIeZe ™ {2 TR, e A

i<j dtij}

= [1i<; [ exp(—t7) dt;; x 2™ [T}2, [ exp(—t}) t73* ' dey

_ (\/—)m(m 1)/2Hi=1 ( s 1))

2




EHAT: BiBa > ", Sy > 0

j exp(—tr(Z7"A) /2)|Ala_m;1(d/1) = L (a)2™¢|Z]"
A

mxm=>0

WEEH: AV =3x"1/24371/2))
m(m+1) m+1
(dA) = (28Y2qvzl/2) =272 |g] 2 (dV)

m+1

j exp(—tr(Z714) /2)|A|*" 2 (dA) =

A >0
m+1

— ymajg|a j exp(—tr(V)IV|*™ 2 (dV) = 2mA|Z|2T,, (@)
V>0

IXIGUE | Wishart73 AN %5 BEAR 41



EFRAS. WM ZEn x mFEME:, BAm, Zn] DAME—7 i@ N(Schmidt IEAZ4k)
Z = H,T,
HAH, = (hy, ..,hy)En X mIIELHERE, HHy =L, TR&m xXmL
—MFE Gfoe> 00, T |
(dZ) = T2, iy " (dT)(H{ dHy),
Hr

(H{dH;) = NiZ1 /\?=i+1 th dh;

:/H;‘EF[H — (hl; ---;hm; hm+1;---; hn)%Hl %l\élﬁq nl:{}/I\IEd_C‘%Elzio

1lE B2 W Muirhead P63, Theorem 2.1.13



WA=Z"Z=T"T, H1EHAS, ](A—>T) =27, e+l gl
(dA) = 2m 1_[ £m=i*1 (g7
i=1

i 2 FEASTE

TEHAS. W ZEn x mFEME, BoAm, Z BT (E—) o
/= HlT, iEAA — ZTZ’ I)_[\IJ
n-m-—-1

(dz) = 27™A|" 2z (dA)(H{ dHy),

EHAGRE A G A TAES RN J(Z - A Hy) -

RLT I E R ERAL R R R, EHAS-9E N 5 IEA5E FRH, A I
= MHEMET RN,



(HirdHﬂ = NiZq A?=i+1 h]T dh;

FIIEAS fin x mAE &S
Vnn = {H; € R"™™: HH, = L,} € R™™
AR P Inm — m(m + 1)/24E1F % (surface), FRAStiefel manifold,
Py ELE I .
« n=m: Vy, =0(0m), 1EAHE;
« m=1: Vy, =S, HABKE.

ZEn = miEK. [Hi%H € O(m), HTdHE RN RAEE, (HTdH) &
H E=MAIuEm=MIMA:
(HTdH) = N\i<;h/ dh;

B (. B) IEZAZR, MEIXMATE R TERE X T00m)
I Harel 5 .

u(D) = [, (HTdH),D  0(m),
WEIERZ AR ME . w(HD) = u(DH) = u(D), BT — s Ee
AR, 1% EE A2 O (m) b ME— 1A AN B ([RIAZ BR TH X5 21 93 4) -

—fgn, miEE T I,



O (m) AR

Blin: m =2
__(cos(8) —sin(0)\ _
1= (Gn) costey ) = o
—sin(6)d6

(HTdH) = hzdh; = (=sin(6), cos(6)) ( cos(8)d8

)=,

(0(2)) = [y (HTdH) = [;7 df =27

FEHIAL0: VAT

f (HTdH;) = 2ma™ /2T, (n/2)
V.

mmn

N

m~
D 2

tn(3)’

T

(2) m = 18, p(O@m)) = % SR A

A2 (1) u(O(m)) =

N

N[

N |



FTHE A n>mif, A~W, (n,Z)PHEREERECA

-n/2 (n—p-1)/2
|2 lnm,2| Al exp —ltr(AZ‘l) ,
2" (n/2) 2

s, 00 - 2" T x-12), x> (o012
i=1

me(n,Z) (A) —

FRH: A=2"Z,Z  HIRER S
1 1 1T
0(Z) = PPRATTE exp[—ztr{z 7 Z)}j (dZ),

Z=HT,H'H,=1_ HEnxmW =Z"Z=T'T

n-m-1

HEFA9, (dZ) = 27™|A| z (dA)(H{dH,),
FF LA, Hy P 5 i
P4, Hy) = Gromprrgars €XP(= 5 tr (271 A))
x 27| Al 2 (dA)(HT dH)),
SEH, AUy, R EALOBARA SR, EIfEARIB .




Deemer and Olkin (1951) The Jacobians of certain matrix
transformations useful in multivariate analysis: based on
lectures of P.L.Hsu at the University of North Carolina,1947.
Biometika,38.

THE JACOBIANS OF CERTAIN MATRIX TRANSFORMATIONS
USEFUL IN MULTIVARIATE ANALYSIS

BASED ON LECTURES OF P. L. HSU AT THE UNIVERSITY OF
NORTH CAROLINA, 1947

By WALTER L. DEEMER axp INGRAM OQLKIN, University of North Carolina

Editorial Note. The following paper was submitted by Prof. Hotelling in the summer of 1850 for
publication in Biometrika with the accompanying Note from Col. Deemer and Mr Olkin:

“In 1947 Prof. P. L. Hsu gave courses in multivariate analysis at the University of North Carolina
in which he developed new techniques for finding Jacobians of certain matrix transformations. Hsu
returned to China at the end of that academic year, leaving as a record of this material only the notes
of students in his classes.

‘We(Deemer and Olkin) became interested in these matrix transformations in the course of our work
in multivariate analysis. Since we did not take Hsu's courses, we used Ralph Bradley's notes as a basis
for our studies.

‘In the spring of 1948 there was a seminar in multivariate analysis under the direction of Prof.
Harold Hotelling. At his request we prepared some lectures on matrix transformations. At the com-
pletion of the seminar, Prof. Hotelling and Prof. R. C. Bose suggested that in view of the importance
of these techniques and their non-availability, we should prepare an expository paper giving a
systematic development with all proofs given in detail.

*All the new ideas of importance in this paper are due to Hsu. Our contribution has been to organize
the material in logical form, making all proofs complete with the v 1 explicitly stated
and proved.

‘ Efforts were made to communicate with Prof. Hsu in order that he could review this material before
it was circulated. To date such efforts have failed.’

Since this contribution was received contact has been made with Prof. Hsu and the paper is now
published with his approval. A suggestion which he made for improvement has been added as a Note
on p. 361. However, in view of the liberty they have taken in the exposition of Hsu's ideas, the American
authors would like it to be elear that they are to be held responsible for any errors.

FOREWORD

By HaroLp HoTELLING

We are apparently at the beginning of & major development in the use of statistical pro-
cedures for joint treatment of a multiplicity of correlated variates. Many of the new methods
depend ultimately on the distribution of the roots of certain determinantal equations, This
distribution was published simultaneously in 1939 by P. L. Hsu (1939) and R. A, Fisher
(1939) in the Annals of Bugenics, and, excepting for a constant multiplier, by 8. N. Roy
(1938—40) in Sankhyd. Hsu’s derivation, which, like Roy’s, is otherwise complete, demon-
strates the correctness of his formula for this constant multiplier only for the case of three
variates. Proof that the formula is correct for the general case has turned out to be
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