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Preface

This book has grown out of lectures given in first- and second-year graduate
courses at Yale University and the University of Michigan. It is designed as
a text for graduate level courses in multivariate statistical analysis, and 1
hope that it may also prove to be useful as a reference book for research
workers interested in this area.

Any person writing a book in multivariate analysis owes a great debt to
T. W. Anderson for his 1958 text, An Introduction to Multivariate Statistical
Analysis, which has become a classic in the field. This book synthesized
various subareas for the first time in a broad overview of the subject and has
influenced the direction of recent and current research in theoretical multi-
variate analysis. It is also largely responsible for the popularity of many of
the multivariate techniques and procedures in common use today.

The current work builds on the foundation laid by Anderson in 1958 and
in large part is intended to describe some of the developments that have
taken place since then. One of the major developments has been the
introduction of zonal polynomials and hypergeometric functions of matrix
argument by A. T. James and A. G. Constantine. To a very large extent
these have made possible a unified study of the noncentral distributions that
arise in multivariate analysis under the standard assumptions of normal
sampling. This work is intended to provide an introduction to some of this
theory.

Most books of this nature reflect the author’s tastes and interests, and
this is no exception. The main focus of this work is on distribution theory,
both exact and asymptotic. Multivariate techniques depend heavily on
latent roots of random matrices; all of the important latent root distribu-
tions are introduced and approximations to them are discussed. In testing
problems the primary emphasis here is on likelihood ratio tests and the
distributions of likelihood ratio test statistics. The noncentral distributions
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viii Preface

are needed to evaluate power functions. Of course, in the absence of “best”
tests simply computing power functions is of little interest; what is needed is
a comparison of powers of competing tests over a wide range of alternatives.
Wherever possible the results of such power studies in the literature are
discussed. It should be mentioned, however, that although the emphasis is
on likelihood ratio statistics, many of the techniques introduced here for
studying and approximating their distributions can be applied to other test
statistics as well.

A few words should be said about the material covered in the text.
Matrix theory is used extensively, and matrix factorizations are extremely
important. Most of the relevant material is reviewed in the Appendix, but
some results also appear in the text and as exercises. Chapter | introduces
the multivariate normal distribution and studies its properties, and also
provides an introduction to spherical and elliptical distributions. These form
an important class of non-normal distributions which have found increasing
use in robustness studies where the aim is to determine how sensitive
existing multivariate techniques are to multivariate normality assumptions.
In Chapter 2 many of the Jacobians of transformations used in the text are
derived, and a brief introduction to invariant measures via exterior differen-
tial forms is given. A review of matrix Kronecker or direct products is also
included here. The reason this is given at this point rather than in the
Appendix is that very few of the students that I have had in multivariate
analysis courses have been familiar with this product, which is widely used
in later work. Chapter 3 deals with the Wishart and multivariate beta
distributions and their properties. Chapter 4, on decision-theoretic estima-
tion of the parameters of a multivariate normal distribution, is rather an
anomaly. I would have preferred to incorporate this topic in one of the
other chapters, but there seemed to be no natural place for it. The material
here is intended only as an introduction and certainly not as a review of the
current state of the art. Indeed, only admissibility (or rather, inadmissibility)
results are presented, and no mention is even made of Bayes procedures.
Chapter 5 deals with ordinary, multiple, and partial correlation coefficients.
An introduction to invariance theory and invariant tests is given in Chapter
6. It may be wondered why this topic is included here in view of the
coverage of the relevant basic material in the books by E. L. Lehmann,
Testing Statistical Hypotheses, and T. S. Ferguson, Mathematical Statistics:
A Decision Theoretic Approach. The answer is that most of the students that
have taken my multivariate analysis courses have been unfamiliar with
invariance arguments, although they usually meet them in subsequent
courses. For this reason I have long felt that an introduction to invariant
tests in a multivariate text would certainly not be out of place.
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Chapter 7 is where this book departs most significantly from others on
multivariate statistical theory. Here the groundwork is laid for studying the
noncentral distribution theory needed in subsequent chapters, where the
emphasis is on testing problems in standard multivariate procedures. Zonal
polynomials and hypergeometric functions of matrix argument are intro-
duced, and many of their properties needed in later work are derived.
Chapter 8 examines properties, and central and noncentral distributions, of
likelihood ratio statistics used for testing standard hypotheses about covari-
ance matrices and mean vectors. An attempt is also made here to explain
what happens if these tests are used and the underlying distribution is
non-normal. Chapter 9 deals with the procedure known as principal compo-
nents, where much attention is focused on the latent roots of the sample
covariance matrix. Asymptotic distributions of these roots are obtained and
are used in various inference problems. Chapter 10 studies the multivariate
general linear model and the distribution of latent roots and functions of
them used for testing the general linear hypothesis. An introduction to
discriminant analysis is also included here, although the coverage is rather
brief. Finally, Chapter 11 deals with the problem of testing independence
between a number of sets of variables and also with canonical correlation
analysis.

The choice of the material covered is, of course, extremely subjective and
limited by space requirements. There are areas that have not been men-
tioned and not everyone will agree with my choices; I do believe, however,
that the topics included form the core of a reasonable course in classical
multivariate analysis. Areas which are not covered in the text include factor
analysis, multiple time series, multidimensional scaling, clustering, and
discrete multivariate analysis. These topics have grown so large that there
are now separate books devoted to each. The coverage of classification and
discriminant analysis also is not very extensive, and no mention is made of
Bayesian approaches; these topics have been treated in depth by Anderson
and by Kshirsagar, Multivariate Analysis, and Srivastava and Khatri, An
Introduction to Multivariate Statistics, and a person using the current work
as a lext may wish to supplement it with material from these references.

This book has been planned as a text for a two-semester course in
multivariate statistical analysis. By an appropriate choice of topics it can
also be used in a one-semester course. One possibility is to cover Chapters 1,
2, 3, 5, and possibly 6, and those sections of Chapters 8, 9, 10 and 11 which
do not involve noncentral distributions and consequently do not utilize the
theory developed in Chapter 7. The book is designed so that for the most
part these sections can be easily identified and omitted if desired. Exercises
are provided at the end of each chapter. Many of these deal with points
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which are alluded to in the text but left unproved. A few words are also in
order concerning the Bibliography. I have not felt it necessary to cite the
source of every result included here. Many of the original results due to such
people as Wilks, Hotelling, Fisher, Bartlett, Wishart, and Roy have become
so well known that they are now regarded as part of the folklore of
multivariate analysis. T. W. Anderson’s book provides an extensive bib-
liography of work prior to 1958, and my references to early work are in-
discriminate at best. I have tried to be much more careful concerning
references to the more recent work presented in this book, particularly in
the area of distribution theory, No doubt some references have been missed,
but 1 hope that the number of these is small. Problems which have been
taken from the literature are for the most part not referenced unless the
problem is especially complex or the reference itself develops interesting
extensions and applications that the problem does not cover,

This book owes much to many people. My teachers, A. T. James and
A. G. Constantine, have had a distinctive influence on me and their ideas
are in evidence throughout, and especially in Chapters 2, 3, 7, 8, 9, 10, and
11. I am indebted to them both. Many colleagues and students have read,
criticized, and corrected various versions of the manuscript. J. A. Hartigan
read the first four chapters, and Paul Sampson used parts of the first nine
chapters for a course at the University of Chicago; I am grateful to both for
their extensive comments, corrections, and suggestions. Numerous others
have also helped to weed out errors and have influenced the final version;
especially deserving of thanks are D. Bancroft, W. J. Glynn, J. Kim, M.
Kramer, R. Kuick, D. Marker, and J. Wagner. It goes without saying that
the responsibility for all remaining errors is mine alone. I would greatly
appreciate being informed about any that are found, large and small.

A number of people tackled the unenviable task of typing various parts
and revisions of the manuscript. For their excellent work and their patience
with my handwriting 1 would like to thank Carol Hotton, Terri Lomax
Hunter, Kelly Kane, and Deborah Swartz.

Ross J. MUIRHEAD

Ann Arbor, Michigan
February 1982
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CHAPTER 1

The Multivariate Normal and
Related Distributions

1.1. INTRODUCTION

The basic, central distribution and building block in classical multivariate
analysis is the multivariate normal distribution. There are two main reasons
why this is so. First, it is often the case that multivariate observations are, at
least approximately, normally distributed. This is especially true of sample
means and covariance matrices used in formal inferential procedures, due to
a central limit theorem effect. This effect is also felt, of course, when the
observations themselves can be regarded as sums of independent random
vectors or effects, a realistic model in many situations. Secondly, the
multivariate normal distribution and the sampling distributions it gives rise
to are, in the main, tractable. This is not generally the case with other
multivariate distributions, even for ones which appear to be close to the
normal.

We will be concerned primarily with classical multivariate analysis, that
is, techniques, distributions, and inferences based on the multivariate nor-
mal distribution. This distribution is defined in Section 1.2 and various
properties are also derived there. This is followed by a review of the
noncentral x? and F distributions in Section 1.3 and some results about
quadratic forms in normal variables in Section 1.4.

A natural question is to ask what happens to the inferences we make
under the assumption of normality if the observations are not normal. This
is an important question, leading into the area that has come to be known
generally as robustness. In Section 1.5 we introduce the class of elliptical
distributions; these distributions have been commonly used as alternative
models in robustness studies. Section 1.6 reviews some results about multi-
variate cumulants. For our purposes, these are important in asymptotic
distributions of test statistics which are functions of a sample covariance
matrix.
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It is expected that the reader is familiar with basic distributions such as
the normal, gamma, beta, ¢, and F and with the concepts of jointly
distributed random variables, marginal distributions, moments, conditional
distributions, independence, and related topics covered in such standard
probability and statistics texts as Bickel and Doksum (1977) and Roussas

(1973).

Characteristic functions and basic limit theorems are also important and
useful references are Cramér (1946), Feller (1971), and Rao (1973). Matrix
notation and theory is used extensively; some of this theory appears in the
text and some is reviewed in the Appendix.

1.2, THE MULTIVARIATE NORMAL DISTRIBUTION

1.2.1. Definition and Properties

Before proceeding to the multivariate normal distribution we need to define
some moments of a random vector, i.e., a vector whose components are
jointly distributed. The mean or expectation of a random m X1 vector
X=(X,,...,X,) is defined to be the vector of expectations:

E(X))

E(X)=

E(X,)
More generally, if Z=(z,) is a pXq random matrix then E(Z), the
expectation of Z, is the matrix whose i - jth element is E(z, ). It is a simple

matter to check that if 8, C and D are m X p, ¢ X n and m X n matrices of
constants, then

(1) E(BZC+ D)= BE(Z)C+ D.

If X has mean p the covariance matrix of X is defined to be the m X m
matrix

T=Cov(X)= E[(X—p)(X—pn)].
The i- jth element of 2 is

9,= E[( XI—P‘:)(X/ "}1/)],
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the covariance between X, and X,, and the /-ith element is
2
0” = E[(Xl —-p'l) ]’

the variance of X,, so that the diagonal elements of £ must be nonnegative.
Obviously = is symmetric, i.e., £=2'. Indeed, the class of covariance
matrices coincides with the class of non-negative definite matrices. Recall
that an m X m symmetric matrix A is called non-negative definite if

a’'Aa =0 forall a€ R™
and positive definite if
a'Aa>0 forall a€R™, a#0

(Here, and throughout the book, R™ denotes Euclidean space of m dimen-
sions consisting of m X | vectors with real components.)

LEMMA 1.2.1. The m X m matrix 2 is a covariance matrix if and only if
it is non-negative definite.

Proof. Suppose 2 is the covariance matrix of a random vector X, where
X has mean g, Then for all aE R™,

(2) Var(a'X) = E[(a'x a u)z]
= E[(«'(X~p))’]
=E[a'(X—p)(X—p)a]
=a'Zaz=0
so that Z is non-negative definite. Now suppose 2 is a non-negative definite
matrix of rank r, say (r = m), Write £ = CC’, where C is an m X r matrix of

rank r (see Theorem A9.4). Let Y be an r X | vector of independent random
variables with mean 0 and Cov(Y)= 7 and put X=CY. Then E(X)=0 and

Cov(X)= E[XX'|=E[CYY'C']
=CE(YY)C’
=CC'=3,

sp that 2 is a covariance matrix.
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As a direct consequence of the inequality (2) we see that if the covariance
matrix Z of a random vector X is not positive definite then, with probability
1, the components X, of X are linearly related. For then there exists a € R™,
a #0, such that

Var(a’X)=a'Za=0

so that, with probability 1, a’X= k, where & = a’E(X)— which means that
X lies in a hyperplane.

We will commonly make linear transformations of random vectors and
will need to know how covariance matrices are transformed. Suppose X is
an m X1 random vector with mean p, and covariance matrix Z, and let
Y=BX+b, where B is k Xm and b is k X 1. The mean of Y is, by (1),
p, = Bp, +b, and the covariance matrix of Y is

(3) 2, =E[(Y-p,)NY-p,)]
= E[(BX+b—(Bp, +b))(BX+b—(Bp, +b))]
= BE[(X—p,)(X~p,)] B
=BS,B'.

In order to define the multivariate normal distribution we will use the
following result,

THEOREM 1.2.2. If X is an m X | random vector then its distribution is
uniquely determined by the distributions of linear functions a’X, for every
aE R™,

Proof. The characteristic function of «'X is
¢(r,a)= E[e"**]
so that
¢(1, @)= E[e"X],
which, considered as a function of «, is the characteristic function of X (i.e.,
the joint characteristic function of the components of X). The required
result then follows by invoking the fact that a distribution in R™ is uniquely

determined by its characteristic function [see, e.g., Cramér (1946), Section
10.6, or Feller (1971), Section XV.7).
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DEFINITION 1.23. The m X1 random vector X is said to have an
m-variate normal distribution if, for every a € R™, the distribution of a’X is

univariate normal.

Proceeding from this definition we will now establish some properties of
the multivariate normal distribution.

THEOREM 1.2.4. If X has an m-variate normal distribution then both
# = E(X) and = =Cov(X) exist and the distribution of X is determined by u

and Z.

Proof. If X=(X,,...,X,,) then, for each i=1,...,m, X, is univariate
normal (using Definition 1.2.3) so that E(X,) and Var(X,) exist and are
finite. Thus Cov( X,, X;) exists. (Why?) Putting p = E(X) and X =Cov(X),
we have, from (1) and (3),

E(a’X)=a’p

and

Var(a’X)= a’Za

so that the distribution of a’X is N(a'n, a’Za) for each a € R™. Since these
univariate distributions are determined by p and 2 so is the distribution of

X by Theorem 1.2.2,
The m-variate normal distribution of the random vector X of Theorem

1.2.4 will be denoted by N, (g, 2) and we will write that X is N (g, 2).
THEOREM 1.2.5. If Xis N, (p, Z) then the characteristic function of X is

(4) ¢ (t) =exp(ip't— t'Zt).
Proof. Here
¢x(t)= E[e"'x]: ¢l'x(l)’
where the right side denotes the characteristic function of the random

variable t'X evaluated at 1. Since X is N,(p, Z) then t'X is N(tn,t'St) so
that

¢r(1) =exp(itp — 3¢Z),

completing the proof.

5
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The alert reader may have noticed that we have not yet established the
existence of the multivariate normal distribution. It could be that Definition
1.2.3 is vacuous! To sew things up we will show that the function given by
(4) is indeed the characteristic function of a random vector. Let £ be an
m X m covariance matrix (i.e., a non-negative definite matrix) of rank r and
let U,,..., U, be independent standard normal random variables. The vector
U=(U,,...,U,) has characteristic function

$,(t)= E[exp(it'U)]

i
=~

| E[exp(it,U})]  (by independence)

]

=exp(— }t't).

| exp(—3r2)  (by normality)

=~

Now put
(5) X=CU+p

where C is an m X r matrix of rank r such that 2= CC’, and p&€ R". Then
X has characteristic function (4), for

E[exp(itX)] = E[exp(it'CU)] exp(it'’n)
=¢u(C't)exp(itp)
=exp(—{t'CC't)exp(ip't)
=exp(ip't—it'Zt).

It is worth remarking that we could have defined the multivariate normal
distribution N,(p, 2) by means of the linear transformation (5) on indepen-
dent standard normal variables. Such a representation is often useful; see,

for example, the proof of Theorem 1.2.9.
Getting back to the properties of the multivariate normal distribution our
next result shows that any linear transformation of a normal vector has a

normal distribution.
THEOREM 1.2.6. 1f Xis N,(u,2) and B is k X m, b is k X1 then

Y=BX+b is N(Bu+b, BEB').
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Proof. The fact that Y is k-variate normal is a direct consequence of
Definition 1.2.3, since all linear functions of the components of Y are linear
functions of the components of X and these are all normal. The mean and
covariance matrix of Y are clearly those stated.

A very important property of the multivariate normal distribution is that
all marginal distributions are normal.

THEOREM 1.2.7. If X is N,(ut, 2) then the marginal distribution of any
subset of k(< m) components of X is k-variate normal.

Proof. This follows directly from the definition, or from Theorem 1.2.6.
For example, partition X, p, and 2 as

- X, [ . 2, 2,
x—(xz)’ ”’—(”2)’ 2_[221 2n

where X, and p, are k X1 and 2, is k X k. Putting
B=[1.:0] (kXm), b=0

in Theorem 1.2.6 shows immediately that X, is N, (p,, Z,,). Similarly, the
marginal distribution of any subvector of k components of X is normal,
where the mean and covariance matrix are obtained from p and Z by
picking out the corresponding subvector and submatrix in an obvious way.

One consequence of this theorem (or of Definition 1.2.3) is that the
marginal distribution of each component of X is univariate normal. The
converse is not true in general; that is, the fact that each component of a
random vector is (marginally) normal does not imply that the vector has a
multivariate normal distribution. [This is one reason why the problem of
testing multivariate normality is such a thorny one in practice. See Gnana-
desikan (1977), Chapter 5.] As a counterexample, suppose U,,U,,U, are
independent N(0, 1) random variables and Z is an arbitrary random variable, in-
dependent of U,, U, and U,. Define X, and X, by

x,= Yt zb
V14 2?2
PR AY

vz

Conditional on Z, X, is N(0, 1), and since this distribution does not depend
on Z it is the unconditional distribution of X,. Similarly X, is N(0, I). Again,
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conditional on Z, the joint distribution of X, and X, is bivariate normal but
the unconditional distribution clearly need not be. Other examples are given
in Problems 1.7, 1.8, and 1.9. Obviously the converse is true if the compo-
nents of X are all independent and normal, or if X consists of independent
subvectors, each of which is normally distributed. For then linear functions
of the components of X are linear functions of independent normal random
variables and hence are normal. This fact will be used in the proof of the
next theorem,

The reader will recall that independence of two random variables implies
that the covariance between them, if it exists, is zero, but that the converse is
not true in general. It is, however, for the multivariate normal distribution,
as the following result shows.

THEOREM 1.28. If Xis N,(p, Z) and X, p, and Z are partitioned as

_ X, _ I‘l) _ 2, 2
x_(xz), ”—("2 . 2 2y Znl’

where X, and p, are k X1 and Z,, is k X k, then the subvectors X, and X,
are independent if and only if 2, =0.

Proof. Z,, is the matrix of covariances between the components of X,
and the components of X,, so independence of X, and X, implies that
2,,=0. Now suppose that Z,,=0. Let Y, Y, be independent random
vectors where Y, is Ni(py, 2, ) and Yy is N, _ . (py, Z55) and put Y=(Y[, Y3 )".
Then both X and Y are N,(p, 2), where

“lo =,

so that they are identically distributed. Hence X, and X, are independent.
Alternatively this result is also easily established using the fact that the
characteristic function (4) of X factors into the product of the characteristic
functions of X, and X, when Z,, =0 (see Problem 1.1)

Theorem 1.2.8 can be extended easily and in an obvious way to the case
where X is partitioned into a number of subvectors (see Problem 1.2). The
important message here is that in order to determine whether two subvec-
tors of a normally distributed vector are independent it cuffices to check
that the matrix of covariances between the two subvectors is zero.

Let us now address the problem of finding the density function of a
random vector X having the N, (p, 2) distribution. We have already noted
that if 2 is not positive definite, and hence is singular, then X lies in some
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hyperplane with probability 1 so that a density function for X (with respect
to Lebesgue measure on R™) can not exist. In this case X is said to have a
singular normal distribution. If Z is positive definite, and hence nonsingular,
the density function of X does exist and is easily found using the representa-
tion (5) of X in terms of independent standard normal random variables.

THEOREM 1.29, If X is N,(p,3) and Z is positive definite then the
density function of X is

(6)  f(x)=(27) " Hdet=) " Zexp[ - {(x—p)Z"Hx—p)].

(Here, and throughout the book, det denotes determinant.)

Proof. Write £ = CC’ where C is a nonsingular m X m matrix and put
X=CU+p,

where U is an m X 1 vector of independent N(0, 1) random variables, i.e., U
is N,,(0, 1,,). The joint density function of U,,...,U,, is

o= 11 (2m)™ 2expl - 3u2)
=(2n) " " exp(— iuw).

The inverse transformation is U= B(X— ), with B=C"", and the Jacobian
of this transformation is

[ du, u, |
5;7 -8—;,; by by o by,
det| : =det| -
du, B, bt bz b
| 3%, 3x,, ]

=det B=detC~'=(detC) "
=[det(cCc’)] "*=(der2)?
so that the density function of X is
f(x)=(2m) """ *(det £) ™" *exp[ — §(x—p)'C™'C ' (x—p)];

and since 2~'=C~"C"!, we are done.
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The density function (6) is constant whenever the quadratic form in the
exponent is, so that it is constant on the ellipsoid

(x—p)="'(x—p)=k
in R™, for every k >0. This ellipsoid has center u, while 2 determines its

shape and orientation.
It is worthwhile looking explicitly at the bivariate normal distribution

(m =2). In this case
X _ Pl)
x"(xz)’ “(Mz

2
_[“u 012]__ 9 po,0,
- - ’
Oy, L5 po,o, 022

where Var( X,)= a?, Var( X;)= 67, and the correlation between X, and X2 is
p For the distribution of X to be nonsingular normal we need o} >0,
0} >0, and

and

det 2= o0} (1—p?)>0

so that —1<p <1. When this holds,

L e
= ! 0'2 0%
-l e L f
9,0, o}
and the joint density function of X, and X, is
(7)
1 R S A N e T
(x),x;)= ex [(————-—) +{ ==
Alxex) 2m0,0,(1~p?)""? P ) % 0%,

-2p

(xl—!"‘l)(x2_p‘2)]}.

0,0,
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The “standard” bivariate normal density function is obtained from this by
transforming to standardized variables. Putting Z, =(X, —p,)/0, (i=1,2),
the joint density function of Z, and Z, is

1 1 2,2
8 (2,,2y)= ———————exp| — ——5v (21 +25—2p2,2,)|.
() f( 1 2) p2)|/2 2(1““[)2)( ! 2 | 2)

27(1—

This density is constant on the ellipse

1
1—p

(9) (22 +22—2p2)2,)=k

2

in R?, for every k>0. (Some properties of this ellipse are explored in
Problem 1.3.)

In order to prove the next theorem we will use the following lemma. In
this lemma the notations R( M) and K(M) for an n X r matrix M denote the
range (or column space) and kernel (or null space) respectively:

(10) R(M)={vER";, v=Mu forsome uw€R"}
(1) K(M)={u€ER’"; Mu=0}.

Clearly R(M) is a subspace of R", and K(M) is a subspace of R".
LEMMA 1.2.10. If the m X m matrix 2 is non-negative definite and is

partitioned as
£y 2.21'
3=
[zzl 2y
where 2|, is k X k and Z,, is (m — k)X(m — k) then:

(a) K(Z2»)CK(Z,)
(b) R(Z,)CR(Zy)
Proof. (a) Suppose z€ K(Z,,). Then, for all y€ R* and a€ R' we have

ot E” En y — ! ’ p
(yaz )[221 s, (az)—y Zhyt2ayX,zt a2,z
=y'S, y+2ay3,z (because Z,,2=0)

=0 (because = is non-negative definite).
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Taking y= 2,z then gives
2221 2,2+2a(2),2)(2),2) 20

for all a, which means that 2,,2=0, ie.,, z€ K(2,,). Hence K(Z,,)C
K(Z,,). Then, part (b) follows immediately on noting that K(Z,)* C
K(Z,)*, where K(M)* denotes the orthogonal complement of K(M) li.e.,
the set of vectors orthogonal to every vector in K(M )] and using the easily
proved fact that

(12) K(M)' =R(M).
Our next theorem shows that the conditional distribution of a subvector

of a normally distributed vector given the remaining components is also
normal,

THEOREM 1.2.1). Let X be N, (p, Z) and partition X, p and 2 as

- X, [ ™ . 2, 2,
X—( ' ”—(”2)’ 2-[22» Zpn

X;
where X, and p, are £ X1 and 2,, is k X &. Let 23, be a generalized inverse
of 2,,, i.e., a matrix satisfying

(13) 20pInZp =2y
and let 2, ,=2,, — 2,2, Z,,. Then

(@) X, —Z2,Z5X; is Ne(pi—ZpZppy, E4).5)
and is independent of X,, and

(b) the conditional distribution of X, given X, is

Nk(l'-u +2122;2(xz ~k2), 2n-z)-

Proof. From Lemma 1.2.10 we have R(Z,,)C R(Z,;) so that there
exists a k X(m — k) matrix B satisfying

(14) El2=3222‘
Now note that

(15) 23,252y =B2p353y =B, =2,,
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where we have used (13) and (14). Put

_,_Ik ‘21222_2
C’{o I

then, by Theorem 1.2.6,

is m-variate normal with mean

(!‘l ”212252#2)
| ¥

and covariance matrix

(1, —2.2n][= 2
CZC,= k 12 22][ H 12][ ]
§ 0 Im—k 221 222 222221 Im—k

(2. “ ]
= using (15
§ z 2:2222l lm ~k g( )

=.21|~2 0
0 Zu1

The first assertion (a) is a direct consequence of Theorems 1.2.7 and 1.2.8
while the second (b) follows immediately from (a) by conditioning on X,.

When the matrix Z,, is nonsingular, which happens, for example, when 2
is nonsingular, then 25, =33' and £,,, =32,,— £,,25;'3,,. The theorem
is somewhat easier to prove in this case.

The mean of the conditional distribution of X, given X,, namely,
(16) E(X,|Xy)=p + 225X, —p,)

is called the regression function of X, on X, with matrix of regression
coefficients X,,25,. It is a linear regression function since it depends
linearly on the variables X, being held fixed. The covariance matrix X, , of
the conditional distribution of X, given X, does not depend on X,, the
variables being held fixed.
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There are many characterizations of the multivariate normal distribution.
We will look at just one; others may be found in Rao (1973) and Kagan
et al. (1972). We will need the following famous resuit due to Crameér
(1937), which characterizes the univariate normal distribution.

LEMMA 1.2.12, If Xand Y are independent random variables whose sum
X +7Y is normally distributed, then both X and Y are normally distributed.

A proof of this lemma is given by Feller (1971), Section XV.8.

THEOREM 1.2.13. If the m X 1 random vectors X and Y are independent
and X+Y has an m-variate normal distribution, then both X and Y are

normal.

Proof. Foreach a€ R", a’'(X+Y)=a’X+ 'Y is normal (by Definition
1.2.3, since X+Y is normal). Since a’X and «’Y are independent, Lemma
1.2.12 implies that they are both normal, and hence X and Y are both
m-variate normal.

This proof looks easy and uses the obvious trick of reducing the problem
to a univariate one by using our definition of multivariate normality. We
have, however, glossed over the hard part, namely, the proof of Lemma
1.2.12.

A well-known property of the univariate normal distribution is that
linear combinations of independent normal random variables are normal.
This generalizes to the multivariate situation in an obvious way.

THEOREM 1.2.14. IfX,,...,Xy are all independent, and X, is N, (p,, Z,)
for i =1,...,N, then for any fixed constants a,...,ay,

N

N N
S aX, i Nm( S an, 3 afz,).

=1 i=1 =1

The proof is immediate from Definition 1.2.3, or by inspection of the
characteristic function of Y. a,X,. It is left to the reader to fill in the
details (Problem 1.5).

COROLLARY 1.2.15. If X,,...,X, are independent, each having the
N,(p, Z) distribution, then the distribution of the sample mean vector

X=

i M=z

X,

1
N2

is N, (,(1/N)Z).
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1.2.2. Asymptotic Distributions of Sample Means and Covariance Matrices

Corollary 1.2.15 says that the distribution of

NV X—p)=N"'72 g (X,—n)

=1

is N,(0, Z): When the vectors X,,..., X, are not normal we still have
E(X)=p and Cov(X)= %2,

but it is the asymptotic distribution which is normal, as the following
version of the multivariate central limit theorem due to Cramér (1946),
Sections 21.11 and 24.7, and Anderson (1958), page 74, shows.

THEOREM 1.2.16. Let X,,X,,... be a sequence of independent and
identically distributed random vectors with mean p and covariance matrix =

and let

Xy = X, N=L

M=z

L

N
&

Then, as N — o0, the asymptotic distribution of

N
N/ Xy—p)=N""2 3 (X,~p)
=1
is N,(0, 2).
Proof. Put Y, =N""23N (X, —p). By the continuity theorem for

=1
characteristic functions [see Cramér (1946), Section 10.7}, it suffices to show
that ¢, (t), the characteristic function of Y,, converges to exp(— 1t'Zt), the
characteristic function of the N, (0, 2) distribution. Now, the characteristic

function of t'Yy, where t&€ R™, is
Jw(a,t)= E[exp(iat'Yy)],

considered as a function of a€ R'. Also

N
CYy=N""2 3 (¢X, ~tp)
i1=1
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and since t'’X, —tn,t'’X, —t'g,... is a sequence of independent and identi-
cally distributed random variables with zero mean and variance ¢'Zf, it
follows by the univariate central limit theorem that, as N —~ o0, the asymp-
totic distribution of t'Y), is N(0,t'Z¢t) and, hence, as N — o0

Syv(a,t) > exp(— La®t'Zt)

for all t and «, where the right side is the characteristic function of the
N(0,t’Zt) distribution, Putting a =1 shows that

on(t)=fy(1,0)= E[exp(it'¥y)] - exp(— 1'Zt)

as N — o0, which completes the proof.

To introduce an application of this theorem, let X,...,X,, be a random
sample of size N from any m-variate distribution and suppose

E(X,)=p, Cov(X,)=3 (i=l,...,N).

Put

(17) S=%A

where
N

(18) 4= 3 (X,-X)(x,-X)’,
=1

n=N—1, and X=N""3¥ X,. The m X m matrix S is called the sample
covariance matrix and is an unbiased estimate of Z, that is, E(S)=2. To
see this, write 4 as

(19) 4“=§[Wrﬂ0*ﬁ—#ﬂﬂx—#%%i~#ﬂ

N
=3 (X, ~p)X,—p)y - NX-p)X-p).

1={
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Then,

(20)  E(A)= 3 E[(X,—p)(X,—n)]~ NE[(X—p)(X~p)]

=1

1
-—NZ—N—NE
=(N-1)%
=nZ

so that E(n~'4)= E(S)=2.

In 2 moment we will show that the asymptotic joint distribution of the
elements of A is normal.

First, some notation and terminology. If T is a p X ¢ matrix then by
vec(T) we mean the pg X1 vector formed by stacking the columns of T
under each other; that is, if

T=[t,t,...t ],
where t,is p X1 fori=1,...,q, then

‘l
t
(21) vec(T )=
t‘l
When we talk about the asymptotic normality of a random matrix T (as in
Theorem 1.2.17 below) we will mean the asymptotic normality of vec(T').
Now, from (19), we have

A(N)= 3 Z,~ NB(N),

=1

where Z,=(X,—p)X,—p), B(N)=(Xy—pn)(Xy—n), and we are
indexing 4, X and B by N to reflect the fact that they are formed from the
first N random vectors X,,...,X,. Hence

(22) vec(A(N))= % vec(Z,)~ Nvec(B(N)),

i=\
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where these vectors are all m? X 1. Let
V=Cov(vec(Z,))

(assuming this exists), then by Theorem 1.2.16

N
(23) N:” 2 [vec(Z,) ~vec(Z)] = N,:(0, V)
1=\

in distribution, as N — 00. Again, by Theorem 1.2.16
N'YHXy—p)= N, (0,%)

in distribution as N — o0, and
1 -
N|/4NV2(XN—F‘)"’0
in probability. [This means that each component V,( N), say, of the vector
on the left converges to zero in probability, ie., for each &>0,
limy _ o P(|V(N)|>¢€)=0. A similar definition holds for random matrices
also.] Thus

) Y Y [
Nl/2 N(xN —,")(XN sp') -0

in probability and hence

1

Nl/szcc(B(N))=N'/zvec(B(N))—’O

(24)
in probability as N — oo.
As a consequence of (23) and (24) we then have
N
i 3 [vec(Z,)—vec( )]~ N'/2vec( B)
=1

- IV,"Z(O, V)

i/ (vec(A)— Nvee(Z))=

in distribution as N —o0. [Here we have used the fact that if Y, Y in
distribution and Z, —0 in probability, then Y, +Z, —~Y in distribution;
see, e.g., Rao (1973), Section 2¢.]
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We can summarize our results in the following:

THEOREM 1.2.17. Let X,X,,... be a sequence of independent and
identically distributed m X 1 random vectors with finite fourth moments and
mean p and covariance matrix X and let

ANY= S (X, Ky )(X, =X, )

1=1

where

Then the asymptotic distribution of
T(N)=N""[A(N)-NEZ]
is normal with mean 0 and covariance matrix
v=Cov[vec((X,— p)(X,—n))].

The following corollary expresses this asymptotic result in terms of the
sample covariance matrix.

COROLLARY 1.2.18. Letn=N—1 and put S(n)=n"'A(N). Under the
conditions of Theorem 1.2.17 the asymptotic distribution of U(n)=
n'/3[§(n)— Z] is normal with mean 0 and covariance matrix V.

This follows directly from Theorem 1.2.17 by putting A(N)= nS(n) and
replacing N by n, a modification which clearly has no effect on the limiting
distribution,

Note that this asymptotic normal distribution is singular, because V is
singular. This is due to the fact V is the m* X m? covariance matrix in the
asymptotic distribution of vec(7(N)) or vec(U(n)) and, because T(N) and
U(n) are symmetric, these vectors have repeated elements.

In general, given an underlying distribution for the X, it is rather tedious
(in terms of the algebraic manipulation involved) to find the elements of the
asymptotic covariance matrix, since this involves finding all the fourth order
mixed moments of the distribution. However, the calculations are fairly
straightforward when sampling from a N,(p. 2) distribution. In this case
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the elements of the asymptotic covariance matrix are given by
(25) Cov(u,,(n), u,,(n))=0,0,+ 0,0,

(see Problem 1.6). For general distributions the asymptotic covariances have
been expressed in terms of the cumulants by Cook (1951) and others; this
work will be reviewed in Section 1.6,

1.3. THE NONCENTRAL x?> AND F DISTRIBUTIONS

Many statistics of interest in multivariate analysis and elsewhere have
noncentral x? and F distributions. Usually these distributions occur when a
null hypothesis of interest is not true, hence the terms “non-null” and
“noncentral.” Here we will review these two distributions, and this will
afford us an opportunity to introduce some definitions and notation that

will be used later.

DEFINITION 1.3.1. The generalized hypergeometric function (or series)
is

(1) qu(al""’aP;bl’ bq’z)_ 2 %k!’

where (a), =a(a+1)---(a+ k1)

Here ay,...,a,, by,...,b, are (possibly complex) parameters and z, the
argument of the funcuon. is a complex variable. No denominator parameter
b, is allowed to be zero or a negalive integer (otherwise one of the
denominators in the series is zero), and, if any numerator parameler is zero
or a negative integer, the series terminates to give a polynomial in z. It is
easy to show using the ratio test that the series converges for all finite z if
P =<4, it converges for |z[<1 and diverges for |z|>1 if p=¢+1, and it
diverges for all 250 if p>gq+1. The term “generalized hypergeometric
function” refers to the fact that ,F, is a generalization of the classical (or
Gaussian) hypergeometric function , F,. For a detailed discussion of these
functions and their properties the reader is referred to Erdélyi et al. (1953a).
For our purposes we will make use of the results in the following two
lemmas. The first gives a special integral for o F, (which is related to a Bessel
function) and the second shows that , , , F, is essentially a Laplace transform
of ,F,
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LEMMA 132.
r(%n) " zcosl o oon— -

@ r(%)r[%(n—l)]/;e "sin'"20d0 =, Fy(4n; iz*)

_ 0 (%ZZ)’(

_kgo (4n) k!

Proof. Let I(n, z) denote the left side of (2). Expand the exponential
term in the integrand and integrate term by term. (Why is this permissible?)
Noting that terms corresponding to odd powers of z are integrals of odd
functions and hence vanish, we get
Min) _ § s
r(H)rii(n-n] S 2k

I(n,z)= 2f"/2cos2"ﬂsin"‘20d0.
0

To evaluate this last integral, make the change of variables x =sin® 8 to give
2/”/20052" Osin"20d0 = flx"'_”/z(l —x)* 72 ax
0 0

_ Tli(n—1)]r(k+1)
- I(k+1in)

so that

u_ TUn)  T(k+3)

1 2)= 2 20 1) TR

The desired result now follows, since

[(k+1in) _

W—_(%n)k
and

M(k+3) _ 1

T(3)(2k)! 4kt
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LEMMA 1.33.
Petpat F( $byveny by ket ) dt
=I‘(a)z“‘,,,,,i;l(a,....,ap,a;b,,...,h,,;kz”')

for

p<gq, Re(a)>0, Re(z)>0

or

p=¢q, Re(a)>0, Re(z)>Re(k)

[Here Re(-) denotes the real part of the argument.]

To prove this lemma, integrate the , F, series term by term. The details
are left as an exercise (Problem 1.15).

We will now derive an expression for the density function of the
noncentral x? distribution. Recall that the usual or central x? distribution is
the distribution of the sum of squares of independent standard normal
random variables. The noncentral x? distribution is the distribution of the

sum of squares where the means need not be zero.

THEOREM 1.34. If Xis N,(p, {,) then the random variable Z =X’X has
the density function

e %% F\(4n; {8z) TR (220),

1
272 (in) ¢

where §=p'pn. Z is said to have the noncentral x? distribution with n
degrees of freedom and noncentrality parameter 8, o be written as x2(8).

Proof. Put Y=HX, where H is an nXn orthogonal matrix whose
clements in the first row are

&, ,
% (i=1,...,n).

(n'p)
Then Y is N,(», 1,) (using Theorem 1.2.6) with » =(8'/%,0,...,0), so that

Z=XX=YY=Y+U,
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where U=2"_,Y,% is x2_, and is independent of Y,, which is N(8'/%,1).
Consequently the joint density function of Y, and U is

(2'”1)‘1/2 GXP[ - %(}’l - 8‘/2)2] o I)/ZFE%(,' — ])] exp(-— %u) wn=3s2

Now make the change of variables
yn=2z"%cos8 (0<z<o00,0<0<m)
u=zsin’4.

The Jacobian is easily calculated to be z'/2sin@ so that the joint density
function of Z and 8 is

exp(—18) [(in) exp(z'/28'/2cos6)sin" 20
r(H)rfi(»-1n)]
w7 )

Now integrating with respect to § over 0< < using Lemma 1.3.2 gives
the desired marginal density function of Z.

An alternative way of expressing the noncentral x? distribution is as a
mixture of central x? density functions where the weights are Poisson
probabilities. The result, of independent interest and often useful in in-
vestigating distributions of functions of random variables where one or
more of them is noncentral x?, is given in the following corollary, which is
an immediate consequence of Theorem 1.3.4.

COROLLARY 1.35. If Z is x%8) then its density function can be
expressed as

S P(K=K)gulz)  (z>0),
k=0

where K is a Poisson random variable with mean 8 /2 so that

e=*/7(38)"

o (k=0,1,...)

P(K=k)=
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and

1
= ~2/2,r/21)
gr(z) 2,/2F(%r)e z ]

the density function of the x? distribution.

The characteristic function of Z is easily obtained, either from the
definition of Z in terms of a sum of squares of independent normal
variables or from Corollary 1.3.5, as

¢x(’) =(] -‘2"[)_"/26,"6/“ "2:1),

from which it follows that

E(Z)=n+8 and  Var(Z)=2n+48.

It is also apparent from the characteristic function that if Z ) is x2 (8:), 2 is
x,,)('d,) and Z, and Z, are independent, then Z, + Z, is x? +,,2(8, +8,).

We now turn to the noncentral F dlstnbuuon Recall that the usual or
central F distribution is obtained by taking the ratio of two independent x?
variables divided by their degrees of freedom. The noncentral F distribution
is obtained by allowing the numerator variable to be noncentral x2.

THEOREM 136. If Z, is x2(8), Z, is x%, and Z, and Z, are indepen-
dent, then

Z,/n
Zy/n,
has the density function
in
~ 1 2n
e " F, ("|+"2) ”I’_—:T_
1+—f
n,
n/2
n./z—t(f.l.) '
ti(n+np) M 5 (0.
I(3n))I(1n,) (l+ n )‘"'*"1’/2 '
n,
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F is said to have the noncentral F distribution with n, and n, degrees of
freedom and noncentrality parameter 8, to be written as F, . (9).

Proof. Using Theorem 1.3.4, the joint density function of Z, and Z, is

e-—(z,+z;)/2zr|/2—— 12;2/2—I

2(n.+nz)/21‘(§n|)r(%”z) .

3“8/20‘5‘1(%"1;%6%)'

Making the change of variables

nyz,
—__—_-’ fred > , >0 s
s 1=z, (f>0, t>0)

with Jacobian n,t/n,, the joint density function of F and T is

n /2
o - 1+ g [ ) e
e“’/zF(ln-lb‘—"—'-ﬂ) 7 2 ny | n,
T AT, 20921 (4 )T ()

Now integrating with respect to ¢ over 0 < ¢ < o using Lemma 1.3.3 gives
the desired marginal density function of F,

We could also have derived an expression for the distribution of F rather
more directly using the mixture representation for the noncentral x? distri-
bution of Z, given in Corollary 1.3.5. Since Z, is independent of Z, this
means that the distribution of F can be expressed as a mixture of ratios of
independent x? variables. Specifically, the distribution function of F can be
expressed in the form

0 e—a/z(%s)k nx
P(st)"kEOTP(E..Hk.nsz),

where here £, | denotes a random variable with an F distribution on r and s
degrees of freedom. It is not difficult to show that the mean and variance of
the F, , (&) distribution are

ny(n, +38)

”|("2"2) ("2>2)

E(F)=
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and

(n,+8Y +(n, +28)(n,—2)
(”2 ”2)2(”2 "4)

Var(F)=2(g-lz-)2 (ny>4).

For further properties of the noncentral x? and F distributions and for
information about tables of their distribution functions, a useful reference is
Johnson and Kotz (1970), Chapters 28 and 30.

1.4. SOME RESULTS ON QUADRATIC FORMS

There is a vast literature on the distributions of quadratic forms in normal
variables. Here we will prove some standard theorems which give just a
flavor of results in this area. Our first theorem, although implied by more
general ones, will be used often and is worth stating by itself. Note that part
(a) says that the exponent in the N,(p,Z) density function has a x2,
distribution,

THEOREM 14.1. If Xis N,(p, 2), where 2 is nonsingular, then
@ X-pyZ='(X-p) is xh
and

(b) XT'X is x3(9),

where 8 =p/E 7 'n.

Proof. The central idea in the proofs of both parts (and in many proofs
like these) is to transform the components of X to a set of independent
normal variables. Write £ = CC’, where C is nonsingular. To prove (a), put
U=C"'(X~p) so that U is N,(0, [,,) and

(X—p )2 (X—p)=U,

which is a sum of squares of m independent N(0, 1) variables, hence is x2.
To prove (b), put V=C"'X so that V is N(C™ ', I,,) and

XZ'X=VV

which is x2(8), with 8 =(C™'pY(C"')=p'E .



Some Results on Quadranuc Forms 27

This theorem is of obvious use in testing hypotheses about the mean of a
multivariate normal distribution when the covariance matrix is known. For
suppose that X,,..., X is a random sample from the N, (p, Z) distribution,
then X=N"'3¥% X is N,(n,(1/N)Z) by Corollary 1.2.13 so that from (a)
of Theorem 1.4.1,

NX-p)Z"(X=p) is xi.

To test the null hypothesis H,: p=p, against general alternatives H:
B # g, where g is a specified m X 1 vector, a test of size a is to reject H, if

W= NX=-po )27 (X~ po)> (),

where c,(a) denotes the upper 100a% point of the x2, distribution. When
H, is not true, X— p, is N, (p — po, (1/N)Z) so that from (b) of Theorem
1.4.1, Wis x2(8) with 8 = N(pp — p)'2 7 '(p — p,). Hence the power of the
test is a function of 8, namely,

B(8) = Ps[W > cp(@)] = PLX7(8) > cp(@)]

which can be found from tables of the x2(8) distribution function.

THEOREM 14.2. If Xis N, (p, 1,) and B is an m X m symmetric matrix
then X’BX has a noncentral x? distribution if and only if B is idempotent
(B*=B), in which case the degrees of freedom and the noncentrality
parameter are respectively & =rank(B)=tr B (where tr B denotes the trace

of B) and 6 =p'Bp.

Proof. Suppose B is idempotent of rank k and let H be an mXm
orthogonal matrix such that

H’BH=[1" O].
0 0

Put V=H'X then V is N, (H'ps, I,,) and

I, 0 k
X' BX=V'] v= 3 ¥2,
0 0 =1

which, being the sum of squares of k independent normal variables, is
noncentral x? with k degrees of freedom. To calculate the noncentrality
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parameter & note that
k +8=E[x3(8)] = E(X'BX)
= E(irX'BX)
= E(trXX'B)
=tr E(XX'B)
=tr E(XX')B
=tr(/+pp')B

=k+pn'Bp

and hence & = p'Bp.
Now suppose X'BX is x2(8). If B has rank p, say, let H be an m X m
orthogonal matrix such that

A 0]

H'BH = A

[0 0]

where A,...,A, are the nonzero latent roots of B. Put V= H'X, then

P
X'BX=V'H’'BHV = 2 7\,V,2.
1=14

Now, V is N, (v, 1,,) with v = H', so that ¥ is x}(#}) and has characteris-
tic function

b2
T2 “Vj
(1—2it) exp(]__zu).
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Hence the characteristic function of 27_\A V% is

(1) H exp( “}\ztx )(1 —2itA))” '/’]

A "2 7 . -2
=exp| it 2 2”)\ n (1-2irA))
where we have used the fact that V),..., V, are independent. But since X'BX

is x3(8) its characteristic function is

(2) exp( (l_i_tgit))(l—-Zit)—k/z.

Equating (1) and (2) it is seen that we must have p=k, A, =1 (j=1,...,p)
and 8 =27_,»7. Consequently H'BH has the form

0
wor=[ o)
which is idempotent. Hence
H'BH =(H'BH)(H'BH )= H'B*H,
giving B = B?,

As an application of Theorem 1.4.2 we will prove the following result,
which is of interest in the theory of linear models.

THEOREM 1.4.3. If X is N,(p, 2) where Z is nonsingular and X, p and

T are partitioned as
[ X (& {3 2
x‘(xz)’ —("‘2)’ 2—[221 2]
where X, and g, are k X1 and Z,, is k X k, then
S(X—p)E 7 (X)X, — )V ER (X )

H 2
15 Xom—k+



30 The Multivartate Normal and Related Distributions

Proof. Write 2= CC' where C is nonsingular and partition C as
c=| S
=l |

where C, is kX m, so that Z,,=C,C]. Put U=C"'(X—p), then U is

g=Uvu-uclc.c) 'cu
=v|1,-ci(c,c)) ' Ju
=U(1, - P)U

where P =C{(C,C{)”'C,. Now P is symmetric and idempotent, hence so is
B=1,— P. Applying Theorem 1.4.2 it follows that Q is x}, where =
rank(B)=m— k.

Theorem 1.4.2 can be generalized to the case where X has an arbitrary
covariance matrix 2. Suppose X is N, (0, Z). A necessary and sufficient
condition then for X'BX to have a x? distribution is

ZBEBE=2BX,

in which case the degrees of freedom are k =rank(BX). This result is due to
Ogasawara and Takahashi (1951). If £ is nonsingular this condition be-
comes BZ B = B. The above condition is implied by the assumptions of the
following theorem which we will prove without recourse to the general
result,

THEOREM 1.4.4. IfXis N, (0, 2), where £ has rank » (=< m), and il B is
a generalized inverse of 2 (so that 82 = 3), then X'BX is x2.

Proof. Put Y=CX where C is a nonsingular m X m matrix such that

czc'==[" O].
0 0

Partitioning Y as (Y}Y;)’, where Y, is r X1, we have that Y, is N0, /,) and
Y, =0 with probability 1. Hence Y=(Y0’)’ with probability 1. Now note
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that

) [f) g]-—-czc'

=CXZB2C’
=C3C'C'"'BC™'\CEC’

{5 slemsenfs o)

So, with probability 1,
X'BX=Y'C VBC™'Y

=(Y;0)c""BC"™! ( Y )

0
S K
= (y;o'){f)' g] ( ‘(;' ) using (3)
=Y},

which is x2.

Our final theorem assumes that the covariance matrix Z is nonsingular
but is otherwise quite general and incorporates Theorems 1.4.1 and 1.4.2 as
special cases.

THEOREM 14.5. If X is N, (p, 2), where Z is nonsingular, and B is an
m X m symmetric matrix then X’BX is x3(8), where k =rank(B), § = pu'Bp,
if and only if BZ is idempotent (BZBZ = BZ, i.e.,, BZB = B).

Proof. Put Y=CX, where C is a nonsingular m X m matrix such that

C2C’'=1,,. Then

X'BX=Y'C"VBC™'Y,
where Y is N, (Cpm, I,). From Theorem 1.4.2 it follows that X'BX is

noncentral x2 if and only if C~"BC ™! is idempotent. Hence it suffices to
show that this is so if and only if B2 is idempotent, If B2 is idempotent we
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have
B=B3B=BC'C""B;
hence
CVBC™' =(C™"BC)(CV'BC)
so that C~""BC~' is idempotent. If C~""BC"! is idempotent then
c'"BC'=Cc""BC"'C""BC™'=C"VBIBC™!

so that B= B2 B and hence B2 is idempotent.

Later we will look at some more results about quadratic forms, where the
matrices of the quadratic forms are random, but for the moment enough is
enough. It should be emphasized that we have barely scratched the surface.
For the reader with a taste for more results relating to both the distributions
and independence of quadratic forms, useful references are Johnson and
Kotz (1970), Chapter 29; Rao (1973), Section 3b.4; Graybill (1961), Chapter
4; Styan (1970); and Srivastava and Khatri (1979), Chapter 2.

1.5. SPHERICAL AND ELLIPTICAL DISTRIBUTIONS

Although most of classical multivariate analysis has been concerned with
the multivariate normal distribution, an increasing amount of attention is
being given to alternative distributional models. This is particularly true in
robustness studies where it is of interest to know how sensitive certain
procedures are to the assumption of multivariate normality. As a starting
point in such investigations it makes sense to consider a class of density
functions whose contours of equal density have the same elliptical shape as
the normal, and which contains long-tailed and short-tailed distributions
(relative to the normal). Many properties of such distributions have been
obtained by Kelker (1970); we will begin by looking at some of these. Our
first definition characterizes a spherical distribution in an intuitively appeal-
ing way.,

DEFINITION 1.5.1. A m X1 random vector X is said to have a spherical
distribution if X and HX have the same distribution for all m X m orthogo-
nal matrices H.

If X has a spherical distribution with a density function (with respect to
Lebesgue measure on R™) then it is clear that the density function depends
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on x only through the value of x’x. Some examples follow:

(i) the N,(0,0%1,) distribution with density function

1
1 ——————eX (-———x’x);
W @ty T 207

(ii) the “e-contaminated” normal distribution with density function
(2 (I~e&)—573 exp(——l-x’x)+e——;—l———-exp(——l—xx)
2 ) 2 (2m0?)™? 20°

(0=se<1);

(iii) The multivariate ¢ distribution with n degrees of freedom and
density function

F[—;—(n+m)] l
r(%n)(m,)"'ﬂ (]+}!{x’x)("+mv2 .

When n =1 this is called the multivariate Cauchy distribution.

(3)

A convenient way of generating some spherical distributions is as follows.
Let X,,...,X,,, Z (Z>0) be random variables such that given Z, X,,..., X,,
have independent N(0, Z) distributions. If Z has distribution function G
then the joint (marginal) density function of X),..., X, is

f(x,,...,x,,,)='f;w(ZﬂZY"’”cxp(—-% § x,z) dG(Z)
=1

which is, of course, spherical and is called a scale mixture of normal
distributions. The class of such spherical distributions formed by varying G
is called the class of compound normal distributions. It follows that X= Z'/?Y
where Y is N,(0, I,,) and Z,Y are independent, so that values of X can be
generated by generating values of independent N(0, 1) variables and multi-
plying them by values of an independent variable Z. Note that if Z takes the
values 1 and o2 with probabilities 1 — &£ and &, respectively, X has the s-contam-
inated normal distribution given by (2). Also, if n/Z is 2, X has the m-variate ¢
distribution with n degrees of freedom given by (3) (see Problem 1.30).
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The class of elliptical distributions can be defined in 2 number of ways.
We will assume the existence of a density function.

DEFINITION 1.5.2. The m X1 random vector X is said to have an
elliptical distribution with parameters p(m X 1) and V(m X m) if its density
function is of the form

(4) cm(detV) " h((x—p)V ' (x—p))

for some function h, where V is positive definite.

Clearly the normalizing constant ¢, could be absorbed into the function
h, but with this notation h can be independent of m. If X has an elliptical
distribution we will write that X is E,, (1, V). Note that this does not mean
that X has a particular elliptical distribution but only that its distribution
belongs to the class of elliptical distributions. If X is E,(0,7,) then
obviously X has a spherical distribution. Also, if Y has an m-variate
spherical distribution with a density function and X =CY + p, where Cis a
nonsingular m X m matrix, then X is E,(n, V) with V=C(C",

The following two assertions are fairly easily proved and are left to the
reader (Problem 1.27). If X is E,(ps, V') then:

(a) The characteristic function ¢(t)= E(e'**) has the form
(5) o(t)=e""*Y(tVt)  for some function .
(b) Provided they exist, E(X)= u and Cov(X)= aV for some constant a.

In terms of the characteristic function this constant is a = —2¢’(0).

It follows from (b) that all distributions in the class E,(u, V) have the
same mean g and the same correlation matrix P =(p,,), where

Cov(X,, X)) av,, v,
p' = - =
' [Var(x,)Var(x)]'?  (av,av,)? (v,0,

)I/Z'

From (a) it follows that all marginal distributions are elliptical and ail
marginal density functions of dimension j<m have the same functional
form. For example, partitioning X, p, and V as

X (M AVn Vo
x_(xz)’ ”_("2)' V= Vi WVl
where X, and p, are k X1 and V), is k X k, the characteristic function of
x',
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obtained from (a) by putting t=(t;0°)", where t, is k X1, is
exp(ityp )y (V) )

which is the characteristic function of a random vector with an E,(p,, V)
distribution. It is worth noting that if any marginal distribution is normal
then X is normal, for the characteristic function of X has the same
functional form as the characteristic function of the marginal distribution,

i.e, normal.

We know from Theorem 1.2.8 that if X is N, (p, £) and 2 is diagonal
then the components Xj,..., X,, of X are all independent. Within the class
of elliptical distributions independence when 2 is diagonal characterizes the
normal distribution, as the following theorem shows.

THEOREM 1.53. Let X be E,(p, V'), where V is diagonal. If X|,..., X,
are all independent then X is normal.

Proof. Without loss of generality we can assume g =0. Then the char-
acteristic function of X has the form

(6) s=v(eviy=y| £ v,

for some function y, because V =diag(v,,,..., U,,,,). Since X,,..., X,, are
independent we have

(7) V(tve = .Ij. y(elv,).

Equating (6) and (7) and putting u, =1,0!/? gives
m mn

o £ )= I w)
=1 1=

This equation is known as Hamel’s equation and its only continuous
solution is

Ha)=et

for some constant & {see, ¢.g., Feller (1971), page 305]. Hence the character-
istic function of X has the form

$(t)= ekt



36 The Multwariate Normal and Related Distributions

and, because it is a characteristic function, we must have k <0 (why?) which
implies that X has a normal distribution.

We now turn to an examination of some conditional distribution proper-
ties. If X is N, (pt, £) then by Theorem 1.2.11 the conditional expectation of
a subvector of X given the remaining components is linear in the fixed
variables, and the conditional covariance matrix does not depend on the
fixed variables. The first of these properties carries over to the class of
elliptical distributions.

THEOREM 1.54. If X is E, (s, V) and X, p and V are partitioned as

% _ l‘l) Y P
x—(xz), ”‘(”2 ' V= Vi

where X, and g, are k X1 and V,, is k X k, then, provided they exist,
(8) E(X,[X;)=p,+V )15 (X, — py)
) Cov(X,|X,) = g(X,) (Vi = VoV 'V )

for some function g. Moreover the conditional distribution of X, given X, is
k-variate elliptical.

A proof can be constructed which is similar to that of Theorem 1.2.11
and is left as an exercise (Problem 1.28). It can also be shown that if the
conditional covariance matrix of X, given X, does not depend on X, then X
must be normal, i.e., this property characterizes the multivariate normal
distribution in the class of elliptical distributions [see Kelker (1970)].

An interesting property of a spherically distributed vector X is that a
transformation to polar coordinates yields angles and a radius which are all
independently distributed, with the angles having the same distributions for
all X.

THEOREM 1.5.5. If X is E, (0, /,,) with density function c,,h(x'x) and
X, =rsinb,;sind,...sind,,_,sinf,
X, =rsinb,sind,...sinf, _,cos0,

(10) X, =rsinf,sind,...cosb,, ,

X, ., =rsind,cosf,

"

X, =rcosé,
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(r>0,0<6,=mi=1,..,m-2,0<86,_ ,<27n)thenr8,...,8,_, are inde-
pendent, the distributions of 8,,...,8,_, are the same for all X, with 6,
having density function proportional to sin™~' %4, (so that §,_, is uni-
formly distributed on (0,2)), and r?> =X'X has density function

(11) 5:(y)= r(i ) y 2 h(y) o (py>0).

Proof The Jacobian of the transformation from X,,..., X, to
r,0,,...,8,_, given by (10) is r~'sin""24,sin"34,.. -sinf, . (For the
reader who is unfamiliar with this result it w1ll be derived in Theorem 2.1.3).
It follows then that the joint density function of r2,8,,...,6,,_, is

(12) de,(r?)™* " sinm=20,sin"30,... sind,, _,h(r?
m 2 m—2

from which it is apparent that »,8,,...,8,,_, are all independent and 8, has
density function proportional to sin™~'~*4,. Integrating (12) with respect
to 8,,...,8,, yields the factor 27™/2/T'(m) which is, of course, the
surface area of a sphere of unit radius in R™. It then follows that r2 has the
density function given by (11).

As an example, if X is N,(0, 1,,) then c,, =(2m)™"/% and h(u)=e"“/? s0
that r2 =X'X has density function

1 o rmre
frl(}’)=me y2ym/2mt o (y>0),

the familiar x2, density.

It follows readily from Theorem 1.5.5 that if X is spherically distributed
with a density function then X may be expressed as X=rT where r? =X'X
and T is a function of the angular variables 8,,...,8,,_,. The variables r and
T are independent and the distribution of X is characterized by the
distribution of r, and it is easily shown that T, for all X, is uniformly
distributed on

S, ={XxER™x'x=1},

the unit sphere in R™. The assumption that X has a density function is
unnecessary, as Theorem 1.5.6 will show. In the proof, due to Kariya and
Eaton (1977) and Eaton (1977) we will use the fact that the uniform
distribution on S, is the unigue distribution on S,, which is invariant under
orthogonal transformations. That it is invariant is clear; the uniqueness is a
somewhat more subtle matter {see, for example, Dempster (1969), Section
12.2 and the discussion later in Section 2.1.4].
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THEOREM 1.5.6. If X has an m-variate spherical distribution with P(X=
0)=0 and

r=IX0=(X'X)"?, T(X)=1XIl"'X,

then T(X) is uniformly distributed on S,, and T(X) and r are independent.

Proof. For any m X m orthogonal matrix I
T(HX)=NHXIT'HX=XI"'HX= HT(X),

so that T(HX) and HT(X) have the same distribution. Since X has a
spherical distribution both X and HX have the same distribution (by
Def nition 1.5.1), hence so do T(X) and T(H X). Consequently both T(X)
and HT(X) have the same distribution. Since the uniform distribution on §,,
is the unique distribution invariant under orthogonal transformations it
follows that T(X) is uniformly distributed on S,,. For the independence part
define a measure u on S, by

(13) u(B)= P(T(X)€ B|reC)

for a fixed Borel set C with P(r& C)+#0, where B is a Borel set in S,,. It is
easily shown that p is a probability measure on §,, which is invariant under
orthogonal transformations so that u is the probability measure of the
uniform distribution on S,,; that is, the distribution of T(X). Hence

w(B)= P(T(X)€ B),

and this, together with (13), shows that T(X) and r are independently
distributed.

This theorem is used to generalize well-known results for normal random
variables.

THEOREM 1.5.7. Let X have an m-variate spherical distribution with
P(X=0)=0.

'

a’X

iy If W=m,where a€ER™ a’a=1, then
. (m-1)\"w
T (-w)\?

has the ¢,,_, distribution.
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(i) If B is an m X m symmetric idempotent matrix of rank k then

_ X'BX
IXH 2

Z

has the beta distribution with parameters 1k and 3(m — k).

Proof. Both parts are proved using Theorem 1.5.6 by noting that Y and
Z are functions of a random vector T(X)=X/{IX!| uniformly distributed on
S,,- To prove (i), note that W = a’T(X) so, without loss of generality, we can
assume that X is N,(0, /,,) and take a =(1,0,...,0). Then

yo =D X,
57"

and clearly has the ¢, distribution. To prove (ii), note that
Z=T(X)'BT(X)

and so we can again assume that X is N,(0, 7,,). Putting U= HX where H is
an orthogonal m x m matrix such that

HBH'=[”‘ 0]
0 0
we then have
k
Sur
Z= 1:! 1 ,
2 Uz Vl+V2

where V, =3k \U?is x3,V, =3m, . U’ is x%,_, and ¥, and V, are indepen-
dent. It then follows easily that Z has the beta (&, 1(m — k)) distribution,

This theorem will be used in Chapter 5 to weaken normality assumptions
usually made in order to derive the distributions of correlation coefficients.
Another simple example of statistical interest where a normality assumption
can be dropped is the following one, noted by Efron (1969). If X,,..., X,
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are independent N(u, 02) random variables and the null hypothesis u =0 is
true, it is well known that the statistic

S I N __21/2
m_?}(X,”X)

has the 1, _, distribution. For this result to hold it is enough that the vector
X=(X,,..., Xy) has a spherical distribution with P(X=0)=0 as (i) of
Theorem 1.5.7, with a =(N"V/2,..., N" /2y & RY, shows.

There is a growing literature on spherical and elliptical distributions; as
well as the papers by Kelker (1970) and Kariya and Eaton (1977) already
mentioned, a useful review paper by Devlin et al. (1976) gives many
additional references, as does another by Chmielewski (1981).

1.6. MULTIVARIATE CUMULANTS

We now turn to a discussion of cumulants of multivariate distributions in

general, and elliptical distributions in particular. Let X be an m X 1 random

vector with characteristic function ¢(t) and suppose for simplicity that all

the moments exist. The characteristic function of X, is ¢,(¢,)= ¢(t), where
t=(0,...,0, ¢, 0,...,0),

J
and the cumulants of X, are the coefficients «/ in

® (itj)k
log,(1,)= 2 wf~55—

(The superscript on « refers to the variable, the subscript to the order of the
cumulant.) The first four cumulants in terms of the moments pf = E( X,") of
X, are [see, for example, Cramér (1946), Section 15.10]

k{=n{,
pi—(pi)’ =Var(Xx),
kg =pi—3uipg +2(w{)’,

k4=~ dpied = 3(ps) +1284(n{) ~6(n)".

1

.3
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The skewness y{ and kurtosis v{ of the (marginal) distribution of X, are

K4 K4
—= and v{= .
(4)"? (xt)’

If X, has a normal distribution, all cumulants x{ of order k& >2 are zero.

The mixed cumulants or cumulants of a joint distribution are defined in
a similar way. For example, denoting the joint characteristic function of X,
and X, by ¢,(1,1,), the cumulants of their joint distribution are the
coefficients x/%_ in

Y=

@ (it,)"(it,)"”
'08¢,k(‘j”k)= 2 "rl,,:,j_rl!rsz'*

rynrn=0

. [where k{f =Cov(X,, X,)), and this can be extended in an obvious way to
define the cumulants of the joint distribution of any number of the variables
X\,.... X,,. The cumulants of the joint distribution of X,,..., X, then, are the
coefficients k!2 ™ in

"y fm

) (it))"(ity) .. (it )™
— 12..m m
lOg 4’(‘) - 2 Knr;. o r !rz ... r, !

If X is normal, all cumulants for which Xr, >2 are zero.
If X has an m-variate elliptical distribution E,(p, V) (see Section 1.5)

with characteristic function
p(t)=e*"y(tV1),
covariance matrix = —2y'(0)V'=(og,,), and finite fourth moments, then it

is easy to show (by differentiating log ¢(t)) that:

(a) The marginal distributions of X, (j=1,...,m) all have zero skew-
ness and the same kurtosis

g _3vO-v©’] _

3k, i=1,...,
) VO e

) vi=

(b) All fourth-order cumulants are determined by this kurtosis parame-
ter k as

(2) "H’i’l = k( 0,0, to,0,+ "u",k)
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(see problem 1.33). Why is this of interest? We have already noted in
Corollary 1.2.16 that the asymptotic distribution of a sample covariance
matrix is normal, with a covariance matrix depending on the fourth-order
moments of the underlying distribution. It follows that statistics which are
“smooth” functions of the elements of the sample covariance matrix will
also have limiting distributions depending on these fourth-order moments.
The result (b) above shows that if we are sampling from an elliptical
distribution these moments have reasonably simple forms. We will examine
some specific limiting distzibutions later.

Finally, and for the sake of completeness, we will give the elements of the
covariance matrix in the asymptotic normal distribution of a sample covari-
ance matrix. From Corollary 1.2.18 we know that if

U(n)=n'"?[S(n)— 2],

where S(n) is the sample covariance matrix constructed from a sample of
N =n+1 independent and identically distributed m X1 vectors X,,..., Xy
with finite fourth moments then the asymptotic distribution of U(n) is
normal with mean 0. The covariances, expressed in terms of the cumulants
of the distribution of X, are

(3) Cov(u, (n), uy(m))= kil + wiiuf] + wiixff.

In this formula the convention is that il any of the variables are identical the
subscripts are amalgamated; for example,

1wk — Ltk [———
&1 = K40 ki = K3,

and so on. These covariances (3) have been given by Cook (1951); for
related work the reader is referred to Kendall and Stuart (1969), Chapters 3,
12 and 13, and Waternaux (1976).

PROBLEMS

L.1. Prove Theorem 1.2.8 using the characteristic function of X.

1.2. State and prove an extension of Theorem 1.2.8 when the m X1 vector
X is partitioned into r subvectors X,,...,X, of dimensions m,,...,m,,
respectively (2]m, = m).
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1.3. Consider the ellipse

(22+22-2pz2)2,)=k

1—p?

for k>0. For p>0 show that the principal axes are along the lines
2,=12,.2,=—1z, with lengths 2yk(1+p) and 2yk(1—p), respectively.
What happens if p <0?

1.4. If M is an n X r matrix and R(M), K(M ) are defined by (10) and (11)
of Section 1.2 prove (12), i.e,, that K(M)* = R(M").

1.5. Prove Theorem 1.2.14,

1.6. 1f U(n)=n"72[S(n)— Z), where S(n) is the sample covariance matrix
formed from a random sample of size N =n +1 from a N, (p, Z) distribu-
tion, show that the elements of the covariance matrix in the asymptotic
normal distribution for U(n) are given by

COV(“,,(")’ “u("))= 0,9, + 0,0,

where 2 =(g,,).
1.7. Suppose that the random variables X and Y have joint distribution
function

Fx, y)=0(x)@(p)[1+ a(l~®(x))(1 - ®(»))],

where |a|<1 and ®(x) denotes the standard normal distribution function.
Show that the marginal distributions of X and Y are standard normal.

1.8. Let ¢,(x,, x;) and ¢,(x,, x,) be two bivariate normal density func-
tions with zero means, unit variances and different correlation coefficients
p, and p, respectively (i.e., ¢, and ¢, have the form (8) of Section 1.2). Show
that the density function 1[¢,(x,, x;)+ ¢,(x,, x,)] is not normal but that its
two marginal density functions are normal.

1.9. Let h(x) be an odd continuous function such that |h(x)|<(2me)™'/?
for atl x and h(x)=0 for x €(—1,1), and let ¢(x) be the standard normal
density function. Show that the function

f(x, y)=(x)o(y)+ h(x)h(y)

is a non-normal bivariate density function with normal marginal density
functions.
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X
1.10. Suppose that X= ( XI ) has the Ny(0, 2) distribution, with
2

R
2—[[) l]’ lo|<l.

Changing to polar coordinates, put X, =rcosf, X, =rsin@ (r>0,0<8<
7).
(a) Show that the marginal density function of @ is

V1—p?

2a(1—2psinfcosf) 0<f<2m.
(b) Show that
P(X,>0, X >0)=-l-~—]—cos"p
15 2 2= ’
(c) Show that
P(X, X >0)=l+lsin"p
12 2 '

(d) Show that

P(X,X,<0)= %cos"'p.

111, Let X,,X,,... be independent N, (p, £) random vectors and let

For N, < N,:
(a) Find the distribution of (S},,Sy,)"
(b} Find the conditional distribution of Sy given Sy

1.12. Suppose that X is N,(0, Z), where

1 012 O3
Z=lop 1 on|.
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Show that

P(X,>0, X,>0, X,>0)= -:? + Z‘;(sin"ou +sin~'o,; +sin"'ay;).

1.13. Suppose that X is Ny(0, Z), where

=

ST -
—_—_n 0

p
|
P

Is there a value of p for which X, + X, + X; and X, — X, — X, are indepen-
dent?

I l’ SupF 0S¢ [hat lhE EC[C‘
)
[x

where X is (m—1)X1 and Y is 1 X1, has mean vector ul, 1=(1,1,..., 1)
and covariance matrix
["n “l’:]
o, Z2n|

where o), =Var(Y), Z,, =Cov(X). Find the coefficient vector & of a linear
function a’X which minimizes Var(Y — a’X) subject to the condition
E(a'X)= E(Y).

1.15. Prove Lemma 1.3.3.

1.16. If Zis x2(8) where n is an even integer, prove that

P(Z=<x)=P(X,~ X,=1n),

where X, and X, are independent Poisson random variables with means }x
and 18, respectively,
1.17. If Z is x%(8) show that its characteristic function is
_ it iy /2
d)z(t)——exp( l—2it)(l 2it) .

Hence, show that E(Z)=n+ 8§, Var(8§)=2n +44 and that the skewness vy,
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and kurtosis y, of Z (see Section 1.6) are

/8 (n+38) _12(n+48)
(n+20)7 " T(nv2s)

i =
1.18. If Z is x3(8) prove that the asymptotic distribution of

Z—(n+8)
(20 +48)"?

is N(D, 1) as either n — oo with 8 fixed or 8 — o0 with n fixed,

1.19. Let f(z; n,8) denote the density function of the x%(8) distribution
(see Theorem 1.3.4 and Corollary 1.3.5). Show that

f(z:0,8) =4[ P(x2(8)> x) = P(x3_5(8)>x)].
1.20. If Fis F;,',,,:(S) show that

ny(ny+8)

n(n;—2) (n,>2)

E(F)=

and

_o (2 (n +8)" +(n, +28)(n, —2)
Var(F)-—Z( " ) [ (m=2)(ms =) ] (n,>4).

121. If Fis F, ,(8), where n, is even, prove that

. X i
P(I'<;:)=P(X, - Xzzin,),
where X, and X, are independent with X| having a Poisson distribution with
mean }8 and X, having a negative binomial distribution, i.e.,

(73 )k( . )W (k=0,1,2,...).

n,+x n,+x
2 2

%n2+k'—l
iny -1

P(X,=k)=
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1.22. If X is N,(p,2Z), where Z is positive definite, 4 is an mXm
symmetric matrix, and B is an r X m matrix, prove that X’AX and BX are
independent if and only if BEA4 =0.

1.23. If Xis N, (p, Z), where 2 is positive definite and A and B are m X m
symmetric matrices, prove that X'4X and X'BX are independent if and only
if AZB=0.
1.24. If X is N, (p, Z) prove that:

(@) E(XAX)=tr(AZ)+ p'Ap;

(b) Var(X’AX)=2[tr(AZAZ)+2p’'AZAp).

1.25. Let X,,..., X,, be independent random variables with means 4,,...,6,,,
common variance o2, and common third and fourth moments about their
means p,, ft,, respectively; ie.,

w=E[(x,-6)]. k=34 i=1,..,m.
If A is an m X m symmetric matrix prove that
Var(X'AX)=(p, —36*)a'a+20°tr( A2) +4620°4%0 + 41,0’ Aa,

where a is the m X1 vector of diagonal elements of A.
1.26. Let X be N, (pl, Z), where 1=(1,1,...,1Y€ R" and 2=(0,) with
o,=0%0,=01—p?), i+ j. Show that
_ m m —\2
X=m"'3 X, and T (X,-X)
1=1 1=1
are independent. (Hint: Use Problem 1.22.)

1.27. If X is E,(p, V) (i.e. m-variate elliptical with parameters p and V')
prove that:
(a) The characteristic function of X has the form

o(t)=e"""y(t'Vt)  for some function .

(b) Provided they exist, E(X)=p and Cov(X)=aV, where a=
-~ 2¢(0).
1.28. IfXis E,(pn,V) and X, p and V are partitioned as

X _ I‘l) Y Vi
x_(xz)’ #—(‘“2 ' V= n Val



48 The Mulnvariate Normal and Related Distnibutions

where X, and p, are kX1 and ¥}, is k Xk, show that the conditional
distribution of X, given X, is k-variate elliptical. Show also that, if they
exist, the conditional mean and covariance matrix are given by

EX\|X,)=p, +V V5" (X, —py)
and
Cov(X, (X, )= g(X, )( Vi - Van—z'Vzl)

for some function g.

1.29. Let X have the m-variate elliptical +-distribution on n degrees of
freedom and parameters p and ¥, i.e., X has density function

I‘l%(n-!-m)] ]

L(3n)(nm)"’?

(detv)™"/?
1} (nt+m)/2
[l+ ;(x—u)’V"’(x—u)]

(a) Show that E(X)=p and Cov(X)= ~— SV (n>2),

(b) If X=(X)X,), where X, is k X1, show that the marginal distri-
bution of X, is k-variate elliptical .
(c) If X is partitioned as in (b), find the conditional distribution of
X, given X,. Give E(X,|X;) and Cov(X,|X,), assuming these
exist,
1.30. Suppose that Y is N,(0,/,) and Z is x2, and that Y and Z are
independent. Let ¥ be a positive definite matrix and V'/? be a symmetric
square root of V. If

X=p+Z V¥nv)y

show that X has the m-variate elliptical ¢-distribution of Problem 1.29, Use
this to show that

~(X-p)V(X—p) s E,,.

1.31. Suppose that X is E,(p, V') with density function

I(im+1)

—172
(detV) [(m+z)w]"'”l‘(x)
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where 1, is the indicator function of the set

A={x;(x—p)V (x—p)sm+2}.

Show that E(X)=p and Cov(X)=V.
1.32. Let T be uniformly distributed on §,, and partition T as T'=(T}:T;)
where T, is A X1 and T, is (m — k)X L.
(a) Prove that T, has density function
fr(w)= (l )
] wk/? I‘[ % ( —k )

](l-u'u)('""‘)/z_' O<uw'u<}

(b) Prove that T|T, has the beta (3, 3(m — k)) distribution. Eaton
(1981).

1.33. If X is E,(p,V) with characteristic function ¢(t)=e'"*y(t'Vt), co-
variance matrix £ = —2¢'(0)/ =(aq,,) and finite fourth moments prove that:

(a) The marginal distributions of X (j=1,...,m) all have zero
skewness and the same kurtosis y{ =3k (j=1,...,m), where

¥7(0)
¥y

(b) In terms of the kurtosis parameter «, all fourth-order cumulants
can be expressed as

K=

skl
"'l i =x(o; "k1+0:k"ﬂ+°.z",k)-

1.34. Show that the kurtosis parameter for the e-contaminated m-variate
elliptical normal distribution with density function

e(detV)“'”ex (

(1=e)(dety) """ Ly
(2mo2)"/? P

(27r)"'/2

| —
exp( sz x)+ Py

is
1+e(o®—1)

- [l-i-ts(az—l)]2 -

1.35. Show that for the elliptical +-distribution of Problem 1.29 the kurtosis
parameter is k =2 /(n —4).
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CHAPTER 2

Jacobians, Exterior Products,
Kronecker Products,
and Related Topics

2.1. JACOBIANS, EXTERIOR PRODUCTS, AND
RELATED TOPICS

2.1.1. Jacobians and Exterior Products

In subsequent distribution theory, functions of random vectors and matrices
will be of interest and we will need to know how density functions are
transformed. This involves computing the Jacobians of these transforma-
tions. To review the relevant theory, let X be an m X | random vector having
a density function f(x) which is positive on a set § C R™. Suppose that the
transformation y=y(x)=(y,(x),..., (X))’ is 1-} of S onto T, where T
denotes the image of S under y, so that the inverse transformation x=x(y)
exists for y € T. Assuming that the partial derivatives dx, /3y, (i, j=1,...,m)
exist and are continuous on T, it is well-known that the density function of
the random vector Y =y(X) is

g(y)=/(x(y)|J(x-y)|

where J(x —y), the Jacobian of the transformation from x to y, is

(yer)

[ Ox, Ox, ]
) J(x—y)=det] =dct(%)
ax,, ax,, !
ET mi

50
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Often when dealing with many variables it is tedious to explicitly write
out the determinant (1). We will now sketch an equivalent approach which
is often simpler and is based on an anticommutative or skew-symmetric
multiplication of differentials. The treatment here follows that of James
(1954).

Consider the multiple integral

(2) l=/;f(x,,...,xm)dx,...dxm

where 4 C R™. This represents the probability that X takes values in the set
A. On making the change of variables

X, =X (Yiaeeisdm)

xm:xm(yl""’ym)

(2) becomes

(3) 1= f(x(y))det( )dy, dy,,

where A’ denotes the image of 4. Instead of writing out the matrix of partial
derivatives (dx;/3y,) and then calculating its determinant we will now
indicate another way in which this can be evaluated.

Recall that the differential of the function x, = x,(yy,...,y,,) is

ox, dx, .
4) dx,—ﬁy—ldy,+---+5}:dyﬂ, (l—l,...,m).

Now substitute these linear differential forms (4) (in dy,,...,dy,,) in (2). For
simplicity and concreteness, consider the case m =2; the reader can readily
generalize what follows. We then have

&) 1= L) S+ By, | 2+ S, ).

Now, we must answer the question: Can the two differential forms in (5) be
multiplied together in such a way that the result is det(dx, /9y,) dy, dy,, that
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is,

6 o=t =Lyt
) (ay. 3y, Byzay;)y' &

Well, let’s see. Suppose we multiply them in a formal way using the
associative and distributive laws, This gives

ax 0x ax ox
(7) (a—y:dyn“—'-dyz)( ~dy +a’dyz)

3y, 3y,
_ dx, 9x, Bx, 0x, dx, 0x, dx, 9x,
6)’ By D+ dy, 3y, by, * ay, 3y, Dadyi+ 3y, a—}’zdyz Dr-

Comparing (6) and (7), we clearly must have
dy,dy, = — dy, dy,.

Hence, when multiplying two differentials dy, and dy, we will use a skew-
symmetric or alternating product instead of a commutative one; that is, we
will put

(8) dy, dy, = — dy, dy,

so that, in particular, dy,dy, = —dy,dy, =0. Such a product is called the
exterior product and will be denoted by the symbol A (usually read “wedge
product™), so that (8) becomes

dy‘/\dyl = —dy, N\dy,.
Using this product, the right side of (7) becomes

ax; dx,  dx, Ox, )
— - dy, N\ d)
( Iy, dy, Ay ay N

This formal procedure of multiplying differential forms is equivalent to
calculating the Jacobian as the following theorem shows.

THEOREM 2.1.1. If dy is an m X1 vector of differentials and if dx=
Bdy, where B is an m X m nonsingular matrix (so that dx is a vector of
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linear differential forms), then

9) A dx;=det B A dy,

=1
Proof. 1t is clear that the left side of (9) can be written as
m m
Al dx,= p(B) Al dy,,
= =

where p(B) is a polynomial in the elements of B. For example, with m =3
and B =(b,,) it can be readily checked that

dx, Ndxy Ndxy =(by1bypb33 ~ biaby by = by by3bs, + by3by b,
+ b13by3b3y — bisbyybay) dy N\ dy, N\ dy,.

In general:

(i) p(B) is linear in each row of B.

(i) If the order of two factors dx,, dx, is reversed then the sign of
A"_ dx, is reversed. But this is also equwalent to interchanging the
:th and jlh rows of B. Hence interchanging two rows of B reverses
the sign of p(B).

(i) p(1,)=1.

But (i), (ii), and (iii} characterize the determinant function; in fact, they
form the Weierstrass definition of a determinant [see, for example, MacDuf-
fee (1943), Chapter 3]. Hence p(B)=det B.

Now, returning to our general discussion, we have
]=ff()€|,...,xm)dxl A-ee Ndx,,,
A

where the exterior product sign A has been used but where this integral is
to be understood as the integral (2). Putting

xl(ylv“-,ym) (i=1,...,m)
we have

2oox

dx, = E ay’dy/ (i=1,...,m)
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so that, in matrix notation,

[ ax, 3, ]
ayl aym
dx=| . dy.
9w, O
| ayl aym E

Hence, by Theorem 2.1.1

m a ) m
A dx,:de:(—aﬁ) A @,
=1 Y, | i=}

and the Jacobian is the absolute value of the determinant on the right.

DEFINITION 2.1.2. An exterior differential form of degree r in R™ is an
expression of the type

(‘0) 2 hl.. _,’(X) dxq ARAE Adx!,
< <<y,
where the A, (x) are analytic functions of x,..., x,,.

A simple example of a form of degree | is the differential (4). We can
regard (10) as the integrand of an r-dimensional surface integral. There are
two things worth noting here about exterior differential forms:

(a) A form of degree m has only one term, namely, A(x)dx, N\ - - - Ndx,,.

(b) A form of degree greater than m is zero because at least one of the
symbols dx, is repeated in each term.

Exterior products and exterior differential forms were given a systematic
treatment by Cartan (1922) in his theory of integral invariants. Since then
they have found wide use in differential geometry and mathematical physics;
see, for example, Sternberg (1964), Cartan (1967), and Flanders (1963).

Definition 2.1.2 can be extended to define exterior differential forms on
differentiable and analytic manifolds and, under certain conditions, these in
turn can be used to construct invariant measures on such manifolds. Details
of this construction can be found in James (1954) for manifolds of particu-
lar interest in multivariate analysis. We will not go further into the formal
theory here but will touch briefly on some aspects of it later (see Section
2.1.4).
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We now turn to the calculation of some Jacobians of particular interest
to us. The first result, chosen because the proof is particularly instructive,
concerns the transformation to polar coordinates used in the proof of
Theorem 1.5.5.

THEOREM 2.1.3. For the following transformation from rectangular co-
ordinates x,,...,X,, to polar coordinates r,8,,...,0,,_:

x,=rsind,sind,...sind, _,sinf,,
x, =rsind,sind,...sin6,,_,cosé, _,

x3=rsin@,siné,...cosd, _,

X, =rsinf cosb,

x,, = rcosé,
[r>0, O<b<a (i=l,...m=2), 0<6,_,<27]

we have

m "'
A dx* =pm] Sinnr—Z 01 sin'"'302..-SiH0m—2( A d0,) Ndr
£=1

1=1
(so that

J(x-r,0,,...,0,_)=r""'sin""20,sin""*0,...sinb,,_,).

Proof. First note that
x? = r2sin’ §,sin*8,...sin’f,,_,sin’ 4,
x}+ x3=r?sin 0, sin’6,...sin’ 4, _,
x4+ x=r2
Differentiating the first of these gives
2x,dx, =2r?sin*4,...sin*f,,_,sinb,,_,cosé, _,d6,_,

+ terms involving dr, d4,,...,d6,,_,.
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Differentiating the second gives

2x,dx, +2x,dx, =2r%sin?@,...siné,, _,cosd, ., db, ,

+ terms involving dr, dé,,...,d6,, _,,

and so on, down to the last which gives

2xdx,t -+« +2x, dx,=2rdr.

Now take the exterior products of all the terms on the left and of all the
terms on the right, remembering that repeated products of differentials are
zero. The exterior product on the left side is

(11) 2%y, %, A\ dx,.

The exterior product of the right side is

m—1

2mp2m=lsin?m=39 sin?"~%8,...sinb, _,cos8,cosb,...cosb, _, A db Ndr,
1=1

which equals

m—|

(12)  2™x,...x,,r™ 'sin™ 24, sin"736,...sind,, _, 1\l do, Ndr
‘:

since
X) oo X =r™sin™ '@, sin""26,...sind,_,cosb,...cosb, _,.

Equating (11) and (12) gives the derived result.

Before calculating more Jacobians we will make explicit a convention and
introduce some more notation. First the convention. We will not concern
ourselves with, or keep track of, the signs of exterior differential forms.
Since we are, or will be, integrating exterior differential forms representing
probability density functions we can avoid any difficulty with sign simply
by defining only positive integrals. Now, the notation. For any matrix X, dX
denotes the matrix of differentials (dx, ) I is easy to check that if X is
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rnX mand Yis m X p then

d(XY)= X.dY +dX.Y

(see Problem 2.1). For an arbitrary n X m matrix X, the symbol (dX) will
denote the exterior product of the mn elements of dX:

(dx)= X ./'{ dx,,.
==l

If X is a symmetric m X m matrix, the symbol (dX) will denote the exterior
product of the 1m(m + 1) distinct elements of dX:

(dx)= A dx,.

Isi<;<m

Similarly, if X is a skew-symmetric matrix (X = — X"), then (dX) will
denote the exterior product of the {m(m — 1) distinct elements of dX (either
the sub-diagonal or super-diagonal elements), and if X is upper-triangular,

(dx)= A dx,,.

1<y

There will be occasions when the above notation will not be used. In
these cases (dX) will be explicitly defined (as, for example, in Theorem

2.1.13).
The next few theorems give the Jacobians of some transformations which

are commonly used in multivariate distribution theory.

THEOREM 2.14. If X=BY where X and Y are n X m matrices and B is
a (fixed) nonsingular n X n matrix then

(dX)=(det B)"(dY)

so that J(X - Y)=(det B)™.

Proof. Since X=BY it follows that dX = BdY. Putting dX =
(dx;...dx,,} and dY =[dy,...dy,], we then have dx,= Bdy, and hence,
by Theorem 2.1.1,

n n
.AI dx,, =(det B) .Al dy,,.
i= i=
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From this it follows that
m n m n
(dx)= AI Aldx,j= A‘ (det B) Al dy,,
J=a= = 1=
=(det B)"(dY),

as desired.

THEOREM 2.1.5. If X=BYC, where X and Y are n X m matrices and B
and C are n X n and m X m nonsingular matrices, then

(dX)=(det B)"(detC)"(dY)

so that J(X - Y)=(det B)"(det C)".

Proof. First put Z= BY, then X=ZC, so that dX=dZ.C. Using an
argument similar to that used in the proof of Theorem 2.1.4, we get
(dX)=(det C)"(dZ), and, since dZ= BdY, Theorem 2.1.4 gives (dZ)=
(det B)™(dY), and the desired result follows.

THEOREM 2.1.6. If X=BYB’, where X aund Y are m X m symmetric
matrices and B is a nonsingular m X m matrix, then

(dX)=(det B)"*'(aY).
Proof. Since X = BYB' we have dX = BdY B’ and it is clear that
(13) (dX)=(BdYB')= p(B)(dY),

where p(B) is a polynomial in the elements of B. This polynomial satisfies
the equation

(14) p(B,B,)=p(B,)p(B,)

for all B, and B,. To see this, first note that from (13),
(15) P(BB)(dY) = (B\B,dY(B\B,)).
But, by repeated application of (13),

(16) (B,B,dY(B,B,)') = (B,B,dYB;B})
= p(B,)(B,dYB})

= p(B,)p(B,)(dY).
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Equating (15) and (16) gives (14). The only polynomials in the elements of a
matrix satisfying (14) for all B, and B, are integer powers of det B [see
MacDuffee (1943), Chapter 3], so that

p(B)=(det B)*  for some integer k.

To calculate k we can take a special form for B. Taking B =diag(b,1,...,1),
we compute

by, by, .. By,

hy m
BYB'=| 12 Yn Y2 ,

bylm Vim Yimm

so that the exterior product of the elements on and above the diagonal is
(BdYB')=b"*'(dY).

Hence p(B)=bh"*'=(det B)"*', so that k =m +1, and the proof is com-
plete.

THEOREM 2.1.7. If X= BYB’ where X and Y are skew-symmetric m X m
matrices and B is a nonsingular m X m matrix then

(dx)=(det B)"'(dY).

The proof is almost identical to that of Theorem 2.1.6 and is left as an
exercise (see Problem 2.2).

THEOREM 2.1.8. If X=Y"! where Y is a symmetric m X m matrix, then

(dx)=(detY)™ """ (dy).
Proof. Since YX =1, we have dY. X +Y.dX =0, so that

dY=—Ydx X"
=—X'dx X"
Hence
(dY)=(X"'dX X~ ")=(det X)~ " *"(dx)

by Theorem 2.1.6.
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The next result is extremely useful and uses the fact (see Theorem A9.7)
that any positive definite m X m matrix 4 has a unique decomposition as
A=T'T, where T is an upper-triangular m X m matrix with positive diago-
nal elements.

THEOREM 2.19. [If A4 is an m X m positive definite matrix and A =TT,
where T is upper-triangular with positive diagonal elements, then

m

(dA)=2" [Il (' H(dT).

Proof. Wc have

ay 4y ... Ay i 0 . 0 oy 6y .
ap dyp e G| |l fp oo 0 0 1, ... 1h,
Qym G - Amm tlm ’2m Lm 0 0 coo lym

Now express each of the elements of 4 on and above the diagonal in terms
of each of the elements of T and take differentials. Remember that we are
going to take the exterior product of these differentials and that products of
repeated differentials are zero; hence there is no need to keep track of
differentials in the elements of T which have previously occurred. We get

a;,, =1}, $0 da, =2t dt,, and similarly
PR STUITE day =t diy+ <
alm=’llllm‘ dalm:{lldllm+
ay =th+ih, day =2, dty, + -
Aym = lizhim T 120 2ms day,, =tyndy, + -
a2 2 —
Qin = 'Im R ’mm' damm "2‘mm dtmm + -

Hence taking exterior products gives

m m
(dA)= A da,, =273y oty At
t=y 15y

as desired.
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2.1.2. The Multivariate Gamma Function

We will use Theorem 2.1.9 in a moment to evaluate the multidimensional
integral occurring in the following definition, which is of some importance
and dates back to Wishart (1928), Ingham (1933), and Siegel (1935).

DEFINITION 2.1.10. The multivariate gamma function, denoted by
I,(a), is defined to be

(17) T,(a)= L _etr(- Aydet Ay~ (" V3(dd)

[Re(a)>4(m — 1)}, where etr(.)=exptr(.) and the integral is over the space
of positive definite (and hence symmetric) m X m matrices. (Here, and
subsequently, the notation 4 >0 means that A is positive definite.)

Note that when m =1, (17) just becomes the usual definition of a gamma
function, so that I'/(a)= I'(a). At first sight an integral like (17) may appear
formidable, but let's look closer. A symmetric m X m matrix has im(m +1)
elements and hence the set of all such matrices is a Euclidean space of
distinct elements and hence the set of all such matrices is a Euclidean space of
subset of this Euclidean space and in fact forms an open cone described by
the following system of inequalities:

a a
A>0ea;, >0, det[a:; a;]>0, vy det A>0.

It is a useful exercise to attempt to draw this cone in three dimensions when
m =2 (see Problem 2.8). The integral (17) is simply an integral over this
subset with respect to Lebesgue measure

(dA)Eda“ /\dalz/\ e /\damm Eda“da'z..-damm.

Before evaluating I,,(a) the following result is worth noting.
THEOREM 2.1.11. If Re(a)>3(m—1) and 2 is a symmetric m X m
matrix with Re(2)>0 then
(17) f etr(— 1= '4)(det 4)° """ V%(d4) =T, (a)(det £)" 2"

A>0

Proof. First suppose that Z >0 is real. In the integral make the change
of variables 4=22'/2V3!/2 where Z!/? denotes the positive definite
square root of I (see Theorem A9.3). By Theorem 2.1.6, (d4)=
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27+ D/ (det TYmHN/Y(dV') so that the integral becomes
f etr(~ ¥V )(det¥)* " "V gy )ama(det 3)¢,
v>0

which, by Definition 2.1.10, is equal to the right side of (17). Hence, the
theorem is true for real £ and it follows for complex = by analytic
continuation. Since Re(Z2)>0, detZ+#0 and (det )" is well defined by

continuation.
Put a=3n in Theorem 2.1.11, where n (>m —1) is a real number, and

suppose that 2 >0. It then follows that the function
(18)

= 1 __l_ -1 (n~m-1)/2
NO= et Tyt~ 7% ) e (4>0)

is a density function, since it is nonnegative and integrates to 1. It is called
the Wishart density function, and it plays an extremely important role in
multivariate distribution theory since, as we will see in Chapter 3, when »n is
an integer (>m —1) it is the density function of nS, where S is a sample
covariance matrix formed from a random sample of size n+1 from the
N,(p, Z) distribution.

The multivariate gamma function can be expressed as a product of
ordinary gamma functions, as the following theorem shows.

THEOREM 2.1.12.
m
L(a)=amm V4] Tla—4(i-1)],  [Re(a)>}(m—1)].
=1
Proof. By Definition 2.1.10

I‘,,,(a)=fA oetr(—A)(detA)"ﬂ('"“)/z(dA).

Put A=T'T where T is upper-triangular with positive diagonal elements.
Then

m
ttA=trTT= Y 1}

=¥

m
det A=det T'T=(detT)’ = [] ¢2,
=1
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and from Theorem 2.1.9
m m
(da)y=2"[[ ¢+ A ar,,.
=1 1=y

Hence,

m

mn m
Fm(a)=2"'f fexp(—- > t,zj) ITr2a A dr,,
0, r=1 I E-%

i<y
m 00 m o
B ([ e, ) B (e r ) )
II<I} (f—me Y lI‘-:II '/(; ( ”) "
The desired result now follows using

o
f e‘"zfdlu—_—vr'/2

i ]

and

"

[,me“”'(f’)““'*"”dt.%=r[a—%(r~1)].

2.1.3. More Jacobians

63

Our next theorem uses the fact that any # X m (n=m) real matrix Z with
rank m can be uniquely decomposed as Z= H,T, where T is an upper-
triangular m X m matrix with positive diagonal elements and H, is an n X m

matrix with orthonormal columns (see Theorem A9.8).

THEOREM 2.1.13. Let Z be an n Xm (n=m) matrix of rank m and
write Z= H\T, where H, is an n X m matrix with H{H,=1, and T is an
m X m upper-triangular matrix with positive diagonal elements. Let H, (a
function of H,) be an n X(n—m) matrix such that H=[H,: H,] is an
orthogonal n X n matrix and write H =[h,...h,,:h,,,,...h,], where h,,...,h,,

are the columns of H, and h,, ., ,,...,h, are the columns of H,. Then

(19) (dz)= T 12-(dT)(H;dH,)

where

(20) (HidH)=A A Wdh,.
=1 y=1+1}
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Proof. Since Z= H,T we have dZ =dH|,.T + H,.dT and hence

H, H|dH,T+ H|H,dT
(21) Hdz=|..ldzZ=
2

HydH\T+ HyH\dT

_[HiaH, T+ dT
T HydnT

since H{H, =1, HyH, =0. By Theorem 2.1.4 the exterior product of the
elements on the left side of (21) is

(H'dZ)=(det H')"(dZ)=(dZ).
(ignoring sign). It remains to be shown that the exterior product of the
elements on the right side of (21) is the right side of (19).
First consider the matrix H’ dH,T. The (j — m)th row of H3 dH, T is
(hjdh,,...,h;dhm)T (m+1<j<n).

Using Theorem 2.1.1, it follows that the exterior product of the elements in
this row is

(detT) Al hidh,.
1 =
Hence, the exterior product of all the elements in H;dH,T is

(22) AH[(det?‘)th;dh,}=(dct7‘)""" A Xh;dh,.
J=m i=

J=Em+li=i

Now consider the upper matrix on the right side of (21), namely,
H{dH|T+ dT. First note that since H;H, = I,, we have

HdH,+ dH] . H,=0

so that

H|dH,=—dH]H,=—(HdH,Y,
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and hence H|dH, is skew-symmetric:

0 —W,dh, .. -—W,dh,]
W, dh, 0 ... —W,dh,

pigH, =| Wadb,  Wdbh, . —Wdh | (m).
| W,dh,  W,dh, 0

Postmultiplying this by the upper-triangular matrix T gives the following
matrix, where only the subdiagonal elements are given, and where, in
addition, terms of the form h]dh, are ignored if they have appeared already
in a previous column:

- ;
0 * * *
h’zdhlt” * * %
H{dH,T=| W,dh,1,, Wdhyi,** - * *
| b, dhyty, b, dhyy,"* W, dh, l (™ * *]

Column by column, the exterior product of the subdiagonal elements of
H{dH,T + dT is (remember that dT is upper-triangular)

n n
(23) t;';“"jjz\zh;dh,/\15"2"211:\3h;dh2.../\r,,,_,‘,,,_,h'mdhm~

= ) - ,A A b dh,.

i=1 =41 7

It follows from (22) and (23) that the exterior product of the elements of
H}dH,T and the subdiagonal elements of H{dH,T + dT is

(24) (ﬁlt,",-"')( A A h'dh)(ﬁz:;'-')( A A W .dh,

1= t=1y=m+l =1 i=1 =141 7

m
Hz" ‘A A [ dh, = [Jltg"(H;dH,),

=1 =1 =
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using (20). The exterior product of the elements of H{dH,T+ dT on and
above the diagonal is

m
(25) A di,, +terms involving dH,.

15y

We now multiply together (24) and (25) to get the exterior product of the
elements of the right side of (21). The terms involving dH, in (25) will
contribute nothing to this exterior product because (24) is already a dif-
ferential form of maximum degree in H,. Hence the exterior product of the
elements of the right side of (21) is

I:I‘I 1"~ (dT)(H]dH,).

and the proof is complete.

The following theorem is a consequence of Theorems 2.1.9 and 2.1.13
and plays a key role in the derivation of the Wishart distribution in Chap-
ter 3.

THEOREM 2.1.14. With the assumption of Theorem 2.1.13,
(dz)=2""(det A)" """ V(dA)(H|dH,)
where A=2'Z.
Proof. From Theorem 2.1.13
m
(26) (az)= Il 4y (dT)(H;dH,).
=1

Also, A= Z'Z=T'T. Hence from Theorem 2.1.9,

(da)=2m ﬁ (mEldT)

so that

(dT)=2"" [Il 17141 (d4).
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Substituting this for (dT') in (26) gives

(@z)=27" [l = (aA) i)
=2""(det 4)" """V} (dA)(H,dH,)

since [17.,1,, =det T=(det T'T')"/2 =det 4'/2,

2.1.4. Invariant Measures

It is time to look a little more closely at the differential form (20), namely,

(HidH\)= A A Nhdh,

=1 =i+l

which occurs in the previous two theorems. Recall that H, is an n X m
matrix (n=m) with orthonormal columns, so that H;H, = I,,. The set (or
space) of all such matrices H, is called the Stiefel manifold, denoted by V,, .
Thus

Vm.n={Hl(”xm); H{HI:IM}‘

The reader can check that there are im(m +1) functionally independent
conditions on the mn elements of H €V, , implied by the equation
H{H, =1, Hence the elements of H, can be regarded as the coordinates of
a point on a mn—4im(m+ 1)-dimensional surface in mn-dimensional
Euclidean space. If H  =(h,) (i=1...,n; j=1,...,m) then since

:'=,2;"=,h,zj =m this surface is a subset of the sphere of radius m'/? in
mn-dimensional space. Two special cases are the following:

(a) m=n.

Then

Vie.m=0(m)={H(mXm); ’'H=1,},

the set of orthogonal m X m matrices. This is a group, called the
orthogonal group, with the group operation being matrix multiplica-
tion. Here the elements of HE O(m) can be regarded as the coordi-
nates of a point on a {m(m — 1)-dimensional surface in Euclidean
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m2-space and the surface is a subset of the sphere of radius m'/? in
m?-space.

(b) m=1.
Then

v, ,=8,={h(nx1);Wh=1},

"
the unit sphere in R". This is, of course, an n—1 dimensional
surface in R”.

Now let us look at the differential form (20). Consider first the special
case n =m, corresponding to the orthogonal group O(m); then, for HE

O(m),
m
(H'dH)= A wdh,.
1<y

This differential form is just the exterior product of the subdiagonal
elements of the skew-symmetric matrix H’dH. First note that it is invariant
under /eft translation H » QH for Q€ O(m), for then H'dH - H'Q'QdH =
H’dH and hence (H'dH )— (H'dH ). It is also invariant under right transla-
tion H -~ HQ’ for Q&€ O(m), for H' dH — QH’' dHQ’ and hence, by Theorem
2.1.7, (H' dH) — (QH' dHQ') = (det Q)" ~ "(H' dH) = (H' dH) , ignoring the
sign. This invariant differential form defines a measure p on O(m) given by

p(GD)=fOD(H'dH) [9 co(m))

where p(%)) represents the surface area (usually referred to as the volume)
of the region % on the orthogonal manifold. Since the differential form
(H'dH ) is invariant, it is easy to check that the measure p is also. What this
means in this instance is

(27) #(OD)=p(DQ)=p(D) VQEO(m)

(see Problem 2.9). The measure u is called the invariant measure on O(m). It
is also often called the Haar measure on O(m) in honor of Haar (1933), who
proved the existence of an invariant measure on any locally compact
topological group {see, for example, Halmos (1950) and Nachbin (1965)]. It
can be shown that it is unique in the sense that any other invariant measure
on O(m) is a finite multiple of u. The surface area (or, as it is more often
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called, the volume) of O(m) is
Vol[O(m)]=p,[0(m)]=f0<m)(H'dH).

We will evaluate this explicitly in a moment. As a simple example consider
the invariant measure on the proper orthogonal group O*(2) when m=2;
that is, the subgroup of O(2), or part of the orthogonal manifold or surface,
of 2X2 orthogonal matrices H with det H=1. Such a matrix can be
parameterized as

8 —sind
a=[0%8 st (0<e=an)

=[h, h,].

The invariant differential form (H’'dH ) is

, o ol —sin()dﬂ)_
(H’'dH)=W,dh,=(—sind cos0)( cosfdf =dé
and
2n
28 VolO* (2)| = H dH)= dé=2=.
(28) ofo*@]=/ (HdH)=["do=2a

Now consider the differential form (20) in general, so that H,€V,, .
Here we have (see the statement of Theorem 2.1.13)

m n

(HidH)=A A Wdh,

1=1y=1+1 4
where [H,: H,]=[h,...h h,,.,...h,]EO(n) is a function of H,. It can be

shown that this differential form does not depend on the choice of the
matrix H, and that it is invariant under the transformations

H, - QH, [0 0(n)]
and

H-~HP [Peo(m)]
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and defines an invariant measure on the Stiefel manifold V,, ,. For proofs
of these assertions, and much more besides, the interested reader is referred
to James (1954). The surface area or volume of the Stiefel manifold V,, , is

Vol(¥,,,)= [ (H{dH,).

We now evaluate this integral.

THEOREM 2.1.15,

zmﬂmn/2
(H}dH,)= ———
A=

Proof. Let Z be an n X m (n=m) random matrix whose elemenis are
all independent N(Q, 1) random variables. The density function of Z (that is,
the joint density function of the mn elements of Z) is

J,

@ny (-3 3 § 3]

=1 j=1
which, in matrix notation, is the same as
(2n) """ *eu(~12'Z).

Since this is a density function, it integrates to 1, so

(29) [ [ en(-1zz)(az)=(2m)""".

~w <z, <

Put Z=H\T, where H€V, , and T is upper-triangular with positive
diagonal elements, then

m
rZ’Z=uTT= 3 ¢}

A
15y

(@2)= [l cx=(amy(aiam)
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(from Theorem 2.1.13) and (29) becomes
l m m n
(30 [ fexp( -3 3 r,’,) Mo Aar, [ (Hjam,)
L 1<y i=1 =y Voon
=(2")mn/2'

The integral involving the ¢,, on the left side of (30) can be written as

I

-[—00 exp(“‘%tlzj)dlu] ﬁ ['/(;wexp(-iltﬁ)t:“ldl,,]

[~ i=1

= i [em] [T (2021 l3(n i+ 1))

1<y
m
= gmim—1/4 H F[%(n__i_*_l)]_zmn/z—m
1=
=1, (4mamrin,

using Theorem 2.1.12. Substituting back in (30) it then follows that

Zm"mn/Z
HjdH,)= "
fVm.n( ‘ ') I‘m(%”)

and the proof is complete.

A special case of this theorem is when m = n, in which case it gives the
volume of the orthogonal group O(m). This is given in the following

corollary.

COROLLARY 2.1.16.

mﬂm’/.’.
VOl[O(m)] = %—(—{'7)-

Note that Vol|O(2)] =272/ T,(1)=4x, which is twice the volume of O*(2)
found in (28), as is to be expected.
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Another special case is when m =1 in which case Theorem 2.1.15 gives
the surface area of the unit sphere S, in R” as 2!/ 2/T(4n), a result which
has already previously been noted in the proof of Theorem 1.5.5.

The measures defined above via the differential form (20) on V,, , and
O(m) are “unnormalized” measures, equivalent to ordinary Lebesgue mea-
sure, regarding these spaces as point sets in Euclidean spaces of appropriate
dimensions. Often it is more convenient (o normalize the measures so that
they are probability measures. For example, in the case of the orthogonal
group, if we denote by (dH ) the differential form

1 oo Ldm) o
(dH)=-———-————-——vol[0(m)] (H'dH)= —————2'%'”2/2 ,{\, h,dh,

then

fmm)(dﬁ)zx

and the measure p* on O(m) defined by
(29) W)= (dH)= Wém&(u'dfi) [@ co(m))]

is a probability measure representing what is often called the “Haar
invariant” distribution [on O(m)); see for example, Anderson (1958), page
321. In a similar way the differential form (H|dH,) representing the
invariant measure on V,, , can be normalized by dividing by Vol(V,, ,), to
give a probability distribution on V¥, .. In the special case m=1 this
distribution, the uniform distribution on the unit sphere S, in R”, is the
unique distribution invariant under orthogonal transformations, a fact
alluded to in Section 1.5.

We have derived most of the results we need concerning Jacobians and
invariant measures. Some other results about Jacobians appear in the
problems and, in addition, others will be derived in the text as the need
arises. For the interested reader useful reference papers on Jacobians in
multivariate analysis are those by Deemer and Olkin (1951) and Olkin

(1953).
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2.2. KRONECKER PRODUCTS

Many of the results derived later can be expressed neatly and succinctly in
terms of the Kronecker product of matrices. Rather than cover this in the
Appendix the definition and some of the properties of this product will be
reviewed in this section.

DEFINITION 2.2.1. Let A=(a,,) be a p X q matrix and B =(b,,) be an
r X s matrix. The Kronecker product of 4 and B, denoted by A®B, is the
pr X gs matrix

ayB a,B ... a B

ayB anB ... ayB
A®B=

a,B a,B .. a,B

The Kronecker product is also often called the direct product; actually the
connection between this product and the German mathematician Kronecker
(1823-1891) seems rather obscure.

An important special Kronecker product, and one which occurs often is
the following: If B is an r X s matrix then the pr X ps block-diagonal matrix
with B occurring p times on the diagonal is /,®B; that is

B 0 0
0 B 0
5@8— .
0 0 B

Some of the important properties of the Kronecker product are now
summarized.

(@) (aA)®(BB)= aB(A®B) for any scalars a, 8.

(b) If 4 and B are both p X g and C is r X s, then

(A+ B)®C=A®C + BAC.

(c) (A®B)®C =A®(BAC().
(d) (A®BY=A'®B'.
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(e) If A and B are both m X m then
tr( A®B)=(trA)(1r B).

() IfAismXn,BispXq, CisnXr,and D is g Xs then
(A®B)(C®D)=AC®BD.

(g) If A and B are nonsingular then
(4®B) '=4"'®B7 "

(h) If H and Q are both orthogonal matrices, so is H®Q.
(i) IfAismXm, BisnXn then

det( A®B)=(det 4)"(det B)".

(i) If A is m X m with latent roots a,,...,a,, and B is n X n with latent
roots b,,...,4, then A®B has latent roots ab, (i=1,....m; j=
1...,n).

(k) If A>0, B>(Q (i.e, 4 and B are both positive definite) then
A®B>(.

These results are readily proved from the definition and are left to the
reader to verify. A useful reference is Graybill (1969), Chapter 8.

Now recall the vec notation introduced in (21) of Section 1.2; that is, if
T={t,t,...t, ] is a p X g matrix then

t,
t,

wl)=| 1| (pax1)
t,

The connection between direct products and the vec of a matrix specified in
the following lemma is often useful. The proof is straightforward (see
Probiem 2.12).

LEMMA 222. HBisrXm, XismXn, and Cis n X s then

vec( BXC)=(C'®B)vec( X).
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As an application of this lemma, suppose that X is an m X n random
matrix whose columns are independent m X 1 random vectors, each with the

same covariance matrix 2. That is,

X =[X;...X,]
where Cov(X,)=Z, i=1,...,n. We then have

X,
vec(X)=
X

n

and since the X, are all independent with the same covariance matrix it
follows that

2 0 0
0 ... 0
(1) Cov[vec(X)]=| . (mn X nm)
0 0 s
=1®s3.

Now suppose we transform to a new random matrix Y given by Y= BXC,
where B and C are r X m and n X s matrices of constants. Then E(Y)=

BE( X)C and, from Lemma 2.2.2,

vec(Y)=(C'®B)vec(X)

so that
E[vec(Y)]=(C'®B)E[vec( X)].
Also, using (3) of Section 1.2,
Cov(vec(Y))=(C’'®B)Cov[vec( X)]|(C'®BY
=(C’®B)(1,8Z)(C®B’)
=C'C®BIB’,

where we have used (1) and properties (d) and (f), above.
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Some other connections between direct products and vec are summarized
in the following lemma due to Neudecker (1969), where it is assumed that
the sizes of the matrices are such that the statements all make sense.

LEMMA 223,
(i) vec(BC)=(I®B)vec(C)=(C'®I)vec(B)=(C'®B)vec({)
(i) tr( BCD)=(vec(B))(I1®C)vec(D)

(iii) tr(BX'CXD)=(vec(X))(B'D’'®C)vec( X)
=(vec( X)) (DB®C’)vec( X)

Proof. Statement (i) is a direct consequence of Lemma 2.2.2. Statement
(ii) is left as an exercise (Problem 2.13). To prove the first line of statement
(iii), write

tr( BX'CXD)=r( BX')C(XD)
= (vec( XB’))(1®C)vec( XD) using (ii)
=[(B®I)vec( X)) (I®C)(D'®I)vec( X) using (i)
=(vec( X)) (B’'®I)(I1®C)(D'®I)vec( X) using property (d)
=vec(X)(B'D'®C)vec(X) using property (f).

The second line of statement (iii) is simply the transpose of the first.

PROBLEMS

2.1. If XisnXmand Y is mX p prove that

d(XY)= X.dY+dX.Y.

2.2. Prove Theorem 2.1.7.
2.3. Prove that if X, Y and B are m X m lower-triangular matrices with
X = YB where B is fixed then

m

(dX)= H‘b,';'“"'(dY).

24. Show thatif X=Y+Y’, where Y is m X m lower-triangular, then

(dx)=2"(dY).
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2.5. Prove thatif X=YB + BY’ where Y and B are m X m lower-triangular
then

(dx)=2m i b Ti(dY).

2.6. Prove that if X=YB+ BY’, where Y and B are m Xm upper-
triangular, then

(dx)=2" 1 b;,(av).
1=1
2.7. Prove that if X is m X m nonsingular and X=Y "' then

(dx)=(detY) *"(dY).
2.8. The space of positive definite 2>X2 matrices is a subset of R* defined
by the inequalities

a, dy

— 2
=a,,a as, >0,
a,; 022] 11722 12

a,, >0, dct[

Sketch the region in R* described by these inequalities.
2.9. Verify equation (27) of Section 2.1:

p(QD)=p(DQ)=p(D) VQEO(m)

where

p(GD)=f®(H'dH) D c o(m).
2.10. Show that the measure p on O(m) defined by

u.(GD):j;D(H’dH) [9 co(m)]

is invariant under the transformation H - H’.
[ Hint: Define a new measure » on O(m) by

»(D)= (D),

where D~ '=(HE€ O(m); H'€D). Show that » is invariant under left
translations, i.e., (QD)=»(D) for all Q€ O(m). From the uniqueness of
invariant measures » = kp for some constant k. Show that £ =1.]
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2.11. If
sin@,sinfl, cos#, cos6,sind,
H=[hh;h,]=]sinf,cosf, —sinf, cosb cosb,
cosf, 0 —sind,
(where 0<6,<m, 0=<80,<27) show that
(Wydh A (W,dh))=sinb,db, N d4,.
Show also that its integral agrees with the result of Theorem 2.1.15.

2.12. Prove Lemma 2.2.2.
213. IfBisrXm,CismXn, and D is n X r, prove that

tr( BCD) = (vec( B’)) (I1®C)vec(D).
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CHAPTER 3

Samples from a Multivariate
Normal Distribution, and

the Wishart and Multivariate
Beta Distributions

3.1. SAMPLES FROM A MULTIVARIATE NORMAL
DISTRIBUTION AND MAXIMUM LIKELIHOOD
ESTIMATION OF THE PARAMETERS

In this section we will derive the distributions of the mean and covariance
matrix formed from a sample from a multivariate normal distribution. First,
a convention to simplify notation. When we write that an » X s random
matrix Y is normally distributed, say, Y is N(M,C®D), where M is r X s
and C and D are r X r and s X s positive definite matrices, we will simply
mean that E(Y)= M and that C®D is the covariance matrix of the vector
y=vec(Y’) (see Section 2.2). That is, the statement “Y is N(M,C®D)" is
equivalent to the statement that “y is N, (m, C®D),” with m=vec(M’). The
following result gives the joint density function of the elements of Y.

THEOREM 3.1.1. If the r X s matrix Y is N(M,C®D), where C(r Xr)
and D(s X s) are positive definite, then the density function of Y is

(1) (27) "*(detC)” " *(det D)™ "*eu[ —3C (Y~ M)D (Y- MY]

Proof. Since y=vec(Y’) is N, (m,C®D), with m=vec(M’), the joint
density function of the elements of y is

(27)~"/*det(c®D) ™" *exp[ - 4(y—m)’(c®D) " (y—m)].

9
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That this is the same as (1) follows from Lemma 2.2.3 and the fact that
det(C ® D) = (det C)y'(det DY

Now, let X,, . . ., Xy be independent N,(u, ) random vectors. We will
assume throughout this chapter that = is positive definite (2>0). Let X be
the N X m matrix

Xi
X=
Xy
then
"'
E(X)=| : [=1pn, where 1=(1,...,1)ER",
lll

and Covlvec(X")}= Iy ®Z, so that by our convention, X is N(Ip’, [y®Z).
We have already noted in Section 1.2 that the sample mean vector X and
covariance matrix S, defined by

S S I 1
(2) X= W;x,-v'ﬁXl, S-—;A,
where

N
(3) = 2 (X, —X)(XX)=(X~1X')(x-1X)

and n= N — 1, are unbiased estimates of p and 2, respectively. The follow-
ing theorem shows that they are independently distributed and gives their
distributions.

THEOREM 3.1.2. If the N X m matrix X is N(1p’, I, ®Z) then X and 4,
defined by (2) and (3), are independently distributed; X is N, (u,(1/N)Z)
and A has the same distribution as Z'Z, where the n X m (n = N — 1) matrix
Z is N0, I,®Z2) (i.e., the n rows of Z are independent N, (0’, £) random
vectors).

Proof. Note that we know the distribution of X from Corollary 1.2.15.
Using (1), the density function of X is

(4 @r) " Hdet2) M eu[~ 4= (X — 1) (X ~1p)).
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Now put V= HX, where H is an orthogonal N X N matrix [i.e., HEQ(N)),
with elements in the last row all equal to N™'/2, The Jacobian of this
transformation is, from Theorem 2.1.4, |det H|™ = 1. Partition V as

where ZisnXm (n=N—1), and v is m X1, Then
XX=VV=2'Z+vw'.

The term (X —1p')' (X — 1p’) which appears in the exponent of (4) can be
expanded as

(5)  (X—1p)Y(X—1p)=X'X— X1’ — pl'X + Npp’
=Z'Z+wW = X'1p' ~(X'1p’) + Npp'.

Now note that H1 = (0, . . ., 0, NV2)', since the first n = N — 1 rows of H are
orthogonal to 1€ R, and so

Xl =VHIp'=[2Z":v] 0 p'=N"Y2y,
Nl/2
Substituting back in (5) then gives
(6) (X—1p)(X—-1w)=Z'Z4+wW—N"/2uv'—~ N 2yu'+ Nup’
=Z'Z+(v—=N'"2p)(v—N"2u).
Hence the joint density function of Z and v can be written as
Q7)™ }det2) " *ete(—327'2'2) - (27) " " *(detz) " /?
exp[ —4(v=N'Zu)Z!(v— N/ %)),
which implies that Z is N(0, I,®2) (see Theorem 3.1.1) and is mdependent
of v, which is N,(N /2, ). This shows immediately that X is
N,(n,(1/N)Z) and is independent of Z since
(7) v=N"2x1=N'?X,
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The only thing left to show is that 4 = Z'Z; this follows by replacing p by X
in the identity (6) and using (7).

DEFINITION 3.1.3. If A= Z’'Z, where the n X m matrix Z is N(0, I,®Z),
then A is said to have the Wishart distribution with n degrees of freedom and
covariance matrix Z. We will write that 4 is W, (n, Z), the subscript on W
denoting the size of the matrix 4.

The Wishart distribution is extremely important to us and some of its
properties will be studied in the next section. Note that since A= Z’Z from
Theorem 3.1.2 then the sample covariance matrix S is

A=~2'2=7'7,

X |-
X |-

S=

where Z=n"2Z is N0, I,®(1/n)Z), so that S is W, (n,(1/n)Z). Since S
is an unbiased estimate for Z it is of interest to know whether it, like Z, is
positive definite. The answer to this is given in the following theorem, whose
proof is due to Dykstra (1970).

THEOREM 3.14. The matrix 4 given by (3) (and hence the sample
covariance matrix S=n"'4) is positive definite with probability 1 if and
only if n=m (i.e., N> m).

Proof. From Theorem 3.1.2, A=Z'Z where the n X m matrix Z is
N0, 1,®Z). Since Z'Z is nonnegative definite it suffices to show that Z'Z is
nonsingular with probability 1 if and only if n=m. First, suppose that
n = m; then the columns z,,...,z,, of Z’ are independent N, (0, 2) random
vectors. Now

P(z,,...,z,, are linearly dependent)

m
< 3 P(z,is a linear combination of 2,...,2,.. ;,Z,4 -+ Z,,)

=1

= mP(z, is a linear combination of z,,...,2,,)
= mE[ P(z, is a linear combination of z,,...,2,,12,,...,2,,)]
=mE(0)=0,

where we have used the fact that z, lies in a space of dimension less than m
with probability 0 because ¥ >0. We have then proved that, in the case
n=m, Z has rank m with probability 1. Now, when n > m, the rank of Z is
m with probability 1 because adding more rows to Z cannot decrease its
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rank, and when n < m the rank of Z must be less than m. We conclude that
Z has rank m with probability one if and only if n=m and hence A=2'Z
has rank m with probability 1 if and only if n=m.

Normality plays a key part in the above proof, but the interesting part of
the theorem holds under much more general assumptions. Eaton and
Perlman (1973) have shown that if § is the sample covariance matrix formed
from N independent and identically distributed (not necessarily normal)
m X 1 random vectors X,,..., X, with N>m then S is positive definite with
probability 1 if and only if P(X,€ F,)=0 for all s-flats F, in R™(0<s<m),
a condition which is implied by normality. [An s-flat is the translate
F,={x}+ F,, of an s-dimensional linear subspace or s-subspace Fg in
R™.] A similar result has also been obtained by Das Gupta (1971).

The density function (4) considered as a function of the parameters p
and 2 (for fixed observed X) is the likelihood function. Since

(X—1Y(X~1p)=A+NX~p)(X-p)y
[from (6) with A= Z’'Z and v= N'/2X], (4) can be written in the form
(8) (27) """ *(det 2)"N/2etr{ - %E"[A + N(?~u)(i—p)']}

so that in order to determine the likelihood function the only functions of
the sample needed are X and A. From this we conclude that (X, A) [or
(X, S)] is sufficient for p and T (or for the normal family of distributions (4)

for p€ R”, 2 >0).
We conclude this section by finding the maximum likelihood estimates of
p and =, that is, those values of p and 2 which maximize the likelihood

function (8).

THEOREM 3.1.5. If X,,...,X, are independent N, (n,Z) random vec-
tors_ and N>m then the maximum likelihood estimates of p and 3 are
fi=X and E=(1/N)A=(n/N)S, where n=N—1 and X, 4, and § are
given by (2) and (3).

Proof. lgnoring the constant in (8), which is of no consequence, the
likelihood function is

L(u,2)=(det2)‘w2etr(——%2“'A)exp[—%N()_(—p)'z"'()—(—-p)].
Now

L(p,2)=(detZ) " etr(—~ = 4),
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with equality if and only if g =X, where we have used the fact that
(X-p)2"'(X-p)=0

if and only if =X, because Z~" is positive definite. This shows that X is
the maximum likelihood estimate of p for all 2. It remains to maximize the
function (of 2)

L(X, 2)=(det =) " etr( - 427'4)
or, equivalently, the function

g(Z)=logL(X,Z)=—}iNlogdet =~ {ir(Z~'4)
=4Nlogdet(2~'4)—$tr(="'4)— { Nlogdet 4

=$Nlogdet(A'/2Z7'4/2)— Lu(A/227'4'/2) — { Nlogdet 4

=1 3 (NlogX,—\,)—{Nlogdet 4

=1

where A,,...,\,, are the latent roots of A'/2Z7'4'/2, i.e., of £7'4. Since the
function

S(A)=NlogA — A
has a unique maximum at A = N of Nlog N — N it follows that
g(Z)Y<{Nmlog N —imN — {Nlogdet 4,
or
L(X, Z)s NmN/2=mN/2(det 4) N2,
with equality if and only if A, =N (i=1,...,m). This last condition is
equivalent to A'/227'4'/2 = NI, and hence to £=(1/N)A4. Therefore we
conclude that

L(p,Z)s N™¥/2%=mN/2(det 4)~ /2,

with equality if and only if p=X and Z2=(1/N)A, and the proof is
complete.
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The above proof, which avoids any differentiation of the likelihood
function, is due to Watson (1964). It is left to the reader to determine why
the condition N> m is imposed, where it is used, and what happens if it
does not hold. Finally, note that the maximum likelihood estimate £ has
expectation

1 n
E(S)——E('ﬁ/ﬂ)—-'ﬁz

so that it is not unbiased for Z. It is, however, asymptotically unbiased since
n/N-1asN-oo.

3.2. THE WISHART DISTRIBUTION

3.2.1. The Wishart Density Function

We have defined the Wishart W, (n, 2) distribution in Definition 3.1.3 as
the distribution of the m X m random matrix 4= Z'Z, where Z(n X m) is
N0, 1,®Z). When n<m, A is singular (Theorem 3.1.4) and the W, (n, Z)
distribution does not have a density function. The following theorem gives
the density function of A when n=m; most of the work involved in the
derivation has already been done in Section 2.1 and it is only a matter of
putting things together.

THEOREM 3.2.1. If A is W,(n, Z) with n =m then the density function
of Ais

1
27n/2T, (4n)(det )"/

(1) setrf(— 427 '4)(det )" "2 (4>0)

where T,(-) denotes the multivariate gamma function given in Definition
2.1.10.

Proof. Write A= Z'Z, where Z(n X m) is N(0, I,®Z). The density of Z
is

(2m) ™" X (det 2) " Perr(—127'2°2)(d2Z)

where the volume element (dZ)= A’_, A'I"=,dz, , has been included to
facilitate the calculation of Jacobians when we make transformations on Z.
Since n=m, Z has rank m with probability 1 (see the proof of Theorem
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3.14). Put Z=HT as in Theorcms 2.1.13 and 2.1.14, where H| is n X m
with H1H =1, (le Hev, ,, the Stiefel manifold consisting of n X m
matrices with orthonormal columns) and Tis m X m upper-triangular. Then
A=2Z'Z=T'T, and from Theorem 2.1.14 the volume element (4Z) becomes

(dZ)=2""(det 4)\" """V} (dA)(H|aH,),
so that the joint density of 4 and H, is
(2m) ™2(det 3) "2 etr(- 43 ' 4)2(det A)Y* M- V2(JANH] dH,)
The marginal density function of A given by (1) then follows from this by

integrating with respect to H, over the Stiefel manifold V,, , using

20y mn/2

J, ()=

the result of Theorem 2.1.15.

The density function of the sample covariance matrix S follows im-
mediately and is worth stating explicitly.

COROLLARY 3.22. If X,,...,Xy are independent N,(p,Z) random
vectors and N > m the density function of the sample covariance matrix

(X,-X)(X,-X) (n=N-1)

s=1
n i

i Mz

is
(2

l""(Jf")(:’m?:)"’2 (40)™"2etr(— §nZ7IS)(det S)" "2 (5>0)

Proof. 'The proof follows either by recalling that S is W, (n,(1/n)2)
(see the discussion following Definition 3.1.3) or by making the transforma-
tion A =nS$ in (1).

In the univariate case m =1, these results reduce to familiar ones. In this
case let us write
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then the density function of s? is, from (2),

(ﬁz‘)mr(ln)‘""(‘”5'2{"—2)@2)"/’"' (s7>0).

Putting v = ns?/0?, we then obtain the density function of v as

1
e—v/zvn/Z—l >0 ,
27T (fn) (=9

the x2 density function. This shows that if A is W,(n,62) (so that 4 is 1 X 1)
then A /0 is x2, a result which we will use quite often.

It is worth remarking here that although n is an integer (=m) in the
derivation of the Wishart density function of Theorem 3.2.1, the function
(1) is still a density function when » is any real number greater than m — 1
(not necessarily an integer), a fact which was noted in the discussion
following Theorem 2.1.11. We can, therefore, extend our definition of the
Wishart distribution to cover noninteger degrees of freedom n forn >m —1;
for most practical purposes, however, Definition 3.1.3, which defines it for
all positive integers a, suffices.

The density function (1) was first obtained by Fisher (1915) when m =2,
and for general m by Wishart (1928) using a geometrical argument. Since
that time a number of derivations have appeared. The derivation given in
this section is due to James (1954) and Olkin and Roy (1954).

3.2.2.  Characteristic Function, Moments, and Asymptotic Distribution

The reader will recall that if the random variable A is W,(n,0?) then A /o2
is x2 so that the characteristic function of A is (1—2ite?)™"/2 The
following theorem generalizes this result.

THEOREM 3.2.3. If A is W, (n, Z) then the characteristic function of A
[that is, the joint characteristic function of the im(m +1) variables q, "
Isi<j=m]is

#(O)=E =det(I, —il'S)~ "%

m
eXP(i 2 ajkajk)
j=k

where I = (), where i, j =1, ..., m, with y,;= (1 + §,))8,;, 6;, = 6;,, and 5,
is the Kronecker delta,
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Proof. The characteristic function ¢(0) can be written as

i m
7 > (+ sjk)ojka;'k]}

Jok=1

-]

There are two cases to consider:

(3) ¢(9)=E{exr>

(i) First, suppose that n is a positive integer. Then we can write A= 2Z'Z,
where Z is N(0, I, ®2). Let z,,...,z, be the columns of Z’; then z,,...,z, are

n

independent N,(0, Z) random vectors and A= Z'Z = > =12 z}. Hence

$(8)= E[etr(%l'll‘)] =E

i
etr(i Elzjzjl")
I:

[ . n

=F exp:.',_— S tr(zlz}l‘)l
! =1

- i,

=E expzj%zjl‘zj]

n .
= Hl E [cxp%z; Iz j] (by independence)
=

=(E[expé—z’,l‘z,])
Put y=3"!/2g,; theny is N,(0, ,,) and
¢(9)=(E[exp-;—y’z'/zl‘z'/zy]) .

Since Z'72I'2!/? is real symmetric there exists an orthogonal m X m matrix
H such that
HEVATSV2H = A =diag(A,,...,\,),

where A,,...,A,, are the latent roots of £'/2I'Z'/2, Put u= Hy, then u is
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N,(,1,) and

$(0)= ( E[exp-é—u’Au])”

= 1;[1(1—1')\,)_"/2,

where we have used the fact that the u}, Jj=1,...,m are independent x?
random variables. The desired result now follows by noting that

I (1-ir)=det(1, —iA)

=1
=det( 1, —iZ'/?15'/?)
=det(1, —il'Z).

(ii) Now suppose that » is any real number with n > m — 1. Then A has the
density function (1) (see the discussion following Corollary 3.2.2) so that

(@)= E[etr( %AI‘)]
- 2’”"/2F",(%rzl)(det2)"/ 2

jAoetr[—§A(2~‘—:r)](dem)‘"‘""”/z(d,i).

Now apply Theorem 2.1.11 to give

_det(2™'—iT)™""?
(detZ)"?

#(9) =det(/~il'S)""/?,

as desired.
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The moments of the elements of the Wishart matrix A of Theorem 3.2.3
can be found from the characteristic function in the usual way, We know
already that

E(A)=nZ,
and it is a straightforward matter to show that

4) Cov(a,,, ay)=n(0,09,+0,0,)

for i, j, k,1=1,...,m (see Problem 3.1). The matrix of covariances between
the elements of A can be expressed in terms of a Kronecker product. Let H,,
denote the m X m matrix with h,, =1 and all other elements zero and put

m
K= 2 (Hu®ll:j)’

i =0

so that K is m* X m?. For example, with mn =2 the reader can readily verify
that

K=

[ = =
ocSC—-0O
-_o 0O

1
0
0
0

For any m X m matrix C, the matrix K has the property that it transforms
vec(C) into vec(C’),

Kvec(C)=vec(C’),

and for this reason is sometimes called the “commutation matrix.” If A4 is
W, (n, Z) the covariance matrix of vec(A4) can be readily expressed in terms
of the matrix K as

(5) Cov[vec(A4))=n(1,:+ K )(Z®X)

(see Problem 3.2) a fact noted by Magnus and Neudecker (1979). Finally,
we saw in Corollary 1.2.18 that under general conditions the sample
covariance matrix S(n) formed from a sample of size n + 1 is asymptotically
normal as n — co. In the case of normal sampling S(n) is W, {(n,(1/n)Z) so
that the asymptotic distribution as n — o of

n'/*[vec(S(n))—vec(Z)]
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is

N,a[0,(1,: + K)(2©3)].

3.2.3. Some Properties of the Wishart Distribution

In this section some properties of the Wishart distribution are derived. Our
first result says that the sum of independent Wishart matrices with the same
covariance matrix is also Wishart.

THEOREM 3.24. If the m X m random matrices 4,,...,4, are all inde-
pendent and 4, is W,(n,,Z), i=1,...,r, then 2'_ 4, is W,(n, Z), where
n=3_,n,

Proof. The characteristic function of X/_ A; is the product of the
characteristic functions of 4,,...,4, and hence, with the notation of Theo-
rem 3.2.3, is

Il det(1,—iT=) "/*=det(1, ~il'S)™ "2,
1=1

which is the characteristic function of the W, (n, 2) distribution.

The above theorem is valid regardless of whether the n, are positive
integers or real numbers bigger than m —1. When the n, are restricted to
being positive integers one can, of course, give a proof in terms of the
normal decomposition. Write 4, = Z/Z,, where Z,is N(0, 1, ®Z) (i=1,...,r)
and Z,,...,Z, are independent, and put

[ 2,

so that Z is N(0, I,®2). Then

24,=2322=22

1=1 =1

which is W,,(n, 2).
The next theorem, which will be used often, shows that the family of
Wishart distributions is closed under certain linear transformations.
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THEOREM 3.2.5. If A is W,(n,Z) and M is k X m of rank k then MAM’
is W,(n, MEM').

Proof. 'The characteristic function of MAM’ is [see (3)]

(6) E[etr( -%MAM'I‘” = E[elr( %AM'I‘M)]

=det(l, —iM'TMZ)™"/?
=det(l, ~iTMEM’)”""?,

where we have used Theorem 3.2.3 and the fact that M is k X m. The result
follows immediately, since the right side of (6) is the characteristic function
of the W, (n, MZ M) distribution.

Again, this theorem is valid whenever the Wishart distribution is defined.
If n is a positive integer a proof can be constructed in terms of the normal
decomposition of A4; it is left to the reader to fill in the details (see Problem
3.4). As a special case of this theorem we have:

COROLLARY 3.26. IfAis W,(n,Z) and 4 and Z are partitioned as

Ay Al2] [2“ 2|2]
7 A= , 2= > |
™ [AZI Ay Ty Zp

where A,, and Z,, are k X k, then 4,, is W,(n, Z,)).

Proof. Put M =(1,:0] (kX m) in Theorem 3.2.5, then MAM'=A4,,,
M3IM’'=Z,,, and the result is immediate.

Corollary 3.2.6 tells us that the marginal distribution of any square
submatrix of 4 located on the diagonal of 4 (so that the diagonal elements
of the submatrix are diagonal elements of 4) is Wishart. In particular, of
course, A, is W, _,(n, 2,,). The next result says that if Z,, =0 then 4,,
and A,, are independent.

THEOREM 3.27. If A is W, (n,Z), where A and Z are partitioned as in
(7) and £, =0, then A4,, and A4,, are independent and their distributions

are, respectively, Wi (n, Z,,) and W, _,(n, Z,,).

A proof of this theorem can be constructed by observing that when
2,, =0 the joint characteristic function of 4,, and A, is the product of the
characteristic functions of 4, and A4,,. The details are left to the reader (see
Problem 3.5). As usual, when n is a posilive integer a direct proof involving
the normal decomposition of 4 is also available. Note that in the special
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case when n is an integer and 2 is diagonal, = =diag(s,,,...,0,,,), an
obvious extension of Theorem 3.2.7 states that the diagonal elements
ays...,a,, of A are all independent, and a,, is Wi(n,0,); that is, a,, /g, is
x2, fori=1,...,m.

Our next result is also a direct consequence of Theorem 3.2.5.

THEOREM 3.28. If 4 is W, (n, Z), where n is a positive integer and Y is
any m X1 random vector which is independent of A with P(Y=0)=0 then
Y'AY/Y'ZY is 2, and is independent of Y.

Proof. In Theorem 3.2.5 put M =Y’ (1 Xm) then, conditional on Y,
Y'AY is W\(n,Y'2Y); thatis YAY /Y'ZY is xf,. Since this distribution does
not depend on Y it is also the unconditional distribution of Y’'AY/Y'ZY
and the theorem is proved.

The following corollary is an interesting consequence of this theorem.

COROLLARY 3.29. If X and S are the mean and covariance matrix
formed from a sample of size N =n +1 from the N, (p, £) distribution then

L, X5X
X=X
is x2 and is independent of X.
Proof. From Theorem 3.1.2 we know that X and S are independent, and

S is W,(n,(1/n)Z). A direct application of Theorem 3.2.8 completes the
proof.

Our next result is of some importance and will be very useful in a variety
of situations.

THEOREM 3.2.10. Suppose that 4 is W,(n,X), where A and I are
partitioned as in (7), and put 4, ,= A, — A,A5'4;, and 2, ,=3,,
2,25'%,,. Then
(i) Ay ,is Wi(n—m+k, 2, ,) and is independent of 4,, and A,,;
(ii) the conditional distribution of A,, given A4, is N(Z,;33'4,,,
2),.,845,); and
(iii) A, is W,_,(n,Z,,).
Proof. The Wishart density function has not yet been used explicitly, so

we will give a proof which utilizes it. This involves assuming that n>m — 1.
The density of A is, from Theorem 3.2.1,

i -
8 tr(— 4274 )(det 4)" " D/2
® AT (Imyae gy TR M) et )
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Make lhe Change Of VariablesAnz = A“ - AIZAI_Z'AZI’ BIZ = A,z, Bzz = A22
so that

(dA):'(dAu)/\(dAu)/\(dAzz)
=(d/’n-z)/\(dB|2)/\(dez)~

Note that

) det A=det Ay, det(A,, — A, 4'4,,)
=det By,det 4, .,

and
detZ=det Z,,det Z,, ,.

Now put

- Cll CJZ

c=s=|c i)

where C,, is k¥ X k. Then

Cll C!Z
CZI C22

All 2 +BI2B2EIB2I BI2
BZI 822

tr(E"A)=tr{
=1r(Cy 4y 2)+"(CHB!ZBZ—Z‘BZJ)+2"(C!282|)
and it can be readily verified that this can be written as
(10) (2 "4):“[6‘11(312 +Cy,'Cy By ) B, (B, + Cn—n'CnBzz)']
+tr[ Byy(Cpy ~ € C'Cpa )] (€ 4y).2)
’—‘-tr[E;',!z(Bn - zlzzﬁlez)Bﬁl(Blz - 212252'322)']
+r( B, 25") +ur(25),44.2),

where we have used the relations C, =2}',, G, —C,,C,'C\, =25, and
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C,\'C,, == 2,23, which are implied by the equation ZC = I (see Theo-

rem AS5.2). Substituting back in (8) using (9) and (10), the joint density of

Ay\.2, By, and By, can then be written in the form

(11) ‘3“'("%}‘-'l_l!zf‘n-z)(de‘Au-z)("—mﬂ-k—”/2
2k(n—m+k)/2l“k[%(n —-_m+ k)](det zwz)("—m+k)/2

etr( ~125'B, )(det By, )(" Tmrkh
2tm=km2r _(3n)(det 2, )n/z

) etr[ —-13; ¥2(B|2 N 2122;2‘322)323'( B, - 21222-2'822)']
(Zﬂ)k(Mdk)/z(de‘zn z)(m_k)/z(det Bzz)k/z

where we have used the fact that

T,

nt

(—;-n) zﬂm(m—n)/.zlljl I[4(n—i+1)}

=qhtk=h/4 IfIlI‘[é(n-m+k—~i+l)]

m—k

. ,”(m~k)(m~k~l)/4 H r[%(n —i+ l)]
r=1
.qpkim—k)/2
=L [4(n—m+ k)T, _ (3n) k=2

From (11) we see that 4, ., is independent of B, and B,,, i.e. of A, and
A,,, because the density function factors. The first line is the W, (n —m +
k, Z,,.,) density function for A4, ,. The last two lines in (11) give the joint
density function of B\, and B,,, i.e., of 4,, and A,,. From Corollary 3.2.6,
the distribution of A,, is W, _,(n, Z,,) with density function given by the
second line in (11). The third line thus represents the conditional density
function of B,, given B,,, i.e., of 4, given A,,. Using Theorem 3.1.1, it is
seen that this is N(Z,,25'44,, £,,.,845,), and the proof is complete.

The next result can be proved with the help of Theorem 3.2.10.

THEOREM 3.2.11. If A is W,(n,Z) and M is k Xm of rank k, then
(MA™'M) ' is W(n—m+k,(MZ~'M")"").
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Proof. Put B=Z3"1/24371/2 where £'/2 is the positive definite square
root of Z. Then, from Theorem 3.2.5, B is W,(n, 1,,). Putting R=MZ"'/?
we have

(MA"M')"'=(R2'/22“'”B"E“'“Z'”R’)—'=(RB"R’)"'
and (M27'M’)~ ' =(RR’)"!, so that we need to prove that (RB'R)™ ' is

W, (n—m-+k,(RR)""). Put R=L[I,:0]H, where L is k X k and nonsin-
gular and H is m X m and orthogonal, then

L]\

L

0

-
B

where C= HBH' is W, (n, 1,)), using Theorem 3.2.5 again. Now, put

Dy DIZ} C—[C“ Cuz]

DZI D22 N C2I CZZ

(RB™'R)'= (L[lk:O]HB" 'H

=L"'([Ik:0](HBH’)"

Iy

=L""([1,(:0]C"

0

p=c-|

where D), and C,, are k Xk, then (RB™'R")"'=L""'D;,'L™" and, since
D' =C|, — C\,C5'G,,, it follows from (i) of Theorem 3.2.10 that D' is
Wn—m+k,1I,). Hence, L' 'D;;'L"" is W(n—m+k,(LL)"") and,
since (LL")"'=(RR’)"!, the proof is complete.

One consequence of Theorem 3.2.11 is the following result, which should
be compared with Theorem 3.2.8.
THEOREM 3.2.12. If A is W, (n,Z), where n is a posilive integer, n>
m—1, and Y is any m X1 random vector distributed independently of 4
with P(Y=0)=0 then Y’27'Y/Y’A"'Y is x2_,.,,, and is independent of
Y.

Proof. In Theorem 3.2.11 put M =Y’ (1 X m) then, conditional on Y,
(YA is W(n—m+1,(YET'Y)™'); that is, V'S 'Y/V'A7'Y is

2

Xn—m+1°
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Since this distribution does not depend on Y it is also the unconditional
distribution, and the proof is complete.

There are a number of interesting applications of this result. We will
outline two of them here. First, if 4 is W, (n,2) then the distribution of
A~ is called the inverted Wishart distribution. Some of its properties are
studied in Problem 3.6. The expectation of 4! is easy to obtain using
Theorem 3.2.12. For any fixed a € R", @ #0, we know that a’2 "'a /a’A "«
is x2_,.+1, SO that

2
Xn-m+1

E(a'A"a)=a'2”'aE( ! )

1

= a3 ! —_m—
——7%27a  (n-m-1>0).

Hence
-1
a’E(A“')a=—a~§-g— for all a,
n—m-—1
which implies that
1
“1)— -1 iy —
(12) E(A7Y) n_m_lz forn—m—1>0,

The second application is of great practical importance in testing hy-
potheses about the mean of a multivariate normal distribution when the
covariance matrix is unknown. Suppose that X,,...,Xy are independent
N,(p, Z) random vectors giving rise to a sample mean vector X and sample
covariance matrix S; Hotelling’s T2 statistic (Hotelling, 1931) is defined as

T?=NX'Ss"'X.

Note that when m=1, T? is the square of the usual ¢ statistic used for
testing whether ¢ =0, In general, it is clear that T2 =0, and if 4 =0 then X
should be close to 0, hence so should T2 It therefore seems reasonable to
reject the null hypothesis that p =0 if the observed value of T? is large
enough. This test has certain optimal properties which will be studied later
in Section 6.3. At this point however, we can easily derive the distribution of
T2 with the help of Theorem 3.2.12.
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THEOREM 3.2.13. Let X and S be the mean and covariance matrix
formed from a random sample of size N = n + 1 from the N,(p, £) distribu-
tion (n=m), and let T*=NX'S™'X. Then

_T_'i.n~m+l

n n
is Fy poms1(8), 8= NwZ7'p (i, noncentral F with m and n—m+1
degrees of freedom and noncentrality parameter 8).

Proof From Theorem 3.12 X and S are independent; X is
N (1,(1/N)Z) and S is W,(n,(1/n)Z). Write T2/n as

3’1*——';—_.*“X'2_“i
nX'27'X

_NXEX
aX2 X
X's™'X

T2 _NXS~'X
n

Theorem 3.2.12 shows that

Xz 'X
n—= —
X's'X

: 2
18 Xn-~m+l

and is independent of X. Moreover, since X is N,(u,(1/N)Z), Theorem
1.4.1 shows that '

NXZ'X is x3(8), &=NwZ 'n.

Hence
T2 _ xm(8)
n Xi*m+l

where the denominator and numerator are independent. Dividing them each
by their respective degrees of freedom and using the definition of the
noncentral F distribution (see Section 1.3) shows that

'_I’_f.n-m+l

n m iS Fm.n—-mi—l(s)'

as required.
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This derivation of the distribution of T2 is due to Wijsman (1957). Note
that when g =0, the distribution of 73(n —m +1)/nm is (central) F,, ,_ s
and hence a test of size a of the null hypothesis H,: 1t =0 against the
alternative H: p #0 is to reject H, if

(n—m+1)T?

nm >F::.n~m+l(a)‘

where F; ,_, . (a) denotes the upper 100a% point of the F,, ,_,,,, distri-
bution. The power function of this test is a function of the noncentrality

parameter 8, namely,

B(8)= P,

= P[Fm.n—m+|(6)> F':.n-m+l(a)]'

n—m+1
[_—_T2>F:r n— m+l(a)J

3.2.4.  Bartlett’s Decomposition and the Generalized Variance

Our next result is concerned with the transformation of a Wishart matrix A
to T'T, where T is upper-triangular. The following theorem, due to Bartlett
(1933), is essentially contained in the proofs of Theorems 2,1.11 and 2.1.12
but is often useful and is worth repeating.

THEOREM 3.2.14. Let 4 be W, (n, 1,), where n=m is an integer, and
put A=T'T, where T is an upper-triangular m X m matrix with positive
diagonal clemems Then the elements ¢, (1<i< j=<m) of T are all inde-
pendent, ¢2is x2_,,, (i=1,...,m), and t,is NO, 1) (1=i< j=m).

Proof. The density of 4 is

(13) metr(—{A)(detA)‘"_'"—')/z(dA).

Since A=T'T we have

m
trd=urT'T= 3 2,

1=

det A=det(T"T)=(detT)* = I_Il 12
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and, from Theorem 2.1.9,
m m
(dd)=2" [Il A,
i= 1=y
Substituting these expressions in (13) and using
I, (4n)=amtn=0/4 ] T[4(n—i+1)]
=1

we find that the joint density of the 1,; (1=<i< j=m) can be written in the
fom

‘<j[(2ﬂ,)|/2exp( lzj)d"/]

m
! —1,2 Nr—1=0/2 5
| HI [ 2("“"*')/211[%(” —i+ l)] exp( Ji'”)(’“ d’u} ’

which is the product of the marginal density functions for the elements of T
stated in the theorem,

If a multivariate distribution has a covariance matrix 2 then one overall
measure of spread of the distribution is the scalar quantity det Z, called the
generalized variance by Wilks (1932). In rather imprecise terms, if the
elements of £ are large one might expect that det 2 is also large. This often
happens although it is easy to construct counter-examples. For example, if
2 is diagonal, det 2 will be close to zero if any diagonal element (variance)
is close to zero, even if some of the other variances are large. The gener-
alized variance is usually estimated by the sample generalized variance,
det S, where S is the sample covariance matrix. The following theorem gives
the distribution of det S when S is formed from a sample of size N=n +1
from the N, (p, £) distribution. In this case 4 =nS is W, (n, Z).

THEOREM 3.2,15. If 4 is W, (n,2), where n=m is an integer then
det A /det £ has the same distribution as [1.,x2_, ,,, where the x2_,, , for
i=1,...,m, denote independent x? random variables.

Proof. Since A is W,(n,Z) then B=32"1243"1/2 s W, (n,1,) by
Theorem 3.2.5. Put B=TT, where T is upper-triangular, then from
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Theorem 3.2.14

m m
det B = H tlzlz Hlxz—:+lr
1=

i=1

where the x2_,,, are independent x? variables. Noting that det B=
det A /det 2 completes the proof.

Although Theorem 3.2.15 gives a tidy representation for the distribution
of det A /det 2, it is not an easy matter to obtain the density function of a
product of independent x2 random variables; see Anderson (1958), page
172, for special cases. It is, however, easy to obtain an expression for the
moments of the distribution and from this an asymptotic distribution. The
rth moment of det 4 is, from Theorem 3.2.15,

(14) E[(detA)']=(det2)',I:il E[(xﬁ;,+‘)']

;| 2T —i+ 1)+
~(asy fi [ZEQz D)
i=1 I‘[%(n——1+l)]
where we have used the fact that
_ 2'F(§k+r)

El(x})|=
In terms of the multivariate gamma function (14) becomes

Tm(%n + r)

(15) E[(det 4)] = (det =) 2™ T (i)

In particular, the mean and the variance of the sample generalized variance
det S are

E(det S)=n""E(det 4)

=(det2)i1§l[l—%(i—-l)]
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and

Var(det )= n"2"Var(det A)

=~ E[(det 4)*] - E(det 4)*)

=(d612)2‘f:1l[1~7ll-(i—1)]

. {jijl [l~%(j—3)]_1lj' [l_—;];(j'l)”.

Note that E(det S)<det  for m >1 so that det S underestimates det . The
following theorem gives the asymptotic distribution of log det S.

THEOREM 3.2.16. If S is W,(n,(1/n)Z) then the asymptotic distribu-

tion as n - o of
=\/——n—-lo det S
*=V2m Bdez

is standard normal N(0,1)

Proof. The characteristic function of v is

u‘/n/Zm
sto=ste=ef(5)" )

=(ln)*mllﬁ—/‘2-; ﬁ F[%N‘f’ilm-{-%([_m
2 =t T+ )]

using (14) with A =nS and r = ity/n /2m . Hence
(16) log¢(l)~—mu1/ log2 + 2 logI‘[}n+u‘/—2—':; +%(I-v'j)]

m
— 3 logT[4n+4(1~ /)]
J=1

1)

Using the following asymptotic formula for log I'(z + a),

(17 logl'(z+a)=(z+a—14)logz—z+3}log2nm+0(z7")
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(see, for example, Erdélyi et al. (1953a), page 47), it is a simple matter to
show that

(18) lim ¢(r)=exp(—41%).

For a more direct proof start with

ndets &
n det> - ‘Z:IX%—HI’

where the x2_, .|, for i =1,...,m, denote independent x* random variables.
Taking logs then gives

detS _ 1 )
loggrs = I [logxi-., —logn]

Using the easily proved fact that the asymptotic distribution as n - oo of
(n/2)"/?[logx?_,,, —logn] is N(0, 1), it follows that the asymptotic distri-
bution of (n/2)'/*log(det S/det 2) is N(0, m), completing the proof.

Since v is asymptotically N(0,1) a standard argument shows that the
asymptotic distribution of (n/2m)'/*(detS/det=—1) is also N(0,1), a
result established by Anderson (1958), page 173,

3.2.5. The Latent Roots of a Wishart Matrix

The latent roots of a sample covariance matrix play a very important part in
principal component analysis, a multivariate technique which will be looked
at in Chapter 9. Here a general result is given, useful in a variety of
situations, which enables us to transform the density function of a positive
definite matrix to the density function of its latent roots.

First we recall some of the notation and results of Section 2.1.4. Let
H=[h,...h,] be an orthogonal m X m matrix [ie.,, HEO(m)], and let
(H'dH) denote the exterior product of the subdiagonal elements of the
skew-symmetric matrix H’dH, that is,

m
(19) (H'dH)= A h’ dh,.
1<y

This differential form represents the invariant (Haar) measure on the
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orthogonal group O(m); see (27) of Section 2.1.4. The differential form

1 oy Tm(Gm)
(20) (dH):Vo—l[—a(m—)]-(fl d”)——m(” dH)

has the property that
] (dH)=1,
Oo(m)

and it represents the “Haar invariant” probability measure on O(m); see
(29) of Section 2.1.4. In what follows (and in particular in the next theorem),
(dH) will always represent the invariant measure on O(m), normalized so
that the volume of O(m) is unity.

THEOREM 3.2.17. If A4 is an m X m positive definite random matrix with
density function f(A) then the joint density function of the latent roots
lyy...d,of Adis

0 (=4)  fHLHYAH)  (L>1> - >1,>0),
<J O(m)

where L =diag(/,,...,{,,).

Proof. Since the probability that any latent roots of A are equal is 0 we
canlet/,>1,> --- > >0 be the ordered latent roots. Make a transforma-

tion from A to its latent roots and vectors, i.e., put
A=HLH',

where HE O(m) and L =diag(/,,...,/,,). The ith column of H is a normal-
ized latent vector of A corresponding to the latent root /,. This transforma-
tion is not 1—1 since A determines 2™ matrices H=[*h,--- +h,] such
that A= HLH’. The transformation can be made 1—1 by requiring, for
example, that the first element in each column of H be nonnegative. This
restricts the range of H (as A varies) to a 2™ "th part of the orthogonal
group O(m). When we make the transformation A= HLH’ and integrate
with respect to (dH) over O(m) the result must be divided by 2™.
We now f[ind the Jacobian of this transformation. First note that

dA=dHLH'+ HdLH'+ HL dH’
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so that
(21) H'dAH=H'dHL +dL+ LdH'H
=H'dHL — LH'dH + dL

since H'dH = — dH'H, i.e., H' dH is skew-symmetric. By Theorem 2.1.6 the
exterior product of the distinct elements in the symmetric matrix on the left

side of (21) is
(det H)™"'(dA)=(dd),

(ignoring sign). The exterior product of the diagonal elements on the right
side of (21) is

Adl

i=1

and for i< j the i- jth element on the right side of (21) is hjdh,({, ).
Hence the exterior product of the distinct elements of the symmetnc mamx
on the right side of (21) is

m

m m
Awdn Il (1,-1) A ar,.
1<) 1<y 1=1
Equating exterior products on both sides then gives

(22) (dA)= A wdh Il (1, -1) Aldl,
1<y 1<y 1=

I

=(H'dH) ﬁ (,-1) Aldli
'<I 1=

r(% )(dH)H(I Ij)ll=\ldl,,

using (19) and (20). Substituting A = HLH' and (dA) from (22) in f( A)(dA),
integrating with respect to (dH) over O(m), and dividing the result by 2™
gives the density function of /,,...,1,, as

,”mz/Z

L.(3m) <

II L=0) [, JCHLE @),
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as required.

As an application of this thcorem we consider the distribution of the
latent roots of a Wishart matrix.

THEOREM 3.2.18. If 4 is W, (n,2) with n>m — the joint density
function of the latent roots /,,...,{,, of 4 is

2 -
am /22—mn/2(det2) n/2 m o m
iy 11 (1,- 1)

e o T T (R

[ e~ 4ZTHLHYAH) (4> e >, >0),
O(m)

Proof. The proof follows immediately by applying Theorem 3.2.17 to
the W, (n, Z) density function for A, namely,

27/ (et ) "2

te(— 12" 4)(det 4)" " V/2,

f(4)=

and noting that det A =det HLH'=[I"™.,/,.

The integral in (23) is, in general, not easy to evaluate. In Chapter 9 we
will obtain an infinite series representation for this integral in terms of zonal
polynomials. For the moment, however, two observations are worth making,
The first is that the density function (23) depends on the population
covariance matrix £ only through its latent roots. To see this, write
2 =QAQ’, where Q€ O(m) and A =diag(A,,...,A,,), with A,...,A,, being
the latent roots of Z. Then det 2 =172 A, and the integral in (23) is

1= ete(~4QA'Q'HLH')(dH)
o(m)

= f etr(—4ATIQ'HLH'Q)(dH ).
O(m)
Now put H = Q’H then HE O(m) and (dH)=(dH) so that
I= et(—$A'HLA")(dH),
O(m)

which depends only on Aj,...,A,,. The second observation is that when
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Z=AI,, the joint density function of /,,...,/,, is particularly simple and is
given in the following corollary.

COROLLARY 3.2.19. If 4 is W,(n, A1), with n>m — 1, the joint den-
sity function of the latent roots /,,...,/,, of 4 is

2
P /2

(2A)™"/*T,(4m)T,(4n)

1 m m m
exp| =gy 2 4) [ a2 11 (4=1)
ZA,:I =1 1<y

(1|>12> A >1m >0)

Proof. Putting £=AI,, in Theorem 3.2.18 and noting that

fo(m)etr(—EIXHLH')(dH)=etr(—-z—lXL)fo(m)(dH)

l m
=CXP(—§X 2 1.)

=1

completes the proof.

It is interesting to note that when £ =X/, and A= HLH’ as in the proof
of Theorem 3.2.17, where H =[h,...h,}€ O(m) with the first element in
each column being nonnegative, then H is independent of the latent roots
/\,...,1, because the joint density of H and L factors. The columns of H are
the latent vectors of A. The distribution of H has been called the conditional
Haar invariant distribution by Anderson (1958), page 322; it is the condi-
tional distribution of an orthogonal m X m matrix whose distribution is the
invariant distribution on O(m), given that the first element in each column
is nonnegative.

Our next result can be proved in a number of ways; we will establish it
using Corollary 3.2.19.

THEOREM 3.2.20. If A is W, (n,Al,) where n(=m) is an integer, then
u=(det 4)/[(1/m)tr A}™ and tr 4 are independent, and (1/A)tr4 is x2,,.

Proof. First note that (1/A)4 is W,(n, 1,) so that by Corollary 3.2.6
the diagonal elements a, /A (i=1,...,m) are independent x2 random
variables. Hence

a
1

H

> -
M3

trA=

>

I

is x2,,. To show that tr4 and u are independent we will show that their
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joint density factors. The joint density function of the latent roots /,,...,/,,
of A is, from Corollary 3.2.19,

mz/2

i | om m m
exp| — =3 X/ jnmm=0/2 T (1, 1),
(2}\)"]"/21‘",(%’")1‘,"(‘%") P( 2\ ,§| ');Izll a</( l)

Make the change of variables from /,,...,I, 10/, y,...,,.— given by

i=L 3 =Lia
m<m
l )

y‘=;} i=1,....m

and the reader can readily check that the joint density function of
Loy isYm—1 18
m‘/l 1] "

ki jmn/2—1 _m n-m—1)/2 . —
(2A)mn/21‘m(%m)rm(%n)l /? CXP( 2AI )’I;Il)',( v II;-IJ(}l y/)

This shows that / is independent of y,,...,y,,_, and hence is independent of
u, completing the proof,

The statistic ¥ defined in Theorem 3.2.20 is used to test the null
hypothesis that £= A/, and will be studied further in Chapter 8. For
arbitrary Z the distribution of tr A4 is rather complicated and will be derived
in Chapter 8. The distribution in the case m =2 is reasonably tractable and
is left as an exercise (see Problem 3.12).

3.3, THE MULTIVARIATE BETA DISTRIBUTION
Closely related to the Wishart distribution is the multivariate Beta distribu-

tion. This will be introduced via the following theorem, due to Hsu (1939),
Khatri (1959), and Olkin and Rubin (1964).
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THEOREM 3.3.1. Let A and B be independent, where 4 is W, (n,, Z)
and Bis W, (n,,2), withn,>m—1, n,>m—1. Put 4+ B=TT where T
is an upper-triangular m X m matrix with positive diagonal elements. Let U
be the m X m symmetric matrix defined by A=T'UT. Then A+ B and U are
independent; A + B is W, (n, + n,, 2) and the density function of U is

(1)

L[4(n +n,)]
r‘m(%”l)rm(%'b)

(detU)" ™" gey(1, —U) " V2 (9<U<1,),
where 0<U < I, means that U >0 (i.e., U is positive definite) and /,, — U >0.
Proof. The joint density of 4 and B is

2—»1(n,+r|1)/2(det 2)‘('“ +ny)/2
I‘m(%"l)rm(%nZ)

etr[ — 1274+ B)](det 4)" "7 V?

(det B)" """ 44)(dB).

First transform to the joint density of C=A4+ B and A. Noting that

(dAYN(dB)=(dA)N(dC) (i.e., the Jacobian is 1), the joint density of C and

Ais

2—m(n,+n;)/2(det2)'“’!"’"2)/2
L(3n,)Ta(3n2)

-det(C— A)" """ (g4)(dC)

)

etr(—3$27'C)(det 4) """ V2

Now put C=T'T, where T is upper-triangular, and A =T'UT. .Remem-
bering that T is a function of C alone we have

(dA)N(dCY=(T"dUT)A(d(T'T))
=(detT)"*(dU)A(d(T'T))

=del(T'T)" "V dU) A(A(TT)),
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where Theorem 2.1.6 has been used. Now substitute for C, 4, and (d4)(dC)
in (2) using det A =de((T'T)detU and det(C — A)=dey(T'T)det(I—-U).
Then the joint density function of 7'T and U is

2‘"""'*""/2(det 2)"('"*"2)/1

—_ v - , N (nytny—m—1)/2
Cln ] oA TT)d(TT)

Fm[%(nl'i’nz)] (- m—1)/2 _ v —ty/2
.I‘m(inl)F,..(%"z)(detU) det(1-U) vz,

which shows that T"T=C= A+ Bis W,(n,+ n,, Z) and is independent of
U, where U has the density function ().

DEFINITION 3.3.2. A matrix U with density function (1) is said to have
the multivariate beta distribution with parameters {n, and in,, and we will
write that U is Beta,(in,,4n,). It is obvious that if U is Beta,(3n,4in,)
then I, — U is Beta, (4n,,1n)).

The multivariate beta distribution generalizes the usual beta distribution
in much the same way that the Wishart distribution generalizes the x?
distribution. Some of its properties are similar to those of the Wishart
distribution. As an example it was shown in Theorem 3.2.14 that if 4 is
W, (n,1,) and is written as A=T'T, where T is upper-triangular, then
)1y 1225 -+« s1,n ATE all independent and 12 is x2_,, ,. A similar type of result
holds for the multivariate beta distribution as the following theorem, due to
Kshirsagar (1961, 1972), shows,

THEOREM 3.3.3. If Uis Beta,(4n,,1in,) and U=T'T, where T is upper-

triangular then f,,...,1,,, are all independent and ¢} is beta{}(n, —i+

Dodnlsi=1,...,m.

Proof. 1In the density function (1) for U, make the change of variables
U=TT, then

detU=det7T= [ 2
i=1

and, from Theorem 2.1.9,

” m
(auy=2" Tl 7+ A dr,,
1= 15



The Multivariate Beta Distribution 11
so that the density of T is f(T; m, n,, n,), where
(3)

L [%("I+"2)] m -m=1
& 27 [[ = det(r — o7y
rm(%nl)rm(%"z) 1=1 ( )

T= I t'
o m,p
where t is (m—1)X1 and T, is (m—1)X(m —1) and upper-triangular;
note that

ATm, n,ny)=

Now partition T as

1-1}, =t
—yt It -T,T;

(4) det(1- T’T)=det[

1 ' 4 -
:(1—’121)(’3‘(1“7"2'27122)[1‘” P ¢(1~TT;) 't
i

(see Problem 3.20). Now make a change of variables from t,,, 7;,,t to
11, Ty, v, where

1 -1/2
v=——— (I-TpTy,) 77t
(]"’lzl)l/2
then
A di,,=dt, A(dTy, ) A (dY)
15

=(1-13)" " dew(1 - T3y Ty,)"/* dty, A(dTy, ) A(dv)

by Theorem 2.1.1, and hence the joint density of ¢,, T, and v is

ZmFm[-}(n,+nz)] (1= )nz/2-|
rm(%nl)rm(%nl) l "

m
L emriden(1 = T T, ) T ™M (1 =) T2,
1=2
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This shows immediately that ¢,;, Ty,, and v are all independent and that ¢},
has the beta(3n,, }n,) distribution. The density function of T, is propor-
tional to

m

1Lz rae(r= gy

which has the same form as the density function (3) for T, with m replaced
by m—1 and n, replaced by n, — . Hence the density function of 73, is
f(Tysm—1,n,—1,n,). Repeating the argument above on this density
function then shows that ¢, is beta(§(n, —1),1n,), and is independent of
l43y+ .38 The proof is completed in an obvious way by repetition of this
argument.

The distribution of the latent roots of a multivariate beta matrix will
occur extensively in later chapters; for future reference it is given here.

THEOREM 3.34. If U is Beta,(4n,,1n,;) the joint density function of
the latent roots u,,...,u,, of U is

ﬂm3/2 l.m[%("l'*‘"z)] m wmm= /201 <y (g 1)/
L, (3m) T,(in,)T,(3n,) L {w (1-u,) ]

m
w050 50,50,
i<y

The proof follows immediately by applying the latent roots theorem (Theo-
rem 3.2.17) to the Beta,(3n,, §n,) density function (1). Note that the latent
roots of U are, from Theorem 3.3.1, the latent roots of A(4+ B) !, where 4
is W,(n,, 2), Bis W, (n,,2) (theren,>m—1;n,>m—1)and A and B are
independent, The distribution of these roots was obtained independently by
Fisher, Girshick, Hsu, Roy, and Mood, all in 1939, although Mood’s
derivation was not published until 1951.,

PROBLEMS
3.1. IfA=(a,,)is W,(n,Z), where £=(a,,), show that

Cov(“:p ay)= "(Oakaﬂ + 0,/",/«)'
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32. Let K=27,-(H, ®H)), where H, denotes the m X m matrix with
h,, =1 and all other elements zero. Show that if 4 is W,(n, Z) then

Cov(vec(A))=n(1,:+ K)}(Z®Z).

3.3. If S(n) denotes the sample covariance matrix formed from a sample
of size n-+1 from an elliptical distribution with covariance matrix £ and
kurtosis parameter « then the asymptotic distribution, as n — 00, of U(n)=
n'/?[S(n)— Z] is normal with mean zero (see Corollary 1.2.18). The ele-
ments of the covariance matrix in this asymptotic normal distribution are,
from (2) and (3) of Section 1.6,

Cov[u,,(n), “kl(")] = "(",ﬂu +0,0,+0,0,)+0,0,+ 0,0
Show that vec(U(n)) has asymptotic covariance matrix
Cov[vec(U(n))] =(1+ &)1, + K )(E®Z)+ xvec(Z)[vec(Z)],

where K is the commutation matrix defined in Problem 3.2.

34. Prove Theorem 3.2.5 when n is a positive integer by expressing 4 in
terms of normal variables.

3.5. Prove Theorem 3.2.7.

36. A random m X m positive definite matrix B is said to have the
inverted Wishart distribution with n degrees of freedom and positive defi-
nite m X m parameter matrix V if its density function is

Z—M(H‘M"l)/z (detV)("'"'"_')/z

E=moD] (4 B)” etf(—=1B"'V)  (B>0),

where n>2m. We will write that B is W,, '(n, V).
(a) Show that if A is W, (n,Z)then A~ 'is W, '(n+m+1,27"),
(b) If Bis W, '(n,V) show that

A 7
n—2m~2V )

E(B)=

(c) Suppose that 4 is W, (n,Z) and that £ has a W, '(»,V) prior
distribution, » >2m. Show that given A4 the posterior distribution
of Tis W\ (n+v, A+V).
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(d) Suppose that B is W, '(n, V') and partition B and V as

B:[B” Bn] V___[Vn VlZ]
By By,| Va Vaf

where B,, and V|, are k X k and B,, and V,, are (m — k)X(m—
k). Show that B,, is W, '(n —2m +2k,V,)).
3.7. If A is a positive definite random matrix such that E(A4), E(A™")
exist, prove that the matrix E(A™ ')~ E(A) "' is non-negative definite.
[Hint: Put E(A)=2 and A=A~ Z and show that 2 'E(A4 7 'A)2 ' =
E(A H)—-27"]
38. IfAis W,(n,2Z), where n>m—1 and £ >0, show that the maximum
likelihood estimate of Z is (1/n)A.

3.9. Suppose that 4 is W, (n,Z), n>m —1, where 2 has the form

1 p ... »p
p I ..0p
2=0’[(1-p)1, +p1V]=0?| ,
e p ... 1
where 1 is an m X1 vector of ones.
(a) Show that
e, - . 1%
o (l—p) ™ e (1=p)[1+(m~1)p]

and that
det==(a?)"(1 —p)'"'l[l +(m~—1)p].
(b) Show that the maximum likelihood estimates of 02 and p are

o trd . VAl—uwda _ 227 a,
°=—— and p= = .
mn (m—1)trd (m—1)uA

3.10. Let X be an nX m random matrix and P be an n X n symmetric
idempotent matrix of rank k =m

(a) I Xis N(O, P®@Z) prove that X'X is W, (k, 2).

(b) If X is N(O, I,®X) prove that X'PX is W, (k, 2).
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11 If Ais W, (n, Z), n>m—1, show, using the Wishart density func-
tion, that

e L, (in+r)

E[(det 4)']=(derZ)’ i)

3.12. If A is W, (n, Z) show that the characteristic function of tr 4 is

o(t)= E[etr(itd)] =det(1 —2itZ)" /2

Using this, show that when m =2 the distribution function of tr4 can be
expressed in the form

o A HA
Plea=x)= 5 ap(xen=Tins)

where A, and A, are the latent roots of = and ¢, is the negative binomial
probability

o=~ ") - p

with p =4A A, /(A +A,)%
[Hint: Find the density function corresponding to this distribution function
and then show that its characteristic function agrees with ¢(7) when m =2.]

3.13. Let A be Wy(n, 2) and let /,, 1, ({/, > 1, >0) denote the latent roots of
the sample covariance matrix S=n"'4.
(a) Show that the joint density function of /, and /, can be
expressed as

("21 )"——_—I‘zén) (0‘1‘12)"/2(1112 )(" - 3Vz(’l - ’2)

[ e(=inz ' HLH')(dH),
o)

where a, and a, are the latent roots of =",

(b) Without loss of generality (see the discussion following Theo-
rem 3.2.18) 7! can be assumed diagonal, £~ ' =diag(a,, a,),
0<a,<a,. Let I(n; 27", L) denote the integral in (a). Show
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©

(d)

that

I(n; =71, L)=exp[—- Im(h, + 1L e, +a2)]
'oFx(‘Z %;(“: “"‘2)2(11 _12)2)

where the function , F; is defined in Definition 1.3.1.
[Hint: Argue that

1(n;2”',L)=2f etr(— $n2"HLH')(dH ),
0t

where 0% (2)={H€E 0(2);det H=1}. Put

_Jcosé —sind
H—_[sinﬁ? cos0] (0<0<2n)

and then use Lemma 1.3.2.]
Show that /(n; £7', L) can also be expressed in the form

I(n; 27 L)= ;!r-exp['— in(ogly + ayly)]

. f"/z cxp[~ ﬁ4€(l ——00520)] ds,
-n/2

where ¢ =(/, — I, (a; — a)).

Laplace’s method says that if a function f(x} has a unique
maximum at an interior point £ of {a, b] then, under suitable
regularity conditions, as n - oo,

n 27 172 f(g)
[T a~(3) o]

where h(x)= —log f(x) and a ~ b means thata /b — 1 asn - 00.
(The regularity conditions in a multivariate generalization are
given in Theorem 9.5.1). Assuming that a, < a, use (c) to show
that as n — o0

1/2
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3.14. Suppose that 4 is W, (n, ) and partition 4 and Z as

Ay AIZ] [En 0 }
A= , 2= .
[Azl Ay 0 2y

where A,, and Z,, are k Xk and A4,, and Z,, are (m—k)X(m—k),
m =2k. Note that 2,, =0. Show that the matrices 4, , = A, — 4,;4'4,,,
Ay, and A,,45,'4,, are independently distributed and that A4,,45,'4,, is
W (m~—k,Z,).
3.15. Suppose that X|,...,X, are independent N, (0, 2) random vectors,
N>m.
(a) Write down the joint density function of X, and B=3"_,X X/.
(b) Put A=B+X,X;=3" X, X, and Y=A4"'/?X, and note that

det B=(det A)(1—Y'Y).

Find the Jacobian of the transformation from B and X, to A4
and Y, and show that the joint density function of 4 and Y is

27"/ (ders) M2

tr(~ 12 U)(det 4)N "2
T T R

(=YY VA2
(¢c) Show that the marginal density function of Y is

T(4N)
w”/zr[%(N—m)]

(1=YyY)¥ m=d2 (yy<i).

(d) Using the fact that Y has a spherical distribution, show that the
random variable z =(a’Y)? has a beta distribution with parame-
ters 1, 3(N —1), where a #0 is any fixed vector.

3.16. Suppose that 4 is W,(n, 1,,), and partition 4 as

A A
A=[ 1 12]’
Ay Ap

where A, is k X k and A, is (m — k)X(m— k), with m=2k.
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(a) Show that the matrices 4,,, 4,,, and B\, = 4;,"/%4,,45,'/? are
independently distributed and that B,, has density function

Fk(’zl")rm—-k(%”)
La(in)

det(/- B, ;2)('-—», b2

(b) Show that the matrix U= B\, B}, = A[,'/?4),A5'4,,4;,'/% is
independent of 4,, and A,, and has the Beta,[i(m — k), }(n—
m + k)] distribution.

3.17. Suppose that A is W, (v, 2), X is N(0, 1,®2) (» = m) and that 4 and
X are independent.
(a) Put B= A+ X'X. Find the joint density function of B and X.

(b) Put B=T'T and Y= XT"', where T is upper-triangular. Show
that B and Y are independent and find their distributions.

3.18. Suppose that 4 is W, (n,02P), »S¥/a® is x2, and 4 and S? are
independent. Here P is an m X m matrix with diagonal elements equal to 1.
Show that the matrix B =S4 has density function

I‘[%(mn + y)](p)_'""/2
L, (4n)C(4r)

(det[’)—"/z(del B)(nwm -/2

- [I + %zr(’P*'B)]‘"m T
3.19. Suppose that 4 is W, (n, 2), v is beta[}», 3(n — »)], where n >, and
that 4 and v are independent. Put B = vA. If « is any m X1 fixed vector
show that:

(a) a’Ba/a’Zais x? provided a’'Sa #0.

(b) a’Ba =0 with probability 1, if a’Za =0.

(¢) E(B)=»Z.
Show that B does not have a Wishart distribution (cf. Theorem 3.2.8).

3.20. If Tis an m X m upper-triangular matrix partitioned as

r= t,
o Tp|
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where T, is an (m — 1) X(m — 1) upper-triangular matrix, prove that

1

’ " —~1
(1= TT) |
11

de‘(l“T'T)z('"'fn)de‘(l-n’szz)'[l-

3.21. Suppose that U has the Beta (31, 3n,) distribution and put U=T'T
where T is upper-triangular. Partition T as

tl, t'
=% 1)
where Ty, is (m—1)X(m —1) upper-triangular, and put v, =(1—1})""/?
(1 —T;5,T3,)7 "2t In the proof of Theorem 3.3.3 it is shown that ¢,,, T,
and v, are independent, where 17, has the beta(3n,, 3n,) distribution, T;,
has the same density function as T with m replaced by m —1 and n,
replaced by n, — 1, and v, has the density function

F(%"z)

gty Y2 m—1)/2 ,
”(m_”/zr[%(”z-m'i-l)] (l V|V|) (V|V|<]).

Now put v{ =(vy,, 0y3,...,0;,,), and let

U3 Ui

YT 0 Y= 5V T 5
R (R Ee R (R N

Show that y,, is independent of y,,,...,y,,, and that y}, has a beta distribu-
tion.

By repeating this argument for 73, and ( y}s,...,¥,,,) and so on, show that
the Beta,(in,,3n,) density function for U can be decomposed into a
product of density functions of independent univariate beta random vari-

ables.

3.22. Suppose that U has the Beta, (in,,in,) distribution, n,>m—1,
ny,>m-—1.
(a) If a#0is a fixed m X 1 vector show that a’Ua /a’a is beta({n,,
1
1M3).
(b) If V has the Beta,, [}(n, + n,), n,] distribution and is indepen-
dent of U show that V''/2UV'/% is Beta,,[$n,, }(n, + ny)).
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(¢) Partition U as

1

Ull U|2
U=
[ Uy Uy

where U, isk X kand Uy is(m—k)X(m—k),n;>k —1, and
put Uy, ., =U,, — U,)U;'U,,. Show that Uy, is Beta,(in,, in,),
Uy, , is Beta,, _[4(n,—k),4n,], and U, and U,, , are inde-
pendent.
(d) If H is any m X m orthogonal matrix show that HUH’ has the
Beta,(in,,1n,) distribution.
(e) If a0 is a fixed vector show that a’a/a'U™'a is beta[i(n, —
m+ 1), iny].
3.23, Let A have the W, (n,Z) distribution and let 4, and Z, be the
matrices consisting of the first i rows and columns of A and Z, respectively,
with both det 4, and det £, defined to be 1. Show that

_detd, detZ _,
T detd,_, detX

1Y)

is x2_,,, and that v ,...,v,, are independent.

3.24. Let U have the Beta,({n,,4n,) distribution and let U, be the matrix
consisting of the first i rows and columns of U, with det U, =1. Show that
v, =det U, /detU_, is Beta[j(n, —i+1),4n,] and that v|,...,v,, are inde-
pendent.



Aspects of Multivariate Statistical Theory
i ROBB . MUIRHEAD
Copyright © 1982, 2005 by John Wiley & Sons, Inc.

CHAPTER 4

Some Results Concerning

Decision -Theoretic Estimation of
the Parameters of

a Multivariate Normal Distribution

4.1. INTRODUCTION

It was shown in Section 3.1 that, if X,,...,X, are independent N, (pu, Z)
random vectors, the maximum likelihood estimates of the mean p and
covariance matrix Z are, respectively,

(X, -X)(x, -X)".

1

i M=

s 1 & o 1
X=N2x, and 2=7V‘

1=1 t

We saw also that (X, £) is sufficient, X is unbiased for g, and an unbiased
estimate of X is the sample covariance matrix S =(N/n)2 (wheren = N — 1),
These estimates are easy to calculate and to work with, and their distribu-
tions are reasonably simple. However they are generally not optimal esti-
mates from a decision theoretic viewpoint in the sense that they are
inadmissible. In this chapter we will look at the estimation of g, £, and !
from an admissibility standpoint and find estimates that are better than the
usual ones (relative to particular loss functions).

First let us recall some of the terminology and definitions involved in
decision-theoretic estimation. The discussion here will not attempt to be
completely rigorous, and we will pick out the concepts needed; for more
details an excellent reference is the book by Ferguson (1967).

121
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Let X denote a random variable whose distribution depends on an
unknown parameter 8. Here X can be a vector or matrix, as can 8. Let d( X)
denote an estimate of 8. A loss function (6, d( X)) is a non-negative function
of @ and d( X) that represents the loss incurred (to the statistician) when @ is
estimated by d(X). The risk function corresponding to this loss function is

R(8,d)= E,[1(8,d(X))],

namely, the average loss incurred when 0 is estimated by d(X). (This
expectation is taken with respect to the distribution of X when 8 represents
the true value of the parameter.) In decision theory, how “good” an estimate
is depends on its risk function. An estimate d, is said to be as good as an
estimate d, if, for all 8, its risk function is no larger than the risk function

for d,, that is,
R(0,d,)<R(0,d,) Ve,

An estimate d,| is better than, or beats an estimate 4, if
R(0,d\)<R(0,d,) V8

and
R(0,d,)<R(8,d,) foratleastoned.

An estimate is said to be admissible if there exists no estimate which beats it.
If there is an estimate which beats it, it is called inadmissible.

The above definitions, of course, are all relative to a given loss function.
If d, and d, are two estimates of § it is possible for d, to beat d, using one
loss function and for d, to beat d, using another. Hence the choice of a loss
function can be a critical consideration. Having decided on a loss function,
however, it certainly seems reasonable to rule out from further consideration
an estimate which is inadmissible, since there exists one which beats it. It
should be mentioned that, in many situations, this has the effect of
eliminating estimates which are appealing on intuitive rather than on
decision-theoretic grounds, such as maximum likelihood estimates and
least-squares estimates, or estimates which are deeply rooted in our statisti-
cal psyches, such as uniformly minimum variance unbiased estimates.

4.2. ESTIMATION OF THE MEAN

Suppose that Y,,...,Y, are independent N, (7, 2) random vectors and that
we are interested in estimating . We will assume that the covariance matrix
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£>0 is known. Let Z,=27'/2Y,(i=1,...,N), then Z,,...,Z,, are indepen-
dent N,(£7'/?,1,) random vectors, so that Z=N"'ZN Z s
N (2724, N7'I,), and Z is sufficient. Putting X=N'/2Z and p=
N1/2571/3x the problem can be restated as follows: Given a random
vector X having the N, (p, 1,,) distribution [so that the components X,..., X,
are independent and X, is N(u,, 1)], estimate the mean vector p.

The first consideration is the choice of a loss function. When estimating a
single parameter a loss function which is appealing on both intuitive and
technical grounds is squared-error loss (that is, the loss is the square of the
difference between the parameter value and the value of the estimate), and a
simple generalization of such a loss function to a multiparameter situation is
the sum of squared errors. Our problem here, then, is to choose d(X)=
[4,(X),...,d, (X)] to estimate u using as the loss function

(p.d)=(d—p)(d—p)
= § (d._l‘.‘)z
=1

={d—pul2.

The maximum likelihood estimate of p is d(X)=X, which is unbiased
for p, and its risk function is

(1) R(p.do)=E,[I(n.do( X))]
=E,.[ ; (X.—n,f]
=m Vp € R™,

For a long time this estimate was thought to be optimal in every sense, and
certainly admissible. Stein (1956a) showed that it is admissible if m <2 but
inadmissible if m =3 and James and Stein (1961) exhibited a simple estimate
which beats it in this latter case. These two remarkable papers have had a
profound influence on current approaches to inference problems in multi-
parameter situations. Here we will indicate the argument used by James and
Stein to derive a better estimate.
Consider the estimate

du(x)=(l~i‘%(-)x
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where a =0 is a constant. Note that this estimate pulls every component of
the usual estimate X toward the origin and, in particular, the estimate of u,
obtained by taking the ith component of d, will depend not only on X, but,
somewhat paradoxically, on all the other X’s whose marginal distributions
do not depend on p,. The risk function for the estimate d, is

(2) R(p,da)=E{[(l—3§i)X-—p]‘[ 1—3&— Jx- p.]}
=m —~2aE{———-——-—(x ;’;)'x] IE[—)FX—

where all expectations are taken with respect to the N, (p, {,,) distribution
of X. From (1) and (2) it follows that

We need now to compute the expected values on the right side of (3).
Expressions for these are given in the following lemma.

LEMMA 42.1. If X is N,(p, I,,) then

o Exx|=5=z73x]

and

A R B P

where K is a random variable having a Poisson distribution with mean
B /2.
Proof. Put Z=X'X, then Z is x2(p'p), that is, noncentral x* on m

degrees of freedom and noncentrality parameter p'pe. In Corollary 1.3.4 it
was shown that the density function of Z can be written in the form

f2)= 3 PE=K)pn2),

where K is a Poisson random variable with mean ip’p and g, () is the
density function of the (central) x? distribution. This means that the
distribution of Z can be obtained by taking a random variable K having a
Poisson distribution with mean ipu’p and then taking the conditional
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distribution of Z given K to be (central) x2, , , . Now note that

d

which proves (i).

sl-el3]- {3

gl

1

2
Xm+1kK

=E

|

1
_E[m—2+2K]’

To prove (ii) we first compute E[p’X/1IXIl2]. This can be evaluated, with

the help of (i), as

e’X ,
4) E =
“) [uxnzl i

E[ 1 ]+E[u'(x-n)
1XH?2 X2

, !
“”"E[m—2+21<] 2 “'du,

{-——(Zw')mf--.fuxu—z 'exp[-%(x—n)'(x—u)]d%-'dxm}

- ,E__l___]Jrg d g
ol  m—2+2K ,=,M'd#, 11X|2

r

[ d

:””Em 2+2K] 2M’dp,, [m 2+2K]

=ppE

o —uuu’/z(”m“z)*

1
_m—2+2K] 2"'dp,k20 KW (m—2+2k)
) 1
="”{E[m—2+2l{]
o e—llun’/z[k(%“"llz)"“_(%"””2)*]
* 2 K\(m—242k)
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e—'llull’/Zk(%"p’IP)" -1

:""‘Eo K\(m—2+2k)
o —IIuII’/sz(%""lP)l‘
§0 ki(m—2+2k)
—E[m I42K)"
Hence
(X-u)'X]_ .
) E[ xx |~ E||x||2
gl 2K
=1 E[m—-2+2K

=(n~ 2| ;=g |

which proves (ii).
Returning to our risk computations, it follows from Lemma 4.2.1 that (3)
can be written as

©  R(xd,) = R(wdy)=[o ~2a(m D] E| 75 7 |

where K is Poisson with mean {p‘n. The right side of (6) is minimized, for
all u, when @=m —2 and the minimum value is

ST R
(m=2) E[m-2+21(]'

Since this is less than zero for m =3 it follows that, for m =3, the estimate
8(X) given by

™) 300=d,,_,(0=(1- 572 )x.

with risk function

(8) R(y,8)=m—(m-2)25[m],



Estimation of the Mean 127
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Figure 1.

beats the maximum likelihood estimate X which is therefore inadmissible.
The risk (8) depends on g only through p'p, and it is clear that if p =0 the
risk is 2; the risk approaches m (the risk for X) as u’p — o0, as shown in
Figure 1. It is apparent that if m is large and p is near 0, 8(X) represents a
substantial improvement (in terms of risk) over the usual estimate X. It is
also worth noticing that although X is inadmissible it can be shown that it is
a minimax estimate of p; that is, there is no other estimate of p whose risk
function has a smaller supremum. This being the case, it is clear that any
estimate which beats X—for example, the James-Stein estimate 8(X) given
by (7)—must also be minimax.

James and Stein (1961) also consider estimating p when 2 is unknown
and a sample of size N is drawn from the N,(p, Z) distribution. Reducing
the problem in an obvious way by sufficiency we can assume that we
observe X and A, where X is N, (pn,Z), 4 is W,(n,2), X and A4 are
independent, and n = N — 1. Using the loss function

I((”'r2)’d)=(d_")'2‘l(d—"‘)

it can be shown, using an argument similar to that above, that the estimate

fy_ _m=2 1
d(x’A)-(l n—m+3 X’A"X)
has risk function

PR FECHST R |

where K has a Poisson distribution with mean $u’S~'n. The risk of the
maximum likelihood and minimax estimate X is

R((p,Z),X)=m VpER™, =>0

and hence, if m =3, the estimate d beats X (see Problem 4.1).
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An entertaining article by Efron and Morris (1977) in Scientific American
provides a discussion of the controversy that Stein’s result provoked among
statisticians. Other interesting papers, slanted toward the practical use of the
James-Stein estimates, and modifications of them, are those by Efron and
Morris (1973, 1975). Stein’s ideas and results have been generalized and
expanded on in two main directions, namely, to more general loss [unctions,
and to other distributions with location parameters. For examples of such
extensions the reader is referred to Brown (1966), (1980), Berger et al.
(1977), and Brandwein and Strawderman (1978, 1980), Berger (1980a,b)
and to the references in these papers.

4.3. ESTIMATION OF THE COVARIANCE MATRIX

Let X,,..., Xy (where N > m) be independent N, (g, £) random vectors and
put

A= 3 (X, ~X)(X, K]

=1

so that 4 is W, (n, £) with n =N — 1. The maximum likelihood estimate of
2 is £=N"'4, and an unbiased estimate of 2 is the sample covariance
matrix § = n"'A. In this section we consider the problem of estimating £ by
an m X m positive definite matrix ¢(4) whose elements are functions of the
elements of A. Two loss functions which have been suggested and consid-
ered in the literature by James arid Stein (1961), Olkin and Selliah (1977),

and Haff (1980) are

(1) 1(Z,0)=tr(Z7'¢)—logdet(Z ')~ m
and
@) I(2,¢)=tu(2"'s—1,)".

The respective risk functions will be similarly subscripted. Both loss func-
tions are non-negative and are zero when ¢ = 2, Certainly there are many
other possible loss functions with these properties; the two above, however,
have the attractive feature that they are relatively easy to work with. We will
first consider the loss function {,(Z, ¢). If we restrict attention to estimates
of the form aA, where a is a constant, we can do no better than the sample
covariance matrix S, as the following result shows.
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THEOREM 4.3.1. Using the loss function /(Z, ¢), the best (smallest risk)
estimate of £ having the form aA is the unbiased estimate S =n" 4.

Proof. The risk of the estimate a4 is

(3) Rl(E,aA)=E[atr(E“'A)—logdet(aE“A)—m]

=atr 27 'E(A4)— mloga— E[log%%% -m

m
=amn— mloga — E[log I1 xf,_,+,]-—m
i=l

n
=amn—mloga— 3 E[logx2_,,,]—-m,

1=1

where we have used E(A4)=nZ and the fact that det 4 /det & has the same
distribution as the product of independent x? random variables 1™, x2_,, ,,
the result of Theorem 3.2.15. The proof is completed by noting that the
value of a which minimizes the right side of (3)is a=1/n.

If we look outside the class of estimates of the form a4 we can do better
than the sample covariance matrix S, as James and Stein (1961) have shown
using an invariance argument. It is reasonable to require that if ¢(A)
estimates X and L is a nonsingular m X m matrix then ¢ should satisfy

$(L'AL)= L'9(A)L,

for L’AL is W,(n, L’ZL), so that ¢(L'AL) estimates L'2L, as does
L'¢(A)L. If this holds for all matrices L then ¢(A)= aA. If the requirement
is relaxed a little an estimate which beats any estimate of the form a4 can
be found. The approach taken by James and Stein is to find the best
estimate ¢ out of all estimates satisfying

(4) $(L'AL)= L'¢(A)L

for all upper-triangular matrices L. Note that all estimates of the form a4
satisfy (4); the best estimate however turns out #not to be of the form a4 so
that all such estimates, including S, are inadmissible. It also turns out that
the best estimate is not particularly appealing; an estimate need not be
attractive simply because it beats S.

Putting 4 = I, in (4) gives

(5) ¢(L'L)=L'¢(I)L.
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Now let

then L’L = I, and (5) becomes

¢(1)=L'¢(1)L
for all such matrices L, which implies that ¢ (/) is diagonal,
(6) o(7)=diag($,,...,8,)=A, say.

Now write 4A=T'T, where T is upper-triangular with positive diagonal
elements, then

() $(4)=¢(T'T)
=T'¢(I)T  by(5)
=T'AT by (6).

What we have shown is that an estimate ¢(A4) is invariant under the group
of upper-triangular matrices [that is, it satisfies (4)] if and only if it has the
form (7) where A =T'T with T upper-triangular and where A is an arbitrary
diagonal matrix whose elements do not depend on 4. We next note that the
estimate ¢( A) in (7) has constant risk; that is, the risk does not depend on 2.
To spell it out, the risk function is

R(Z,9)= Ez[tri‘."da(A)—logdetE"q:(A)“ m]
- 2-mn/2det2——n/2
L, (4n)

cetr{ = $2 74 )(det A)" T3 (dA).

f 0[!r2"¢(A)-—log(detE)"d:(A)-—m]
A>

Now write ™! as 2~ ' = LL’, where L is upper-triangular, and note that

tr=7'¢(A)—logdet 2 'o(A)—m=tr L'¢(A)L —logdet L'p(A)L — m
=tr¢p(L’AL)—logdet p( L'AL)— m,
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using (4). Hence

27mn/2det /2

L.(4n)

cetr(— 3L’ AL)(det 4)" ™" V%(d4).

R(Z.¢)= L O[tr¢(L'AL)~logdet¢(L’AL)—m]

Putting U = L’AL, this becomes
2~mn/2
R(Z,¢)=—— tro(U )—logdet (U ) —
(2:0)= Ty [, (V) —logdet o(U) = m]

cetr(— U )(detU)" ™" "V qu)
= Rl(lm’d’)

and hence the risk does not depend on Z. The next step is to compute the
risk and to find the diagonal matrix A which minimizes this. We have

(8) R\(1,,¢)= E[tr¢(4)—logdet $(4)~ m]

=E[tr T'"AT ~logdet T'AT | — m

= E(tr T’'AT )—logdet A — E{logdet A]— m,
where all expectations are computed with Z=17,,.

Now, if T'=(1,,) then
m
uTAT= 3 8}
[ -

and, from Theorem 3.2.14, the elements ¢,, of T are all independent, t? is

X2, (i=1....m) and ¢, is N(O,1) for i < j. Hence

(9) E(uTAT)= 2 8,E[:2]+ 2 8,E[2)]

=1 1<y

= §8,(n-—i+l)+ > s,

=1 1<y

=¥ 8§(n+m—-2i+1)

=1
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Also, det A=[1",x2_,,, by Theorem 3.2.15, so that

m

(10) Ellogdet A1= 3 E[logx?_,. ).

=)
Substituting for (9) and (10) in (8) we then have
RI(2’¢): Rl(lmv 4))

m
=3 [(n+m=2i+1)8 —log8)]
=]

n
~ 3 Efiogx2-,\] —m.
1=

This attains its minimum value when

1

b= armozmry (=)

We can summarize our results in the following theorem.

THEOREM 4.3.2, Using the loss function /,(Z, ¢) given by (1), the best
{smallest risk) estimate of Z in the class of estimates satisfying

¢(L'AL)= L'¢(A)L

for all upper-triangular matrices L, is

[ | 0
n+m-—1
1
o*(A)=T" n+m-—3 T,
1
0 n+m—2m+1j

where 4 =T7'T with T upper-triangular. The minimum risk fi.e., the risk
function for ¢*(A4)] is
m

R(Z,¢%)= 2 {log(n+m—2i+ 1) - E[Iogxf,-,_, ,]}

1=1
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In particular, ¢*(A) beats all estimates of 2 of the form aA4 (which have
8, =a; i=1,...,m), the best of which is §= n~'A with risk function

L
R(Z,S)=mlogn— 3 Eflogx?_,.,].

=1

It can be shown that ¢*( 4) is minimax (that is, there is no other estimate
of 2 whose risk function has a smaller supremum), but that it is itself
inadmissible. For details, the reader is referred to James and Stein (1961).

It is interesting to examine the estimate ¢*(A4) when m =2. If A=(a, ),
the sample covarance matrix is

a4y V)
n+1 n+1
* ——
) o*(4)= a,, ay 2a},

n+1 n—l_(,,l.q)a“

(see Problem 4.2). The expectations of these two estimates are E(S)=2=
(o;,) and

noy, no;
n+l n+l
12 E|¢*(A4)]=
(12) [o*(4)] noy, (n+2) 2 o}
n+1 n+1/%2 0¥ 0,,
5 0 0
=3+ det S

Gy

Note that although ¢*(4) beats S it has the rather unappealing feature of
not being invariant under permutations of the variables.

A problem of considerable importance in principal components analysis
(see Chapter 9) concerns the estimation of the latent roots of 2. These are
commonly estimated by the latent roots of the sample covariance matrix S.
In view of the fact that ¢*(A) is a better estimate of I than S with respect
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to the rather special loss function /| one might also consider estimating the
latent roots of £ by the latent roots of ¢*( A4). Relations between these two
sets of estimates are investigated in Problem 4.3.

Finally, we will look briefly at the problem of estimating 2 using the loss

function
h(Z¢)=u(2 Y~ 1,)’
considered by Olkin and Selliah (1977) and Haff (1980). We have seen that
any estimate ¢(A) satisfying
¢(L'AL)=L'¢(A)L
for all upper-triangular matrices L has the form
¢(A)=TAT

where A=T'T with T upper-triangular and where 4 =diag($,,...,5,,) is an
arbitrary diagonal matrix whose elements 8, do not depend on A. (The
argument used to show this had nothing to do with the loss function.)
Again, one can easily show that the risk function for ¢$(4) does not depend
on Z, so that the risk need only be computed for 2 = 1,,. Hence

Ry(2,9)=Ry(1,,¢)
= E[ly(1,,. $(4))]
= E[ue(¢(4) - 1]
= E[\r(T'ATT'AT)] -2 E[te(T'AT )] + m.

The Bartiett decomposition (Theorem 3.2.14) can be used to show that
(13)

RyZ,¢)= 3 8} (n+m—2i+1)(n+m—2i+3)
1=1

m ”
+2 388 (n+tm—2i+1)~2 3 §(n+tm—2i+1)+m.

i<y 1=

The 8,’s which minimize this are obtained by differentiating R,(Z, ¢) with
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respect to the §, and equating the derivatives to zero. The minimizing 8’s are
given by the solutions of

n+m-—1
n+m-3

(14) Bé=| . .
;1+m—2m+l

where 8§ =(§;,...,4,) and B=(,)) is a symmetric m X m matrix with
b,=(n+m=2i+1)(n+m—2i+3), y=ntm—2j+1 (i<j).

Summarizing we have the following theorem.

THEOREM 4.3.3. Using the loss function /,(Z, ¢) given by (2) the best
(smallest risk) estimate in the class of estimates satisfying

¢(L'AL)= L'$(A)L
for all upper-triangular matrices L, is
¢o(A)=TAT,

where A =T'T with T upper-triangular, and A =diag($,,...,5,,), where the
8, are given by the solution of (14). In particular, all estimates of the form
aA are inadmissible.

It is difficult to obtain the 8,'s in ¢( 4) explicity. For m =2 they are given
by
_ (n+ 1) =(n-1)
(1) (n+2)—(n—1)

and

_ (n+1)(n+2)
2+ ) (n+3)=(n—-1)

Finally, the estimate $(A4) can be shown to be minimax (see Olkin and
Selliah, 1977). And it is also worth noting that relative to the loss function
1,(2,¢) the estimate @(A) beats the estimate ¢*(A) (given in Theorem
4.3.2) but that the opposite is true when the loss function /,(3, ¢) is used.
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Estimates which are more appealing than ¢*(A4) and $(A) have been
given by Haff (1980). With respect to the loss function /(Z, ¢) Half has
shown all estimates of the form

#(4)= [ A+ u(u)C]

beat S, where u=1/1r(A'C), C is an arbitrary positive definite matrix,
and 1(u) is an absolutely continuous, nonincreasing function with 0= /(u)=<
2(m ~ 1)/ n. Similarly, using the loss function /,(Z, ¢), the best estimate of
the form a4 is (n 4+ m+1)"'4 (see Problem 4.5), and this is beaten by all
estimates of the form

i
$2( )=~ [+ yuCl,

where u=1/tr(A7'C), C is an arbitrary positive definite matrix, and y is a
constant with 0=y =<2(m—1)/(n—m++3). For details and further refer-
ences concerning the estimation of 2 the interested reader is referred to
Haff (1980).

4.4. ESTIMATION OF THE PRECISION MATRIX

In this section we consider the problem of estimating the precision matrix
=7 by y(A), where A is W, (n, £), with n > m + 1. Here we will concentrate
primarily on the loss function

tr[(y—-E"')ZA]
ars

(n (27 y)=

introduced by Efron and Morris (1976) in an empirical Bayes estimation
context, First recall from (12) of Section 3.2.3 that

|

1= -
@ A7) =3
so that the estimate
(3) Yo(A)=(n—m—1)a-1 =227 "1 g

is unbiased for £7'. In the class of estimates of the form a4 ™! this is the
best estimate, as the following resuit demonstrates.
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THEOREM 4.4.1. The best (smallest risk) estimate of ™' having the
form a4 ' is the unbiased estimate y(A)=(n—m—1)4"".

Proof. ‘The risk of the estimate a4 ™' is

E[tr(ad™"~=")24]
' ntrz!

(4) R(Z ' ad™ )=

B E[u-(aZA"‘)+tr(2"2A)-2atr(2“')]
- nge !

2
— S "t arE ' =2atr !
n—m-—1

ntr2!
=—|————+4+n—-2ai,

where we have used

1

(5) E[er_']=lrE[A"']=mtrE"
and
(6) EltrA]l=trE[A]=ntr .

The proof is completed by noting that the value of @ which minimizes the
right side of (4) is a=n —m—1 and the minimum risk is

m+1

(7) R(E*'-Yo)z n

Outside the class of estimates of the form a4 Efron and Morris (1976)
have shown that we can do better than the unbiased estimate yy(A4). To
demonstrate this we will make use of the following lemma.

LEMMA 44.2. Suppose that 4 is W, (n, 2) and put

=1glmn—2 =1z
B—wE[ e ], where w_mtrE .

Then

. 12!
® B:;["trAA]
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and
(i) 0<fB=<1 forall Z>0.

Proof. To prove (i) we have to show that

mn 2 tr27'4
() tr4 ] [ trA ]

Let H be an orthogonal m X m matrix such that
HZIH'= A =diag(A,,...,A,,)

and put B=HAH'. Then B is W,,(n, A) and the right side of (8) is

E{ re'4 ]: [ trH'A™ 'HH'BHJ

tr4 trH'BH
_JUAT'B
-E{ trB ]
b, /A,
— E 2 - H/ J
= Ib
Let u, b,,/)\,, then from Theorem 3.2.7 it follows that u,,...,u,, are
mdepcndent X2 random variables, and
rz"'4] eyl
(9 E[ A }“E[ :’f_,l)\,u,}

1
El g1,
{ l"':-'-lAlvlJ

where v, =u, /Z7_,u,. Now, it is well-known (and easily checked) that
27 u, is independent of (v,,...,u,,). The distribution of 0 u, s X3, SO
that

-
X mn—2"°

1 g
E[ET=|“;]— £
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Using this in (9) we then have

-1 [
E[uz A]zE ml ]E

trA Av

\_:=Il:

mn—2
2;"'—‘!"1

mn—2

! (2:"= IAxvt)(z;": Iuj)

] (by independence)
- E[ mn—2
:"-_-IAlul

' mn —2
trB

[ ' mn —2
tr4 j§’

which proves (8) and hence establishes (i).
To prove (ii) note that

lE[uE‘M]

BZTJ trA

Clearly # >0, and since

it follows that

We are now ready to demonstrate the existence of an estimate which
beats yo( A).
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THEOREM 4.4.3. The estimate

2 —
(10) v(A)=(n-m-1)a~'+ EBZ2 )

of 27! beats y,(A)=(n—~m—1)4"" if m =2 [and hence vy,(A4) is inadmissi-
ble if m=2],

Proof. Define 8 and « as in Lemma 4.4.2 and put §=n--m—1 and
n=m?+ m—2 so that

— -
YI(A)—SA +lI"A lm

The risk function of vy, is

-1 __1 [ 1. M 5 e 2 ]
R(z™\y)=——Eftr(8a™ + L1 -371) 4

ZSnF[l 28+ 7? F[l]

— 82 1
T mnw E[l A7 ]+ nw trA4 n mnw

2y w24 1 -
mnwE[ tr A ]-*-mnmE[trz 4]

a4

__ & r3-! 2698 28 B __211,B+]
mnw n—m—-1 n(mn—=2) n  mn(mn—-2) mn

where we have used (5), (6), and (i) of Lemma 4.4.2, Substitution of
8=n—m—1and n=m?+m—2 gives

-1 _mtl mn-2,
R(Z7\m)= n mn '8,

where

mi+m— 2

¢ = —

mn—2

Note that 0<sc<1 and 0<c<t if m>1 and n>m +1, and we know from
Lemma 4.4.2 that 0< g8 <1. It follows that for m=2 and n>m +1

R(Z“',y,)<m—:~l for all =,
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The right side of this inequality is the risk function of the unbiased estimate
Yo(A) of 271 [see (7)), hence the estimate y,( A) has uniformly smaller risk
than y,(A4) and the proof is complete.

It is interesting to note that v,(A) can be written as

m*+m-—2

n(4)=v(A)+ ———5=7*(4),

where

mn—2
trA

rH(4)= I
Here y*(A4) is the best unbiased estimate of £~' when £ is known to be
proportional to I,. The estimate y,(A) increases the unbiased estimate
Yo(A) by an amount proportional to y*(4). It is also worth pointing out
that y,( A) is minimax and, as a consequence, so is y;(A). For more details
the reader is referred to Efron and Morris (1976).

Another loss function considered by Haff (1977, 1979) is

(11) =" y)=u(y-2"")’Q,

where Q is an arbitrary positive definite matrix. We will not go into the
details, but Haff has noted an interesting result. We saw that, using the loss
function (1), the Efron-Morris estimate y,(A4) beats the unbiased estimate
¥o(A). When the loss function (11) is used the reverse is true; that is, the
unbiased estimate y,(4) beats y,(A4). This is curious in view of the fact that
the two loss functions (1) and (I1) are expected to be close (up to a
multiplicative factor) if @ =X and n is large, for then n~'4 - X in probabil-

ity.

PROBLEMS

4.1. Suppose that Y,,...,Y, are independent N, (7, X) random vectors
where both t and 2 are unknown and 7 is to be estimated. Reducing the
problem by sufficiency it can be assumed that X=N'/2Y and 4 =3 (Y, -
Y)Y, —~Y) are observed; X is N, (p, Z) with p = N'/27, 4 is W, (n, Z) with
n= N -1, and X and A are independent. Consider the problem of estimat-
ing p using the loss function

((p,2),d)=(d—p)Z (d—p).
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Let d,, denote the estimate

=(1- 2%
d.=(1- % JX
(a) Show that the risk function of d, can be written as

R(("" E)* du) = E(u‘.l,,)[(da - "'*)l(da - "‘*)]

where p*={(p'27'n)'/2,0,...,0] and E,,. , , denotes expecta-
tion taken with respect to the joint distribution of X and 4; X is
N.(n* 1,), Ais W,(n,1,), and X and A4 are independent.

(b) From Theorem 3.2.12 it follows that conditional on X, X'4~'X
=X'X/U, where U is x2_,,,, and is independent of X. Writing

~(- U
""’(‘ x'x)x

conditioning on X, and using Lemma 4.2.], show that
R((p,2),d)=m—=2a(n—m+1)(m- 2)E[ —m—k']

+a2[2(n-m+l)+(n*n1+l)2]E[7n”:§1§_—2_E]’

where K has a Poisson distribution with mean u’S ™ 'n. Show
that this risk is minimized, for all p and X, when & = (m - 2)/
(n—m+3), and show that with this value for a the estimate d,
beats the maximum likelihood estimate X if m =3.

4.2. Show that when m =2 the best estimate of £ in Theorem 4.3.2 is (11)
of Section 4.3 and that it has expectation given by (12) of Section 4.3.

4.3. Suppose that S is a sample covariance matrix and nS i 1s W, (n, 2) and
consider the problem of estimating the latent roots A\,...,A,, (A, =

A >0) of Z. A commonly used estimate of A, is /,, where /,... 1
(1, = ... =/, >0) are the latent roots of S. An esumate of A, obtained usmg
the unbxased estimate [(n —m — l)/n]S“ of 27" is A, = nl /(n—m—1),
(i=1...,m). Let ¢},....¢F (¢t = -+ = ¢ >0) be the latent roots of the
estimale ¢*( 4) given in Theorem 4.3.2. Show that
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[Hint: The following two facts are useful [see Bellman, 1970, pp. 122 and
137): (a) If F is a symmetric matrix whose latent roots all lie between 0 and
I and E is positive definite then the latent roots of E'/2FE'/? are all less
than those of E. (b) For any two matrices £ and F the square of the
absolute value of any latent root of EF is at least as big as the product of
the minimum latent root of EE’ and the minimum latent root of FF'.]

4.4. 1f ¢*(A4) is the best estimate of 2 in Theorem 4.3.2, show that

Rl(zi 4’*)— RI(E’S):O("—z)'

4.5. Suppose A4 is W,(n,Z) and consider the problem of estimating 2
using the loss function /,(Z, ¢) given by (2) of Section 4.3. Show that the
best estimate having the form a4 is (n+m+1)"4.

4.6. Suppose that ¢*( A) is the best estimate of £ in Theorem 4.3.2 and put
¢, (A)=L"""¢*(L’AL)L™" where L is an m X m nonsingular matrix. Show
that

R(Z,¢.)=R\(1,,9*)= R(Z,¢*).

4.7. When m =2, express the best estimate of £ in Theorem 4.3.3 in terms
of the elements of 4 and find its expectation.

4.8. Suppose A4 is W, (n,2) and consider the problem of estimating the
generalized variance det Z by d( 4) using the loss function

d(A) 2
detZ '—l]

I(det=, d( A)) =[
(a) Show that any estimate of detZ which is invariant under the
group of upper-triangular matrices, i.e., which satisfies

d(L’AL)=(det L')d(A)(det L)

for all upper-triangular nonsingular matrices L, has the form
d(A)=kdet A.

(b) Show that the best estimate of det  which is invariant under the
group of upper-triangular matrices is

d(A)= I:i'(n-—i+3)—'-detA.
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CHAPTER 5

Correlation Coefficients

5.1. ORDINARY CORRELATION COEFFICIENTS

5.1.1.  Introduction

If the m X 1 random vector X has covariance matrix 2 =(o, ,) the correlation
coefficient between two components of X, say, X, and X, is

| _ 5, COV(Xc'X/)
0 " g, Nar(X)Var(X)

The reader will recall that |p, |<1 and that p,, = =1 if and only if X, and X,
are linearly related (with pro{)ability 1) so that p,, is commonly regarded as
a natural measure of linear dependence between X, and X,.

Now let X,,...,X,, be N independent observations on X and put

A=ns= 3 (X, ~K)(X, —R)

where n=N—1, so that § is the sample covariance matrix. The sample
correlation coefficient between X; and X, is

— a'] — s'}

@ £ V99, B \/ST:S; '

It is clear that if we are sampling from a multivariate normal distribution
where all parameters are unknown then r,, is the maximum likelihood
estimate of p,,. In this case p, =0 if and only if the variables X, and X, are

144
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independent. For other multivariate distributions p, ,=0 will not, in general,
mean that X, and X, are independent although, of course, the converse is
always true.

In the following subsections, exact and asymptotic distributions will be
given for sample correlation coefficients, sometimes under fairly weak
assumptions about the underlying distributions from which the sample is
drawn. We will also indicate how these results can be used to test various
hypotheses about population correlation coefficients.

5.1.2.  Joint and Marginal Distributions of Sample Correlation Coefficients
in the Case of Independence

In this section we will find the joint and marginal distributions of sample
correlation coefficients formed from independent variables. First let us look
at a single sample correlation coefficient; it is clear that in order to find its
distribution we need only consider the distribution of those particular
variables from which it is formed. Hence we consider N pairs of variables
(X, Y),....,(Xy, Yy) and form the sample correlation coefficient

r= Zﬁ—-l(’““'k—)(y,“.};)
[27:1("’:’—?)2 :\;I(Y,—i’—)z]vz

()

where X=N"'3X X and Y=N"'ZY Y, The assumption that is com-
monly made is that the N 2X ] vectors

(32} (%}

are independent N,(pu, 2) random vectors, where

% O _ o} po,0,
2= o Oy | 2
12 b>) polaz gl

with p =0, /(0,,05,)"/2. In this case the X’s are independent of the Y’s
when p=0. If, in general, we assume that the X’s are independent of the
Y’s, the normality assumption is not important as long as one set of these
variables has a spherical distribution (see Section 1.5). This result, noted by
Kariya and Eaton (1977), is given in the following theorem. In this theorem,
1=(l,...,1Y€R" and {1}={k1; kE R'}, the span of 1.
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THEOREM 5.1.1.  Let X=(X,,...,Xy) and Y=(Y,,...,Y,), with N>2,
be two independent random vectors where X has an N-variate spherical
distribution with P(X=0)=0 and Y has any distribution with (Y € {1})=0.
If r is the sample correlation coefficient given by (3) then

V. r
(N-2) R

has the ¢,,_, distribution,
Proof. Put M=(1/N)1I’; then r can be written as
X(I-M)Y
[X(1—- M)XY'(1 - M)Y]'?

r =

Since I — M is idempotent of rank N —1 there exists HE O(N ) such that

H(I—M)H’=[1”" °].
0 0

Put U= HX and V= HY and partition U and V as
v*
v, ) ’

UH(I~ M)H'V
[UH(1- M)HUV'H(I - M)HV]'?

U!U

U= , V=

Un

where U* and V* are (N —1)X 1, Then

@) r=
_ Ut'v#
. [U“'U"’V"V‘]lﬁ

_ Uy
U

Note that U* has an (N ~ l)-variate spherical distribution and is indepen-
dent of V*. Conditioning on V*, part (i) of Theorem 1.5.7 with a = {|V*|{~ 'V*
then shows that (N —2)!/2r/(1—-r?)"/? has the t,_, distribution, and the
proof is complete.



Ordmnary Correlation Coefficients 147

It is easy to see that r =cos8, where § is the angle between the two
normalized vectors ([U*|~'U* and |IV*}l~'V* in the proof of Theorem
5.1.1. Because U* has a spherical distribution, lU*{| "'U* has a uniform
distribution over the unit sphere in RV ~! (see Theorem 1.5.6), and it is clear
that in order to find the distribution of cos 8 we can regard |[V*||"'V* as a
fixed point on this sphere.

As noted previously, it is usvally assumed that the X’s and Y’s are
normal. This is a special case of Theorem 5.1.1, given explicitly in the

following corollary.
COROLLARY 5.1.2. Let
X, Xy
V7T Yy
be independent N,(p, Z) random vectors, where
o 6,0
S = 1 p 12 2
po,0, o;

and let r be the sample correlation coefficient given by (3). Then, when p =0

/2 r .
(N-2) ———————(]—rz)'/z is ty_,.

Proof. Since the correlation between the standardized variables (X, —
#y) /0, and (Y, — p,)/0, is the same as the correlation between X, and Y, we
can assume without loss of generality that @ =0 and Z = I, (when p =0).

Then X, . . ., Xy are independent N(0, 1) random variables and so X =
(X,,...,Xy) certainly has a spherical distribution and is independent of
Y=(Y,,...,Yy) by assumption. The conditions of Theorem 5.1.1 are satis-
fied and the desired result follows immediately.

Suppose that the conditions of Theorem 5.1.1 are satisfied, so that
(n=0)"2r/(1~r?)!/2 is 1,_,, where n= N —1. Starting with the density
function of the ¢,_, distribution the density function of r can be easily
obtained as

I‘(%n) _a\(n=3)72
e YT

Equivalently, r? has the beta distribution with parameters 4 and {(n—1).

(—1<r<t).

(5)
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The density function (5) is symmetric about zero so that all odd moments
are zero. The reader can easily check that the even moments are

I'(4m)T(k +1)

(6) E(’")‘—‘m,

so that Var(r)= E(r?)=n"". In fact, if r is the sample correlation coeffi-
cient formed from two sets of independent variables then E(r)=0 and
Var(r)=n""' under much more general conditions than those of Theorem
5.1.1, a result noted by Pitman (1937).

Let us now turn to the problem of finding the joint distribution of a set
of correlation coefficients,

THEOREM 5.1.3. Let X be an N X m random matrix
X,

J= = - Y, ]
Xy

(so that the X/ are the rows of X and the Y, are the columns of X) and let
R =(7,,) be the m X m sample correlation matrix where

/7=|(X.k"/?;)(xjk~ ’\-’;)

7] _ —
[ 2,=I(X1k_‘ X‘)z k=I(X1k_ X/)zll/z

with X = N"'Z¥_ X,. Suppose that Y,,...,Y,, are all independent random
vectors where Y, has an N-variate spherical distribution with P(Y,=0)=0
for i=1,...,m. (These spherical distributions need not be the same.) Then
the density function of R (i.e., the joint density function of the r, ,i < j) is

(7 ‘?fm])"(dem)‘"*"'“‘”’ (—1<r,<li<}j),

where n=N—1,

_ Proof. As in the proof of Theorem 5.1.1 we can write r;, =l‘J,’\7J, where
U, and V, are uniformly distributed over the unit sphere in R" [see (4)]. This
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being the case we can assume that Y,,...,Y,, are all independent Ny (0,1,)
random vectors since this leads to the same result. Thus X,,...,X) are
independent N,(0,1,,) random vectors so that the matrix

= §| (X, —X)(X,~-X)'=(q,,),

with X=N"'2Y X, is W, (n, 1,) and r,, = a,, /(a,a,)'/*. The density of
A is then

exp(—% "4, )detA"' m-1/2

2mn/2rm(%n)

(d4)

Now make the change of variables

a,

1/2
(aua”)

then da,, = dt, and
1/2 .
da,,=(1,1))""dr, +terms in d,

so that
m m |/2 "
(dA)=‘1<\ da, = /(\ (t,0,)" " dr, /=\]dt,.
=J 1< !

= Hz"" n/2 Adr Adt

i=1 1<) 1

that is, the Jacobian is [I;2, 1{"~"/2_ The joint density function of the r,,
and ¢; is, then,

|/2)(n~m-l)/2

m

CXP("'% =il det( H ((m=1,2
2'"”/21’,,,(%") (=1 )

(8)
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Now note that

/2 o] [ar 0
det(r,,(t,!,)'/z)zdet ‘R .
0 th/? 0 1}/

=( ﬁ l,)(detR).

Substituting in (8) gives the joint density of the r,, and the ¢, as

det R"-m—1/2 2 [e"'-/zt,"“”'
Fm(%n) t=1 2172

Integrating with respect to ¢,,...,1,, using

2"'/2f°°e"'/21,"/2"' dt,=T({n)
0

gives the desired marginal density function of the sample correlation matrix,
completing the proof.

The assumption commonly made is that the rows of the matrix X in
Theorem 5.1.3 are independent N, (p,2) random vectors, where 2 is
diagonal. This is a special case of Theorem 5.1.3 and follows in much the
same way that Corollary 5.1.2 follows from Theorem 5.1.1.

Suppose that the conditions of Theorem 5.1.3 are satisfied, so that R has
density function (7). From this we can easily find the moments of det R,
sometimes called the scatter coefficient. We have

(9)  E[(detR)"]= [rGm]” (n)] j : -fdetR"'”""""’/z(dR)

L (%”) —1<r, <1
[ Tln) | ek
T(dn+k)| T,(in) °

on adjusting the integrand so that it is the density function (7) with n
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replaced by n +2k, and hence integrates to 1. In particular

m

E(detR)= Hl(l—%

1=

and

ﬁ i—1 ﬁ Jj—1 ﬁ j—1
Var(det R)= (1-———) (1— )— (1— ) .
( ) i=1 n [ =1 n+2) = n

From the moments follows the characteristic function of logdet R, and
this can be used to show that the limiting distribution, as n - c0, of

— nlogdet R is x2,,,~1,/2 (see Problem 5.1).

5.1.3. The Non-null Distribution of a Sample Correlation Coefficient in the
Case of Normality

In this section we will derive the distribution of the sample correlation
coefficient r formed from a sample from a bivariate normal distribution with
population correlation coefficient p. The distribution will be expressed in
terms of a , F, hypergeometric function (see Definition 1.3.1). We will make
use of the following lemma, which gives an integral representation for this
function.

LEMMA 5.1.4.
r Ca— _
—-—(f-)—flt““'(l-—t)c ““—1z)""dt=,F(a,b;c; z)
0

(a) (b)k
2 (c) k! z*

for Re(¢)>Re(a)>0 and |z|<].

To prove this, expand (1 —#z)"* in a binomial series and integrate term
by term. The details are left as an exercise (see Problem 5.2).

The following theorem gives an expression for the non-null density
function of r.

THEOREM 5.1.5. If r is the correlation coefficient formed from a sample
of size N=n+1 from a bivariate normal distribution with correlation
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coefficient p then the density function of r is

I'(n)(n—1) V(1 pp) 2
Y Farpan 70

(=" R(L st (1 er) (S1<r<),

Proof. Let the sample be X,,...,X, so that each of these vectors are
independent and have the N,(, Z) distribution. Since we are only inter-
ested in the correlation between the components we can assume without loss
of generality that

Put A=3X (X, —i)(X, —-)Z)'. then 4 is Wy(n, Z), where n= N — 1, and the
sample correlation coefficient is r = a,, /(a,,a,,)'/% The density function
of A (i.e., the joint density function of a,, 4,,, and a,,) is

etr(-%E“A)(detA)""'””
2n(det 2)"/2F2(}!”)

Now

so that

d=irI = (a))+ay, —2pay,),

2(1- %)
and hence the joint density function of a,,, a,,, and ay, is

_5 2 ("”3)/2
€ (anazz ~"lz)

2(1-%)"*Ty(4n)

(i)

Now make the change of variables

a,=se”’, ay =se’, dy,=1rs
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(so that r = a,; /(a,,a)"/?), then
da, Nday, Nday, =2s%ds Adt A dr
(i.e., the Jacobian is 2s5%); the joint density function of r, s, and ¢ is then

e—asn-l(l _ r2)("‘3)/2

(12) (s>0, |r|<l, —o0<t<o0),
2771~ )" Ty(4n)
where now
8=—-—-S—-—-(e"'+e'—2pr)
2(1- )
s
= cosht —pr).
1—p2( pr)

Integrating (12) with respect to s from 0 to co using

- ; I(n)(1- )"
- coshs — "y = ———————
fo cxp[ l—pz( s pr|s™ds (cosht—pr)"
gives the joint density function of » and ¢ as
Tn)1-02)" (1= p2)n =372
()(1=) " ) (lr]<l; —oo<t<0c0).

2" ' (3n )Y(cosht — pr)"

We must now integrate with respect to ¢ from — oo to oo to get the marginal
density function of r. Note that

IE.[00 (cosht—pr) "at
- 00

=2/°°(cosht—pr)"’dt
0

—n w1 L .
=2"%(1-pr) +|/2f01(1_u) "y Vz[l—%(l-&-pr)] /zdu,
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on making the change of variables

1—pru

cosh¢ = .
l—u

Using Lemma 5.1.4 we then see that

-ne12 DT(R)

T(n+1) ZFI(%,%m*’%;%(l-l-pr))

I=2'2(1-pr)

Hence the density function of r is

T(n)'a'/?

1— 1\n/2 1— ~ntl/2 1— 2\(n-3)/2
T 0 (e )

(13)
SR G+ i0+er)) (<),
Using Legendre’s duplication formula
(14) F(2z)=22""2" 20 (2)I'(z +3)

[see, for example, Erdélyi et al, (1953a), Section 1.2} the constant in the
density function (13) can be written

r(n)e'7?2 [(n)’
2" (4n)P(n+3) 2" /20 (3n) 4 (n — 1)]T(n +1)
_ T(n)?
C 23 (g = 1) (n +4)
(n—1TI(n)

T @) Tt 1)

and the proof is complete.

The density function of r can be expressed in many forms; the form (10),
which converges rapidly even for small n, is due to Hotelling (1953). Other
expressions had been found earlier by Fisher (1915). One of these is

(15) 2731 —p;)l:'(/:(_jl—)rz)<n--3)/2 éo [I‘( n+k ”2 (2rp)*
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which can be obtained from (11) by changing variables to r =
ay,/(ayan)/? u=a,, v = ay, expanding exp[pr(uv)'/2/(1 — p*)] (which
is part of the exp(— &) term) and integrating term by term with respect 1o u
and v (see Problem 5.3), The form (15) for the density function of r is
probably the easiest one to use in an attack on the moments of r. To derive
these, it helps if one acquires a taste for carrying out manipulations with
hypergeometric functions. For example, the mean of r is, using (15),

21— )" = (T[(n+k)/2]} 20)"

ae)  EO=—gmon 2 Kl

‘f' (1 _rZ)("'3)/2rk+ldr.
-1
This last integral is zero unless k is odd so, putting k =2 + 1, we have

I(3/2+ j)I[$(n-1)]

| -
f (]__'.2)(" 3)/2r2/+2dr=
=1

F(dn+j+1)
Substituting back in (16) gives
£(1= 2 -y §, Qe ez )
r(s+3)
On using
Llf’(;i)fl =(a),=a(a+1)...(a+ j~1),

I'(j+3/2)22! g
@j+nr T

and the duplication formula (14) we get

2
E(r)=%{£—[(—;:é%))/—2]} p(1—02)" 2, F(3(n+1),4(n +1); n+1; p?)
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This can be simplified a little more using the Euler relation
(17) JF(a,bic;2)=(1—2) """ F(c—a,c—bic;2),

[see, for example, Erdélyi et al. (1953a), Section 2.9, or Rainville (1960),
Section 38]; we then get

(s) E(r)=2 [.Lu:w_

o, F(3,4:4a+1;p%).

I'(4n)

In a similar way the second moment can be obtained; we have

n=2(] - 52 n/2 ; P
o9 s0-rm=200) 3 (r{tnx £20)e)

Sy,
—1

This integral is zero unless & is even; putting k =2 j we have

[l P21 =22 gy = r(j+%)r[£(n+l)].
- I'(in+j+1)
Substituting back in (19) and using

2T(j+4) _

/225 I

Fdnt+j) 1 _2 (i),

T(3n+j+1) dn+j n(in+1),’
the duplication formula (14) and Euler’s relation (17), we then [ind that
(20) E(r2)=l-—',—;';-l(l-—pz)zF,(l,l;%n+l;p2).

These moments, and others, have been given by Ghosh (1966). Expanding
(18) and (20) in terms of powers of n™! it is easily shown that

p(1—p?)

(21) E(r)=p— ——5—+0(n"?)
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and
(22) Var(r)=~(-'—1n-"2-)—+0(n-2).

It is seen from (18) that r is a biased estimate of p. Olkin and Pratt (1958)
have shown that an unbiased estimate of p is

(23) T(r)=nF ({3 5(n—1);1-r2),

which may be expanded as

T(r)y=r+———+0(n"?)

( —r?)

-1
and hence differs from r only by terms of order n™"*. Since it is a function of
a complete sufficient statistic, 7(r) is the unique minimum variance unbi-
ased estimate of p.

5.1.4. Asymptotic Distribution of a Sample Correlation Coefficient from an
Elliptical Distribution

Here we will derive the asymptotic distribution of a correlation coefficient
as the sample size tends to infinity. Since it turns out to be not very
different from the situation where the underlying distribution is normal, we
will assume that we are sampling from a bivariate elliptical distribution.
Thus, suppose that S(n)=(s,,(n)) is the 2XX2 covariance matrix formed
from a sample of size N=n +1 from a bivariate elliptical distribution with
covariance matrix

and finite fourth moments. It has previously been noted that, as n — o0, the
asymptotic joint distribution of the elements of n'/2[S(n)— 2] is normal
and that the asymptotic covariances are functions of the fourth order
cumulants (see Corollary 1.2.18 and the discussion at the end of Section
1.6). We have also noted that, for elliptical distributions, all fourth-order
cumulants are functions of the elements of £ and a kurtosis parameter x {see
(1) and (2) of Section 1.6].
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Put

v=li waleertst-2)

it then follows, using (2) and (3) of Section 1.6, that the asymptotic
distribution of u = (u,,, #,3, #5;)" is normal with mean 0 and covariance matrix

2+ 3k (2+3«)p 207 + k(1+2p%)
(24) v= (2+3k)p k(1+2p%)+ (14 p?) (2+3x)p
207 + «(1+42p%) (2+3x)p 2+ 3k

Now, in terms of the elements of U, the sample correlation coefficient r(n)
can be expanded as

’("):Su(”)(su(")szz("))w|/2
=(P+ ”-'/2“|2)(l + "~|/zu“)"'/2(| t+n I/2“22)~l/2
=(p+n"/2u,2)(l —in71 2y, +0p(n“'))
-(l - 3n" V2, +0P(n"))
=p+n" 2 (u, —Ypu, —dpuy)+0,(n7").

[For the reader who is unfamiliar with the O, notation, a useful reference is
Bishop et al. (1975), Chapter 14.] It follows from this that

"'/2["(”)“‘P] = Uy — dpuy —touy, +0p(”-l/2)

and hence the asymptotic distribution of n'/?(r(n)— p) is the same as that
of uj, —ipu, —ipuy. With a=(—4p 1 —1ip), the asymptotic distri-
bution of

— |
a'u=u;, —ipu, — 1puy,

is normal with mean zero and variance a'Va, which is easily verified to be
equal to (1+ k)(1—p?)2.
Summarizing, we have the following theorem.

THEOREM 5.1.6. Let r(n) be the correlation coefficient formed from a
sample of size n+ 1 from a bivariate elliptical distribution with correlation
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coefficient p and kurtosis parameter «. Then the asymptotic distribution, as
n - oo, of

,,,r( n)-— p
l_.

is N(0,1+ ).

When the elliptical distribution in Theorem 5.1.6 is normal, the kurtosis
parameter « is zero and the limiting distribution of n'/2[r(n)—p}/(1—p?)
is N0, 1). In this situation Fisher (1921) suggested the statistic

1+
(25) z=tanh” r—llogl 4

(known as Fisher's z transformation), since this approaches normality much
faster than r, with an asymptotic variance which is independent of p. In this
connection a useful reference is Hotelling (1953). For elliptical distributions
a similar result holds and is given in the following theorem,

THEOREM 5.1.7. Let r(n) be the correlation coefficient formed from a
sample of size n + 1 from a bivariate elliptical distribution with correlation
coefficient p and kurtosis parameter « and put

1+r(n)
= =1 l
z{n)=tanh™'r(n)= log]_r(")
and
(26) £=tanh"p=%log;i—z.

Then, as n — oo, the asymptotic distribution of

n'/*(z(n)—¢)
is N(O, 1 + ).

This theorem follows directly from the asymptotic normality of r(n)
established in Theorem 5.1.6; the details are left as an exercise (see Problem
5.4).

Again, when the elliptical distribution here is normal we have x =0, and
the limiting distribution of n'/3{2(n)— ¢} is N(0, 1). In this particular case, 2
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is the maximum likelihood estimate of §. For general non-normal distribu-
tions Gayen (1951) has obtained expressions for the mean, variance, skew-
ness, and kurtosis of z. These have been used by Devlin et al. (1976) to
study Fisher's z transformation for some specific elliptical distributions.
They state that “the main effect of the elliptically constrained departures
from normality appears to be to increase the variabilty of z” and conclude
that the distribution of z can be approximated quite well in many situations,
even for small sample sizes, by taking z to be normal with mean E(z)=¢§
and variance

i K
(27) Var(z)--”_z-i-"+2

(n=N~-1). (It should be noted that the kurtosis parameter ¢? used by
Devlin et al. is equal to 1+ x in our notation.)

5.1.5. Testing Hypotheses about Population Correlation Coefficients

The results of the preceding sections can be used in fairly obvious ways to
test hypotheses about correlation coefficients and to construct confidence
intervals. First, suppose that we have a sample of size N=n +1 from a
bivariate normal distribution with correlation coefficient p and we wish to
test the null hypothesis Hy: p =0 (that is, the two variables are uncorrelated
and hence independent) against general alternatives H: p #0. It is clear that
this problem is equivalent to that of testing whether two specified variables
are uncorrelated in an m-variate normal distribution. An exact test can be
constructed using the results of Section 5.1.2. We know from Theorem 5.1.1
that, when H, is true, (n—1)"/%r/(1-r?)"/? has the t,_, distribution so
that a test of size a is to reject H, if

(28) (,._,)uz_(_l,__lrr_zl_f/_z>,;_,(a),

where 7;_ (a) denotes the two-tailed 100a% point of the ¢, ., distribution.
This test is, in fact, the likelihood ratio test of the null hypothesis H,
(Problem 5.5). The power function of this test is a function of p, namely,

(n=1)""%|r|

TSRS

B(p)=P,

= PF,(Ir|>r*),
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where

tri(a)

[n—1+62, ()]

r*=

Expressions for the density function of r when p 0 were given in Section
5.1.3. From these, expressions for the distribution function

F(x;n,p)=P(r=x)

of r can be obtained. Tables of this function have been prepared by David
(1938) for a wide range of values of x, p, and ». In terms of the distribution
function the power is

B(p)=1=F(r*;n,p)+ F(—r*;n,p).

Now consider testing the null hypothesis H:p = p, against one-sided
alternatives K: p>p,. A test of size a is to reject H if r >k, where k_ is
chosen so that

P (r>k,)=1-F(k,:n,p)=a.
This test has the optimality property stated in the following theorem due to

T. W. Anderson (1958).

THEOREM 5.1.8. In the class of tests of H: p < p, against K: p > p, that
are based on r, the test which rejects H if r > k , is uniformly most powerful.

Proaf. Because we are restricting attention to tests based on r we can
assume that a value of r is observed from the distribution with density

function specified in Theorem 5.1.5, namely,

(29)

. _ F(n)(n—l) /2 ’ —n+1/2 —p2 (n—13)/2
f(r,n,p)—— r(n+%)(2")l/2 1 p) (l Fid ) (l )

SR (34 n+ 45 4(1+pr)).
The desired conclusion will follow if we can show that the density

function f(r; n,p) has monotone likelihood ratio; that is, if p>p’ then
f(rin,p)/f(r; n, p") is increasing in r [see, for example, Lehmann (1959),
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Section 3.3, or Roussas (1973), Section 13.3]. To this end, it suffices to show

3%log f(r; n,g_)>

dpor 0

for all p and r [see Lehmann (1959), page 111]. Writing the series expansion
for the »F, function in (29) as

2F1(%»%;"+§;'%(1+P’)): 287,
1=0
where
8,=(1),(3),/(n+1),i12
and z =1+ pr, it is reasonably straightforward to show that

dlog frimp) . |\, -2 g(z)
3por =(n—1)(1=pr) +2( 7105,2‘)2

where

fe)= 3 88 (=if(z=1)+it )]

1,)=0

We now claim that g(2)>0 for all z>0. To see this note that

g(2)=23 8,822 (j—i)(z—1)+(i + )]

i<y
>2 3 8827 Y (j—i) (2= D)+ (i + )]
l<,[
=2 §08,z"'2 § «szf[(j—i)’(z~1)+(i+j)].
= =kl

Holding i fixed, the coefficient of z/ in the inner sum is

[~ (=) +(i+ )] +8_(j—i-1)
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for j =i+ 1. That this is non-negative now follows if we use the fact (easily
proved) that

8_,>28,

and the proof is complete.

The test described by Theorem 5.1.8 is a uniformly most powerful
invariant test; this means that if the sampleis (X, Y,), withi=1,..., N, then
r is invariant under the transformations X, =aX,+ b, ¥, =cY, +d, where
a >0 and ¢ >0, and any function of the sufficient statistic which is invariant
is a function of r. The invariant character of this test is discussed in Chapter
6 in Example 6.1.16.

The asymptotic results of Section 5.1.4 can also be used for testing
hypotheses and, in fact, it is usually simpler to do this. Moreover, one can
deal with a wider class of distributions. Suppose that we have a sample of
size N =n +1 from an ellipitical distribution with correlation p and kurtosis
parameter k and we wish to test the null hypothesis H,: p =p, against
H: p # p,. Putting §, =tanh™'p,, we know that when H, is true the distri-
bution of z =tanh~'r is approximately

1 K
—
N(fo’ n—=2 n+2 )
so that an approximate test of size a is to reject Hy if
|z — &l

| K
[n—-2+n+2]

=d,,
/2 @

where d, is the two-tailed 100a% point of the N(0, 1) distribution. (If k is
not known it could be replaced by a consistent estimate k.) The asymptotic
normality of z also enables us to easily construct confidence intervals for £,
and hence for p. A confidence interval for ¢ with confidence coefficient
| — a (approximately) is

1 k 12 1 X 1/2)
(Z—d"[n—2+n+2] ’ z+d"[n—2+n+2]
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and for p it is

hz—a|ts+ 2|7 h+d['+"]'/2
tan (Z a["—_-i'f'm] ), tanht 2 N m ) .

It is also possible, for example, to test whether the correlation coefficients in
two elliptical distributions are equal; the details are left as an exercise (see
Problem 5.6).

A caveat is in order at this point; the procedure just described for testing
a hypothesis about a correlation coefficient in an elliptical distribution may
have poorer power properties than a test based on a statistic computed from
a robust estimate of the covariance matrix, although if the kurtosis parame-
ter x is small therc probably is not very much difference.

5.2. THE MULTIPLE CORRELATION COEFFICIENT

S5.2.1.  Introduction

Let X=(X,,...,X,,) be a random vector with covariance matrix Z>0.
Partition X and 2 as

XI) ["n 0:’2]
1 = R 3= R
) (xz o, 2y

where X, =(X;,...,X,,) and Z,, is (m — 1) X(m — 1), so that Var( X,)=o0,,,
Cov(X,)=2,,, and o, is the (m — 1) X1 vector of covariances between X,
and each of the variables in X,. The multiple correlation coefficient can be
characterized in various ways. We will use the following definition.

DEFINITION 5.2.1.  The multiple correlation coefficient between X, and
the variables X,,..., X,,, denoted by R, ,.. ., is the maximum correlation
betwéen X, and any linear function a’X, of X,,..., X,,.

Using this definition, we have

— Cov( X,, 2’X,)

) B2 = M ) Var(aX,)]

— a'o),
= max "——7{—75
« (o,a 22“)



The Multiple Correlation Coefficient 165

Now note that

172 -1/2
a'a, _a¥jinen

(a”a’?..na)'/2 T (a2 p)t?

u'y =$1/2y v =1/2
_W, where u=ZYla,v=33'"0,,,
TLR

- (u’u)'/z(v’v)'/2

- m , by the Cauchy-Schwarz inequality,
a2

1/2 - /2
_ (a'Zpa) / (01'2222'”:2)
- 1/2

(011“'222“)

ol 1/2
_ ( 0,25 0), )

Ot

with equality if @ =23,'s,,. Using this in (2), we can show that

— o, 3 e, |2
(3) RI'2~~~m=(_l2—OLE) .
1

Note that 0<R,., ..,, <1, unlike an ordinary correlation coefficient. We
have now shown that R, ..., is the correlation between X, and the linear
function 0],25,'X,. Now recall that if X is N,(p, Z) and p is partitioned
similarly to X then the conditional distribution of X, given X, is normal
with mean

4) E(X\|X;)=p,+6,25'(X; —p,)
and variance
(5) Var( X||X;)=0y,., ~~m:0|l_°'f22;2“’|2

(see Theorem 1.2.11); hence we see in this case that the multiple correlation
coefficient R, ,. .., is the correlation between X, and the regression function
E(X,}X;) of X, on X, [see (16) of Section 1.2]. [In general, this will be true
if E(X,[X,) is a linear function of X,,...,X,,.] Also, using (5) we have

=2 %)) 70112 .m

(6) R|.2..m=.—__o—”——-——‘;
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the numerator here is the amount that the variance of X, can be reduced by

conditioning on X, and hence Rl 2...m Measures the fraction of reduction in
the variance of X, obtained by condmoning on X,.
It is worth noting that in the bivariate case where

2
a 0,0
s 1 Pnz]

2
pog; 0

we have Var(X,| X,)=0,,., = o}(1— p?), so that

- Z—o(l—p
RI-Z l( )
"l
and hence
R-l-z:ll’"

the absolute value of the ordinary correlation coefficient.

We have defined the multiple correlation coefficient between X, and X,,
where X, contains afl the other variables, but we can obviously define a
whole set of multiple correlation coefficients. Partition X and 2 as

xl ) [2“ 212]
X= s 3= ,
(x2 EZI 222

where X, isk X1, X, is(m—k)X1,Z,, iskXk,and Z,, is (m — k)X(m—
k). Let X, be a variable in the subvector X, (with i=1,...,k). The multiple
correlauon coefficient between X, and the variables XH,, L X, in X,,
denoted by R,. k+1,..m» is the maximum correlation between X, and any
linear function a’x ‘of Xy 1seo-s X, Arguing as before it follows that the
maximizing value of a is a=23'e,, where o/ is the ith row of Z,, and
hence that

R =
t k+t,.. m
%,

= _ ( o/25', ) 2
Equivalently,

=2 _ aii_olrk".‘lp .m
vkl .m T T

-
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where 2., =2, £,,25'%,,=(0,,.44,...)- In the case where X is nor-
mal, %, , is the covariance matrix in the conditional distribution of X,

given X,.
For the remainder of the discussion we will restrict attention to the
multiple correlation coefficient R, , ., between X, and the variables

X,,..., X,,, and we shall drop the subscnpts, so that R=R, , .. What
follows will obviously apply to any other multiple correlation coefficient.
We then have X and Z partitioned as in (1). Now let X,,...,X, be N
independent observations on X and put

A=ns= 3 (X ~K)(X,~X)

=1

where n = N — 1, so that § is the sample covariance matrix. Partition 4 and
S as

a, ap,
A= s
[alz Ay

S Sy
S= .
[512 Szz]
where A,, and S,;, are (m—1)X(m —1). The sample multiple correlation
coefficient between X, and X,,..., X, is defined as

7) R=[a',zA{z'au]'”z[s’,zS{z's,z}'”.

an St

When the underlying distribution is normal, R is the maximum likelihood
estimate of R. Note that R=0 implies that a,, =0 [see (2)]; hence, in the
case of normality, R=0 if and only if X, is independent of X,=
(X5.....X,).

In the following subsections exact and asymptotic distributions will be
derived for the sample multiple correlation coefficient under various as-
sumptions about the underlying distribution from which we are sampling.
Some uses for these results in the area of hypothesis testing are also
discussed,

3.2.2.  Distribution of the Sample Multiple Correlation Coefficient in the Case
of Independence

Here we will find the distribution of a multiple correlation coefficient
formed from independent variables. We consider N random m X1 vectors
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(N>m)

) )

where each X, is (m —1)X 1 and form the m X N matrix
i .. Yyl_ yf]
Z‘[x, xN]‘[x'

where Y is N X1 and X is N X(m —1). The square of the sample multiple
correlation coefficient is

’ =1
_8pdpap

(8) R? a

Here A4 is the usual matrix of sum of squares and sum of products

1 a,, aj
9 A=Z(l —--—ll’)Z’=[ ],
©) NN a,;, Ap

where A4,, is (m—1)X(m—1) and 1=(],1,...,1Y € R", (For convenience
the notation has been changed from that in Section 5.2.1. There we were
looking at the multiple correlation coefficient between X, and X,; here X|
has been replaced by Y and X, by X.) The assumption usually made is that
the N vectors

) ()

are independent N, (p, 2) random vectors, where

fa %

o, 2y
so that the population multiple correlation coefficient R is given by

r -1
2 01,29
o)

R

In this case the Y 's are independent of the X’s when R =0. If, in general, we
assume that the Y’s are independent of the X's, the normality assumption is
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not important as long as the vector Y has a spherical distribution. This is
noted in the following theorem.

THEOREM 5.2.2. Let Y be an N X1 random vector having a spherical
distribution with P(Y=0)=0, and let X be an N X(m — 1) random matrix
independent of Y and of rank m — 1 with probability I. If R is the sample
multiple correlation coefficient given by (8) then R? has the beta distribu-
tion with parameters 1(m —1) and (N — m), or equivalently

%-_:%- lf;z is Fo_) Nem-
Proof. Write the matrix A given by (9) as
A=2(I-M)Z'
where
M=%ll’ and Z=[¥,]
Then
a,=Y(I-M)Y,
a,=X(I-M)Y,
and
Ap=X(I-M)X
so that

_Y(U-MX[X(I-M)X]"'X'(I-M)Y
h Y'(I—M)Y :

RZ
Since 7 — M is idempotent of rank N —1 there exists HE O(N) such that
I 0
H(I-M)H'=|"""1 ]
LS
Put U= HY and V = HX, and partition U and V as

_ U# _ V‘
(G
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where U* is (N—1)X1 and V* is (N —1)X(m —1). Then

U'H(I- M)H'VIVH(I—M)H'V]'V'H(I - M)H'U
U'H(I- M)H'U

(1) R’=

_ U*'V"’( Vvyt) -1 V*y*
- UruU* .

Now, V*(V*V*)~'V* is idempotent of rank m—1 and is independent of
U*, which has an (N —l)-variate spherical distribution. Conditioning on
V*, we can then use part (ii) of Theorem 1.5.7, with B = V*(V*V*)"'V* to
show that R? has the beta distribution with parameters i(m —1) and
}(N — m), and the proof is complete.

A geometrical interpretation of R is apparent from (11). Writing U=
IU*I~'U* we have

R =0v*(v*y*)"'v»U

where U has a uniform distribution over the unit sphere in R¥ "', Hence
R =cos8, where 8 is the angle between U and the orthogonal projection of
U onto the m —1 dimensional subspace of R¥~' spanned by the columns of
|48

We noted previously that it is usually assumed that the vectors (10) are
normal. This is a special case of Theorem 5.2.2, stated explicity in the
following corollary.

COROLLARY 5.2.3. Let

x) = (%)

be independent N, (p, 2) random vectors, where each X, is (m — 1) X, and
let R be the sample multiple correlation coefficient given by (8). Then, when
the population muitiple correlation coefficient R is,

N-m R?
m—1 |-R?

18 Fp\ Nem
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Proof. Partition p and Z as

™ _lon O
“‘(uz)a“dz’[o zzz]

where p, is (m—1)X1 and Z,, is (m—1)X(m—1). Note that o, =0
because R =0. The reader can easily check that the multiple correlation
between the standardized variables (Y, - p,)/0l{? and 25,/%X, —p,) is
the same as that between Y, and X,, so we can assume without loss of
generality that p =0 and 2=1,. Then ijt is clear that the conditions of
Theorem 5.2.2 are satisfied and the desired result follows immediately.

Suppose that the conditions of Theorem 5.2.2 are satisfied, so that R? has
a beta distribution with parameters 3(m —1) and (N — m). Then the kth
moment of R? is

I[H(N-1)] T[i(m=-1)+k)]
B(N=1)+&]  T[H(m—1)]

E(R¥)= -

_[m=1)],
[4(v-D],

In particular, the mean and variance of R? are

E(RZ):iN"—:%
and
2(N—=m)(m—1)

Var(R?)= (N-D(V=D)

5.2.3. The Non-null Distribution of a Sample Multiple Correlation
Coefficient in the Case of Normality

In this section we will derive the distribution of the sample multiple
correlation coefficient R formed from a sample from 8 normal distribution,
when the population multiple correlation coefficient R is non-zero.
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THEOREM 5.2.4. Let ()}(’) be N,(p,2), where X is (m—1)X1 and
partition Z as

o, 0y
2= ,
["lz 222]

where 2, is (m —1)X(m ~1), so that the population multiple correlation
coefficient between Y and X is R =(a},23,'9,, /0,,)'/% Let R be the sample
multiple correlation coefficient between Y and X based on a sample of size
N(N > m); then the density function of R? is

I'(4n) Nm=3)1/200  pay(n=m—0)/2
S Ty v ey AC AR U

(V=R F (dndns 4m =1, R R2) (0<R?<1),

where n=N~—1.

Proof. Let £ be the maximum likelihood estimate of 3 based on the N
observations, and put 4=N32; then 4 is W, (n,2), n=N—1. If we
partition A similarly to X as

a, &),
A= ,
[alz Azzl

the sample multiple correlation coefficient is given by

R = al,45'a),
ag ’
so that
(13) R? _ ahdsn'a,
1—- R? ay.,

where a,, ,=a,,—&\;A45'a,;. From Theorem 3.2.10 we know that the
numerator and denominator on the right side of (13) are independent;
@y.,/0,.1 18 X2_ 41 Where 0,,., =0,,~6{,25,'a,,, and the conditional
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distribution of a,, given A,, is N(4,,23,'0,,06,,.,4,,). Hence, conditional
on A,;, part (b) of Theorem 1.4.1 shows that

t"12'42_2"‘12 . 2
—EE—L s xm-i(8),
0“.2 m—{ )

where the noncentrality parameter & is

(14) 5= 0, 254535, .

92
Hence, conditional on A4,,, or equivalently on §,

n—m+l R _ X2 1(8)/(m—1)
m=1 1-R* x2 .. /(n—m+1)

(15) V4

il

i Fi{ y—m+1(8) (see Section 1.3 for the noncentral F distribution). At this
point it is worth noting that if o,, =0 (so that R =0), then § =0 and the F
distribution is central, the result given in Theorem 5.2.2. Now, using the
noncentral F density function given in Theorem 1.3.6, the conditional
density function of the random variable Z in (15) given é is

1 m-—1 8z

e %2 F, ln;l(m—-l);—-———----——--2 n_mtl
27012 1+ m—1 ,
n—m+l

» l (m=3)/2
! ( 2n)z

Tl (m= DI (n—m+ D)](1+[(m=1)/(n —m+1)]2)"

( m—1 )(»)‘4)/2

n—m+l} ’ (2>0).

Changing variables from Z to R? via

—_ 2
70 m+1 R
m=1 1-R?
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the conditional density function of R? given 8 is

T'(3n)
I[4(m—=)]T{4(n —m+1)]

(16) €782, F\(4n; 4(m —1); 16R?)

'(Rz)(m~3)/2(}__Rz)(n-»m -1)/2 (0<R2<l),

To get the (unconditional) density function of R? we first multiply this by
the density function of § to give the joint density function of R? and 8.
Now, 4,, is W,,_,(n, £,) and hence 0],25,'4,,5 50, is W\(n,0,25,',,)
(using Theorem 3.2.5); that is,

’ -1 -1
0,254,250,

17 V= is  x2.
() 0,25, *
If we define the parameter 6§ as

_2 ) on
(18) 0= R‘zz“lzzzz“u’
1—- R %2

it follows from (14) and (17) that 8 = fv. The joint density [unction of R?
and v is obtained by multiplying (16) (with § = 8v) by the x2 density for v
and is

e v/ 2pn /27

(e ¢ e (m=1);100R)
2

P(ln) (m-372, ey
.r['%(m"'l)]l‘ﬁ(n-—m‘}-])](Rz) (1- RY) _

To get the marginal density function of R? we now integrate with respect (o
v from 0 to . Now, since

- ‘ _.2
f e Myn/ i 'Fl(%,,; é(m ~1); R Rzu) du
0

oje

F(;n) [T )" F s m = 1): J00R?) d

_ (-~
T(§n)
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-2
[on putting v =wu(1— R ) and using (18)]

_2 _2
=(1- R )"*,F(ndm $(m=1); R R?),
by Lemma 1.3.3 the result desired is obtained and the proof is complete.

The distribution of R? was first found by Fisher (1928) and can be
expressed in many different forms. We will give one other due to Gurland
(1968). First let 7 (a, B) denote the incomplete beta function:

(19)
I'(a

I{@.8)= 175 r(ﬂ)ft" =) "'dr,  (0<x<1,a>0,8>0).

It is well known (and easily verified), that the Fyon, distribution function
and the incomplete beta function are related by the identity

(20) P(F, . =x)=L(3n,4in,),

where z =nmx /(ny + n,x).

THEOREM 5.2.5. With the same assumptions as Theorem 5.2.4, the
distribution function of R? can be expressed in the form

-]

(21) P(R*<x)= Y ¢l (3(m—1)+k$(n—m+1))
k=0

ot n—m+1 x
§ ( ~{+2k.n— »M»lS _]+2k ]"'X)

where ¢, is the negative binomial probability

) oo=(=1( i =Ry R

Proof. Using the series expansion for the , F, function, it follows from
Theorem 5.2.4 that the density function of R? can be written as

(23)

I'(4n) (1'" )"/2 & (4n)(3n), =2« (m=3/2+k
FTTGm = TR —m 7] (2o (h(m— )it (F ) (7

‘(l_Rz)(n—m~l)/2



176 Correlation Coefficients
Using
(a),I(a)=T(a+k)

[with a equal to $n and $(m — 1)}, and
1
(%n)k=( k’”)(—l)*k!

in (23), and integrating with respect to R? from 0 to x gives the desired
result.

Note that Theorem 5.2.5 expresses the distribution of R? as a mixture of
beta distributions where the weights are negative binomial probabilities;
that is, the distribution of R? can be obtained by taking a random variable
K having a negative binomial distribution with P(K =k)=¢,, k =0,1,...
and then taking the conditional distribution of R? given K =k to be beta
with parameters 4(m — 1)+ k and $(n — m +1). An immediate consequence
of Theorem 5.2.5 is given in the following corollary.

COROLLARY 5.2.6. If U= R*/(1— R?) then

ot n—m-+1
(24) P(st):: kgockP(Fm~l+2k.n~-m+l = m—1 +2kx)’

where ¢, is given by (22).

From this it follows that U can be expressed as U=V, /V,, where ¥, and
V, are independent, ¥, has the x2_,, ., distribution, and the distribution of
V, is a mixture of x? distributions, namely,

(25) P(VnSx)zkgockp(ﬁnmwzks ).

A common way of approximating a mixture of x?* distributions is to fit a
scaled central x? distribution, ax} say, or, more correctly, since the degrees
of freedom need not be an integer, a gamma distribution with parameters 3b

and 24 and density function

! - -1
(26) We x/2a,b/2 (x>0).

If the distribution of ¥, is approximated in this way by equating the first
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two moments of V; with those of this gamma distribution, one finds that the
fitted values for a and b are

_nb(8+2)+m—1| _ (n8+m—1)
(27) T rm—1 b“n0(0+2)+m-—l’

-2 .2
where 8= R /(1— R ) (see Problem 5.10). With these values of a and b we
then get an approximation to the distribution function of R? as

(28)

V. 2
P(stx)zP(Us—i—-)=p e X ~P axs < X
1")6 Vz l—x va—mH -

=1[1b,4(n—m+1)],

where z = x /[a(]1 — x)+ x]. This approximation, due to Gurland (1968),
appears to be quite accurate. Note that when R =0 (so that 6 =0), the
values of @ and b are

a=1, b=m-—1,

and the approximation (28) gives the exact null distribution for R? found in
Theorem 5.2.2.

The moments of R? are easily obtained using the representation given in
Theorem 5.2.5 for the distribution of R? as a mixture of beta distributions.
Using the fact that the hth moment of a beta distribution with parameters a
and B is

Ma+h)(a+B)
I(a)[(a+B+h)’®

we find that

2 T[4(n—m+1)+h] T(in+k)
E[(l R)] E Ck M[i(n—m+1)] TGn+k+hn)’

k=0

where ¢, is

eo=(-0H{ o= Ry Ry = - YR
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Hence we can write

£(1- R = [%(n(%;n):rl)]h( )"/23:3 %")ﬁf;’j (1;)*

L UsLADI (1*1_52)"/22F|(%n-%n; fn+h; 1?2).

(%”)h

If we use the Euler relation given by (17) of Section 5.1, this becomes

29) E[(1-RYH]= Glmmt Dl gy p(nontn s &),

(%")h

In particular, the mean and the variance of R* are

(30) E(R2)=l~—(£:-i:—i-l-)(l— Y (L1 n+ 1 )

2 om=1, =2 2 =2 2 -
=R + (1—-R )+n+2R (1-R )+0(n"?)

and
(31)
Var(R?)= E(R*)— E(R?)?
= g[0- R*)’]- EQ - R?)?

1 -— ~ 7Y
=Lz£"_.1l'.t'_l]z(|- R, (2,240 +2; R %)

(in);
_{(Klﬁi_‘)(l——Ez)zF,(l,l;-§n+l; ﬁz)]z

n

4(m-—l)+n(n—m+l)}

=nomil_ Ry {2(m~1)+4R { o

n?(n+2)

+0(n"2)}.
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Note the different orders of magnitude for Var(R?) depending on whether
R'=0 or R0. For R0, (31) gives

-2 —_
4R (1-R z)z(n—m+l)2

(32) Var(R?)= " T2 (n T4 +0(n"?)
_2 2.5
_4R (ln—R ) +o(n);
if R =0, (31) gives
(33) Var(R?)= 2(n—-m+l)(m—l),

ni(n+2)
which is the exact variance in the null case.

It is seen from (30) that R? is a blizlSCd estimate of R and that
E(R?)>R ; that is, R? overestimates R . Olkin and Pratt (1958) have
shown that an unbiased estimate of R is

n—2

m)(] R?),F(1,1;3(n—m+3); 1~ R?)

(34) nkn=p{

(see Problem 5.11). This may be expanded as

2(n—-2)

(1= R%)- (n—m+1){(n—m+3)

2 2 -

(35) T(R*)=R — +l
(1-R?)*+0(n7?),

from which it is clear that T(R?)< R2 T(R?) is in fact the unique minimum

variance unbiased estimate of R since it is a function of a complete
sufficient statistic. Obviously T(1)=1 and it can be shown that 7(0)= —(m
—1)/(n—m+1). In fact it is clear from (35) that T(R?)<0 for R? near
zero, so that the unique unbiased estimate of R takes values outside the
parameter space [0, 1].

5.2.4. Asymptotic Distributions of a Sample Multiple Correlation Coefficient
from an Elliptical Distribution

In the case of sampling from a multivariate normal distribution, we noted in
(32) and (33) the different orders of magnitude of Var(R?), depending on
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whether R =0 or R #0. This is true for more general populations and it
reflects the fact that the limiting distributions of R? are different in these
two situations. In this section we will derive these limiting distributions
when the underlying distribution is elliptical; this is done mainly for the
sake of concreteness and because the asymptotic distributions turn out to be
very simple. The reader should note, however, that the only essential
ingredient in the derivations is the asymptotic normality of the sample
covariance matrix so that the arguments that follow will generalize with
obvious modifications if the underlying distribution has finite fourth mo-
ments.

Thus, suppose that the m X1 random vector (Y,X'y, where X is
(m—1)X1, has an elliptical distribution with covariance matrix

o o,
6 s=|%1 |2]
(36) ["lz P

and kurtosis parameter « [see (1) and (2) of Section 1.6]. The population
multiple correlation coefficient R between Y and X is

P 1/2
37 E:( -—-—"'2222"’-2) .

oy

It helps at the outset to simplify the distribution theory by reducing the
covariance structure. This is done in the following theorem.

THEOREM 5.2.7. If >0 is partitioned as in (36) there exists a nonsin-
gular m X m matrix

b
B“[o C

where C is (m — 1) X(m — 1), such that

1 R 0 ..
0 ... O
BIB'=

where R is given by (37).
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Proof. Multiplying, we have

b%,, bal,C’

BZB' =

Put b=o0;,'"/? and C=HZ3'/? where HEO(m—1); then b’ =1,
szzclz ]m_l, aﬂd

bCa, =0;,' *HZ3,' %0,,.

Now let H be any orthogonal matrix whose first row is R™'o};'/%,25,"/%,
then

o

bCap, =1 . |,

and the proof is complete.

(x)=2(x)=(ex):

it follows that Var(Y*)=1, Cov(X*)=1,,_, and the vector of covariances
between Y* and X* is (R,0,...,0). Given a sample of size N, the reader can
easily check that the sample multiple correlation coefficient between Y and
X is the same as that between the transformed variables Y* and X*, so there
is no loss of generality in assuming that the covariance matrix in our
elliptical distribution has the form

Now, if we put

1 P
(38) E—[P 1,..-1]’
where
(39) P=(R,0,...,0).

This is an example of an invariance argument commonly used in distribu-
tion theory as a means of reducing the number of parameters that need to
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be considered; we will look at the area of invariance in more detail in

Chapter 6.

Now, let S(n)=(s,,(n)) be the m X m sample covariance matrix formed
from a sample of size N=n+1 from an m-variate elliptical distribution
with covariance matrix Z, given by (38), and kurtosis parameter «. Partition-

ing S(n) as
S Si
S(n)=
() [SIZ Szz]
(where we have supressed the dependence on #n), the sample multiple

correlation coefficient R is given by the positive square root of

¢ -1
R2=m
iy '

It is convenient to work in terms of the following variables constructed from
S(n),
n'/2(s; —1)

(40) up=
- R

2 -
u,=n'?(1-R ) Vz("”") ‘/Z(Sn“P)

Up = n'/ (1 ~PP) %Sy, ~ 1)(1 ~PP) 72,

where P is given by (39). Let U=(u,,) be the m X m matrix

LTI 1P
41 U= .
(4D [“12 Uzz]

The asymptotic normality of U follows from the asymptotic normality of
n'/3(S — Z) (see Corollary 1.2.18). In terms of the elements of U the sample
multiple correlation coefficient R can be expanded as

(42)
R*= s 's'lzsz_zlslz

=[1+n72(1= R Yy, M'[P'+ n (1~ Ez)l/zu',z(l—PP')'/z]

r+n=72(1~PP) U (1-PP)' 7]
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2
-[P+n"/2(1—R )'/Z(I—PP')'/zu,z]
= _2
=[l’°”~l/2(1—R2)“12‘+0p(n"')][P’+n“'/2(l~R )'/zu'”(l_pp’)lﬂ}
(1= =PP) (1 - PP) P 4 0, (n7)]
_2
-[P+n"/2(l——R )'/2(1—PP')'/2u,2]
—2 - -
=R +" I/ZR(I— )(2"!2 R“ll_R“22)+0p("_'),
so that, if R #0,1

=uy, —3Ruy, _%R—u22+0p(n_l/2)7

and hence the asymptotic distribution of n'/3(R2 — R )/2R( 1-R ) is the
same as that of u,, — 3 Ru,, — $ Ru,,. Now note that

(::) (x—a) (H%)

and the asymptotic distribution of this vector, given in Section 5.1.4, is normal
with mean 0 and covariance matrix (1 - Ry, where V is given by (24) of
Section 5.1.4, with p replaced by R. Putting a = (4R1- lR) it follows that the

asymptotic distribution of

]

a'u=u,; —{Ru, ~{Ruy
is normal with mean 0 and variance
-2
a'Va _(l+l€)(l'—R )2’]+K
_2 2 :
(=&)Y (-RY
Summarizing, we have the following theorem.

THEOREM 5.2.8. Let R be the multiple correlation coefficient between Y
and X, where (Y, X’y has an m-variate elliptical distribution with kurtosis
parameter k, and let R(n) be the sample multiple correlation coefficient
between Y and X formed from a sample of size n + 1 from this distribution.
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If R+0,1, the asympiotic distribution as n - o0, of
n'/Z(R(n)2 - R-z)
2WR(1-R)

is N0, 1 +x).

When the clhpucal distribution in Theorem 5.2.8 is normal, the kurtosis
parameter x is zero and the limiting distribution of n'/%(R(n)?* —

R )/[ZR(l——R )] is N(O, 1).

Let us now turn to the asymptotic distribution of R? in the null case
when R =0. In this situation it is clear that in the expansion (42) for R* we
need the term of order n™'. Defining the matrix U as in (41) as before, but

with R =0, we have

R*=53)'s),85's),
2(1'*”"/2“4!)"( i )(1+aT2U0,) ( "2uy,)

1 - , _ _
;[l*n YU+ 0y)(n ')]u,2[1~n YUy, + O, (n ')]ulz,

so that

nR*=wju,, +0,(n"'7?).

Hence the asymptotic distribution of nR? (when R =0) is the same as that
of uj,u,,. Using (2) and (3) of Section 1.6, we can show that the asymptotic
distribution of w,; = n'/Zs,, is (m —1)-variate normal, with mean 0 and
covariance matrix (1+«x)/,_, and so the asymptotic distribution of
), /(1+ ) is x2,_,. Summarizing, we have the following theorem.

THEOREM 5.2.9. With the assumptions of Theorem 5.2.8 but with R =0,
the asymptotic distribution of nR*/(1+«) is x2, .

Again, when the elliptical distribution is normal we have k =0, and then
the limiting distribution of nR? is x2,_,. Thisis a specnal case of a result due
to Fnsher (1928), who established that if n - o0 and R —»0 in such a way

that nR -'6 (fixed) then the asymptotic distribution of nR? is x2,_(8). A
similar result holds also for elliptical distributions, as the following theorem

shows,
THEOREM 5.2.10. With the assumptions of Theorem 5.2.8 but with

nR -8 (fixed), the asymptotic distribution of nR?/(1+«k) is x2,.,(8§%),
where the noncentrality parameter is 6*=8/(1+«).
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The proof of this result is similar to that of Theorem 5.2.9 and is left as
an exercise (see Problem 5.12).

It is natural to ask whether Fisher's variance-stabilizing transformation,
which works so well in the case of an ordinary correlation coefficient, is
useful in the context of multiple correlation. The answer is yes, as long as
R>0.

THEOREM 5.2.1)1. Assume the conditions of Theorem 5.2.8 hold, with
R #0, and put

z=tanh™'R and ¢=tanh™'R.
Then, as n — oo, the asymptotic distribution of
/(2 =)

is N(0,1+ k).

This result follows readily from the asymptotic normality of R? (when
R #0) established in Theorem 5.2.8; the details are left as an exercise (see
Problem 5.13).

For further results on asymptotic distributions for R and approximations
to the distribution of R, the reader is referred to Gajjar (1967) and Johnson
and Kotz (1970), Chapter 32. Many of the results presented here appear
also in Muirhead and Waternaux (1980).

3.2.5. Testing Hypotheses about a Population Multiple
Correlation Coefficient

The results of the previous section can be used to test hypotheses about
multiple correlation coefficients and to construct confidence intervals. Sup-
pose (Y, X') is N, (p, Z), where

o o)
= H 12 } ,
[" 2 22
and we wish to test the null hypothesis H: R=0 against general alterna-
tives /1: R >0, where R is the multiple correlation coefficient between ¥ and

X given by

, -1 1/2
R= ( 0,250, )
Oy

Note that testing Hj, is equivalent to testing that ¥ and X are independent.
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Given a sample of size N =n + 1 from this distribution, an exact test can be
constructed using the results of Section 5.2.2. If R? denotes the sample
multiple correlation coefficient between Y and X we know from Corollary

5.2.3 that

n—m+1 R?
m—1 1-R?

has the £, _, , .+ distribution when H is true, so that a test of size a is to
reject Hy if

n—m+1 R?
m—1 |-R?

>1‘;:~l.n—m+l(a)!

where F}_, ,_,. (@) denotes the upper 100a% point of the F,,_ | . .+

distribution. This test is, in fact, the likelihood ratio test of the null
hypothesis H, (see Problem 5.14). The power function of the test is a
function of R, namely,

— n—-m+1 R?
B(R)ZPE[ m—1 I_QR2>F':>—I.n—mH(a)]'

An expression for the distribution function of R?/(1— R?) was given in
Corollary 5.2.6. Using this, it follows that the power function can be

expressed as

-5 s -
> ————— X ((x)]
—1+2k,n-m+1 —_ m—1.n-mtl ’
k=0 M * 1+2k f
where ¢, (with k =0) denotes the negative binomial probability given by
(22) of Section 5.2.3.

The test described above also has the property that it is a uniformly most
powerful invariant test; this approach will be explored further in Section
6.2.

The asymptotic results of Section 5.2.4 can also be used for testing
hypotheses. Suppose that we have a sample of size N=n+) from an
elliptical distribution for (¥,X’)" with kurtosis parameter x and that we wish
to test Hy: R =0 against H: R >0. Bear in mind that x =0 takes us back to
the normal distribution. From Theorem 5.2.9, the asymptotic distribution of
nR?/(1+ k) is x%,_.,, so that an approximate test of size « is to reject H, if

nR?
T7e > Cmi(@),
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where c,, _(a) denotes the upper 100a% point of the x2,_; distribution, (I
x is not known, it can be replaced by a consistent estimate £.) The power
function of this test may be calculated approximately using Theorem 5.2.10
for alternatives R which are close to zero and Theorem 5.2.8 for alternatives
R further away from zero. Theorems 5.2.8 or 5.2.11 may also be used for
testing the null hypothesis I(0 R=Ry(>0) against general alternatives
K: R#Ro Putting £, =tanh™'R,, we know from Theorem 5.2.11 that
when K, is true the distribution of z =tanh™ 'R is approximately

(fo, l+n),

so that an approximate test of size a is to reject H, if

W= b)
(1+«)'"? =bw

where 4, is the two-tailed 100a% point of the N(0, 1) distribution. It should
be remembered that the asymptotic normahty of R and hence of z holds
only if R #0, and the normal approximation is not likely to be much good if
R is close to zero. If R+#0 the asymptotic normality of z also leads to
confidence intervals for ¢ and for R. An interval for ¢ with confidence
coefficient 1 — a (approximately) is

1+«

l+x)'/2

12
) sfs:-&-da( .

z-—da(

and for R such an interval is
/2 _ 1/2
tanh[z-—d,( ':K) ].<_R.<.tanh[z+da( l:“) ]

The caveat mentioned at the end of Section 5.1.5 is also applicable here
with regard to inferences concerning elliptical distributions.

5.3. PARTIAL CORRELATION COEFFICIENTS

Suppose that X is N,(p, Z) and partition X, p, and Z as

(X _ }h) _[Zn 2
x‘(x,)’ —("2 ’ 2_[221 2]
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where X, and p, are k X 1, X, and p, are (m — k)X 1, Z,, is k X k, and Z,,
is (m — k)X (m— k). From Theorem 1.2.11 the conditional distribution of

X, given X, is Ny(py + 2,25 (X, — o) Zyy.,), where
IFPED IR P o L C P, B

i.€., 6, 441, m denotes the i-jth element of the k X & matrix Z,,.,. The
partial correlation coefficient between two variables X, and X, which are
components of the subvector X, when X, is held fixed, is denoted by
P.y-k+1.. m and is defined as being the correlation between X, and X, in the
conditional distribution of X,, given X,. Hence

0, k+1, ..m

Pyyk+1.. m )I/2‘

("n-kﬂ...‘.m"”w Flom

Now suppose a sample of size N is drawn from this N, (u, Z) distribution.
Let A=NZ, where £ is the maximum likelihood estimate of £, and

partition A as
A A
A=[ 1 |z]
AZI A22

where A,, is k X k and A4,, is (m — k)X (m — k). The maximum likelihood
estimate of Z,,., is 2,,.,=N~'4,,.,, where 4, ,= A, — A, Ap'4; =
(a,,.4+1,. .m) and the maximum likelihood estimate of p,,.; 4y ;18

au~k+l.. . m

Ljk+1, .om )1/2'

(an~k+!..u.mau‘k+l.....m

Now recall that we obtained the distribution of an ordinary correlation
coefficient defined in terms of the matrix 4 having the W, (n, Z) distribu-
tion, with n=N —1. Here we can obtain the distribution of a partial
correlation coefficient starting with the distribution of the matrix 4, ,
which, from Theorem 3.2.10, is W, (n—m+k, Z,,.;). The derivation is
exactly the same as that of Theorem 5.1.5, leading to the following result.

THEOREM 5.3.1. If 7, .44 . is a sample partial correlation coefficient
formed from a sample of size N =n+1 from a normal distribution then its
density function is the same as that of an ordinary correlation coefficient
given by (10) and (15) of Section 5.1 with n replaced by n —m + k.

As a consequence of this theorem, the inference procedures discussed in
Section 5.1.5 in the context of an ordinary correlation coefficient are all
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relevant to a partial correlation coefficient as well, as long as the underlying

dmnbuuon is normal. The asymptotic normality of 7, ;. ., and of
z=tanh™'r, .4,  ,follow directly as well, using Theorems 5. 1.6 and 5.1.7

(with k =0),

PROBLEMS

5.1. Let R be an m X m correlation matrix having the density function of
Theorem 5.1.3 and moments given by (9) of Section 5.1. Find the character-
istic function ¢,(¢) of — nlog det R. Using (17) of Section 3.2, show that

lim log¢,(t)=—im(m—1)log(1-2it)

so that — nlog det R - x2,,,-),,, in distribution as n — oo.

" 5.2. Prove Lemma 5.1.4.
5.3. Show that the density function of a correlation coefficient r obtained
from normal sampling can be expressed in the form (15) of Section 5.1.

5.4. Prove Theorem 5.1.7.

{Hinr: A very useful result to know is that if {X,} is a sequence of random
variables such that n'/3( X, — p)— N(0, 0?) in distribution as n - oo, and if
f(x) is a function which is differentiable at x = p, then n'/2[ f(X,)— f(u)]-
N, f'(n)%a?) in distribution as n—oo; see, e.g., Bickel and Doksum

(1977), p. 461.]
5.5. Let X,....,X, be independent N,(u, 2) random vectors where

s af po,0,
pos, o}
(a) Show that the likelihood ratio statistic for testing Hj: p = p,
against H: p #p, is

_ (1~p3)(1——r’)]”/2
A_[ (l_l’o")2

(b) Show that the likelihood ratio test of size a rejects Hy if r <r, or
r>r,, where r| and r, are determined by the equations

P(r<ry | p=p)+P(r>n | p=p)=a
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and
1-r2 _ 1-r

(l"Poh)z - (I‘P()’z)z‘

(c) Show that when p, =0 the likelihood ratio test of size « rejects
Hy p=0if (n —=1)"2|r}/(1 = r})"/2>1}_ (a), where t*_ () de-
notes the two-tailed 100a% point of the #,_, distribution, with
n=N-—1.
5.6. Suppose r, is the sample correlation coefficient from a sample of size
N,=n,+| from a bivariate elliptical distribution with correlation coeffi-
cient p, and kurtosis parameter «, (i =1,2), where «, is assumed known
(i=1,2). Explain how an approximate test of size a of H,: p, = p, against
H: p, # p, may be constructed.
5.7. Let r be the correlation coefficient formed from a sample of size
N=n+1 from a bivariate normal distribution with correlation coefficient
p, so that r has density function given by (15) of Section 5.1. Show that
E[sin~'r]=sin""'p.
5.8. Let r be the sample correlation coefficient formed from a sample of
size¢ N=n+1 from a bivariate normal distribution with correlation coeffi-
cient p. Put z=tanh™'r and £ =tanh ™ 'p so that z is the maximum likeli-
hood estimate of §. Show that

E(z)=(+2-+0(n?)

and

Var(z)= —n' +0(n—2).

59. From Problem 5.8 the bias in z is of order n~'. Often bias can be
reduced by looking not at the maximum likelihood estimate but at an
estimate which maximizes a “marginal” likelihood function depending only
on the parameter of interest. The density function of r in Theorem 5.1.5
depends only on p; the part involving p can be regarded as a marginal
likelihood function L(p), where

L(p)z(l—pz)n/z(l—P’)-"anﬂ(%,%;n+%;%(l+pr))_
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It is difficult to find the value of p which maximizes this but an approxima-
tion can be found. Since

F(L5n+d4(+er))=140(n"")
we have
L(p)=Ly(p)[1+0(n")]

where
L,(p)'-:(l _pz)n/2(l -—pr)_”+l/2.

(a) Show that the value r* of p which maximizes L (p) may be
written as

1
* — 2 -2
r —r—-—2 r(l r )"‘0(" ).

(b) Let z*=tanh™'r*. Show that

* — ~1 __f_ -2
z*=tanh™'r 2n+0(n ).

(c) Show that
E(z*)=¢+0(n"?).
and

Var(z%)= -+ 0(n"?)

where £ =tanh~'p. (This shows that the bias in z* is of smaller
order of magnitude than the bias in z =tanh~'r given in Prob-
lem 5.8.)

5.10. Consider a random variable V; whose distribution is the mixture of
x? distributions given by (25) of Section 5.2. This says that the distribution
of ¥V, can be obtained by taking a random variable K having a negative
binomial distribution with P(K=k)=c¢, (k=0,1,...), where ¢, is given
by (22) of Section 5.2, and then taking the conditional distribution of V¥,
given K =k to be x2,_, .-



192 Correlation Cocfficients

(a) By conditioning on X show that

E[V]=m—1+n8

and
Var(V,)=2m ~2+4n0 +2n6?,

where ¢ = ﬁz/(l— EZ).

(b) Suppose that the distribution of V, is approximated by the
gamma distribution, with parameters 4b and 24 given by (26) of
Section 5.2, by equating the mean and variance of V, 1o the
mean and variance of the gamma distribution. Show that the
fitted values for @ and b are

nb(0+2)+m—1 (n0+m—1)

n+m—-1 T n0(6+2)+m—-1"

5.11, Prove that:

(a) 2 (?);(l’:')"( ), Flathk b+kic+k;l+2z)
k
—2F|(a,b, C, l). F( ) ( )
c)l'(c—a—b
Fla,b;c;1)= ; #0,—1,-2,...;
) 2Fi(a,bicl) I(c—a)T'(c—b) [e
Re(c)>Re(a + b)]
(c) Let R be a sample multiple correlation coefficient obtained from
normal sampling having the density funcuon of Theorem 5.2.4,

and consider the problem of estimating R . Using parts (a) and
(b) above and the moments of 1— R? given by (29) of Section
5.2, show that the estimate

n—2

T(R*)=1- (—-';1—1—1—)(1 R¥),F(1,1;4(n—m+3);1- R?)
is an unbiased estimate of R .

S.12, Prove Theorem 5.2.10.

5.13. Prove Theorem 5.2.11. (See the hint following Problem 5.4.)

5.14. Suppose that (Y,X') is N, (@, Z), where X is (m —1) X1 and

_{on op . _ _
2—[‘,‘2 222]’ 2y is (m—-1)X(m-1),
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and consider testing H,: R =0 against H: R >0, where R =
(0,25'91,/0,,)"/% Note that H, is true if and only if ¢, =0. Suppose a
sample of size N=n +1 is drawn.
(a) Show that the likelihood ratio statistic for testing H, against H
18

A=(1-R*)"?,
where R is the sample multiple correlation coefficient between

Y and X.
(b) Show that the likelihood ratio test of size a rejects H, if

n—m+1 R?
m—1 |- R?

F:n—l.n—m+l(a)

where Fp_ | . (a) is the upper 100a% point of the
F, distribution.

m—l,n~m+1
5.15. Let S be the sample covariance matrix formed from a sample of size
N=n+1 on X=(X|, X;,...,X,), which is a N,(p, Z) random vector, so
that 4=nS is W, (n, Z). Suppose that T =diag(s,,,...,0,,,). Let R, _,
denote the sample multiple correlation between X, and X,... X - for
J=2,....,m. Put A=T'T, where T is an upper-triangular matrix with
positive diagonal elements.
(a) Show that
|
Rz | 2;; ! ’21'
Jheo =t T SI_ a2

1%y

(b) Show that the joint density function of the s, ,'8is

2—m(n—2)/2 m t m m
———— 1l a;"?exp| — 5 ity 1
iy deroe{ =3 S ) s
(c) From part (b), above, find the joint density function of the ¢,
for i < j and the R —yforj=2,.. o m. Hence show that the
R ... -1 are mdependent and R .,y—1 has the beta

[%(J“ 1),%(n ~ j+ 1)} distribution.
5.16. Show that:
(a) ,F(a,b; C;X)=(l—x)"'2F,( -b;c; l-x )
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[ Hint: The right side is equal to

bl (a)k(c_b)k (—l)xxk
k2=:0 (k! (—x)“**

Expand (1—x)7"* using the binomial expansion and then
interchange the order of summation. Use result (b) of Problem
5.11 to tidy up.]

(b) Suppose that a sample multiple correlation coefficient R? has
the density function given in Theorem 5.2.4. Show that if
k=14(n+1—m) is a positive integer the distribution function
of R? can be written in the form

k
P(RP=x)= 3 b1 (}(m—1)+ j, k),
7=0

where I, denotes the mcomplelc beta funcnon given by (19) of

Section 5.2, with y=x(1— R )/(l—xR ), and b, denotes the
binomial probability

=(*)®ya-&y.

5.17. Prove that

_%.23,..,m

2
1=p1 34, . m= s
11-3,4,.. . .m

and use this to show that

-2
1- Rlv2,3.‘..m =(l —pzll-fi.d,. .m)(l ——p2l3-4,5. ,m)"'(l _pzl.m-l»m)(l —pzlm)‘

5.18. Show that

P12 ~Pi3Pns

[(1-63)(1-03,)]"*

P2 3%
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5.19. If the random vector X=( X, X,, X;, X,) has covariance matrix

o 0 O3 Oy

0, O Oy Op

2
O3 0y O %2

2
Oy 03 0 O

show that the four multiple correlation coefficients between one variable
and the other three are equal.
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CHAPTER 6

Invariant Tests and
Some Applications

6.1. INVARIANCE AND INVARIANT TESTS

Many inference problems in statistics have inherent properties of symmetry
or invariance and thereby impose fairly natural restrictions on the possible
procedures that should be used. As a simple example, suppose that (X, Y)’
has a bivariate normal distribution with correlation coefficient p and
consider the problem of estimating p given a sample (X,,Y,), i=1,...,N,
The correlation coefficient p is unchanged by, or is inveriant under, the
transformations X =b, X + ¢,, ¥ =b,Y + ¢, where b, >0, b, >0, so that it is
natural to require that if the statistic ¢( X}, Y),..., Xy, Yy) is to be used as
an estimate of p then ¢ should also be invariant; that is

$( X0 Vi, Xy, Yy ) = (X0, Ty Xy V),

since both sides are estimating the same parameter. The sample correlation
coefficient r (see Section 5.1) is obviously an example of such an invariant
estimate. The reader will recall that a similar type of invariance argument
was used in Section 4.3 in connection with the estimation of a covariance
matrix.

In many hypothesis-testing problems in multivariate analysis there is no
uniformly most powerful or uniformly most powerful unbiased test. There
is, however, often a natural group of transformations with respect to which
a specific testing problem is invariant, and where it is sensible to restrict
one's attention to the class of invariant tests; that is, to tests based on
statistics that are invariant under this group of transformations. The likeli-
hood ratio test under general conditions is such a test, but it need not be the

196
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“best” one. In some interesting situations it turns out that within this class
there exists a test which is uniformly most powerful, and such a test is
called, of course, a uniformly most powerful invariant test. Often such a test,
if it exists, is the same as the likelihood ratio test, but this is not always the
case. In what follows we will review briefly some of the relevant theory
needed about invariance; much more detail can be found in Lehmann
(1959), Chapter 6, and Ferguson (1967), Chapters 4 and 5. For further
applications of invariance arguments to problems in multivariate analysis
the reader is referred to T. W. Anderson (1958) and Eaton (1972).

Let G denote a group of transformations from a space X into itself; this
means that, il g,€G, g,€G, then g,2,& G where g,g, is defined as the
transformation (g,g,)x = g,(g,x), and that if g€ G then g~ '€ G, where
g~ ! satisfies gg~ ' = e, with e the identity transformation in G. Obviously all

transformations in G are 1-1 of X onto itself.

DEFINITION 6.1.1. Two points x, x, in % are said to be equivalent
under G, written x; ~ x, (mod G), if there exists a g€ G such that x, = gx,.

Clearly, this is an equivalence relation; that is, it has the properties that
(i) x~x(modG);

(ii) x~y(modG)= y~x (modG); and

(iii) x~y (modG), y~2z (modG)= x~ z (mod G).

The equivalence classes are called the orbits of % under G; in particular, the
set {gx; g€ G} is called the orbit of x under G. Obviously two orbits are
either identical or disjoint, and the orbits form a partition of X. Two types
of function defined on %X are of fundamental importance.

DEFINITION 6.1.2. A function ¢(x) on %X is said to be invariant under
Gif
o(gx)=¢(x) forall x€X and g€G.

Hence, ¢ is invariant if and only if it is constant on each orbit under G.
DEFINITION 6.1.3. A function ¢(x) on X is said to be a maximal
invariant under G if it is invariant under G and if

¢(x))=¢(x;)=x,~x, (mod G).

Hence ¢ is a maximal invariant if and only if it is constant on each orbit
and assigns different values to each orbit. Any invariant function is a
function of a maximal invariant, as the following theorem shows.
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THEOREM 6.1.4. Let the function ¢(x) on 9% be a maximal invariant
under G. Then a function Y(x) on X is invariant under G if and only if ¢ is

a function of ¢(x).

Proof. Suppose ¥ is a function of ¢(x); that is, there exists a function f
such that

v(x)=f(o(x)) forall xeX.

Then, for all g€ G, x€X
v(gx)= f(o(gx))= f(9(x))=¥(x),

and hence y is invariant.
Now suppose that y is invariant. If ¢(x,)= ¢(x,) then x, ~ x, (mod G),
because ¢ is a maximal invariant, and hence x, = gx, for some g€ G. Then

¥(x;)=v(gx)=¥(x)),

which establishes that y(x) depends on x only through ¢(x) and completes
the proof.

DEFINITION 6.1.5. If x, ~ x, (mod G) for all x,, x, in X then the group
G is said to act transitively on X, and X is said to be homogeneous with
respect to G.

Hence, G acts transitively on %€ if there is only one orbit, namely, %X
itself. In this case the only invariant functions are constant functions.
Continuing, if x, is any point taken as origin in the homogeneous space X,
then the subgroup G, of G, consisting of all transformations which leave x,
invariant, namely,

Gy =(8EG; gxy=x,},

is called the isotropy subgroup of G at x,. It is clear that if g is any group
element transforming x, into x ( gx, = x) then the set of all group elements
which transform x into x is the coset

8Gy = (880 8E G} .-

Hence the points x€ X are in 1-1 correspondence with the cosets gG, so
that X may be regarded as the coset space G /G, consisting of the cosets

£G,.
We will now look at some examples which illustrate these concepts.



Invariance and Invariant Tests 199

EXAMPLE 6.1.6. Suppose that X = R™ and G =O0(m), the group of
m X m orthogonal matrices. The action of HE O(m) on x€ R™ is

x— Hx

and the group operation is matrix multiplication. The orbit of x under O(m)
consists of all points of the form y= Hx for some HE O(m); this is the
same as the set of all points in R™ which have the same distance from the
origin as x. For, if y= Hx then obviously y’y =x’x. Conversely, suppose that
y'y=x'x. Choose H, and H, in O(m) such that

H x=(lIxll, 0,...,0 and H,y=(liyll, 0,...,0)

then H x= Hyy so that y= Hx, with H= H}H € O(m). A maximal in-
variant under G is ¢(x)=x'x, and any invariant function is a function of
x'x.

EXAMPLE 6.1.7. Suppose that X = R2X §,, where §, is the space of
positive definite 2X2 matrices £=(o,,), and G is the group of transforma-
tions

(1) Gz{(B,c); B=[’;' f], c=(2'), b,>0, b2>o}.
b 2

The group operation is defined by
(B,,¢,)(B,,¢c,)=(B\B,, B\c, +¢,)

and the action of (B,c)EG on (g, Z)E X is
(2) (1, Z)-(B,c)(p,Z)=(Bp +c, BZB').

A maximal invariant under G is

012

o(p,2)=—""57.
("u"zz)l/2

To prove this, first note that if (B,¢) € G, then

BSB = b%"n b|b2°|2]

2
b,b,0,, byoy,
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so that
b b0y, - 92

- =¢(l"!2)~
(bfa“bfan)l/2 (01102)"

o(Bp +¢, BEB')=

and hence ¢ is invariant. To show that it is maximal invariant, suppose that
¢(p, Z)=9¢(r,T),

that is

03 _ Y12
72 73
("n“zz) / (YuYzz) /

Putting b, =(v,,/011)"/%, by =(¥52/02)"/? and ¢= — B + 7, we have
(B,c)(p,2)=(r,T)

so that
(g, 2)~(7,T) (modG),

as required. Regarding % = R X §, as the set of all possible mean vectors p
and covariance matrices 2 of the random vector X=( X, X, )’, the transfor-
mation (2) is induced by the transformation Y= BX+c¢ in the sense that the
mean of Y is Bp +¢ and the covariance matrix of Y is BZB’. We have
shown that the correlation coefficient p between X, and X, is a maximal
invariant under G, and so any invariant function is a function of p.

EXAMPLE 6.1.8. Suppose that X =35, the space of positive definite
m X m matrices, and G =8f(m, R), the general linear group of mXm
nonsingular real matrices. The action of L€ §¢(m, R) on SE 5, is given by

the congruence transformation
S— LSL,

with the group operation being matrix multiplication. The group §¢(m, R)
acts transitively on §,, and the only invariant functions are constant func-
tions. The isotropy subgroup of 6¢(m, R) at I,,€ S, is clearly the orthogonal
group O(m). Given SE§,, the coset corresponding to S is

LO(m)=(LH; HE O(m)},
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where L is any matrix in §¢(m, R) such that S= LL’. Writing the homoge-
neous space S, as a coset space of the isotropy subgroup, we have

_=8i(m, R)/O(m).

EXAMPLE 6.1.9. Suppose that X =V, ,, the Stiefel manifold of nX m
matrices with orthonormal columns (see Section 2.1.4), and G = O(n). The
action of HE O(n) on Q €V, , is given by

Q,— HQ,,

with the group operation being matrix multiplication. Then O(n) acts
transitively on ¥,, , (why?) so that the only invariant functions are constant

functions. The isotropy subgroup of O(n) at
I

m
.

EVan
0

is clearly

I 0
Go={[6" H, €0(n); H,EO(n-—m)},
and the coset corresponding to Q,€V,, , is [(Q,: Q,]G,, where Q, is any
n X(n—m) matrix such that [Q,: Q,]€ O(n). This coset consists of all

orthogonal n X n matrices with Q, as the first m columns. Writing the
homogeneous space V,, , as a coset space of the isotropy subgroup we have

Vop.n=0(n)/0(n—m).

Continuing, let X be a random variable with values in a space X and
probability distribution P, with §€ Q. (The distributions Py are, of course,
defined over a o-algebra ® of subsets of X, but measurability considera-
tions will not be stressed in our discussion.) Let G be a group of transforma-
tions from % into itself. (These transformations are assumed measurable, so
that for each g€ G, gX is also a random variable, taking the value gx when
X = x.) The space X here is the sample space and Q is the parameter space.
In many important situations it turns out that the distributions P, are
invariant, in the sense of the following definition.

DEFINITION 6.1.10. The family of distributions { P,; € Q} is said to be
invariant under G if every g€ G, §€Q determine a unique element in Q,
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denoted by gd, such that when X has distribution Py, gX has distribution
Pio.
This means that for every (measurable) set B C X

Py(gX€ B)= P;( XE B),

which is equivalent to
Py(g7'B)= Py(B)

and hence to
PE,(gB)= Py(B).

Now, suppose that the family {P,; € Q) is invariant under G and let
G={z: g€G).

Then the elements of G are transformations of the parameter space into
itself. In fact, as the following theorem shows, G is a group, called the group
induced by G.

THEOREM 6.1.11. If the family of distributions {P,; #€ Q) is invariant
under the group G then G = (8; g€ G) is a group of transformations from
into itself.

Proof. 1f the distribution of X is P, then g, X has distribution P; , and
50 8,(g, X) has distribution Py ;4. But g,(g,X)=( 8281)X also has distri-
bution P, . By uniqueness u follows that g, 8, = gzg,EG so that G is
closed under composmon To show that G is closed under inversion, put
g2 g. , then g g, =g, now 2 is the identity element in G, and so
8 'EG -

Obvnously, all transformations in G are 1-1 of Q onto itself, and the
mapping G - G given by g — g is a homomorphism.

The next result shows that if we have a family of distributions which is
invariant under a group G then the distribution of any invariant function
(under G) depends only on a maximal invariant parameter (under G).

THEOREM 6.1.12.  Suppose that the family of distributions { Py; € Q} is
invariant under the group G. If ¢(x) is invariant under G and ¥(8) is a
maximal invariant under the induced group G then the distribution of ¢( X)
depends only on Y(8).
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Proof. 1t suffices to show that Fy[¢( X) € B] is constant on the orbits of
Q under G, for then it is invariant under G and by Theorem 6.1.4 must be a
function of the maximal invariant Y(@). Thus, suppose that §,= g8, for
some g€ G; then

Py [6(X)€ B]= Py [(2X) € B] = Pyy,[6( X) € B]
=P, [¢(X)€E B],

and the proof is complete.

This theorem is of great use in reducing the parameter space in com-
plicated distribution problems. Two simple examples follow, and other
applications will appear later.

EXAMPLE 6.1.13. Suppose that X is N, (p, 1,,). Here, both the sample
space %X and the parameter space 2 are R™. Take the group G to be O(m)
acting on X = R™ as in Example 6.1.6. Since HX is N, (Hp, I,) we see that
the family of distributions is invariant and that the group G induced by G is
G = O(m), where the action of HEO(m) on p € is given by p —~ Hp. A
maximal invariant parameter under G is Y(p)=p’p (see Example 6.1.6), so
that by Theorem 6.1.12 any function ¢(X) of X which is invariant under
O(m) has a distribution which depends only on p’n. In particular X’X, a
maximal invariant under G, has a distribution which depends only on p'p
and is, of course, the y,2(p' ) distribution.

EXAMPLE 6.1.14. Suppose that A is W,(n,Z), n=2. Here both the
sample space X (consisting of the values of A) and the parameter space
(consisting of the values of Z) are §,, the space of 2X2 positive definite
matrices. Take G to be the group

G—B—b' 0~b>0 b, >0
- - 0 bz ) ] ] 2 [}
where the action of BEG on AE S, is
(3) A— BAB'.

Since BAB' is Wy(n, BZB’) the family of distributions is invariant and the
induced transformation on @ corresponding to (3) is % — BZB’, so that
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G =G. A maximal invariant parameter under G is the population correla-
tion coefficient

92
pP=T""1173
(0),0,,) /
(see Example 6.1.7-—actually a trivial modification of it); hence by Theorem
6.1.12 any function of A which is invariant under G has a distribution which
depends only on the population correlation coefficient p. In particular the
sample correlation coefficient

ap.

= 73
(“u“zz) /

a maximal invariant under G, has a distribution which depends only on p.
Hence, in order to find the distribution of r it can be assumed without loss

of generality that

this reduction was noted in the proof of Theorem 5.1.5. It is also worth
noting that if 2 is restricted to being diagonal, so that the parameter space is

0
Q:{E:[o(;l 022]’ 0,,>0, o22>0},

then G acts transitively on € so that the only invariant functions are
constant functions. Theorem 6.1.12 then tells us that the distribution of r, a
maximal invariant under G, does not depend on any parameters. This, of
course, corresponds to the case where p =0 and the distribution of r in this
case is given in Theorem 5.1.1.

The next definition explains what is meant when one says that a testing
problem is invariant.
DEFINITION 6.1.15. Let the family of distributions {Py; €€} be in-

variant under G. The problem of testing H: §€ {); against K: € Q- Q is
said to be invariant under G if g§, = Q,, for all g€ G.

If the testing problem is invariant under G then obviously we must also
have (R —02,)=Q—8, for all g . In an invariant testing problem
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(under G) an invariant test is one which is based on a statistic which is
invariant under G. If 7T(x) is a maximal invariant under G then all invariant
test statistics are functions of T by Theorem 6.1.4, so that the class of all
invariant test statistics is the same as the class of test statistics which are

functions of the maximal invariant 7.
There are some standard steps involved in the construction of invariant

tests, and it may be worthwhile to list them here, at least informally.

(a) Reduce the problem by sufficiency. This means at the outset that all
test statistics must be functions of a sufficient statistic; such a
reduction usually has the effect of reducing the sample space.

(b) For the sample space X of the sufficient statistic find a group of
transformations G on %X under which the testing problem is in-
variant.

(c) Find a maximal invariant T under G; then any invariant test
statistic is a function of T and by Theorem 6.1.12 its distribution
depends only on a maximal invariant parameter under the induced
group G acting on the parameter space Q.

At this stage we are looking at test statistics which are functions of a
maximal invariant T. Often there is no “best” test in this class, and the
choice of a test now may be somewhat arbitrary. The likelihood ratio test is
one possibility since, under fairly general conditions, this is invariant. In
some cases, however, it is also possible to carry out one more step.

(d) In the class of invariant tests, find a uniformly most powerful test.
If such a test exists it is called a uniformly most powerful invariant
test under the group G. Often, but not always, it coincides with the
likelihood ratio test. This, being an invariant test, can certainly be
no better.

We will deal with some examples of uniformly most powerful invariant
tests in the following sections. For now, by way of illustration, let us return
to the example on the ordinary correlation coefficient (see Examples 6.1.7
and 6.1.14).

EXAMPLE 6.1.16. Let X,,...,X, be independent N,(gt, £) random vec-
tors and consider the problem of testing H: p < p, against K: p > p,, where p
is the population correlation coefficient,

p= LAY
=172
(0),02) /
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A sufficient statistic is the pair (X, 4), where
N —_— — —
A= 3 (X,~X)(X,-X), %=

X,.

[
1

i M=

1
N,
i

Here X and A are independent; X is N,(,(1/N)Z) and 4 is W, (n, 2),
with n = N — 1. Reducing the problem by sufficiency, we consider only test
statistics which are functions of X and A. Consider the group of transforma-
tions G given by

(4) X- BX+e
A- BAB',

where

b, 0 )
B= (6,>0, b,>0, and cE€R?).
0 b

(This is the group G of Example 6.1.7.) Obviously the family of distributions
of (X, A) is invariant, and the transformations induced on the parameter
space by (4) are given by

p-Bu+te
2 BIB.

Both H and K are invariant under these transformations, so the testing
problem is invariant under G. A maximal invariant under G is the sample
correlation coefficient r =a,, /(a,,a;3)'/%, and its distribution depends
only on p. Thus any invariant test statistic is a function of r. Finally, we
have already seen in Theorem 5.1.8 that of all tests based on r the one which
rejects H if r>k,, with k, being chosen so that the test has size a, is
uniformly most powerful of size a for testing H against K. Hence, this test is
a uniformly most powerful invariant test under the group G.

6.2. THE MULTIPLE CORRELATION COEFFICIENT
AND INVARIANCE

We will now apply some of the invariance theory of Section 6.1 to the
multiple correlation coefficient. Using the notation of Section 5.2.3, suppose
that (¥,X’) is a N, (p, Z) random vector, where X is (m — 1) X1, and Z is
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partitioned as

o o)

o, 2y

where Z,, is (m —1)X(m —1). The population multiple correlation coeffi-
cient between Y and X is

) e 12
. [a,Zne
R=( 12222 lz) ‘
Gy

Let (Y,X)), with i=1,...,N, be a sample of size N(>m); a sufficient

statistic is the pair (¥, XY, 4), where 4 = N £ is the usual matrix of sums of
squares and sums of products. Under the transformations
(’ ) },l i blx + CI

X, - B)X, +¢,,

where b, #0 and B, is (m — 1) X (m — 1) nonsingular [i.e., B,€ 8¢(m — 1, R)]
the sufficient statistic is transformed as

2) (9“’”(%)”
A— BAB’

where

B= b O d cER™
= 0 Bz an C .

The family of distributions of the sufficient statistic is invariant under this
group of transformations, G say, and the group of transformations G
induced on the parameter space is given by

p—Bpte
3) Z2- BZB.

The next result shows that the sample multiple correlation coefficient

;- 1/2
R= ( Ay A5'a), )
ay
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is a maximal invariant under the group of transformations G given by (2)
and that the population multiple correlation coefficient R is a maximal
invariant under the group of transformations G given by (3). We will state
the resuit for R.

THEOREM 6.2.1. Under the group of transformations G a maximal
invariant is

—~2 o,
R =T%n%:
ay

-2
Proof. Let ¢(p, Z)=0,25,'9,,/0,,= R . First note that since

b?"n b}, B;
bByo, BZ,B

BZB’=[

we have

’ ’ AN
bf“nsz( B,2,8;) By,

2
bio,,

¢(Bp +¢, BIB)=
_ohipey
%

=¢(p, 2),

so that ¢(p, Z) is invariant. To show that it is maximal invariant, suppose
that

o(n,Z)=9¢(r,T),

0,259, Y Tn'ne
9 Yu

] 2 1 1 - ' 1 28 N | ’ = ’
( ;]__2_“:2222'/2) ( o) 2‘712222'/2) = ( ;ll(—z'YnFn'/z) (Y_I,(‘Z"lerzzl/z)
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By Vinograd’s theorem (Theorem A9.5) there is an (m — 1) X (m — 1) orthog-
onal matrix H such that

1 _ | I
_‘—‘”2221/2012 =73 rszzle-

aif? e
Now, putting
b, =(Y||/°||)I/2v
B, =T}{*HZ;,/?,
B:[b, 0’]
0 B/
and
c=—8Bp +r,
we have
Bpte=17
and
S MR
so that

(r,Z)~(7,T) (mod G ).

Hence ¢ is a maximal invariant, and the proof is complete.

It follows, using Theorems 6.1.4 and 6.1.12, that any function of the
sufficient statistic which is invariant under G is a function of R? and has a
distribution xghich depends only on the population multiple correlation
coefficient R , a maximal invariant under the induced group G. In particu-

—2
lar, R? has a distribution which depends only on R , a result which is
apparent from Theorem 5.2.4. In the proof of that theorem we could have
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assumed without any loss of generality that £ has the form

1 R 0 .. 0

R 1 0 0
(4) =

0 0 0 .. 1

(see Theorem 5.2.7), often called a canonical form for Z under the group of
transformations G since it depends only on the maximal invariant R. The
reader is encouraged to work through the proof of Theorem 5.2.4, replacing

the arbitrary 2 there by (4). _
Let us now consider testing the null hypothesis H: R =0 (or, equiva-

lently, 0,, =0, or Y and X are independent) against the alternative K: R >0.
We noted in Section 5.2.5 that a test of size « (in fact, the likelithood ratio
test) is to reject H if

n—m+1 R?
m—1 |1~ R?

ZES (@),

where n=N-—1and F}_, ,_,., (a) denotes the upper 100a% point of the
F distribution. Equivalently, the test is to reject H if

m~l,n—m+l
(m=~1)F}_; e i(0)
2 m=l,n—m =
) R T T M- VE i@

This test is a uniformly most powerful invariant test, as the following
theorem shows.

THEOREM 6.2.2. Under the group of transformations G given by (2) a
uniformly most powerful invariant test of size a of H:R=0 against
K: R>0is to reject H if R? = c,, where c, is given by (5).

Proof. Clearly the testing problem is invariant under G, and we have
already noted that R? is a maximal invariant under G. Restricting attention
to invariant tests, we can assume that a value of R? is observed from the
distribution with density function specified in Theorem 5.2.4, namely,

(6)

r(%”) 2\(m=3)/2 _ payn—m—1)/2
T (m DI (n=m D] R (=R

(1= B )", Fy(dn, dn 4 (m—1); R R?).

f(R%n, R )=
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The Neyman-Pearson lemma says that in this class of tests the most
powerful test of size @ of H: R =0 against a simple alternative K,: R= R,
(>0) is to reject H if

f(R?; n,0)

™ — s

f( Rz; n, Rl )
where k, is chosen so that the size of the test is a. Substituting the density
function (6) in (7) gives the inequality

® (=R A=) R 2A, =

Using the series expansion for the , F| function it is easy to see that the left
side of (8) is an increasing function of R® Hence this inequality is
equivalent to R?=c_, where c, is given by (5), so that the test has size a.
Since this test is the same for all alternatives R, it is a uniformly most
powerful invariant test, and the proof is complete.

The test described by (5), as well as being the uniformly most powerful
invariant and the likelihood ratio test, has a number of other optimal
properties. Simaika (1941) has shown that it is uniformly most powerful in

the class of all tests whose power function depends only on R . Clearly this
is a wider class than the class of invariant tests. The test is also admissable
(see Kiefer and Schwartz, 1965); that is, there is no other test whose power
function is at least as large and actually larger for some alternatives. For a
discussion of other properties, the reader is referred to Giri (1977), Section
8.3, and the references therein.

6.3. HOTELLING’S T2 STATISTIC AND INVARIANCE

The T2 statistic proposed by Hotelling (1931) for testing hypotheses about
mean vectors has already been introduced briefly in Section 3.2.3 (see
Theorem 3.2.13). In this section we will indicate some testing problems for
which a T2 statistic is appropriate and look at some properties of such tests,
concentrating primarily on those concerned with invariance. First, let us
paraphrase Theorem 3.2,13.

THEOREM 6.3.1. Let X be N, (p,2) and A=nS be W,(n,Z) (n=m),
with X and S independent, and put T2 =X'S "'X. Then

_7_'_2_‘n-—m+l
n m

_I".

is F, ,_ e (8), where § =p'2
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This is merely the restatement of Theorem 3.2,13 obtained by replacing
N'“2X by X and N'/?u by p.

Now, suppose that X,,..., X are independent N,(p, Z) random vectors
where p and Z are unknown and consider testing the null hypothesis that p
is a specified vector. Obviously we can assume without loss of generality
that the specified vector is 0 (otherwise subtract it from each X, and it will
be). Thus the problem is to test H: s =0 against the alternative K: p #0.
Let X and S be the sample mean and covariance matrix formed from

X,,...,X, and put

(1 T2=NX's"'X.

The test of size a suggested in Section 3.2.3 consists of rejecting H if
1, M g =

(2) r Zn—m-i-l Fm,n—m-ﬁ-l(a) Cas

where n=N-1 and £} ._,. . (a) denotes the upper 100a% point of the
F, n—m+ distribution. We will show in a moment that this test is a
uniformly most powerful invariant test. That it is also the likelihood ratio
test is established in the following theorem.

THEOREM 6.3.2. If X,,...,X, are independent N, (p,Z) random vec-
tors the likelihood ratio test of size a of H: p =0 against K: p #0 is given
by (2).

Proof. Apart from a multiplicative constant which does not involve p or
2, the likelihood function is

L(p,2)=(det2)" " ?etr(— §Z') exp[ - IN(X— u )= (X~ p)],

where 4 =nS, n= N—1. [See, for example, (8) of Section 3.1.] The likeli-
hood ratio statistic is

sup L(0,2)
() A= szu>p0 L(p,2)’
BE R™,E>0
The denominator in (3) is
(4) supL(p, £)= L(X, 3)= NmN/2e=mN/2(deg 4) ™ N2

#.Z

where $= N~'4 (see the proof of Theorem 3.1.5), while the numerator in
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(3) is

sup L(0,2)= sup (detZ) "~ N/zetr[ 3274+ Ni)—(’)].
>0 £>0

The same argument used in the proof of Theorem 3.1.5 shows that this
supremum is attained when

1

2= -}VA + XX
and is
1 —\—N/2
(5) sup L(O,E)zdel(—N—A +XX’) e mN/2,
>0

Using (4) and (5) in (3), we get

AN = det 4 ___

det(4 + NXX))
1

=dauh+nwﬂiij

1
CI+NXATX
-
1+T%/n’
where T2=NX'S™'X. The likelihood ratio test is to reject H if the
likelihood ratio statistic A is small. Since A is a decreasing function of T2

this is the same as rejecting H for large values of T2, thus giving the test in
(2) and completing the proof.

Now let us look at the problem of testing H: u =0 against K: p #0 from
an invariance point of view. A sufficient statistic is ()—(,A)_, where X is
N(p,(1/N)Z), A=nS is W, (n,Z) with n=N—1, and X and A4 are
independent. Consider the general linear group §¢(m, R) of m X m nonsin-
gular real matrices acting on the space R™ X §,, of pairs (X, 4) by

(6) X- BX, A-BAB', Be§i(m,R).

(&,, denotes, as always, the set of positive definite m X m matrices.) The
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corresponding induced group of transformations [also G¢(m, R)] on the
parameter space (also R™ X §,) of pairs (p, Z) is given by

(N p - Bp, 2 - BIF, BeGt(m, R),

and it is clear that the problem of testing H:p =0 against K: p+#0 is
invariant under 8¢(m, R), for the family of distributions of (X, A) is
invariant and the null and alternative hypotheses are unchanged. Our next

problem is to find a maximal invariant under the action of 8¢(m, R) on
R™ X §,, given by (6) or (7). This is done in the following theorem.

THEOREM 6.3.3. Under the group §¢(m, R) of transformations (7) on
R™ X §,,, a maximal invariant is

¢(p,2)=pZ p.
Proof. First note that for BE 6¢(m, R),
¢(Bu, BEB')=pB'(BZB) 'Bp=p'I 'n=9(n,2),

so that ¢(p, ) is invariant. To show that it is maximal invariant, suppose
that

¢(p,2)=¢(r,T),
that is
pZ =1,
Then
(WE V2 (W22 =(2 T~ V/2) (¢ 102

so that, by Vinograd's theorem (Theorem A9.5) there exists an orthogonal
m X m matrix H such that

HE V2 =712,

Putting B=T"2H37'/2, we then have Bu=r and BZB'=T so that
(pt, 2)~(7,T) [mod§t(m, R)]. Hence ¢ is a maximal invariant, and the
proof is complete.

As a consequence of this theorem, 72 = N X'S™'X is a maximal invariant
statistic under the group 8¢(m, R) acting on the sample space R™ X 5,, of
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the sufficient statistic. From Theorem 3.2.13 we know that the distribution
of (n=m+1)T*/nmis F,, ,_,..(8), where n=N—1 and 6§ = Nw'Z ™',
Considering only invariant tests we can assume a value of T2 is observed
from this distribution. In terms of the noncentrality parameter § we are now
testing H: 8 =0 against K: § >0. The Neyman-Pearson lemma, applied to
the noncentral F density function given in Theorem 1.3.6, says that in the
class of tests based on T2 the most powerful test of size a of H:5=0
against a simple alternative K,: § =8, (>0) is to reject H if

18,T%/n
®) exp(—18,),F, %(n+1);%m:]—:;;y/-;
where A, is chosen so that the test has size a. Using the series expansion for
the | F, function in (8), it is easy to see that it is an increasing function of
(T?*/n)1+T?*/n)"" and hence of T2 Hence the inequality (8) is equivalent
to T2 =¢,, where c, is given by (2) so that the size of the test is a. Since this
test is the same for all alternatives 8, it is a uniformly most powerful
invariant test. Summarizing, we have:

THEOREM 6.3.4. Under the group 8f(m, R) of transformations given by
(6) a uniformly most powerful invariant test of size a of H:p =0 against
K:p#0is to reject H if T>= NX'S™'X=c,, where c, is given by (2).

Before looking at another testing problem note that the 72 statistic can
be used to construct confidence regions for the mean vector p. Let X,...,X
be independent N, (p, £) random vectors giving rise to the sample mean
vector X and sample covariance matrix S. These are independent; N'/3(X —
p) is N,(0.2) and nS is W, Vu(n, Z) with n=N—1. From Theorem 6.3.1
[with X replaced by N!/ 2(X p) and p replaced by 0] it follows that
(n—=m+1)T*/nm has the F, , .., distribution, where 7= NX-
p)S~(X—p). Thus, defmmgc by (2), we have

P[NX—-p)s ' (X—p)sc,]=1-q,
from which it follows that the random ellipsoid defined by
N(X—p)S™H(X-p)=c,
has a probability of 1 — a of containing p and hence the region

9 {peR™ NX-p)s™(X-p)=c,},
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for observed X and S, is a confidence region for p with confidence
coefficient 1—a.

The T2 statistic can also be used to test whether the mean vectors of two
normal distributions with the same covariance matrix are equal. Let
X,,--., Xy, be a random sample from the N,(p,, Z) distribution, and let
Y,,..., Yy, be a random sample from the N,,(p,, Z) distribution. The sample
mean and covariance matrix formed from the X’s will be denoted by X and
S,, and from the Y's by Y and S,. The problem here is to test that the two
population mean vectors are equal, that is, to test H: p, = p,, against the
alternative, K: ¢, #p,. It is a simple matter to construct a T? statistic
appropriate for this task. First, let 4, =n,S,, 4, =n,S,, where n, =N, —1
(i=1,2); then 4, is W,(n,, Z) and 4, is W (nz,Z), and henceA A, +A
is W, (n,+ny, 2) Now put S= (nl + ny) '4, the pooled sample covanance
matrix, so that (n, + n,)S is W, (n, + n,, T). This is independent of X — %
and the distribution of

NINZ /2 Y_V ‘e NINZ /2 _ \
(N|+N2) (x Y) 18 Nm 1\[|+1v2 (P’l "2)'}‘ g

From Theorem 6.3.1 (with X replaced by [N, N, /(N, + N,)]'/2(X—Y), u by
[N,N, /(N,+ N))'/*(p, — n,) and n by n, + n,) it follows that if

(10) T2= N‘N2 (x Y)s '(X-Y)

then

(1) ”‘12”2'n|+”2,;"'+1 is Fm,nﬁu,—-mrl(s)v
where

(12) b= i (=) 2y~ )

When the null hypothesis H: u, = p, is true the noncentrality parameter & is
zero so that (n,+n,—m+1)T?/[m(n,+n,)] is F, T +ny-me 1o HIENCE A
test of size a of H against K is to reject H if

m(n,+n,)

ntn,—m+l F’:-"l‘*"z“‘m*l(a):ca’

(13) T*=
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where F | ., _n+1(a) denotes the upper 100a% point of the F,, , 1, m+

distribution. It should also be clear that a T? statistic can be used to
construct confidence regions for g, —p, (see Problem 6.3).

Now let us look at the test of equality of two mean vectors just described
from the point of view of invariance. It is easy to check that a sufficient
statistic is (X, Y, 4), where X is N, (p,,(1/N)Z), Y is N,(p,.(1/N,)Z), 4
is W, (n, + n,, Z), and these are all independent. Consider the affine group
of transformations

(14) @t(m,R)={(B,c); BEGI(m, R),cE R™}
acting on the space R™ X R™ X $,_ of triples (X,Y, 4) by
(15) (B,¢)(X,Y, A)=(BX+c, BY +c¢, BAR'),
where the group operation is

(16) (B,),¢,)(B,,¢c;,)=(B,B,, B\c, +¢,).

The corresponding induced group of transformations [also &¢(m, R)} on the
parameter space (also R™ X R™ X §,,) of triples (u, t,, £) is given by

(17) (B.c)(pi 12, Z)=(Bp, +e, Bu, +¢, BLB').

Clearly the problem of testing H: p, =p, against K: pu, 5 p, is invariant
under @¢(m, R), for the family of distributions of (X,Y, A) is invariant, as
are the null and alternative hypotheses. A maximal invariant under the
group @f(m, R) acting on the sample space of the sufficient statistic is

2 . N|N2 Y _VvVe- (¥ _ V).
(18) T -———-————NI+N2(X Y)s~'(X-Y);
the proof of this is similar to that of Theorem 6.3.3 and is left as an exercise
(see Problem 6.2). We know from (11) that the distribution of (n, +n, —
m+ I)Tz/[m(nl + n2)] is Fm.n‘+nz—m+l(6)t where 8=[NIN2/(NI + Nz)]'
() —n,YZ7\(p, — p,). Considering only invariant tests we can assume
that T2 is observed from this distribution. In terms of the noncentrality
parameter 8 we are now testing H: § =0 against X: § >0. Exactly as in the
proof of Theorem 6.3.4 there exists a uniformly most powerful invariant test
which rejects H for large values of 72. The result is summarized in the
following theorem.
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THEOREM 6.3.5. Under the group @I(m, R) of transformations given
by (15) a uniformly most powerful invariant test of size a« of Hip, =g,
against K: g, # p, is to reject H if

N,N,

—VVe YR -V .
N+N(x Y)s\(X-Y)=e,,

Tl...

where ¢, is given by (13).

There are many other situations for which a T? statistic is appropriate.
We will indicate one more. A generalization of the first problem considered,
that is, of testing ¢ =0, is to test the null hypothesis H: Cp =0, where Cis a
specified p X m matrix of rank p, given a sample of size N=n +1 from the
N (y,E) distribution. Let X and S denote the sample mean vector and
covariance matrix; then N'2CX is N J(N'/2Cp,CZC’) and nCSC’ is
W,(n,CZC’), and these are mdependem In Theorem 6.3.1 making the
transformations X - N'/2CX, £ - CEC, p— NYCu, $-CSC', m—p
shows that

T n—p+1
T'_——.f—"— 18 P;a.u—;ﬁ-l(a))

with 8 = Np'C'(C2C’)~'Cp, where
T =NX'C'(CSC) ™ 'CX.

When the null hypothesis H: Cp =0 is true the noncentrality parameter § is
zero, and hence a test of size a is to reject H if

h

where F",, p+i(@) is the upper 100a% point of the F, ,_, ., distribution.
This test is a uniformly most powerful invariant test (see Problem 6.6) and
the likelihood ratio test (see Problem 6.8).

There are many other situations for which a 7'? statistic is appropriate;
some of these appear in the problems. For a discussion of applications of
the T? statistic, useful references are Anderson (1958), Section 5.3, and
Kshirsagar (1972), Section 5.4.

We have seen that the test described by (2) for testing H: p =0 against
K: pu #0 on the basis of N =n + 1 observations from the N,(u, Z) distribu-
tion is both the uniformly most powerful invariant and the likelihood ratio
test. It has also a number of other optimal properties. It is uniformly most
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powerful in the class of tests whose power function depends only on
p’Z 7 'p, a result due to Simaika (1941). The test is also admissibie, a result
established by Stein (1956b), and Kiefer and Schwartz (1965). Kariya (1981)
has also demonstrated a robustness property of this 72 test. Let X be an
N Xm random matrix with a density function 4 and having rows
X},X%,..., X'y, let Cy,, be the class of all density functions on R¥” [with
respect to Lebesgue measure (dX)), and let Q be the set of nonincreasing
convex functions from [0, 00) to [0,00). For p€ R™ and €5, define a
class of density functions on RV™ by

CNm(P' ’ 2)

a2 (x, — )=\ (x, — )
(det )2

={f€C~,.,; (Xipn, Z)= , qGQ}—

Clearly, if X is N(1p’, 1,®2), where 1=(1,1,...,1Y € R”, then the density
function h of X belongs to Cy,(p,2). If f(X;p,Z)ECy, (1, 2) then
mixtures of the form

g<x;u.z)=jo°°/(x;u,az)dc<a>

also belong to Cy,(pt, Z), where G is a distribution function on (0, c0).
From this result it follows that C,,.(p, £) contains such elliptical distribu-
tions as the Nm-variate ¢ distribution and contaminated normal distribution
(see Section 1.5). Kariya (1981) considered the problem of testing H: hE
Chm(0, Z) against K: h€ Cy,(ps, Z), with p#0, and showed that the T2
test is a uniformly most powerful invariant test, and that the null distribu-
tion of T2 is the same as that under normality. For a discussion of other
properties the reader is referred to Giri (1977), Section 7.2, and the
references therein.

PROBLEMS

6.1. The Grassmann manifold G, , is the set of all k& dimensional sub-
spaces in R" (with n =k +r). When R" is transformed by the orthogonal
group O(n) [x— Hx; HE O(n)), a subspace p is transformed as p — Hp,
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where Hp denotes the subspace spanned by the transforms Hx of the
vectors X p.
(a) Show that O(n) acts transitively on G, ,.
(b) Let p, be the subspace of R" spanned by the first k coordinate
vectors. Show that the isotropy subgroup at p, is

={H€O(n); 11=[’;' 32], H,e0(k),

H,eO0(n— k)}

(c) Find the coset corresponding to a point pE G, ,.

6.2. Let X,,...,Xy, be independent N,(p,, Z) random vectors_and
Y., Yy, be mdependem N, (p,,2) random vectors. Let X, S,,Y,S,
denote the respective sample mean vectors and sample covariance matrices,
and put S=(n, +n,) " '(n,Sy + n,Sy), where n,= N,—1, i =1,2. Consider
the group @¢(m, R) given by (14) of Section 6.3 acting on the space of the
sufficient statistic (X,Y, S) by

(X,Y,S)~(BX+c, BY+c, BSB')  [BESi(m, R); cER™].

(a) Show that a maximal invariant under this group is

NN,

2. X—Vyo- (¥ _y

T N,+N2(x Y)s '(X-Y).

(b) Consider the problem of testing H: g, =, against K> pp, # p,.
Show that the test which rejects H for large values of T? is a

uniformly most powerful invariant test under the group €¢(m, R).

6.3. Suppose that X,,...,X, is a random sample from the N,,,(p,,E)
distribution and that Y,,... Y,,, is a random sample from the N, (p,, 2)
distribution. Show how a T2 statistic may be used to construct a confidence
region for p, — p, with confidence coefficient 1~ a.

64. Let X,,...,X, be a random sample from the N, (p,, Z) distribution,
with i=1,...,p. Construct a T2 statistic appropriate for testing the null
hypothesis H 27 ap, = p, where ay, .. ., &, are specified numbers and p is
a specified vector.

6.5. Let X,,...,Xy, be a random sample from the N,(p,, Z,) distribution
and Y,,...,Yy, be a random sample from the N, (p,, 2,) distribution. Here
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the covariance matrices 2, and 2, are unknown and unequal. The problem
of testing H: p, = p, against K: g, # p, is called the multivariate Behrens—
Fisher problem.

(a) Suppose N,=N,=N. Put Z =X, Y, so that Z,...,Z,, are
independent N, (p, — p,, 2, + Z,) random vectors. From
Z,....Z, construct a T2 statistic appropriate for testing H
against K. What is the distribution of T'2? How does this differ
from the distribution of T2 when it is known that £, = £,?

(b) Suppose N, < N,. Put

N i/2 B Ny
Zrzxo_(-]v_') Yn+(NlN2) sz Yj N 2 Yk
2 1=1 2 k=

Show that

N
E(Z,)=p,—p, and Cov(Z,)=Z%, +F'22'
2

and that Z,,...,Z, are independently normally distributed.
Using Z,,... ZN , construct a T2 statistic appropriate for testing
H against K What is the distribution of T22 How does this
differ from the distribution of T2 when it is known that £, = 2,?

6.6. Given a sample X,,...,X,, from the N, (u, X) distribution consider
the problem of testing H: Cpu =0 against K: Cp 0, where C is a specified
p X m matrix of rank p. Put C= B[[,:0]H, where BE§¢(p, R) and He
O(m)andletY,= HX,i=1,...,N; thenY),,...,Y, are independent N, (», I'),
where v = Hp and '=HZH' Put

A=3 (Y, -V)(y,~ V)

and partition Y, », 4, and T as

o) ()

2

:[A” Ay I‘=[r“ rlz]
Ay An) L, Iy
where Y, and v, are p X 1, Y, and vyare(m—p)XI1, A4, and I';, are p X p,
and A,; and I, are (m — p) X(m — p). Testing the null hypothesis H: Cu =0
is equivalent to testing the null hypothesis H: v, =0. A sufficient statistic is
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(Y, A), where Y is N (»,(1/N)T), 4 is W,(n,T) withn=N~1, and Y and
A are independent. Consider the group of transformations

B, 0
G={(B,c); Bz[ i ] B, €8t(p,R), Bn,EG(m-—p,R),
BZI 822

- 0 m n-
c~—(c2)ER , 6ER P},

acting on the space of the sufficient statistic by (B, c)(?, Ay=( BY +¢, BA B).

(a) Show that the problem of testing /: v, =0 against K: v, #0 is
invariant under G.

(b) Prove that ¥/4,}'Y, is a maximal invariant under G.

(©) Put T>=NY|S};'V,, where S,,=n"'4,,. Show that the test
which rejects H for large values of T2 is the uniformly most
powerful invariant test under the group G. What is the distribu-
tion of 7°2?

(d) Let

Sy = I(X.—?(')(X.—Ti)'-

i M=

1
n i
Show that CS,C’= BS,; B’ and hence that, in terms of the
original sample X;,...,X,,

T2 = NX'C(CSyC")'CX.

6.7. Let X,,...,X, be independent N, (n, =) random vectors, where p =
(#4r-..1t,, ), and consider testing the null hypothesis Hip, = --- =p .
(a) Specify an (m — 1) X m matrix C of rank m — | such that the nulj
hypothesis is equivalent to Cpu =@.
(b) Using the result of Problem 6.6 write down a T? statistic
appropriate for testing H.
(¢) The matrix C chosen in part (a), above, is clearly not unique.
Show that any such matrix must satisfy C1=0, where 1=
(I, L,...,1YER™, and show that the T? statistic in part (b),
above, does not depend upon the choice of C.

6.8. Show that the T? test of Problem 6.6 for testing H: Cpu =0 against
K: Cpn #0 is the likelihood ratio test.
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6.9. Let X,,...,X, be independent N,(p, 2) random vectors and consider
testing the null hypothesis H: p = ke, where ¢ is a specified non-null vector
and k is unknown, i.e., the null hypothesis says that p is proportional to e.
(The case when e=1=(1,1,...,1) is treated in Problem 6.7.) Let C be an
(m~1)Xm matrix of rank m—1 such that H is equivalent to Cu =0,
clearly C must satisfy Ce=0. The T2 statistic appropriate for testing H is

T?=NX'Cc(CcSC’)”'CX,

where X and S are the sample mean vector and covariance matrix. Put
A=nS, where n= N — 1, and define

B=A""- A 'egA,

eA e

Show that Be=0 and that rank (B)<m — 1. Show that this implies that
B = DC for some m X (m — 1) matrix D and use the fact that B is symmetric
to conclude that B = C’'EC where E is a symmetric (m — 1) X(m — 1) matrix.
Hence show that

B=CEC=C'(CAC)”'C.
Using this show that

- - Q4112
T = N[X'4"'X— —@—4—,—’)— :
€A e
This demonstrates that 72 does not depend upon the choice of the matrix C
and gives a form which may be calculated directly, once e is specified.

6.10. Suppose that X,,..., X, are independent N, (p, ) random vectors.
Partition p as p =(p), p5, p3), where g, is my X1, p, is my, X1, and g, is
m, X1, with m; + m, + my=m. It is known that p, =0.
(a) Derive the likelihood ratio statistic for testing H: g, =0 against
K: p,#0 and find its distribution.
(b) Find a group of transformations which leaves the testing problem
invariant and show that the likelihood ratio test is a uniformly
most powerful invariant test.

6.11. Let F denote the class of spherically symmetric density functions
(with respect to Lebesgue measure on R™), i.e., f€ F= f(x)= f(Hx) for all
XE R™, HEQ(m), and let F(X) denote the class of elliptical density func-
tions given by f € F(3) = f(x) = (det ) 2h(x'3'x) for some funtion A
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on [0,00). Let X be an m X1 random vector with density function A and
consider the problem of testing H,: h€ F against K: h€ F(2), where 2 #
a?l,, is a fixed positive definite m X m matrix.
(a) Show that this testing problem is invariant under the group of
transformations

X-aX

for a >0.
(b) Show that a maximal invariant is ¢(x)= x|l ~'x.
(c) Show that under H,, ¢(x) has the same distribution for all A€ F.
(d) Show that under X, y = ¢(x) has density function.

1‘ ”' - p _ -~ m
) ey 2 yz1y)

with respect to the uniform measure on S, =({x€ R™;x'x=1},
so that under K, ¢(x) has the same distribution for all h& F(Z).

(e) Show that the test which rejects H, for small values of
xS !x
x'x

is a uniformly most powerful invariant test (King, 1980).



Aspects of Multivariate Statistical Theory
i ROBB . MUIRHEAD
Copyright © 1982, 2005 by John Wiley & Sons, Inc.

CHAPTER 7

Zonal Polynomials and
Some Functions of Matrix Argument

7.1. INTRODUCTION

Many noncentral distributions in classical multivariate analysis involve
integrals, over orthogonal groups or Stiefel manifolds with respect to an
invariant measure, which cannot be evaluated in closed form. We have
already met such a distribution in Theorem 3.2.18, where it was shown that
if the m X m random matrix A has the W, (n, ) distribution then the joint
density function of the latent roots /,,...,/, of A involves the integral

f etr(— 4=~ 'HLH')(dH)
O(m)

where L =diag(/,,...,{,,) and (dH) represents the invariant measure on the
group O(m) of orthogonal m X m matrices, normalized so that the volume
of O(m) is unity (see the discussion preceding Theorem 3.2.17). This
integral depends on Z only through its latent roots A,,...,A,, and it is easy
to see that it is a symmetric function of /,,...,/,, and of A,...,A,,. To
evaluate the integral an obvious approach is to expand the exponential in
the integrand as an infinite series and attempt to integrate term by term.
This is very difficult to carry out in general, unless one chooses the “right”
symmetric functions to work with. It can be done, but first we need to
develop some theory. We will return to this example in Chapter 9.

Let us see what types of results we might hope for by comparing a
familiar univariate distribution with its multivariate counterpart. Suppose
that a =X'X, where X is N,(p, [,); then the random variable a has the

225
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noncentral x2(8) distribution with 8 = /s, and density function (see Theo-
rem 1.3.4)

1 .
e—a/zan/l-"l
221 (4n)

e 82 F(in; 18a) (a>0).

(1)

Now suppose that 4= 2Z'Z, where Z is N(M, I, ®@1,); that is, E(Z)=M
and the elements of the n X m matrix Z are independent and normally
distributed with unit variance. If M =0, 4 has the W, (n, 1,,) distribution
(recall Definition 3.1.3) with density function

| (n—m—1)/2
et —~ 3 4 )(det A A>0),
S ) S A et ) (4>0)

which reduces to the first line of (1) when m =1, When M #0 the distribu-
tion of A is called noncentral Wishart and it is clear (use invariance) that
this depends on M only through a “noncentrality matrix” A = M’M. More-
over, the noncentral Wishart density function must reduce to (1) when
m=1, This being the case, we might hope that there is a *‘natural”
generalization of the noncentral part

e 82 F (in; {8a)

of the density function (1) when & is replaced by A and a is replaced by A. It
seems reasonable to anticipate that e 7%/2 would be generalized by etr(— 4)
and that the real problem will be to generalize the y F, function, which has
36a as its argument, to a function which has A4 as its argument. Recal

that

oo xk
opu(C;x)=k§0m,

so that if the argument x is to be replaced by a matrix X (with the
generalized function remaining real-valued), what is needed is a generaliza-
tion of the powers x* of x when x is replaced by a matrix X. This is the role
played by zonal polynomials, which are symmetric polynomials in the latent
roots of X. The general theory of zonal polynomials was developed in a
series of papers by James (1960, 1961a.b, 1964, 1968, 1973, 1976) and
Constantine (1963, 1966). Zonal polynomials are usually defined using the
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group representation theory of Gf(m, R), the general linear group. The
theory leading up to this definition is, however, quite difficult from a
technical point of view, and for a detailed discussion of the group theoretic
construction of zonal polynomials the reader is referred to Farrell (1976)

nd the papers of James and Constantine cited above, particularly James
rl 961b). Rather than outline a course in group representation theory, here
we will start from another definition for the zonal polynomials which may
appear somewhat arbitrary but probably has more pedagogic value. It
should be emphasized that the treatment here is intended as an introduction
to zonal polynomials and related topics. This is particularly true in Sections
7.2.1 and 7.2.2, where a rather informal approach is apparent. [For yet
another approach, see an interesting paper by Saw (1977).]

7.2. ZONAL POLYNOMIALS

7.2.1.  Definition and Construction

The zonal polynomials of a matrix are defined in terms of partitions of
positive integers. Let k£ be a positive integer; a partition « of k is written as
k =(ky, k,,...), where Z k, = k, with the convention unless otherwise stated,
thatk, =k, = .--, where k|, k,,... are non-negative integers. We will order
the partitions of k lexicographically, that is, if x =(k,, k,,...) and A=
(1), 15,...) are two partitions of k we will write k> X if k, >, for the first
index i for which the parts are unequal. For example, if £k =6,

k=(2,2,2)>A=(2,2,1,1).

Now suppose that k =(k,...,k,,) and A =({,,...,!,,) are two partitions of &
(some of the parts may be zero) and let y,,...,y,, be m variables. If x >\ we

will saly that the monomial yf...y%" is of higher weight than the monomial
Yooyl

We are now ready to define a zonal polynomial. Before doing so, recall
from the discussion in Section 7.1 that what we would like is a generaliza-
tion of the function f,(x)=x*, which satisfies the differential equation
x (x)= k(k —1)x*. Bearing this in mind may help to make the following
definition seem a little less arbitrary. It is based on papers by James in 1968
and 1973,

DEFINITION 7.2.1. Let Y be an m X m symmetric matrix with latent
roots y,,....y,, and let k =(k,,...,k,,) be a partition of k into not more than
m parts. The zonal polynomial of Y corresponding to «, denoted by C(Y),
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is a symmetric, homogeneous polynomial of degree k in the latent roots
Yive oY, such that:

(i) The term of highest weight in C(Y) is y'...yX~; that is,

(1) C(Y)=d, yl...pk=+terms of lower weight,
where d, is a constant.

(ii) C[Y) is an eigenfunction of the differential operator 4, given by

m m 2 a

(2 Ay= 3 )} 2

1=1 ayi '=lj~—l~y‘ ylay'
1%+

(iii) As « varies over all partitions of k the zonal polynomials have unit
coefficients in the expansion of (tr Y)*; that is,

(3) (ryY=(p+- +ym)*=§c;(r).

We will now comment on various aspects of this definition,

Remark 1. By a symmetric, homogeneous polynomial of degree & in
Yis-- 1Y We mean a polynomial which is unchanged by a permutation of the
subscripts and such that every term in the polynomial has degree k.

For example, if m=2 and k =3,

yi+ys +10py, + 10y, p7

is a symmetric, homogeneous polynomial of degree 3 in y, and y,.

Remark 2. The zonal polynomial C(Y) is a function only of the latent
roots y,,...,», of Y and so could be written, for example, as C(y,..... V)
However, for many purposes it is more convenient to use the matrix
notation of the definition; see, for example, Theorem 7.2.4 later.

Remark 3. By saying that C(Y) is an eigenfunction of the differential
operator A, given by (2) we mean that

AYCK(Y):aCn(y)’

where a is a constant which does not depend on y,,...,,, (but which can
depend on k) and which is called the eigenvalue of A, corresponding to
C(Y). This constant will be found in Theorem 7.2.2.
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Remark 4. It has yet to be established that Definition 7.2.1 is not
vacuous and that indeed there exists a unique polynomial in y,,...,y,,
satisfying all the conditions of this definition. Basically what happens is that
condition (i), along with the condition that C (Y) is a symmetric, homoge-
neous polynomial of degree k, establishes what types of terms appear in
IC(Y). The differential equation for C(Y) provided by (ii) and Theorem
7.2.2 below then gives recurrence relations between the coefficients of these
terms which determine C(Y) uniquely up to some normalizing constant.
The normalization is provided by condition (iii), and this is the only role
this condition plays. At this point it should be stated that no general
formula for zonal polynomials is known; however, the above description
provides a general algorithm for their calculation. We will illustrate the steps
involved with concrete examples later. Before doing so, let us find the
eigenvalue implicit in condition (ii).

THEOREM 7.2.2. The zonal polynomial C(Y) corresponding to the par-
tition k =(k,...,k,,) of k satisfies the partial differential equation

(4) AyCAY)=[p.+k(m—-1)]C(Y),

where Ay is given by (2) and

(5) o= 3 ky(k,~i).

1=1

[Hence the eigenvalue a in Remark 3 is a=p, + k(m—1).]

Proof. By conditions (i) and (ii) it suffices to show that
Ayyfr.. ykm=[p, + k(m—1)] pf...y%k» + terms of lower weight.

By straightforward differentiation it is seen that

[m nm m vk
Apylr phm=yli ykel 3 k-1 + 3 ¥
1=1 l=|j=|y’ y/
1%
[ m m--\ m
k k
=ybeyhe Sk-k+ 3 3 (y—y:—y—+;,i_—y)]
=1 i=l j=1+1 ! J J '

Since

k k,
yl U =k,+ }.’/
Y=y, S/
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it follows that

1=1 i=l =i+l (G

m m—i m
y.
Ayyf'-.-y"*.~=y{"~-y,ﬁ"{ DhI-k+ 3 2 kit Jy (k,-k.)”

m-—1\

m
=pitgme| T hE—k+ T k(m~i)

=1 1=1

+ terms of lower weight.

Noting that

m-—1 m m

Sk(m—i)=3 k(m—i)=km— 3 ik,

=1 i=1 i=1

we then have

m
Ayl ykm=ykr  yknl 3 k(k,— i)+ k(m—1)]+terms of lower weight,

1=
and the proof is complete.

Before proceeding further it is worth pointing out explicitly two conse-
quences of Definition 7.2.1. The first is that if m =1, condition (iii) becomes
yk= C(Y) so that the zonal polynomials of a matrix variable are analo-
gous to powers of a single variable. The second consequence is that if 3 is a
constant then the fact that C(Y) is homogeneous of degree k implies that
CABY)=B*C(Y).

We will now illustrate how Definition 7.2.1 can be used to construct an
algorithm for calculating zonal polynomials by using it to find explicit
formulas corresponding to the values k =1, 2, and 3. We will express these
zonal polynomials in terms of the monomial symmetric functions. If k=
(ky,....k,,), the monomial symmetric function of y,,...,y,, corresponding to
x is defined as

M(Y)= 2. 2 g

where p is the number of nonzero parts in the partition « and the summa-
tion is over the distinct permutations (i}, . . ., i,) of p different integers from
the integers 1,...,m. Hence

M (Y)=ylr.. yk= +symmetric terms.
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Thus, for example,
Mu)(Y)= nt ot Y
My(Y)=pi+ - +ya,

m
M(l,n)(y)= 2 Yy

1<y

and so on.

k=1: When k =1 there is only one partition x =(1) so, by condition (iii),
CY)=uY=y+ - +y,=M,(Y)

k=2: When k =2 there are two zonal polynomials corresponding to the
partitions (2) and (1, 1) of the integer 2. Using condition (i) and the fact that
the zonal polynomials are symmetric and homogeneous of degree 2 we have

Cy)(Y)=d, i +terms of lower weight
=d )y} + By, y, +symmetric terms
=dag(yt+ Ay ) B F Y 1)
=dgM,(Y)+BM, 1 Y)
for some constant 8, and
Ca.n(Y)=d \,p,y, +terms of lower weight
=dgy(nnt ot Ymo1Vm)
=dg,yMuy(Y).
By condition (iii) we have
(tr Y2 = Mgy(¥) + 2M,1(1) = Cof(¥) + Cu (D)
=dg,Mu(Y)+(B+dy ) )M,.(Y),
and equating coefficients of M, (Y) and M, \,(Y) on both sides shows that
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so that
(6) Cm(Y)=Mm(Y)-FBM(,‘,)(Y)
and

G Y)=(2-B)M (V).

The constant 8 is now found using the differential equation for C,(Y).
Since gy =2(2—-1)=2, Theorem 7.2.2 shows that C,(Y) satisfies the par-
tial differential equation

(7 AyCo(Y)= 2mCy(Y),
where A, is the differential operator given by (2). It is easily verified that
AyM(z)(Y)z'zmM(z)( Y) +2M(|.l)( Y)

and
AYM(!.U(Y)=(2”‘"‘”Ml,u(y);
and hence substitution of (6) in (7) yields
2mM,(Y)+2M, (Y )+ B(2m —3)M,, (Y)
=2mM,(Y)+2mBM,, ,(Y).

Equating coefficients of M, ,,(Y) on both sides then gives 8 =2/3. Hence
the two zonal polynomials corresponding to k =2 are

2
C(z)(y): M(z)(y)+ EM(l.l)(Y)
and
4
C(l.l)(Y)= EM(LI)(Y)'

k=3: When k =3 there are three zonal polynomials corresponding to the
partitions (3), (2, 1), and (1,1, 1); we will indicate how these can be evaluated,
leaving the details as an exercise. Conditions (i) and (iii) of Definition 7.2.1,
together with the symmetric homogeneous nature of the zonal polynomials,
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are sufficient to show that
(8) C(3)(Y)=M(J)(Y)+BM(2,I)(Y)+YM(I.I.I)(Y)’
C(z‘,)(}’)=(3-—ﬂ)M(2'l)(Y)+BM(U',)(Y),

and
C“_,'.)(Y)=(6— Y- 8)M(,‘,.,)(Y),

for some constants B, v, and §. The partial differential equation for G, (Y)
then determines 8 and y. Once B is known, the partial differential equation
for G, ,(Y) determines 8. To demonstrate this, we need the effect of the
operator A, on the monomial symmetric functions M;(Y), M, ,(Y), and
M, ,,(Y). It can be readily verified that

(9) Ame(Y)=3(m+I)M(3)(Y)+3M(2_,)(Y),
AYM(z.a)(Y)=(3m —-2)M(2’,)(Y)+6M(,',',)(}’),

and
AYM(I.I.I)(Y)=3('" _2)M(|.|.|)(Y)-

Since p3, =3(3—1)=6, Theorem 7.2.2 shows that C,(Y) satisfies the par-
tial differential equation

(10) AYC(J)(Y)=3('"+1)C(3)(Y)«

Substituting for C5(Y) from (8) in (10), using the differential relations (9),
and equating coefficients of M, (YY) and M, , ;,(Y) on both sides then
gives 8=3/5 and y=2/5. Since p,,,=2(2—1)+1(1—-2)=1, the partial
differential equation given by Theorem 7.2.2 for C ;(Y) is

(1) AyCo (Y)=03m—2)C, \(Y).
Substituting for G, ,(Y) from (8), with 8 =3/5, in (11), using the differen-

tial relations (9), and equating coefficients of M, , ,(Y) on both sides then
gives § =18 /5. Hence the three zonal polynomials of degree 3 are

(12) CoY)=Mu(Y)+ %M(Z.I)(Y)+ %M(I.I.I)(Y)’

12 18
Can(Y)= —5—-M(2_”(Y)+ TM(H,.)(Y),
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and

C(l.l,l)( Y):ZAI(I.I,U(Y)-

In general, it should now be apparent that the differential equation for
C(Y) gives risc to a recurrence relation between the coefficients of the
monomial symmetric functions in C(Y); once the coefficient of the term of
highest weight is given, the other coefficients are uniquely determined by the
recurrence relation. We will stare a general result, due to James (1968). Let
be a parlition of k; condition (i) of Definition 7.2.1 and the fact that the
zonal polynomial C(Y) is symmetric and homogeneous of degree k show
that C(Y) can be expressed in terms of the monomial symmetric functions

as

(l3) Cx(y)z 2 cx,AMA(Y)>

Asx

where the ¢, , are constants and the summation is over all partitions A of k
with A =« (that is, A is below or equal to & in the lexicographical ordering).
Substituting this expression (13) in the partial differential equation

AyC(Y)=[p +k(m=1)]C(Y)

and equating coefficients of like monomial symmetric functions on both
sides leads to a recurrence relation for the coefficients, namely,

Li+0)=(1,-1)] .

Ko pt

(14) ™ 2 [(

A<pus« P P

where A=(/,,...,1,) and p=(/y,....L;+4,..,0 —t,...0,) for t=1,...,],
such that, when the parts of the partition p are arranged in descending
order, u is above A and below or equal to « in the lexicographical ordering.
The summation in (14) is over all such g, including possibly, nondescending
ones, and any empty sum is taken to be zero. This recurrence relation
determines C(Y) uniquely once the coefficient of the term of highest weight
is given. Using condition (iii) of Definition 7.2.1 it follows that for x =(k)
the coefficient of the term of highest weight in C,(Y) is unity; that is,
C(xy.(x) = |- This determines all the other coefficients ¢, , in the expansion
(13) of G, (Y) in terms of monomial symmetric functions. These determine,
in turn, the coefficient of the term of highest weight in G, _, ,,(Y), and once
this is known, the recurrence relation gives all the other coefficients, and so
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on. The reader can readily verify that the general recurrence relation (14)
gives the coefficients of the monomial symmetric functions found earlier in
the expressions for the zonal polynomials of degree k =1, 2, and 3. We will
look at one further example, namely, X =4. Here there are five zonal
polynomlals, corresponding to the partitions (4), (3,1), (2,2), (2,1,1), and
( 1,1,1,1). Consider the zonal polynomial Cy,(Y). Using (13) this can be
written in terms of the monomial symmetric functions as

Co(Y) =M (Y) + ey 0.1yMi (Y )+ ey .M. (Y)

+ C(4).(2.|.|)M(2,|.|)(Y)+ c(4).(l,I.I.I)M(I.I.l.l)(Y)'

where we have used the fact that c 4, 4, = 1. Consider the coefficient ¢y, (3 ;).
Putting k =(4), A =(3,1) in (14) and using p, =12, p3 ), =5 gives

_4-0
€3,y 12—5

4
7

The coefficient ¢, (; 5 comes from the partitions (3,1) and (4) and, since
Pa,2 =2, it s

_4-0 3-1
Cw.2n = =3 ‘@@ T 377 @0

_18

T35

The coefficient ¢ (5.1, comes from the partitions (3,1,0), (3,0,1), and
(2,2,0) and, since p, , , = —1, it is

3—-0 2-0
Carain =2 prr@ont 7@
=£
5

The coefficient ¢, ,1.1,1y comes from the partitions (2,0,1,1), (2,1,0,1),
(2,1,1,0), (1,2,0,1), (1,2,1,0), and (1,1,2,0) and, since g, ;,;,= 6, it is

_. 20 _ 8
Cap.qt,1,1,1 =6 T2+6 C@.21.n = 35
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Hence the zonal polynomial C,(Y) is

4 18
(15) Gl ¥)= MY )+ 5 M3, (V) + 35 My 5(Y)
12 8
+ '§§M(2.l.l)(y)+§§M(l,|.|.|)(y)-

The next zonal polynomial C; ,(Y) can be written
(16)  Co.n(Y)=canonMan(Y) o nenMaaY)

+ C(J.1).(2,1.|)M(2,|,|)(y)+ C(J,I).(I.l,l‘|)M(I,I,l.|)(y)-

and condition (iii) of Definition 7.2.1, in conjunction with the expression
(15) for C(Y), shows that c(3 () 3., =24/7. The recurrence relation (14)
then determines the other coefficients in (16); the remaining computations
for k =4 are left as an exercise (see Problem 7.1).

Without delving deeply into the details we will give two properties of
zonal polynomials which can be proved using the recurrence relation (14).
They are consequences of the following lemma.

LEMMA 7.2.3. Let the coefficients ¢, , be given by (13) and suppose that
k is a partition of k into p nonzero parts. If the partition A of k has less than

p nonzero parts and A <« then ¢, , =0.

Rather than giving a tedious algebraic proof, we will illustrate the lemma
with an example. The partition x =(4,1,1,1) of k=7 is followed in the
lexicographical ordering by two partitions with less than four parts, namely,
(3,3,1) and (3,2,2). Considering first A =(3,3,1), the recurrence relation
(14) immediately shows that c, , =0 because there are no partitions p
satisfying A <p <k [see the discussion following (14)). Now taking A =
(3,2,2), the coefficient ¢, , comes from the partition (3,3, 1) so that

3—1 c
pn—pA pla

Cen ™

where p=(3,3,1), and it has just been established that c, , =0.
The two aforementioned properties of zonal polynomials are given in thei

following corollary.

COROLLARY 7.2.4.

(1) If the m X m symmetric matrix Y has rank r, so that y,,, = - =
¥n =0, and if k is a partition of k into more than r parts, then

C(Y)=0.
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(ii) If Y is a positive definite matrix (¥ >0) then C (Y)>0.
Proof. To prove (i), write C(Y) as

C(Y)= X c,aM\(Y).

A=k

Now note that M,(Y)=0 if the number of nonzero parts in A is greater than
or equal to the number of nonzero parts in «, while if the reverse is true then
c,.»=0 by Lemma 7.2.3. Part (ii) is proved by noting that the monomial
symmetric functions are positive when Y >0, and the coefficients c, ,
generated by the recurrence relation (14) are non-negative.

Zonal polynomials have so far been defined only for symmetric matrices.

The definition can be extended: if Y is symmetric and X is positive definite
then the latent roots of XY are the same as the latent roots of X'/2YX'/?

and we define C (XY) as
17) C(XY)=C/(X'?YX'/?),

As stated earlier there is no known general formula for zonal polynomi-
als. Expressions are known for some special cases (see James, 1964, 1968).
One of these special cases is when Y =17,. Although we will not derive the
result here, it is worth stating. If the partition « of & has p nonzero parts, the
value of the zonal polynomial at 7, is given by

ﬁ.(Zk,-—ij—i +J)
(18) C(1,)=2%*k!(3m)
[Tk +p -

t<1

where

P

(), = 1 (4m—i+1),,

=1

with (a), =a(a+1)...(a+ k —1),(a),=1. For a proof of this result the
reader is referred to Constantine (1963). Although no general formula is
known, the recurrence relation (14) enables the zonal polynomials to be
computed quite readily. The coefficients c, , of the monomial symmetric
functions M,(Y) in C(Y') obtained from (14) are given in Table 1 to k =5.
They have been tabulated to k =12 by Parkhurst and James (1974) in terms
of the sums of powers of the latent roots and in terms of the elementary
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Table 1. Coefficients of monomial symmetric functions M,(Y) in the zonal
polynomial C(Y)

k=2

(Lo 473

) @.h (L)

@3 35 28

K N0 12/5 18/5
(a,Lnjo o 2

A
@ GH @2 L) ,LLD

@| 1 4/7 18/35 12/35 8/35

3,0)| 0 247 16/7 8821 32/7

X @20 0 16/5 32/15 16/5
@QLBhjo 0 0 16/3 64/5
aLLpfo o0 o 0 16/5

k=5
T A
(5) 4.n G2 3Ly @2,H ELLn (LLLLEY
()] 1 5/9 10721 20/63 271 4/21 8,/63
4,00 40/9 8/3 4679 4 14/3 40/9
(3,2{0 0 48/7 3277 176/21 64/7 80/7
K a.Lnfo o 0 10 2073 13077 200/7
@200 o 0 0 32/3 16 32
anLnlo o 0 0 0 80/7 800,21
onLLLplo o 0 0 0 0 16/3

238



Zonal Polynonuals 239

symmetric functions of the roots. For larger values of & tabulation of zonal
polynomials seems prohibitive in terms of space; indeed, for k == 12, there
are already 77 zonal polynomials corresponding to the 77 partitions of 12.
However, the recurrence relation (14) has been used as the basis of a
subroutine due to McLaren (1976) which calculates the coefficients ¢, ,, and
which is readily available. An alternative method of calculating zonal
polynomials by computing sums of products of moments of independent
normal random variables has been given by Kates (1980).

7.2.2 A Fundamental Property

Many results about zonal polynomials are proved with the help of a
fundamental identity which has to do with averaging ovet the orthogonal
group. This is given later in Theorem 7.2.5. Before getting to this we will
look a little more closely at the differential form A, used in Definition 7.2.1
and at some related topics.

Let X be an m X m positive definite matrix and put

(19) (ds)}=u(X"'dX X~ 'dX)

where dX =(dx,,). This is a (metric) differential form on the space S, of
m X m positive definite matrices which is invariant under the congruence

transformation

(20) X - LXL'

for L€ §i(m, R), the group of m X m nonsingular real matrices. For then
dX - LdXL’, so that

(21) (X 'dXX 'dX)->t((LXL)'LdXL(LXL) 'LdXL’)
=tr(X"'dX X" 'dX).
Now, put n=m(m+1)/2 and let x be the n X1 vector
X=(X110 X )20 e e s Xpms X2250 5 Xomreees Xpum )
consisting of the distinct elements in X. For notational convenience, relabel

the components of x as x,,...,x,. The differential form (ds)? is a quadratic
form in the elements of the vector of differentials dx and can be written as

(22) (ds)* =te(X~'dX X~ 'dX)= dx'G(x) dx,
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where G(x) is an n X n nonsingular symmetric matrix, The reader is encour-
aged to write out G(x) explicitly in the case m =2 (see Problem 7.2). Now
define the differential operator A% by

(23) A% =detG(x)~'7? 2 detG(x)Vz 2 8(x)" 5~ ]
= l

where G(x)~ ' =(g(x)"!). Denoting by 9/9x the n X1 vector with compo-
nents 9/dx;, we can write A} as

(24) A% =detG(x)™"/ 2% [detG(x)'/ ’G(x)~ Bx]

This differential operator has the property that, like (ds)?, it is invariant
under the congruence transformation (20) for L € §¢(m, R); that is,

(25) A% xe:=A8%.

To show this, put Z= LXL’, let z be the n X 1 vector of distinct elements of
Z formed similarly to x, and write

(26) z=Tx

where T, (a function of L) is an nXn nonsingular matrix. It is easily
verified that

a _ ,_6_

o ligg
so that

2 .0
(27) 0z L 9%

Since (ds)? is invariant under the transformation X — LXL’'= Z it follows
that

(28) dx'G(x)dx=dz'G(z) dz=dx'T, G(T;x) T, dx,

where we have used (21), (26), and the fact that dz=T, dx. This implies
that

(29) G(TxX)=T;7'G(x) T, ",
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that is, under the transformation X — LXL’ the matrix G(x) defined by (22)
is transformed as

(30) G(x)-T,7'G(x)T*.
By virtue of (24), (26), (27) and (29) it follows that
A =A%y

=de1 ()5 [ @t 62 60 2 |
=detG(T,x)"~ l/ZB—TL [(detG(T,x)) 26(Tx)"'T 'aax}
=det T, det G(x)~ 129 [TL Y(det 77 ')(det G(x))"/*T,G(x) ' Ty1; a]

=de.G(x)*'“:—;[(dezc(x))'/ ZG(x)_'s;]

*®
X

proving the invariance of the differential operator A%.

What does the operator A, of Definition 7.2.1 have to do with A%? To
answer this, let us see how A% is transformed when we make a transforma-
tion from X to its latent roots and vectors. Put X = HYH’ where HE O(m)
and Y =diag(y,,....),,)- In terms of H and Y the invariant differential form
(ds)? given by (19) can be written

(ds) =tr( X" 'dX X~ 'dX)
=t[HY-' H'(dHYH' + HAYH' + HY dH")HY" H'
(dHYH'+ HAYH'+ HYdH'")]

On multiplying the terms on the right side and using the fact that the matrix
H'dH is skewsymmetric (H'dH = — dH’ H), this becomes

(ds)’ =t (Y~ 'dY Y 'dY)~2Ur(dO Y 'dOY)+2r(d©d V),

where d@ =(d#,,) denotes the matrix H'dH, or equivalently

o =3 @X L § O g,

=1 )’, i<y 124}
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Putting dy=(dy,,...,dy,) and d0=(db,,,d8,,...,d0,,_, ,) (so that
d0 contains the distinct elements of d ©@ = H’dH'), we then have

(ds): =(dy': 401G 43 )

where

b4

0
2

Yt
2( “n- — ) )
Gly)= iy

' 2
0 2( Ym-1" ym)
L Y- 1Ym
In terms of the partial derivatives d/0y,, 3/90,

,» the operator 4% is

4

B = DYy =det G(y)"/*| Y | 1detG(y)'/*G(y) ™" | 3Y

Substituting for G(y) and simplifying, this is

m m
(32) Ay =AYy = 2 y, 2
=1

et a iy y,ay.
J

}’:
255
o |

l “ Y, a2
——(m 3)Ey, iR ey v
ay, 4</(Y y,) a

m 2
=8y 3(m-3)E + z—y'—f‘—az,
'<I yl y/) 80

where A, is the differential operator (2) used in Definition 7.2.1 and E is
the Euler operator

m F
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Hence, apart from this latter operator, 4, is the part of A%,,, concerned
with the roots y,,...,y,,. Now,

C(X)=C(Y),

because the zonal polynomials are functions only of the latent roots and,
since any homogeneous polynomial of degree & in y|,...,y,, is an eigenfunc-
tion of E, with eigenvalue k, it follows that

(34) E,C(Y)=kC(Y).
Hence the effect of the operator 4% on C(X) is
(35) A;’Cx(x)zA‘;IYH'Cn(Y)

- SR
=[Ay—3(m=3)E, ++ T ——L— —|C(Y)
4.5, () 08

=[p, + k(m=1)~tk(m—3)]C(Y)
=[p, + tk(m+1)]C,(X),

where we have used (32), (4), (34), and the fact that C(Y) is a function only
of Y. In fact, we could have defined the zonal polynomial C(X) for X>0 in
terms of the operator A% rather than A,. Here the definition would be that
C(X)=C(Y)) is a symmetric homogeneous polynomial of degree & in the
latent roots y,,...,y, of X satisfying conditions (i) and (iii) of Definition
7.2.1 and such that C(X) is an eigenfunction of the differential operator
A%,. The eigenvalue of A% corresponding to C(X) is, from (35), equal to
p. + 1k(m+1). This defines the zonal polynomials for positive definite
matrices X, and since they are polynomials in the latent roots of X their
definition can be extended to arbitrary (complex) symmetric matrices, and
then to nonsymmetric matrices using (17).

We started out to prove a fundamental property of zonal polynomials.
This is given in the following theorem.

THEOREM 7.25. If X, is a positive definite m X m matrix and X, is a

symmetric m X m matrix, then

C(X)C(X;)

(36) /o G H X HO(dH) = =5

where (dH ) is the normalized invariant measure on O(m).
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Proof. Consider the integral on the left side of (36) as a function of X,
say, f(X,;). Clearly f(X;)= f(QX,Q’) for all Q€ O(m) so that £(X,)is a
symmetric function of Xj; in fact, a symmetric homogeneous polynomial of
degrec k. Suppose that X, is positive definite and apply the differential
operator A}, to £.( X, ). This gives

8%, £ X)= [ A%, CAX, HX, H')(aH))
o(m)
=[ A% C(X\HX, H X\/*)(dH )
o(m)
=f A% G(LX,L')(dH),
O(m)

where L = X!/2H. Using the invariance (25) of the operator A* this is the
same as

%A %)= [ 8% AL X, LY)(dH)
O(m)

=[p, +1k(m +1)]f0(m)c,‘(1.)(2 L'){(dH)

=[p, + tk(m+1)] f( X,),

where we have used (35) and the definition of f(X,). By definition, £,(X;)
must then be a multiple of the zonal polynomial C,( X,), f( X;)= A C{X;).
Putting X, =1,, and using the fact that f(7,)=C(X,) shows that A, =
C.(X,)/C[(1,). This proves (36) for X,>0, and the desired result then
follows for all (complex) symmetric X, by analytic continuation.

Theorem 7.2.5 plays a vital role in the evaluation of many integrals
involving zonal polynomials. Some such integrals will be looked at in the
next subsection.

We will now indicate the approach to zonal polynomials through group
representation theory. Let V), be the vector space of homogeneous poly-
nomials ¢(X) of degree k in the n = m(m +1)/2 different elements of the
m X m positive definite matrix X. Corresponding to any congruence
transformation

X-LxL  [LeSt(m,R)],
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we can define a linear transformation of the space V, by
¢—~T(L)¢ : (T(L)$)(X)=o(L™'XL™").

This transformation defines a representation of the real linear group §f(m, R)
in the vector space V,; that is, the mapping L — T(L) is a homomorphism
from Gf(m, R) to the group of linear transformations of V,. To see this,

note that
(T(L)T(Ly)e))(X)=(T(Ly)e)(Li' XLy ")

=o(L;'Li'XLT VL")
=¢((L,L,) "' X(L,Ly)™")
=(T(L,L;)$)(X)

for all X and ¢ so that

T(L,L,_)=T(L,)T(L2).
Continuing, a subspace V’C V, is invariant if
(LYW CV

for all Le@8i(m, R). If, in addition, V' contains no proper invariant
subspaces, it is called an irreducible invariant subspace. The way in which
the zonal polynomials arise is this. It can be shown that the space ¥, (which
is obviously invariant) decomposes into a direct sum of irreducible invariant
subspaces ¥,

V.=V,
K
where k =(k, ky,... k) by =k, = - - - =k, =0, runs over all partitions of

k into not more than m parts. The polynomial (tr X )*€ V, then has a unique
decomposition

(rx) =3 C(x)
K
into polynomials C(X)€EV,, belonging to the respective invariant sub-

spaces. The polynomial C(X) is the zonal polynomial corresponding to the
partition «; it is a symmetric homogeneous polynomial of degree & in the
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latent roots of X. The way in which we defined zonal polynomials in
Definition 7.2.1 simply exploits a property that arises from the group
representation theory, Because of its group-theoretic nature it is known that
C,(X) must be an eigenfunction of a certain differential operator called the
Laplace-Beltrami operator. This is precisely the operator A% given by (24)
and, as we have seen, it leads directly to the operator 4, used in Definition
7.2.1 when we write X=HYH’. For proofs, references, and much more
detail, the reader is referred to James (1961b, 1964, 1968).

7.2.3. Some Basic Integrals

In this section we will evaluate some basic integrals involving zonal poly-
nomials. The results here are due to Constantine (1963, 1966). Qur starting
point is the following lemma.

LEMMA 7.2.6. If Y=diag(y,,...,y,) and X=(x,,) is an m X m positive
definite matrix then

X1y X

ky~ky
61 GUxV)=dbeephmty e T 78] e

+terms of lower weight in the y’s,

where k =(k,,...,k,,) and d, is the coefficient of the term of highest weight
in C(-) [see (i) of Definition 7.2.1],

Proof. 1f A is an m X m symmetric matrix with latent roots a,,...,a,, we
can write

(38) C(A)=d.a}' - ak» +terms of lower weight

=d“af|”k1(alaz)k2—k’.- . (alaz. . .am k"'+ ‘e

m ky—kaf m ky~ky .

\ "

:d"( 2‘1’) ( Za'aj) ..-(alaz...am) 4 e
1=1 1<y

(since C, (4) is symmetric in ay, . . ., a,,)

= ki~kynka—k k
"dxrl' TR A SEEE
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where 7, denotes the jth elementary symmetric function of a,,...,a,,; that is,

(39) n=a+-+a,
m

I‘2= 2 a,al
1<y

Now, let 4 denote the k X k matrix formed from A by deleting all but

oyt

the i,,...,i,th rows and columns and define the function tr,(-) by

(40) tr,(4)= > detd, , ..

1S/n<t)...<py<m
It is an easy matter to show that [see (xiii) of the Appendix, Section A7]
r,=tr,(4),
and using this in (38) gives
ClA)=d,r,(A) " T r(4) T, (A)

a,, ap

ky—ky .
o an] o (det A)em

= d,‘a{‘,""zdet[
Now, putting 4= XY, so that a,, = x,  y,, we have

- X X ky—ky
CK(XY)zdn(ylxll)kl kzde[[ﬁ:x;: i]’:x;:l 2 . det(xy)km_'_ e

Xy Xp2

K ko ky—k kamks Km
zd“yl'...ym'"x”, ]det le xzz "'(dC! X) + trty

which completes the proof.

A particular type of constant, called a generalized hypergeometric coeffi-
cient, will appear in the integrals that follow. If x =(k,...,k,) and a is a
complex number we define (a), by

(41) (@)= II (a=4(i=1)),
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where (@), = a(a+1) -+ (a+k —1),(a)y = 1. If Re(a)>4(m —1) it s clear
that
i etk —4(i = 1)]
I(a)

(42) (a)x:w:n('n—-l)/4

where [, (a) is the multivariate gamma function (see Section 2.1.2).

THEOREM 7.2.7. Let Z be a complex symmetric m X m matrix with
Re(Z)>0 and let Y be a symmetric m X m matrix. Then

(43) jx oetr(-—XZ)(detX)“—('"J'”/zC,‘(XY)(dX)
=(a).T,(a)(det Z) “C(YZ™")

for Re(a)> 1(m —1). [Note that when k =(0), then C, =1 and (a), =1, and
(43) reduces to the result of Theorem 2.1.11.]

Proof. We will first prove the result for the special case Z= 1,,. In this
case it has to be shown that

(44) fx Oetr(—x)(detx)"“"”“’”q(XY)(dX)=(a),rm(a)q(Y).

Let f(Y) denote the integral on the left side of (44); for any HE O(m) we
have

(45) f(HYH')= j etr(~ X)(det X)* "V 2C ( XHYH')(dX).
X>0
Putting U= H'XH, so that (dU )=(dX), this last integral becomes

(46)  f(HYH)= /U Oetr(—U)(detU)""""J'"/ZC,‘(UY)((IU)

=f(Y),

so that f is a symmetric function of Y. Because of (45) and (46) we get, on
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integrating with respect to the normalized invariant measure (dH) on O(m),
fY)={  AY)dH)
Oo(m)

=[  f(HYH')(aH)
(2]

(]

=f eu(—x)(deu()““"'*”/’j CAXHYH')(dH )(dX)
X >0 O(m)

_ N a~m+1,2 G(X)CAY)

= J()()e:tr( X)(det X) ch(lm) (dx),

where the last line follows from Theorem 7.2.5. From this we see that

(@) =2

Since this is a symmetric homogeneous polynomial in the latent roots of Y it
can be assumed without loss of generality that Y is diagonal, Y=
diag(y,,....y, ). Using (i) of Definition 7.2.1 it then follows that

(48) AY)= &)—d‘ vk ykm +terms of lower weight,

C(1,)

where k =(k,,....k,,). On the other hand, using the result of Lemma 7.2.6
we get

/(y)=jx Ocu(—x)(ae:X)"*‘"'*”/lq(xyxdx)

=d,,y,’"...y,f‘,~f etr(— X )(det X)"—('"“L”/2
X>0

X1 X
X1 X2

ok ky=ky k
xip " 2 det ...(det X)""(dX)

+ terms of lower weight.
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To evaluate this last integral, put X = 7T where T is upper-triangular with
positive diagonal elements. Then

"' X X
— 2 — 42 — 42,2
ll'X— g(u, x“"l“. de‘[XZI xzz]—"“tzz,...,
1=y
m
det x=[] ¢2,

(e

and, from Theorem 2.1.9,
m "
(@xy=2"Jl 7' A ar,),
=1 1<y
so that
(49) f(Y)=dxyn*'---y,§“f‘"fexp(_ 2 fﬁ) [T hearms
’t/ 15y =
X2"(dT)+ -

:d“yl"l...y'::m'n [

i<y

fj’ exp( -1} ) dt, j]

2]

m

x I1 [/(')we“ﬁ(:,i)"+k'"'('"’/zdt,§]+

1=1
m
=doyft sl 1 tat b= 4G-1)] -
1=
=d yfv - ykn(a),I,(a)+terms of lower weight,

where the last line follows from (42). Equating coefficients of yf1- - - yk= in
(48) and (49) then shows that

Ci,f{;'"—.’)———-(a)“rm(a),

and using this in (47) gives
f(Y)=(a),L(a)C(Y),

which establishes (44) and hence (43) for Z=1,,.
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Now consider the integral (43) when Z >0 is real. Putting V = Z'/2xZ'/?
so that (dV)=(det Z)""*V/2(4X), the left side of (43) becomes

(detz)“'f etr(=V)(detV)* "tV 2c(z- 2y 2z 2y Y av),
V>0

which is equal to

(a).T

k- m

(a)(det Z) °C(YZ™")
by (44). Thus the theorem is true for real Z >0, and it follows for complex Z
with Re(Z)>0 by analytic continuation.

An interesting consequence of Theorem 7.2.7 is that a zonal polynomial
has a reproductive property under expectation taken with respect to the
Wishart distribution. This is made explicit in the following corollary.

COROLLARY 728. If Ais W, (n,Z) with n>m—1 and B is an arbi-
trary symmetric m X m (fixed) matrix then

E[C(4B)]=2*(4n),C(BZ)

Proof. This follows immediately by multiplying C ( AB) by the W, (n, Z)
density function for A given by Theorem 3.2.1 and integrating over 4A>0
using Theorem 7.2.7 with Z=42"!, X=A4, Y=B,and a=n /2.

Taking B =1, in Corollary 7.2.8 shows that, if 4 is W, (n, Z), then

(50) E[C(4)]=2(1n).C(2).
In particular, taking x =(1) we have (;,(4)=tr 4 so that
E(trA)=nuZ,

a result we already know since E(A)=nZ. In general, if /,,...,/,, denote the
latent roots of 4 and k =(1,1,...,1) is a partition of k then

C.(A)=d,l,...l, +terms of lower weight
= dxrk(A)'

where r,(A) is the k th elementary symmetric function of /,,...,/,, [see (39)].
Similarly, for x =(l,..., 1),

C(2)=d,r(Z)
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where r(Z) is the kth elementary symmetric function of the latent roots
Aly.e.osA,, of Z, Corollary 7.2.8 then shows that

(s1) E[r(A)]=n(n=1)...(n =k +Dr(Z)

for k=1,....m.

A common method for evaluating integrals involves the use of multidi-
mensional Laplace transforms,

DEFINITION 7.29. If f(X) is a function of the positive definite m X m
matrix X, the Laplace transform of f( X) is defined to be

(52) 8(2)= [ etr(=X2)f(X)(dX)

where Z =U +iV is a complex symmetric matrix, U and V are real, and it is
assumed that the integral is absolutely convergent in the right half-plane
Re(Z)=U> U, for some positive definite Uj.

The Laplace transform g(Z) of f(X) given in Definition 7.2.9 is an
analytic function of Z in the half-plane Re(Z)>U,. If g(Z) satisfies the
conditions

(53) [|g(u+iV)|(dV)<oo
and
(54) Jim [ig(U+iv)i(av)=0,

where the integrals are over the space of all real symmetric matrices V, then
the inverse formula

2m(m~ 1)/2

(55) f(X)= W—;m etr( XZ)g(Z)(dZ)

'/l-le(Z)>Uo>0

holds. Here the integration is taken over Z=U + iV, with U > U, and fixed
and ¥ ranging over all real symmetric m X m matrices. Equivalently, given a
function g(Z) analytic in Re(Z)>U, and satisfying (53) and (54), the
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inversion formula (55) defines a function f( X) in X >0 which has g(Z) as
its Laplace transform.

The integrals (52) and (55) represent generalizations of the classical
Laplace transform and inversion formulas to which they reduce when m =1,
For more details and proofs in the general case the reader is referred to
Herz (1955), page 479, and the references therein. For our purposes we will
often prove that a certain equation is true by showing that both sides of the
equation have the same Laplace transform and invoking the uniqueness of

Laplace transforms.
Two examples of Laplace transforms have already been given. Theorem

2.1.11 (with £7'=22) shows that the Laplace transform of

H(X)=(det X)*" """ ? [Re(a)>§(m ~1))]

g(Z)=T,(a)(detZ)"°,
while Theorem 7.2.7 (with Y =1, ) shows that the Laplace transform of

A(X)=(det X)*" "2 (X)  [Re(a)>4(m—1)]

8:A2Z)=(a),T,(a)(det 2} “C(Z7").

To apply the inversion formula (55), it would have to be shown that g,(Z)
and g,(Z) satisfy conditions (53) and (54). This has been done for g(Z) by
Herz (1955) and for g,(Z) by Constantine (1963) and the reader is referred
to these two papers for details. The inversion formula applied, for example,
to g,(Z) shows that

2m(m~ /2

(56) W [R e(zpoetr( XZ)(det Z) °C(Z')(dZ)

=) (a)(detX)" 072 (X).

An important analog of the beta function integral is given in the
following theorem.
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THEOREM 7.2.10. If Y is a symmetric m X m matrix then
(57) fwk , (det X)* ™"V 2 der(1, — X)P T2 C (XY )(dX)

_ (a), T.(a)T.(b)
" (a+b), T,(a+b)

C(Y)

for Re(a)> $(m —1), Re(b)>1(m—1).

Proof, Let f(Y) denote the integral on the left side of (57); then, exactly
as in the proof of Theorem 7.2.7,

J(Y)=f(HYH') forall HEO(m),

and hence

(58 =5 am.

1t remains to be shown that

(a), T (a)T,(b)
)= e ¥8) Tu(a +0)

Cx(lm)’

or equivalently that

(59) (a+b),L,(a+b)/(1,)=(a),L,(a)T,(b)C(1,).

To establish this, note that the left side of (59) can be written as

(a+b),T,(a+b)/(1,)
. _ ath—(m+l1 2/(1 )
..fw>0etr( W)(detw )b/ <) C(W)(dW)
(using Theorem 7.2.7)

=fw Oetr(— W)(detw)* P2 (Y (dw)  [using (58)]

=f etr(— W )(detiw )* T2~ '”)/2f (det X)* (/2
w>0 0< X<l

-det(1— X))~V 2C (wx)(dx)(dw)  [by definition of f(W)].
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In the inner integral put X=W~'2UW~'"/? with Jacobian (dX)=
(det W)~ "+ 2(qU); then

(a+b) T, (a+b)f(1,)
= etr(-—W)/ (dety )+ h/2
w>0 o<yU<Ww

det(W—U)" "2 (UNAU Y dW)

:j etr(— U )(detU)* ™" * V2 (U )(dU)
U=>0

f ete(=V ) detV)? " *"Yqv)  (on putting V= w-U)
V>0

=(a) L, (a)C(I)T,(b),

where the last line follows Theorems 7.2.7 and Definition 2.1.10. This
establishes (59) and completes the proof.

We have previously noted in Corollary 7.2.8 that a zonal polynomial has
a reproductive property under expectation taken with respect to the Wishart
distribution. A similar property also holds under expectation taken with
respect to the multivariate beta distribution as the following corollary
shows.

COROLLARY 7.2.11. If the matrix U has the Beta,(1n,,1n,) distribu-
tion of Definition 3.3.2 and B is a fixed m X m symmetric matrix then

(%nl )
(60) E[C(UB)]= 7712 C(B)
(% (n,+n, ))x
Proof. This follows immediately by multiplying C(UB) by the
Beta,(3n,,4n,) density function for U given by Theorem 3.3.1 and in-
tegrating over 0<U< I, using Theorem 7.2.10.
Taking B = I, in Corollary 7.2.11 shows that if U is Beta,,(in,,4n,) then

(61) E[CK(U)]=@(—,(,%%'Z—))—C,(IM).

In particular, taking the partition k =(1,1,...,1) of k shows that

n(n,—=1)(n,—k+1) (m)‘

(62) E[r(U)])= (m ¥ ny)(n +ny—1) - (n,+ny—k+1)
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where r (U) is the kth elementary symmetric function of the latent roots
uy,...,u, of U. The term
m
(%)

on the right side is the kth elementary symmetric function of the roots of
]

'
Our next result is proved with the help of the following lemma which is
similar to Lemma 7.2.6 and whose proof is left as an exercise (sce Problem

1.5).

LEMMA 7.2.12. If Z=diag(z,,...,2,) and Y =(y, ) is an m X m positive
definite matrix then

- (K Yu o Yotk _
(63) Cn(Y lz)zdlek"--ztly(:myll(k' k“det[)’u y2|2] ...detY Ko

+ terms of lower weight in the z s,
where k =(k,....k,,).
The following theorem should be compared with Theorem 7.2.7.

THEOREM 7.2.13. Let Z be a complex symmetric m X m matrix with
Re(Z)>0. Then

(64) fx oeu(—Xz)(detx)“"""*”/’q()(")(dx)

0T
T arime), @ G2

for Re(a)> k, + 3(m—1), where k =(k|, k,,....k,,).

Proof. First suppose that Z>0 is real. Let f(Z) denote the integral on
the left side of (64) and make the change of variables X=2Z"1/2yz~ /2
with Jacobian (dX)=(det Z)~(m*1/2(dY), to give

(65) f(Z)=[ ew(=Y)(dety)" "V 2C(r1Z)(dY )(det Z) .
Y>0
Then, exactly as in the proof of Theorem 7.2.7,

(66) /(2)=é((—’,%q<zxdezzr".
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Assuming without loss of generality that Z =diag(z,,...,z,,), it then follows,
using (i) of Definition 7.2.1, that

1 _
(67) f(Z)=—CfT((—-l'1)—)(detZ) “d zki.. .25 + terms of lower weight.

On the other hand, using the result of Lemma 7.2.12 in (65) gives

f(Z)=(detZ)—"d,‘zl’"...z,';;-f etr(— Y)(dety )* "+ /2
Y>0
— (k2= k)
-y,',(’"""’)det[iz': Q;] ’ 3...detY"‘"-(dY)
+ terms of lower weight.

To evaluate this last integral put Y =T'T where T is upper-triangular with
positive diagonal elements; then

“ Yu Vi
— 2 —_—y2 e ]
"Y—Ej’m yu=t, det[yzl yzz]""’222’
m
- 2
dety=[] t;;

1=

and, from Theorem 2.1.9,
n
(dy)=2"[] tm+1-(ar).
t=1

Hence
(68)

f(Z)=(detZ)—"d,‘z{"~-’2,';”'[ ﬁ ]‘°° exp(-tf,)dzﬁ]

1<yv—-o

n
L fem(=apy e
0

1=1

m
:(detz)—"d‘zlkl. . .z”:'mﬂ(m(m_l)/‘ H I‘[a—k,—%('_l)]." v
=1

_1\k
=(det Z) d, zk1- -« zkn (=)T.(a)

<+ terms of lower weight.
" Cariim+ 1), e
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Equating coefficients of z¥....z%~ in (67) and (68) then gives

f(lm) - (——l)kl‘m(a)
Cl,) (—a+i(m+1)),’

using this in (65) establishes the desired result for real Z >0, and it follows
for complex Z with Re(Z)>0 by analytic continuation.

7.3. HYPERGEOMETRIC FUNCTIONS OF MATRIX
ARGUMENT

Many distributions of random matrices, and moments of test statistics, can
be expressed in terms of functions known as hypergeometric functions of
matrix argument, which involve series of zonal polynomials. These functions

occur often in subsequent chapters.
Hypergeometric functions of a single variable have been introduced in

Definition 1.3.1 as infinite power series. By analogy with this definition we
will define hypergeometric functions of matrix argument.

DEFINITION 7.3.1. The hypergeometric functions of matrix argument
are given by

% o (a),..-(a,) C(Xx)
(1) F(a,,...,a,; b,,....b,; X)= 2 2 Eox ,
Pty %% (b (b,), K
where I, denotes summation over all partitions k =(k,,...,k, ), k, = - =

k,, =0, of k, C(X) is the zonal polynomial of X corresponding to k and the
generalized hypergeometric coefficient (a), is given by

n

@) (@)e= Il (a=4G= D),

where (a), =a(a+1)...(a+k —1), (a),=1. Here X, the argument of the
function, is a complex symmetric m X m matrix and the parameters a,, b, are
arbitrary complex numbers. No denominator parameter b, is allowed to be
zero or an integer or half-integer <i(m—1) (Olherwwe some of the de-
nominators in the series will vanish). If any numerator parameter a, is a
negative integer, say, @, = — n, then the function is a polynomial of degree
mn, because for k =2mn +1, (a,), =(—n), =0, The series converges for all
X if p=gq, it converges for [| X|I<I if p=g¢+1, where || X|| denotes the
maximum of the absolute values of the latent roots of X, and, unless it
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terminates, it diverges for all X+#0 if p > ¢ + 1. Finally, when m=1 the
series (1) reduces to the classical hypergeometric function of Definition

1.3.1.

Two special cases of (1) are

C(X)

(3) OFB(X)"
k=0 x

_ §: (tr X)*
k=

k!
=etr( X),

0

where the second line follows from (iii) of Definition 7.2.1, and

C()

(Ixl<1)

(4) Fola; X)—
k=0 «

=det(1, - X)°,

a result which will be proved later in Corollary 7.3.5. Hence the | F series is
a generalization of the usual binomial series.

We will see in later chapters that the hypergeometric functions given by
Definition 7.3.1 appear in the density functions of matrix variates. The
density functions of latent roots involve hypergeometric functions with two
matrices as arguments. These are given by the following definition.

DEFINITION 7.3.2. The hypergeometric functions with the symmetric
m X m matrices X and Y as arguments are given by

(5) ,F'™(ay,....a,:b,,....b,; X,Y)

S @ (@), (a,), C(X)C(Y)
§§< (5,). kiCA1,)

It is clear from Definition 7.3.2 that the order of X and Y is unimportant,
that is

pFaay . n8,5 by, X, Y )= FE™ a,,...,a, by, b Y, X).

Also, if one of the argument matrices is the identity this function reduces to
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the one-matrix function of Definition 7.3.1; that is
(6) LF\™(ay,r8pibyibys X, L) =, Flag,..,a,1 by, 0005 X)

The two-matrix functions ,F ™ can be obtained from the one-matrix
function , F, by averaging over the orthogonal group O(m), as the following
theorem shows.

THEOREM 7.3.3. If X is a positive definite m X m matrix and Y is a
symmetric m X m matrix, then

() fo(m),f;,(a,....,a,,;b,,....b,,;XHYH')(dH)

=, F"(ay,.a,5by,..0,b,5 X, Y)

where (dH ) denotes the normalized invariant measure on O(m).

Proof. 'The result is immediate by expanding the integrand and integrat-
ing term by term using Theorem 7.2.5.

It was shown in Lemma 1.3.3 that the Laplace transform of a classical
p F, function is a , .\ F, function. A similar result is true in the matrix case.

THEOREM 7.34. If Z is a complex mXm symmetric matrix with
Re(Z)>0 and Y is a symmetric m X m matrix then

®) [ e(~XZ)(det X)* """ F(ay,....a,5 b8, X)(dX)
x>0
=T,(a)(detZ)"*,, F(ay,....a, a;b,,....b; Z7')
and
9)
fx>oetr(— XZ)(det X)* ™"V Fim(a,,....a,, by, b, X, Y )(dX)
=T, (a)(detZ)™ ", F\™ay,...,a,, a:b,,...b,; Z7\,Y)

for p<gq, Re(a)>3(m—1); or p=g¢, Re(a)>3(m—1), 1Z7 "<l (Yl
=1).

Proof. Both (8) and (9) are immediately proved by expanding the ,F,
functions in the integrands and integrating term by term using Theorem
7.2.7.
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The generalization (4) of the binomial series is an immediate conse-
quence.

COROLLARY 7.3.5.

Fola; Z)=det(1,~2Z)""  (1Z1I<1)

Proof. Replacing Z by Z~! in (8), then making the change of variables
X=2'2Uz'* with Jacobian (dX)=(det Z)"*Y/(dU), and using
oF(ZU)=etr(ZU), gives

,p(,(a;Z)=Fja—)jMeu(—u)(dew)"“""*'V’eu(zu)(dU)

= —I:-%a-j./;j Oetr(— U(I—-Z))(det U)a—-(m + 1)/2(dU)

=det(I—-2Z) “,
where the last line follows from Theorem 2.1.11,

Theorem 7.3.4 shows that one can go from the , F, function to the ,, ,F,
function by means of a Laplace transform (see Definition 7.2.9). There is
also an inverse Laplace transformation which enables the , F, . | functions to
be found from the ,F, functions. Although we will not use the results
explicitly in this book, we will state them for the sake of completeness. They

are

(10) Wf etr( XZ)(det 2) ™
Qmi)™ "W IRy zy=1,
,Flay.....a,:by,....b,; 27')(dZ)
=(det X)" "2 F L (ay,..0a,i by, by, by X)
and
m{m—1
(1) %L«Z)weu(xz)(dezz)“”

F™{ay,...,a,; by,....b,, 27", Y }(dZ)

P q

=(det X)* ™"V FNa,,... a4, by, .., by by X, Y ),

pla+i
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where the integrals are taken over all matrices Z= U, + iV for fixed positive
definite U, and V¥ arbitrary real symmetric. The reader can readily check
that both (10) and (11) follow by expanding the ,F, functions in the
integrands and integrating term by term using (56) of Section 7.2.

The hypergeometric functions of one-matrix argument were first intro-
duced by Herz (1955), who started with the function , Fy( X)=etr( X') and
then defined the general system of functions ,F, by means of the Laplace
and inverse Laplace transforms (8) and (10). The zonal polynomial expan-
sion for these functions given by Definition 7.3.1 was found by Constantine
(1963).

7.4. SOME RESULTS ON SPECIAL HYPERGEOMETRIC
FUNCTIONS

The hypergeometric functions of matrix argument which will occur in the
distribution theory of subsequent chapters are ¢ 5, | £, oF), | F), and , F,.
We have already seen that

oFo( X)=etr(X)
and
Fola, X) = det(1-- X)),

The other three functions are, however, nontrivial. In this section we will
derive some properties of these particular hypergeometric functions which
will be useful later. The results here are due to Herz (1955).

Our first theorem gives a special integral representation for a o F)
function which will be useful in the derivation of the noncentral Wishart
distribution in Chapter 10. The proof here is due to James.

THEOREM 74.1. If X is an m X n real matrix with m=<n and H=
{H,: Hy}J€ O(n) where H| is n X m then

(1 fo( )e"(XH,)(dH)=OF, in; 1 XxXx’)
n

where (dH) denotes the normalized invariant measure on O(n).

Proof. 1t can be assumed without loss of generality in the proof that X
has rank m (why?), so that XX’>0. Proving that (1) is true is equivalent to
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establishing that

@)

det( xx)" " "/’f etr( XH, )(dH ) =det( XX")" """ V2 F(in; 1 XX')
o)

holds. The proof constructed here consists of showing that both sides of (2)
have identical Laplace transforms. The Laplace transform of the left side of
) is

g(2)= ]XX, ete(— XXZ)de( Xx7)nmmon/ fo ( )etr( XH,)(dH )(d( XX"))

= Lulin) [ = xx2) [ eur( XH,)(dH )(dX),
(n

,”mn/l

on using Theorems 2.1.14 and 2.1.15. The first integral in the last line is over
the space of m X n matrices X of rank m. Assuming Z>0 is real, put
X =2Z""72Y with Jacobian (dX)=(det Z)""/%(dY) (from Theorem 2.1.4)
and interchange the order of integration of Y and H to give

(3)

g(2)= ';"(,%:'z) L(n)fyetr(— YY'+ Z7V/2YH,)(dY )(dH )(det Z)""?

L.(3n)

ﬂnm/2

=(detZ) " *etr(427")

f /etr[—(Y—%Z“'/ZH,')(Y—%Z"'/ZH;)'](dY)(dH)
omny Y

=(detZ) "*eue($Z7")T, (3n).

since

etr[ (Y- M) (Y- MY]
ﬂmn/Z
is the density function of a matrix Y having the N(M, 371,®1,) distribution
(see Theorem 3.1.1). Thus g,(Z) is equal to (3) for real Z>0, and by
analytic continuation it equals (3) for complex symmetric Z with Re(Z)>0.
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Turning now to the right side of (2), the Laplace transform is
g(2)= f ete(~ XX'Z)det( XX)" "™ V2 F (4n; § XX)(d( XX"))
XX'>0

=T, (4n)(det Z) ™" F,(4ns fn; 427")

by Theorem 7.3.4. But the zonal polynomial expansion for |F, makes it
clear that

Fi(dnidn iz )=,R(iZz7")
=eu($z7'),
so that
8:(Z)=T,(3n)(de1 2)""*err(42")

which is equal to g,(Z). The desired result now follows by uniqueness of
Laplace transforms.

The next theorem generalizes two well-known integrals for the classical
“confluent” hypergeometric function (F, and the Gaussian hypergeometric
function , F|.

THEOREM' 7.4.2. The |F, function has the integral representation

et ——_._._.___Fm(c_)__ a—-(m+1)/2
@ (Flaie X)=oyp ooy [ o, ey

det(1~v) 4TV 3y,

valid for all symmetric X, Re(a)>i(m—1), Re(c)>4(m—1), and
Re(c—a)>4i(m—1), and the , F, function has the integral representation

(5)

I,(c) b a—(m¥/2
” Jbic; - —m t(l — XY detY
zrl(a b ‘ X) I‘m(a)rm(c—a) '/(;<Y<’mde ( X ) ( “ )

det(£—Y) T 2 gy),

valid for Re( X)< I, Re(a)>i(m —1), Re(c — a)>i(m—1).
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Proof. To prove (4) expand
@ C(XY)
(.
etr( X Y) = 2 E T—-‘
k=0 « '

and integrate term by term using Theorem 7.2.10. To prove (5) expand
det(7— XY) ™ "= F(b: XY)
(8)

= 5 32k (x)
k=0 «x '

and integrate term by term using Theorem 7.2.10.

The Euler relation for the classical ,F, function has already been given
by (17) of Section 5.1.3. This relation, and others, are generalized in the
following theorem.

THEOREM 74.3,

(6) Fi(a; ¢; X)=ete( X),F(c—a;c; — X)

(7) ,F(a,b;c; X)=det(I— X)_sz,(c—a,b; ¢, — X(I—- X)_')
=det(/1— X) " “" %, F(c—a,c—b;c; X).

In the classical case m =1 the relation for ,F, is usually called the
Kummer relation and those for , F, the Euler relations. In the matrix case
they can be established with the help of the integrals in Theorem 7.4.2; the
proof is left as an exercise (see Problem 7.6).

Finally, let us note the confluence relations

(8) lim 2F,(a,b;c;1){)=,F,(a;c; X)
b~ b
and
(9) lim ,F,(a;c;lx)=oF,(c; X)
a-—o0 a

which are an immediate consequence of the zonal polynomial expansions.
Similar relations obviously also hold for the corresponding hypergeometric
functions of two matrix arguments.
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We have derived most of the integral resuits that we need concerning
zonal polynomials and hypergeometric functions. Others will be derived in
later chapters as the need arises.

7.5. PARTIAL DIFFERENTIAL EQUATIONS FOR
HYPERGEOMETRIC FUNCTIONS

It will be seen that many density functions and moments can be expressed
in terms of hypergeometric functions of matrix argument. Generally speak-
ing, the zonal polynomial series for these functions converge extremely
slowly and methods for approximating them have received a great deal of
attention. One way of obtaining asymptotic results involves the use of
differential equations for the hypergeometric functions; this method will be
explained and used in subsequent chapters,

Differential equations satisfied by the classical hypergeometric functions
are well-known; indeed, these functions are commonly defined as solutions
of differential equations [see, for example, Erdélyi et al. (1953a)}. In this
section we will give partial differential equations, from Muirhead (1970a)
and Constantine and Muirhead (1972), satisfied by some hypergeometric
functions of matrix argument. These differential equations will be expressed
in terms of a number of differential operators in the latent roots y,,...,y,, of
the m X m symmetric matrix Y. The first of these is

g

m

4} Ay= 3y

=1 ay:

m 2 )

-~.y, y, 3y
J*=i

introduced in Definition 7.2.1. It was shown in Theorem 7.2.2 that

(2) Ay C(Y)=[p A+ k(m=1)]C(Y),
where k =(k,...,k,)} is a partition of k and
m
(3) px: 2 kl(ki_l)
=1
The other operators needed for the moment are

4) 2 Vg ay,

(5) ey——-ﬁ s
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and

$y+3 3

(6 8= Zyo—+ 2

) Y 1= a 2 1~l/“ly' ylay'
JFi

The operator E,, has also appeared previously in (33) of Section 7.2.2 and its
effect on C(Y) is given by

) EyC(Y)=kC(Y).

To find the effect of the differential operators ¢, and 8, on C(Y) we
introduce the generalized binomial expansion

c(l,+Y
(®) (c,m ) 520?,3( )

where the inner summation is over all partitions o of the integer s. This
defines the generalized binomial coefficients

(3)-

This generalization of the usual binomial expansion
P k
(+x)'=3 ( p; )x

was introduced by Constantine (1966), who tabulated the generalized bi-
nomial coefficients to k =4. These are given in Table 2. They have been
tabulated to k =8 by Pillai and Jouris (1969). Now, corresponding to the
partition k =(k,,...,k,,) of k, let

(9) K ‘(kh ki_vk, 1 kyyynk, )
and
(10) K(')"(k,, N l,k,+|,...,k,,,),

whenever these partitions of k + 1 and k — 1 are admissible, that is whenever
their parts are in non-increasing order. The following properties of the
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Table 2. Generalized binomial coefficients (g)

k=1 k=2
a ag
()} H (0) 1)) 2) (0
x (1) 1 1 ) ] 2 1 0
K
n 1 2 0 1
k=3
a
© () 2) a.n @3 @ o oLy
3) 1 3 3 0 1 0 0
x @b I 3 4/3 S/3 0 i 0
(L 1 3 0 3 0 0 1
k=4
[

OO & Gy & @HLh @G R2) QLY LLD

@1 a4 6 0 4 0 0 1 0 0 o 0
Gnlt 4 31365145 0 0 1 0 0 0

kK |1 4 831030 4 0 0 0 1 0 0
@aunlt 4 s/313/3 0 5.2 3/2 0 0 0 | 0
aLLnlt 4 0 6 0 0 4 0 0 0 0 I

Source: Reproduced from Constantine (1966) with the kind permission of the Institute of
Mathematical Statistics,

generalized binomial coefficients are readily established:

) ( ©) ) =1 for all .
(i1) ( (';) ) = k for any partition « of k.

(iit) (:)=0 if the partition ¢ has more non-zero parts than «.

(iv) (5)=0ifx>a

(v) If x and ¢ are both partitions of & then

(5)={p M=o
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(vi) If x is a partition of k and o is a partition of k£ — ] then ()0 only
if o = ' for some .

The effects of the operators ¢, and §, on C (Y) are given in the following
lemma.

LEMMA 17.5.1.

c(r Con(Y
(“) ,‘( ) ?(K(')) C,‘m((l})
and

(¥
(12) S e ~2( o) [k =1+ 4(m = 1)]Cm(([))

where the summations are over all i such that ‘! is admissible.

Proof. 'To prove (11) first note that, by (8),

C(>J+Y) s K C,(Y)
e SR En
= 2“(();)) +)\; ( :(,)) (é“:))(();)) + terms involving higher powers of A.
Hence
G _ g 3 G(n)
R I TR )
= tim C(AI[+Y)—=C(Y)
A—0 AC'::(l)
_ K CK(:)(Y)
“;(M) Co(l)"

To prove (12), it is easily established that

(13) 8y =1(eyBy—Ayey)

(see Problem 7.9), and then (12) follows by applying €,, 4, to C(Y).
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Two further sets of preliminary results are needed before we give
differential equations for some one-matrix hypergeometric functions. These
are contained in the following two lemmas.

LEMMA 7.52. Lets,=yj+ --- + yi, wherey,,...,y,, are the latent roots
of the symmetric m X m matrix Y, Then

(14) sen(r)= 3 3 X&)
k=0 «
(15) s,etr(Y)= 2 2 C(Y)
and
C
(16) sme(v)= 3 Sk-2p 50,
k=0 «x
where p, is given by (3). _
Proof. To prove (14) we have
0 kH ] k 00 kCA(Y
seu()= 3 = § Bl § 5460,
k=0 = k=0 «

where we have used

sk=(rr) =3 c().

Applying the operator Ay —(m — 1)E 10 both sides of
- 2]
(17) etr(Y)= 3 EC(Y)

k=0 x

gives (15), and applying E, to both sides of (15) and collecting coefficients
of C(Y) using (15) gives (16); the details are straightforward.

LEMMA 7.5.3.
(13) 2()a(n=mk+ne).

(19) 3 (%) &~ = D]C(D)=k(k +1)C(D).
@) 3( )k =1G=DFC () =(k+D)a +k(m+ )] D).



Partial Differentiul Equations for Hypergeometric Functions 27

Proof. We will sketch the proofs and the reader can fill in the details.
Applying e, to both sides of (17) and equating coefficients of C(Y') gives
(18). Applying 8y to both sides of (14) and collecting coefficients of C(Y)
using (14) gives (19). Applying §, to both sides of (15) and collecting
coefficients of C(Y) using (14), (15), (16), (18), and (19) gives (20).

We have now gathered enough ammunition to attack the problem of
establishing differential equations for some one-matrix hypergeometric
functions. We will start with the , F, function. The classical , F|(a, b; ¢; x)
function satisfies the second order differential equation

d*F dF _
x(l—x)d—x7+[c (a+b+l)x];1;-—abl",

see, for example, Erdélyi et al. (1953a), p. 56. In the matrix case a
generalization of this is provided by the following theorem.

THEOREM 7.54. The function ,F(a,b; c;Y) satisfies the partial dif-
ferential equation

(21)
8, F+[c—4(m=1))e,F—A,F—[a+b+1—4(m—1)] E,F=mabF.

Moreover, it is the unique solution subject to the condition that F has the
form

F= § Zaxcx(y) (“(0):1)'
k=0 «

where the coefficients a, are independent of m.
Proof. 1t can be readily verified that substituting the series

oo

(22) F(Y)= 3 3a,(Y) (ag=1)

k=0 «

in the differential equation (21), applying each of the component differential
operators to C(Y), and then equating coefficients of C,(Y) on both sides
gives

@) Z(%)le+k—4G-D]C(Da,,

=[mab + ka + kb + p, + $k(m +1)]C(1)a,.
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This is a recurrence relation for the coefficients a,. We have to show that

_(a),(b),
(c) k!

is a solution of (23). Since
(a).,=(a) Ja+k ~4(i-1),
the problem reduces to showing that
2’:(':")[a+k,—{(i~l)][b+k,—%(i—1)]C,’(1)
=(k +1)[mab + p, + ka + kb + tk(m +1)] C.(1).

This, however, is a direct consequence of Lemma 7.5.3.
To establish the uniqueness claim, first put a, = 8, /(¢),, where B, =1.
Then (23) becomes

(24) 2( )G (1B, = [mab + ka+ kb -+ p,+3k(m+1)] G(1)A,.
and hence the 8, do not depend on c. Now, from (18) of Section 7.2 we have

where

QkMI?. (2k,—2k, i+ j)
Xe= 2,k +p—i)

with p being the number of nonzero parts of the partition k. Note that x, is
defined for all partitions and is independent of m; the fact that C(1,)=0 if
x is a partition into more than m parts follows by noting that (im), =0.
Since

C (1) (m+2k ~i+1)x,
C(I) Qk+)x,
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the recurrence relation (24) for the 8, becomes
(25) Z(%)(m+2k,—i+1)x A,
!
=(2k + 1)[mab + ka + kb + p_+ }k(m+1)]x,8..
There are no restrictions here on the number of nonzero parts of x, and the
summation is over all / such that «, is admissible. Now assume that the 8,

(and hence the «,) are independent of m. Equating coefficients of m on
both sides of (25) gives

(26) 3 (£1) xe B, =2k +1)(ab+ 1K) x, B,

.9
!
and equating constant terms gives

@) I(5) @k, =i+ )X B, =@k +1) o, +ka+ kb+ k] x, 8.

As « runs over all partitions of k (26) and (27) give equations in all the
unknowns S corresponding to partitions of k£ +1, since any partition of
k +1 can be expressed as «, for some i and some partition k of k. The
equations (26) and (27) determine the 8, uniquely. With B, =1, (26) gives
B,), = ab. Next, with x =(1), (26) gives
2B, +48,.,,=3(ab +4{)ab
and (27) gives
4ﬁ(2) _4ﬂ(|.|) :3(0 +b+ %)ab
Solving these gives
ﬁ(z) =ia(a+1)b(b+1)= %(0)(2)(1’)(2)
and

B(I.I) = %a(a - %)b(b’" %)= 3(a)an(b)a,n.

In general, letting N(k) denote the number of partitions of &, (26) and (27)
give 2N(k) equations in the N(k +1) unknowns corresponding to the
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partitions of k +1. Since 2N(k)= N(k + 1) there are more equations than
unknowns. We know the equations are consistent since they are satisfied by
B.=(a)(b),/k!. It is a straightforward matter to show that the 2N(k)X
N(k + 1) matrix of coefficients formed from the left sides of (26) and (27)
has rank N(k +1) so that the equations have a unique solution.

Using Theorem 7.5.4 it is possible to prove a much stronger result than
the one given there. The next theorem shows that the , F, function is the
unique solution of a system of partial differential equations.

THEOREM 7.5.5. The function ,F\(a, b; c; Y) is the unique solution of
each of the m partial differential equations

(28) y(1- y.)——-+{c—~‘( —1)—[a+b+1=(m—1)]y,

(=) = y(1-y) aF .
=abF i=1...,m),
ng ] ]ay, 2 21 YT ay; ( m)
j* ;7*:

subject to the conditions that
(a) Fis a symmetric function of y,,....»,,, and
{(b) Fis analytic at Y=0, and F0)=1.

Proof. We will sketch the proof, which is lengthy. More complete details
may be found in Muirhead (1970a). First note that any function which
satisfies each of the m partial differential equations (28) also satisfies the
equation obtained by summing them. It is readily verified that this sum is

8y F+[c—im—-1))eyF~AyF—[a+ b+ 1-Ym-1)E,F =mabF.

This is the differential equation of Theorem 7.5.4, and it is shown there that
2 Fi(a, b; ¢; Y) is the untque solution of this subject to F having the form

(29) F= S Sac(t)  (ag=1).

k=0 «

where the coefficients a, are independent of m. It suffices to show that the
differential equations (28) have the same unique solution which can be
expressed in the form (29).
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We first demonstrate that the m equations (28) have the same unique
solution subject to conditions (a) and (b) by transforming to a system of
equations in terms of the elementary symmetric functions r,=3",y,
=LYy s tm = V1Y2 o Yms Oy, o Y LetrW forj=1,2, ...,
m — 1 denote the jth elementeary symmetric function formed from y,, ..., y,,
omitting y;. Defining r, = r§? = 1, we have

(30) r=yrOtr?  (j=1,..,m—1).

Using this, it follows that

d “ d
— )
ay, ‘El Ol ar,
and
62 = “ ) (1)

Substituting these in (28) and using (30), we find that the system (28)
becomes

m aF , '
G 2 { T a2 (n0 =+ ’)}
V= 1=

{[c—-l(j-l)]r") +(a+b+1~4j)r—~(a+b+1)r}

AF
e abF=0 (i=1,..,m),

J

where al) = a{!) and, for p<v,

. for 1< j=p
o= 0 foru<j=<vwp
w AP forv<j=p+v
0 forp+r<j.

Any solution of (31) satisfies condition (a). In (31) we can equate coeffi-
cients of r;‘i’, to zero for j=1,...,m, giving the system of differential
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equations
« O%F aF
(32) aD+al ")+ [e~3(i- D)5
“‘,,Ezl arl‘ar’( B [ ) a’_‘/

+[a+b+|-%(j—-l)]£f_;

ara

w=l "l—l

m 2 ™ m - ’
{ 2 ey Za"’r+(a+b+l)Er,—g—rlli-abi‘ =0
1= !

Now we put

(33) F(rl""’rm)z 2 Y(jl"“’jm)rl * ";’l”

with ¥(0,...,0)=1. Next, we introduce dictionary ordering for the coeffi-
cients Y(J,....j,,) on the basis of the indices arranged in the order
Jms Jm—1v+++2J2s Jy- Substituting (33) in (32) with j=m gives a recurrence
relation which expresses y(j,....J,) in terms of coefficients whose last
index is less than j,,, and by iteration y(j,,...,J,) can then be expressed in
terms of coefficients whose last index is zero. Putting r,, =0 in the equation
(32) with j=m—1, we can then express coefficients of the form
Y(Jis - sfi~1,0) in terms of coefficients of the form y(7,,.. ,,, .2,0,0). By
repeating this procedure, all coefficients can be cxpressed in terms of
¥(0,...,0), which is 1. Hence all the coefficients y(/,,...,j,) in (33) are
uniquely determined by the recurrence relations, and condition (b) is
satisfied. Since each differential equation in (31) gives rise to the same
system (32), it follows that each equation in the system (28) has the same
unique solution F subject to conditions (a) and (b).

Next, note that the coefficients in the system (32) do not involve m
explicitly so that the coefficients y( j,,...,j,) obtained from the recurrence
relations will be functions of a, b, ¢, and j, but will be independent of m. In
fact, since r, =0 for h > m the system (32) can be formally extended to hold
for all i=1,2,... and the upper limit on the summations can be dropped.
The coefficients y in (33) are thus defined for any number of indices j,...,j,
and are completely independent of m. Now, the series (33) could be
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rearranged as a series of zonal polynomials

(34) F= § zaxcx(y)’ a(0)=]~
k=0 %

Since the zonal polynomials when expressed in terms of the elementary
symmetric functions ry,...,r,, do not explicitly depend on m, the coefficients
a, will be functions of a, b, ¢, and « but not m. Since C(Y)=0 for any
partition into more than m nonzero parts, the a, can be defined for
partitions into any number of parts and are completely independent of m.
Hence the unique solution of (28) subject to (a) and (b) can be expressed as
(34), where the coefficients a, are independent of m, and the proof is
complete.

Theorem 7.5.5 also yields systems of partial differential equations satis-
fied by the | F, and  F, functions. These are given in the following theorem.

THEOREM 7.5.6. The function , F,(a; c; Y) is the unique solution of each
of the m partial differential equations in the system

(35)
9F t ) OF ' & Y OF
— =t m—-1)—p+t5 2 ——}——> L — =gF
)’.aylz 3( )=y 2I§ly,—yj ay, 2/=,y,—y,ayj
J#1 J#*1
(i=1,...,m),

and the function (F, (¢; Y) is the unique solution of each of the m partial
differential equations in the system

aF 1 & ¥ |0F 1 Q@ ) OF
36) yo5tic—im-N+3 S {3y "2 3,
( ) ylayz { %( ) 2]§| y‘_){’ a}’, 2j=| yl—}fl ayl
It Vsl

'

subject to the conditions that

(a) Fis a symmetric function of y,,...,y,,, and
(b) Fis analytic at Y =0, and F(0)=1.
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Proof. Proofs similar to the proof of Theorem 7.5.5 can be constructed.
However, the results follow directly from Theorem 7.5.5 using the con-
fluence relations given by (8) and (9) of Section 7.4. Theorem 7.5.5 shows
that subject to (a) and (b), the function , F\(a, b; c;(1/b)Y) is the unique
solution of each equation in the system

7 {1=5) St tm =0~ [arb41-4m =Dl

] 1
“‘5)"‘) aF 1 m %(‘”ny) oF
z. ___.-_.2--————-——-—-———~;——"-——'(1F
STy | 2.2 vy Wy
i J*u

Letting b — 00, , F|(a, b; ¢;(1/b)Y)- F\(a; ¢; Y) and the system (37) tends
to (35). Similarly, since | Fi(a;c;(1/a)Y)—¢F(c;Y) as a— oo the system
(36) can be obtained using (35).

We now turn to the two-matrix hypergeometric functions given by

Definition 7.3.2. To give differential equations satisfied by these functions
we need 1o introduce two further differential operators, namely,

- b]
— 2 9
(38) Ty = ;§| y: ayl
and
(39) Ny =3 (Apyy — Yrldy)
Sl +3 s d
= +33 - m)yy
=1 ay' lflj—lyl yjayl : !
J#*

(see Problem 7.10). In order to obtain the effects of these operators on
C.(Y) we need the following lemma.

LEMMA 75.7.

(40) (%) =k + D r)cy).

[Note that this reduces to (18) of Lemma 7.5.3 when Y=1,.]
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Proof. From Theorem 7.3.3 we have

_ CAX)C(Y)
(41) fo( etr( XHYH')(dH)= 2 Z—k—,C-T——)-
Let x,,...,x,, denote the latent roots of X and apply the operator &, =

Z,3/3x, 10 both sides to give, with the help of (11),

(42) fo tr(HYH")et( XHYH')(dH)
(m)

C(Y

2(“ )C,m(X)

k) Canl1)

nMS

E
Using (41) to evaluate the left side of (42), this becomes

0 C(X)C(Y ek C Y K ClX

=0

Equating coefficients of C(X)/C(I) on both sides gives (40) and com-
pletes the proof.

The effects of y, and 5, on C(Y) are given in the following lemma.

LEMMA 75.8.

(43) )=y 2 () [k —4-n]em)
and

(44) 1,G(V)= 117 (:')[k,—%(i—-l)][k,-—%(i—m)]C,l(Y).

Proof. 'To prove (43), apply the operator 4, to both sides of (40) and
simplify using (40). To prove (44), apply A, and yy to C(Y) and use (43).
The details are straightforward and are left to the reader.

The results we have established enable us to give differential equations
for some two-matrix hypergeometric functions. These results are from
Constantine and Muirhead (1972). In what follows, X and Y are symmetric
m X m matrices with latent roots x,,...,x,, and y,,...,y,,, respectively. We
start with the , F{™ function,
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THEOREM 7.5.9. The function ,F{"Xa, b;c; X,Y) is the unique solu-
tion of the partial differential equation

(45)
8yF+{c—4(m—V)]eyF—[a+b—4{(m—1)]yyF—nyF=abF(tcrY)

subject to the condition that F has the series expansion

3 C(X)C(Y)
F(X,Y)= P StA AL A
(46) (X,Y) Eog )

where F(0,0)=1; that is, ¢y, = 1.

Proof. Substitute the series (46) in the differential equation (45), apply
each of the component differential operators to their respective zonal
polynomials, and compare coefficients first of C (X) and then of C(Y) on
both sides. It can readily be verified that this gives rise to the following
recurrence relation for the a,:

(47)
(k+ Dic + k=1 - Dlay, = [a + k=G - Db + kb~ - Dl

The condition &, =1 used in (47) determines the «, uniquely as

- {a) ()

a
* (o)

X
y

and the proof is complete.

Theorem 7.5.9 yields partial differential equations for many other two-
matrix hypergeometric functions. These are given in the following corollary.

COROLLARY 7.5.10.
(i) F{"a; c; X,Y) satisfies the differential equation
8pF + [c—4(m - D)]eyF - ywF=aF(tr Y).
(i) (F{™(c; X,Y) satisfies the differential equation

AyF+[c~i(m—1))exF=F(irY).
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(i) | F{"Na; X, Y) satisfies the differential equation
Oy F - ayyF — myF = a(m - )F(tr Y).
(iv) o F{™( X, Y) satisfies the differential equation

84 F ~ v, F = La(m - 1)F(t Y).

Proof. (i) follows from Theorem 7.5.9 via the confluence
lim 2F,""’(a, b; c; X, 1 Y) =,F{"™(a;c; X,Y).
b — 00 b

Similarly (ii) follows from (i) by confluence. Putting b=c=(m—1)/2 in
Theorem 7.5.9 gives (iii), and putting a = c=(m —1)/2 in (i) gives (iv).

7.6. GENERALIZED LAGUERRE POLYNOMIALS

Having generalized the classical hypergeometric functions to functions of
matrix argument, it is interesting to ask whether other classical special
functions can be similarly generalized. The answer is that many of them can
and have been, and the interested reader is referred to the references in
Muirhead (1978). After the hypergeometric functions, the functions which
appear to be most useful in multivariate analysis are generalizations of the
classical Laguerre polynomials, which have been studied by Herz (1955) and
Constantine (1966). The generalized Laguerre polynomials will be used in
Sections 10.6.2, 10.6.4, and 11.3.4.

Let us first recall some facts about the classical Laguerre polynomials,
one of the classical orthogonal polynomials. The Laguerre polynomial L}(x)
is given by

k 3
_ k) (=x)
(1) L(x) (y+n)k5§0(s)(,+,)s
for y> —1. Various normalizations are used; here L] is normalized so that
the coefficient of x* is (— 1)¥, Obviously L}(x) is a polynomial of degree &
in x, and the L}, are orthogonal on x >0 with respect to the weight function
e”*x?; in fact,

(2) [T U)LY (x) dx =8,k \T(y +1+ k).
0
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The basic generating function for the L} is

S xz  Ll(x)z*
® -7 ()= § HEE (e
For proofs and other properties the reader is referred to Rainville (1967),
Chapter 12, and Erdélyi et al. (1953b), Chapter 10. It should be noted that
the polynomial in these references is L](x)/k! in our notatlion.

Each term in (1) has been generalized previously. In defining the hyper-
geomeltric functions of matrix argument, the powers of the variable were
replaced by zonal polynomials and the coefficients (), by generalized
hypergeometric coefficients (a), given by (2) of Section 7.3. The binomial
coefficients have been generalized by the gencralized binomial coefficients
which appear in the generalized binomial expansion given by (8) of Section
7.5. Taking our cue from these we will proceed from the following defini-
tion, which should be compared with (1).

DEFINITION 7.6.1. The generalized Laguerre polynomial LY(X) of an
m X m symmetric matrix X corresponding to the partition x of k is

k _
@ L(O=(+pC) S S(5) =X sy,

$s=0 o (y+p)oco(1m)

where the inner summation is over all partitions o of the integer s and,
throughout this section,

p=1(m+1).

Clearly LY(X) is a symmetric polynomial of degree k in the latent roots of
X. Note that

(5) LY(0)=(y+ p).C(1,).

The following theorem gives the Laplace transform of (det X)*LY( X) and
is useful in the derivation of further results.

THEOREM 7.6.2. If Z is an mX m symmetric matrix with Re(Z)>0
then

(6) /X etr(— XZ)(det X)"LI( X)(dX)

=(y+p) L (v +p)detZ) "V PC(1-2Z7")
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Proof. Substituting the right side of (4) for LY(X) in the integrand, and
integrating using Theorem 7.2.7 shows that the left side of (6) is equal to

k 71
(14 P)eCll) 3 E(S)E‘L(C—(—ﬁ)——’rmmp)(detzr*‘"

s=0 o
=(y+p) Ly +p)detZ) " PC(I-Z")

using (8) of Section 7.5, and the proof is complete.
Our next result generalizes the generating function relation (3).
THEOREM 7.6.3. If X>0, then

(7) det(1-2Z) " P R™(-X,2(1-2)"")

_ 9 o Lix)c(z)
=22 C(1,)k!

k=0 «
Proof. The proof consists of considering both sides of (7) as functions
of X and showing that they have the same Laplace transforms. First,
multiply both sides of (7) by (det X)”; we then must show that

(1Zi<1).

(8) det(1—2)" " P(det X)" F¢™(— X, Z(1-2Z) ")

Cgxr § 3 HG(2)

k=0 « Cx(]m)k!

The Laplace transform of the left side of (8) is
g,(W)=det(1— z)""’f etr(— XW )(det X)"
X>0

o™~ X, Z(1 - 2)"')(aX)

=det(l—Z)_Y“”I’m(y+p)(detW)“"”,FO""’(y«l—p; -w ', zZ(1- Z)"')
by Theorem 7.3.4

=T, (y+ p)(detW) " Pdet(1—2)" """
[ de(1+ HWHZ(1-2)7") " (dH),
O(m)

using Theorem 7.3.3 and Corollary 7.3.5
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=L.(y+ p)(det W)"rpfo( )de‘(’" Z+HW 'HZ) " P(dH)
n

=T, (y+ p)(det W)"*"’fo(m)det(l ~H(I-W )YHZ) " P(dH)

=T, (y+p)detW) " P F" (y+pi I —WTL Z).

The Laplace transform of the right side of (8) is

_ C(Z) ~ L
82(W) kzog C(l )k'/ etr( XW)(d tX) L,‘(X)(d/\’)
L (y+p)detw) "~ szog Y+p K(Z)ch:((llm-)wq

=T, (y+p)detW) " 2 K™ (y+ p 1-W ', Z),

which is equal to g,(W). The desired result now follows by uniqueness of
Laplace transforms.

The integral expression for LY X)) in the next theorem is actually how
Constantine (1966) defined the generalized Laguerre polynomials.

THEOREM 7.6.4. If X is a symmetric m X m matrix then

9) etr( — X)Lv(x)— + =5 j etr( Y )(detY)"

CY)oF(y+ pi — XY)(dY)
[y>=-1p=(m+1)/2].

A proof of this result can be constructed by showing that both sides of
(9) have the same Laplace transforms; the details are very similar to those in
the proof of Theorem 7.6.3 and are left as an exercise (see Problem 7.18).

The final result we will present is the generalization of the orthogonality
relation (2). Note that the following theorem says that the Laguerre poly-
nomials are orthogonal with respect to a Wishart density function.
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THEOREM 7.6.5. LY(X)and LY X) are orthogonal on X >0 with respect
to the weight function

W(X)=etr(— X)(det X)",

unless x = a. Specifically,

(10) f etr(—~ X)(det X) LY X)L} X)(dX)
X>0
=8,k'C()T,(y+p)y+p),
where

_[1 if k=0 _mtl
8"'{0 it keo 4 PETT

Proof. From the generating function (7) we have

(11) del(I—z)""’f etr(— XHZ(1-Z) 'H’)(dH)

o(m)
s v L(x)C(2)
- k§=:0 g Cn(lln)k!

Multiply both sides by etr(— X )det X)*C,( X), where o is a partition of
any integer s, and integrate over X >0. The left side of (11) becomes

(12) det(z—zr""f

- 1—ZY '
mm,fx>oe"( X(1+HZ(1-2)"'1))

-(det X)C,( X )(dX )(dH )

=det(1=2)"" T (v+p) v+ p) [

O(m)
detf{I+HZ(1-2) 'H) " "(dH) C,(1-2)
by Theorem 7.2.7
=Ly +p)y+p),C(1-2)

=T, (v+p)y+p).(—1)'C,(Z)+terms of lower degree.
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The right side of (11) becomes

oo C(?) % Yy
(13) 2 0 “ C“)k,f etr(— X)(det X)"C,( X)LY( X )(dX).

Comparing coeflicients of C,(Z) on both sides shows that
/ etr(~ X )(det X) C,( X)LU X NdX}=0
X >0

for k =5, unless k =0, so that LY(X) is orthogonal to all Laguerre poly-
nomials of lower degree. Since, from Definition 7.6.1,

LY X)=(~1)'C,(X)+terms of lower degree
it also follows that LY( X) is orthogonal to all Laguerre polynomials LY( X)

of the same degree unless k = o, Putting ¥ = o and comparing coefficients of
C(Z) in (12) and (13) gives

f etr(— X )(det X)"C,(— X)L!(X)(dX)
X>0

=s51C,(1)T,(y+p)y+p),,
from which it follows that

J. (= X)det X)'[Lo(X)](dX) =5 1C(NT, (v + p)(x + p),

since

LI(X)=C,(— X)+ terms of lower degree which integrate to zero.

PROBLEMS

7.1, Using the recurrence relation given by (14) of Section 7.2 compute
the coefficients of the monomial symmetric functions in all zonal
polynomials of degree k =4 and k =5.
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Let

X xz]

X:[xz X3

be a 2 X2 positive definite matrix and put x=(x,, x,, x;); then

7.3

dx, dx,

dx, de] and dx=(dx,,dx,,dx,).

ix= [
(a) Show that the 3X3 matrix G(x) satisfying
tr( X" 'dXX 'dX)=dx'G(x)dx

is

2

1
G(x)=—————————2)2 —2x,x; 2(xpxy+x3) —2xx, |.
X)Xy X
1X3 7 X3 2 — 2
x5 2x,x, Xi

(b) Let A% be the differential operator given by (23) or (24) of
Section 7.2. Express A% in terms of

i 8> 3
ax?’ dx,0x,’  ax;
(c) Put
z=|D 2= pxr
Tlz oz ’

where L =(/,)) is a 2X2 nonsingular matrix, and put z=(z2,, 25, z,)".
Find the 3X3 matrix 7, such that z=T;x, and verify directly that
G(Tx)=T,~'GX)T;".

1f g,(Z) and g,(Z) are the Laplace transforms of f,( X') and f,{ X) (see

Definition 7.2.9) prove that g,(Z)g,(Z) is the Laplace transform of the
convolution

=[SO = X)(dX).
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7.4. Use the result of Problem 7.3 to prove Theorem 7.2.10 for Y >0.
[Hint: Let f(Y) denote the integral on the left side of (57) of Section
7.2 and show that f(Y)= f(1)C(Y)/C(1I). Putting X =Y~ '/2yy~'/2
in the integral gives

f(y)(dﬁ(Y)u‘H,_(m\H’/z:/ (dety)u—(mi-l)/Z

<¥y<Y
del(Y =)' "2 (v )(av).

Now take Laplace transforms of both sides using the result of Prob-
lem 7.3 to evaluate the transform of the right side, and solve the

resulting equation for f(1)/C(1).]

7.5. Prove Lemma 7.2.12.
[ Hint: Note that if 47! has latent roots ay,...,a,, then

C(A™")=dakr- - ak» +terms of lower weight
— K Ky k .
_d“(alaz.-.am '(a2...am) 1 lv-~af(,,"' km‘l-{- ‘e

= ki ky=ky, . pkakg,.
- dxrmlrm'-l ' e 't ’

where r, is the & th elementary symmetric function of «y,...,a,,. Now use
the fact that r,=det 4~ 'tr,, (A); see (xiv) of Section A7.]

7.6. Prove Theorem 7.4.3.

7.7. Show that

0};;)(::1)(I+ X, y):C[r(Y)ofb(m)( X, Y)

7.8. Suppose that H € V, ,, i.e., H;is m x k with H{H| = I,. Let (dH,) be
the normalized invariant measure on ¥, ,, so that f,,A (dH)=1.1f X is an
m X m positive definite matrix prove that ’

etr( XH\H|)(dH )= F,(ik;im; X).
h.om
7.9. Prove (13) of Section 7.5.
7.10. Verify (39) of Section 7.5.

7.11.  Calculate all the generalized binomial coefficients () for partitions
of k=123
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7.12. Prove that
S(5)=(%),

where « is a partition of k¥ and the summation is over all partitions o of s.
7.13. Prove that

S(2)(5)=(k=s)%)  (s<h).

[Hint: Start with 2% x,8/09x,C(X)= kC(X), put X=(I+7Y), substitute
the generalized binomial expansion of C(f+Y), and equate coefficients of
C(Y)/CLI)]

7.14. Prove that

C(Y)etr(Y)=k! i 2(:) C,s(!y)'

[ Hint: Use the result of Problem 7.7.]
7.15. Prove that

: 1\ K (a)a___(b_a)x
s§0( l) §(a)(b)a— (b)x

[ Hint: Use the Kummer relation of Theorem 7.4.3 and the result of Problem
7.14)

7.16. Nt is sometimes useful to express a product of two zonal polynomials
in terms of other zonal polynomials (see, e.g., the proof of Lemma 10.6.1).
Define constants g5, by

C(Y)C(Y)=Zg:,C(Y)

where o is a partition of s, 7 is a partition of ¢, and x runs over all partitions
of k=s+1t.

(a) Find all constants g for partitions of s =2, 1 =1.

(b) Prove that

(',‘)?gﬂ:(:)-
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[Hint: Use the result of Problem 7.7, expand etr(Y) as a zonal
polynomial series, and equate coefficients of C(Y) on both sides.]

7.17. 1f Y =diag(y,, y,) prove that

V)= s (a)i(c—a)(b)ilc—b),
Flabia¥)= 2 S =12,k

GF(atk,bt+k,ct2k, y,+y,— yi»a).

(n92)"

[Hint: Show that the right side satisfies the partial differential equations of
Theorem 7.5.6.]

Using the confluence relations given by (8) and (9) of Section 7.4, obtain
similar expressions for ,Fi(a; ¢; V) and (Fi(¢; Y).

7.18. Prove Theorem 7.6.4.

7.19. Prove that

(m) . - - S LZ(X)C.‘(Z)
A ZFr 2 X, = 2) k§0§(7+p)l¢k!cn(lm)

for X>0,Z>0,y>—1, p={(m+1).
7.20. Prove that

det(1~2Z) “\ F\"a;y+p; X,—2(1-2)"")

o
=2
k=0

(a) LAX)C(Z)
(vy+p)k!C(L,)

ol N

for X>0, 1Zli<l,y>~—1, p=4i(m+1).
7.21. Prove that

( —r)“"’"*”eu[— T (X 2)]0F,<'")(y +py X, Z

(1—1)
L= Lozt
R AT WA TA)

for X>0,Z>0,y>~1, p=i(m+1), |(|<].
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CHAPTER 8

Some Standard Tests on Covariance
Matrices and Mean Vectors

§.1. INTRODUCTION

In this chapter we examine some standard likelihood ratio tests about the
parameters of multivariate normal distributions. The null hypotheses con-
sidered in this chapter are

H:2,=2,=..-=2, (Section 8.2),
H:Z=)l1, (Section 8.3),
H:Z2=3, (Section 8.4), and
H:Z2=2,, p=p, (Section 8.5).

In each instance the likelihood ratio test is derived and invariance and
unbiasedness properties are established. Moments of the test statistics are
obtained and used to find asymptotic null and non-null distributions. The
likelihood ratio test statistics are also compared briefly with other possible
test statistics,

There are a number of other null hypotheses of interest about mean
vectors and covariance matrices. Some of these will be treated later. These
include testing equality of p mean vectors (Section 10.7), testing equality of
p normal populations (Section 10.8), and testing independence of k sets of
variables (Section 11.2).

8.2. TESTING EQUALITY OF r COVARIANCE MATRICES

82.1. The Likelihood Ratio Statistic and Invariance

In this section we consider testing the null hypothesis that the covariance
matrices of » normal distributions are equal, given independent samples

291
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from these r populauons Let X,),..., X,y be independent N,(p,, Z,) ran-
dom vectors (i=1,...,r) and consnder testing the null hypothesis

H:2|=“'=2r

against the alternative K which says that H is not true. In H the common
covariance matrix is unspecified, as are the mean vectors. The assumption of
equal covariance matrices is important in multivariate analysis of variance
and discriminant analysis, as we shall see in Chapter 10. Let X, and 4, be,
respectively, the mean vector and the matrix of sums of squares and
products formed from the ith sample; that is,

N, /
inle/— X, 4,= § (xu—xi)(xu_xl) (i=1...,r),

| J

M=

J
and put
A=A4+:--+4, N=N+---+N,.

The likelihood ratio test of H, first derived by Wilks (1932), is given in the
following theorem.

THEOREM 8.2.1. The likelihood ratio test of size a of the null hypothesis
H:Z,=...=2 =2, with Z unspecified, rejects H if A <c,, where

A= r_(det 4 yman2
(der4)™? T N2

(H

and c, is chosen so that the size of the test is a.

Proof. Apart from a multiplicative constant the likelihood function
based on the r independent samples is [see, for example, (8) of Section 3.1),

@) Lot 22 )= [ L3
= lj‘{(detE,)—N'/zctr(—izf'Ai)

-exp[~ IN,(X, ) =7 (X, — )]}
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The.likelihood ratio statistic is

sup  L{p,,....p,. 2,...,2)

z
3 A= [k By .
(3) sup L(pserestty, Z¢,y...,2,)

[TTTRRN | J0- TN Z,

When the parameters are unrestricted, maximizing the likelihood is equiva-
lent to maximizing each of the likelihoods in the product (2) and hence the
denominator in (3) is

(4) L()"(,,...,)‘(,,2,,...,2,)=e°mN/2II=II(M""'"'ﬂ(dem,)‘”'”),

where £ = N,"'4,. When the null hypothesis H: 2, = -« =%, =3 is true,
the likelihood function is, from (2)

L(pyoeeshn 2. Z)=(det 2) ™" etr(~ 327 4)

] expl-3NX - ) 37X, - )],

=1

which is maximized when p, =X, and £ = N~ 'A. Hence the numerator in
3)is

(5)  L(X,,...X,,N7'4,... ,N~'4)= N"N/Zg=mN/2 (det A) ™2,
Using (4) and (5) in (3) then gives

M (deta )" a2
(det 4)™? = N2

and the likelihood ratio test rejects H for small values of A, completing the
proof.

We now look at the problem of testing equality of covariance matrices
from an invariance point of view. Because it is somewhat simpler we will
concentrate here on the case r =2, where we are testing H: 2, = Z, against
K:3,#3,. A sufficient statistic is (X,,X;, 4,, 4,). Consider the group of
nonsmgular transformations

(6) G={(B,c,d); BE8(m, R), cE R, dE R™}
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acting on the space R™ X R" X &, X §,, of points (X,,X,, 4,, 4;) by

(B,e,d)(X,,X,, 4,, 4,)=(BX, +¢, BX, +d, BA,B’, BA, B'),

where the group operation is
(By,¢,,d,)(By,¢,,d,)=(BB,, Bic; +¢,, Bid; +d,).

The corresponding induced group of transformations (also G) on the
parameter space of points (g, p,, 2|, Z,) is given by
(1) (B, d)(py, 12, 2, 2,)=(Bp, +¢, Bp, +d, B2, B, BZ, B')

and the testing problem is invariant under G, for the family of distributions
of (X|,X,, 4,, 4,) is invariant, as are the null and alternative hypotheses.
Our next problem is to find a maximal invariant.

THEOREM 8.2.2. Under the group G of transformations (7) a maximal
invariant is (8,,...,8,,), where §, 28, = --- = §, (>0) are the latent roots of

=250
Proof. Let
o(pipq, 20, 2,)=(8,,...,8,).
First note that ¢ is invariant, for the latent roots of
(BZ,B")(BZ,B") '=B3,2;'B"’

are the same as those of 2,27 '. To show it is maximal invariant suppose
that

o(p, 12, 2,,2,)=9(1, %, T, 1),

that is, £,25' and I'T;' have the same latent roots (4,,...,8,). By
Theorem A9.9 there exist nonsingular matrices B, and B, such that

B\ Z,B;=A, BZ,B\=1,,
B,I'B; =4, BB =1,,
where

A =diag(6,,...,8,,).



Testing Equahity of r Covariance Matrices 295

Then

I=B;'AB;"'=B;'B,Z B|B;"'= BZ,B'
and

I,=8;'B;"'=B;'B 3,BB; ' = B3, B,
where

B=B;'B,.
Putting ¢= — Bp, + 7, and
d=—Bp,+mn

we then have

(B,c,d)(pt,, 25,2, 2,)=(7,n, T, ;)
so that
(!‘1'}‘2'21’22)“‘("“72’r\sfz) (modG).
Hence (§,,...,8,,) is a maximal invariant, and the proof is complete.

As a consequence of this theorem a maximal invariant under the group G
acting on the sample space of the sufficient statistic (X,,X,, A,,A ) is
(fys-erf), Where f= f, = .-« = f,(>0) are the latent roots of 4,4; . Any
invariant test depends only on f,...,f, and, from Theorem 6.1.12, the
distribution of f,,....f, depends only on §,,...,8,, the latent roots of
2,25, This distribution will be given explicitly in Theorem 8.2.8. Note that
the likelihood ratio test is invariant, for

(8) Ao N (detd,)"*(derd,)"
NlmN./ZszN,/Z det(Al+A2)(N|+N1)/2

_ NmN/Z det(A 1AEI)N1/2
= Nlle/zszN,/Z det(l + 4,45 )™ * N2

NmN/2 n fN|/2
NmN,/ZNmN;/Z V=1 (l+f )(N|+N2)/2 ’
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so that A is a function of f,,...,/,,. In terms of the latent roots of 2,2, ! the
null hypothesis is equivalent to

H8,=-=§,=1

There is no uniformly most powerful invariant test and many other func-
tions of f,,...,f, in addition to A have been proposed as test statistics. Some
of these will be discussed in Section 8.2.8. For the most part, however, we
will concentrate on the likelihood ratio approach.

8.2.2. Unbiasedness and the Modified Likelihood Ratio Test

The likelihood ratio test of Theorem 8.2.1 has the defect that, when the
sample sizes N,,...,N, are not all equal, it is biased; that is, the probability
of rejecting H when H is false can be smaller than the probability of
rejecting H when H is true. This was first noted by Brown (1939) when
m =1 (in which case the equality of » normal variances is being tested). We
will establish the biasedness for general m using an argument due to Das
Gupta (1969) for the case of r =2 populations. This involves the use of the
following lemma.

LEMMA 8.2.3. Let Y be a random variable and §(>0) a constant such
that 8(N, — )Y/(N, —1) has the F,, ., , , distribution, with ¥, < N,, and
let

—pl Y,
ﬁ(s)—P[(Hy)N,w, -kw]

Then there exists a constant A (A <1) independent of k such that

B(6)>p(1) forall S€(A,1).

Proof.  Since the region

rM

()i =k

is equivalent to y, <Y < y,, where

(9) (.}.'.'_)’\hz(_l"’yl)N'M[2
! I+ y, '
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it follows by integration of the Fy, _, v, density function that
8y, y(N|‘3)/2

3(8):C‘/8y2 (]+y)(N|+Nz)/2“|dy’

where

ce I[3(N +N,) - 1]
rl3(v, =03, -]

Differentiating with respect to § gives

y;N,—I)/l’ yz(Nl"l)/Z
(l+6yl)(N|+N1)/2—| (l+8y2)(N|+N2)/2'—| ‘

ﬂ’(8)=C8(”"3>/’[

It then follows that 8( 8)%0 according as

<

(:&_)(N‘—”/zz( H”'SJG )(N)"‘Nz)/z‘l
Y2 1+6y,

Using (9) we then have that 8'(8) E 0 according as

+y V> 148
where

__(NI+N2)(NI—1)
(1) =

and A <1. It now follows from (10) that there exists §, such that B(5) EO
according as 8 £ 8, where §, < 1. Now, since the function g(x) = (1 + Ax)/(1
+ x)* is increasing in x we have g(y,)>g(»,); from (10) this implies that
B’(A\)<0. Hence 8,<A<1. Consequently B(8)>B(1) for all §€(A,1),
where A does not depend on .

We are now in a position to demonstrate that the likelihood ratio test for

testing equality of two covariance matrices is biased. First note that reject-
ing H for small values of A given by (8) is equivalent to rejecting H for
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small values of
_ NN (det A,)"(det 4,)"?
N™N det(A, + 4,)" "M

4

THEOREM 8.24. For testing H: X, =2, against K: Z,# Z, the likeli-
hood ratio test having the critical region V' <k is biased.

Proof. Using an obvious invariance argument we can assume without
loss of generality for power calculations that £, = [, and 2, = A, where A is
diagonal. In particular, take

A =diag(8,1,...,1).
Let A,=(a!)) and A, =(a(?), and define the random variable Z by

(al?)"(a)™
(12) = 2

Then Z is independent of the first factor on the right side of (12), and its
distribution does not depend on & (use Theorem 3.2.10). Putting ¥ = a{})/a{?
so that 8~ (N, —~1)Y/(N, — 1) is Fy, _| y,-1» the first factor on the right side
of (12)is YM /(1+Y )" *¥: Lemma 8.2.3 then shows that the power of the
likelihood ratio test is less than its size if ™ '€(A, 1), where A is given by
(11), and the proof is complete.

Although unbiasedness is in no sense an optimal property, it is certainly
a desirable one. It turns out that by modifying the likelihood ratio statistic
slightly an unbiased test can be obtained. The modified likelihood ratio
statistic, suggested by Bartlett (1937), is defined to be

- H,’=|(del Ai)"'/z L
(dC',A)"/2 H":ln:nn,/z’

(13) A*

where n,=N,~1 and n=23/_,n, = N —r. Note that A* is obtained from A
by replacing the sample sizes N, by the corresponding degrees of freedom #,.
This is exactly the likelihood ratio statistic that is obtained by working with
the likelihood function of Z,,...,Z, specified by the joint marginal density
function of 4,,...,4, (a product of Wishart densities), rather than the
likelihood function specified by the original normally distributed variables.
The modified likelihood ratio test then rejects H: 2, = --- =X for small
enough values of A*. The unbiasedness of this test was established in the
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univariate case m =1 by Pitman (1939). If, in addition, » =2, this test is a
uniformly most powerful unbiased test. The unbiasedness for general m and
r was proved by Perlman (1980). Although his elegant proof is too lengthy
to reproduce here, we will establish the unbiasedness for the case r =2 using
an argument due to Sugiura and Nagao (1968).

THEOREM 8.2.5. For testing H: 2, = 2, against K: 2, # X, the modified
likelihood ratio test having the critical region

n/2 "
(det 4,)"/*(det 4,) =/25k}

C=1{(A,, 4,); A;>0,4,>0,
{( 1 2) § 2 det(A)+A2)n/2

is unbiased.

Proof. Using invariance we can assume without loss of generality that
S,=1, and Z,=4, where A =diag(8,,...,5,). The probability of the
rejection region under X is

PK(C) m u, m, ”zf A;)ECeu- —%(A“’AI +A2)]
|.

(det A)" 7" % (det 4,)" T 2(dA, )(dA, ) (det )™M

where
[2mn/2 r ( n )]

Hl "

Now make the transformation 4, = U,, A, =U,/2U,U'/?, where U,/ is the
positive definite symmetric square root of U,, so that U,'/2U|'/?* = U,. Then

(dA|)(dA;)=(detU,)" V(U )(dU,),

and

PK(C) m n. ", nzdetA n./Zf

_.__l
u.>of< e[~ 1(87"' +Uy) U]

I.Uy)ecC

(detU,)" ™" 2 (det 1) T T X dU, )(dU, )

Cm.nlcm.n - n ny—m-

= I (et A) '/2j (det U,) "2~ m b2
Cmony+ny (1 U)EC
det(A™'+0,) "4 (dUy),



300 Some Standurd Tests on Covariance Matrices and Meun Vectors

using Theorem 2.1.9. Now put U, = A '2VA~"V2  with (dU,)=
(det A)~("+1/2(gy), so that

P (C)= deEC (dety)"2 =172

-det(1+ V) "(av),
where

C,={V:V>0,(1,87"a"?)eC} and d=c, ,Cpn nfmin tny

Putting G, ={V; V>0, (I,V)EC]), so that C;=C, when H is true (i,
when A = 1), it then follows that

Py(C)- P”(C):d{fyec "fvec}(detV)(""""_'Vz

det(1+V) "*av)

vee,-cnG Jvec-qng,

(detV )" 2 gey (14 1) T (dv),
Now, for V& C, — C, N C, we have
(dev ™"V e (1+V) " < K, (dety) mtnr2
and for Ve C,—C,NC,
(det V)("2 “m-”/zdcl(l+ I/')“"/2 >k (det V)“(nﬂ l)/z‘
and hence

Pr(C)~ P”(C)de“{ft/e o ~C,nc,_ VECZ—‘(',(‘\(',}

(detV )T 2(qy)

= dk ~
“{fve o Jrve q}

A(detV) "2 gy
=0,
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since

/ (detV)""'*"/’(dV)zf (detV)™ "V qi);
Ve, e

this is easily proved by making the transformation W=A""2VA""/2n the
integral on the left. We have used the fact that

j (det V)" """V 2 qey(1+ V) Y dV )< o0

[because this integral is bounded above by d~'P,(C)], from which it follows
that for any subset C* of C,

00> (detV)" 2" 2 gey(1+ V) " HdV)
vec*

_>_kqf (detV)” "V %(ap);
vecCc*
this implies that

f (detV) " VY gy )< oo,
vec,

which has been used implicitly above. We have thus shown that Py(C)=
P, (C) and the proof is complete.

8.2.3. Central Moments of the Modified Likelihood Ratio Statistic

Information about the distribution of the modified likelihood ratio statistic
A* can be obtained from a study of its moments. In this section we find the
moments for general r when the null hypothesis H: &,=--- =Z is true.
For notational convenience, define the statistic

= A!ﬁ._____n"z'n:m"/2
nmn/2

(14) %

7 (det4,)"”?
(det 4)""?

where n =32/_n,. The moments of W are given in the following theorem.
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THEOREM 8.2.6. When H:Z,= .-- =2 is true, the hth moment of W

is

l‘m(2n) ¢ ,,,[%N,(l"’h)]
n(1+n)] =1 T,(in,)

(15) E(W")— e

Proof. Let 2 denote the common covariance matrix, so that the A, are
independent W, (n,, ) matrices (i =1,...,r). There is no loss of gencrality
in assuming that =17 _, since W is invariant under the group of transfor-
mations A, » BA, B’, where B€E 8{(m, R). Hence,

r
E(w")= ( ) det 4) "/
( 0ewn)f o), fder)

. [;I, {ete( =44, )(der ,)" " 727012 (G ). . (da,),

where
(16) Cpon = [2 20, (n /)]
Consequently,

4 cm n -
(17) E(w*)= [l —2 E[(det 4) "],

1=1 cm.n,(l +h)

where 4 =3/..,4, and the A4, have independent W, [a,(1+ h), 1] distribu-
tions (i =1,...,r). Hence A is W, [n(1+ k), 1] so that, using (15) of Section
3.2,

L (2")
[zn(l+h)]

Substituting back in (17) and using (16) then gives the desired result.

The moments of W may be used to obtain exact expressions for the
distribution of W, and hence A*. Briefly the approach used is as follows,
The Mellin transform of a function f(x), defined for x >0, is

M(s)=/0wf(x)x"'dx,

E[(det 4) ™"/} ) =2 mnh/2—
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a function of the complex variable s. The function f(x) is called the inverse
Mellin transform of M(s); see, for example, Erdélyi et al. (1954), Chapter 6.
If X is a positive random variable with density function f(x), the Mellin
transform M(s) gives the (s — 1)th moment of X. Hence Theorem 8.2.6 gives
the Mellin transform of W evaluated at s =k +1; that is,

M(h+1)=E(W").

The inverse Mellin transform gives the density function of W. There is, of
course, nothing special about the central moments here; given the non-
central moments (when H is not true) the noncentral distribution of W can
be obtained using the inverse Mellin transform approach. It turns out that
exact distributions of many of the likelihood ratio criteria that we will look
at, including W, can be expressed via this method in terms of two types of
special functions known as G and H functions. For work in this direction
the interested reader is referred to Khatri and Srivastava (1971), Pillai and
Nagarsenker (1972), Mathai and Saxena (1978), and to useful survey papers
by Pillai (1976, 1977) and references therein. Although theoretically inter-
esting, we will not go into this further because in general the exact density
functions of likelihood ratio statistics in multivariate analysis are so com-
plicated that they appear to be of limited usefulness. It should be mentioned
that there are often some special cases for which the distributions are quite
tractable. Rather than list these, however, we will concentrate on asymptotic
distributions; these turn out to be simple and easy to use.

8.2.4. The Asymptotic Null Distribution of the Modified Likelihood Ratio
Statistic

In this section we derive an asymptotic expansion for the distribution of A*
as all sample sizes increase. We put n, = k;n (i=1,...,r), where 3'_ k, =1
and assume that k,>0 and that n — co. The general theory of likelihood
ratio tests [see, e.g., Rao (1973), Chapter 6] shows that when the null
hypothesis H: Z,= --- = Z, is true, the asymptotic distribution as n — oo of
—2log A (and —2log A*) is x}, where

f=number of independent parameters estimated in the full parameter
space —number of independent parameters estimated under the null
hypothesis

=rm+trm(m+1)=[rm+im(m+1)]

=im(m+1)(r—1).
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It turns out, however, that in this situation and many others convergence to

the asymptotic x? distribution can be improved by considering a particular

multiple of —2log A*. We will first outline the general theory and then

specialize to the modified likelihood ratio statistic A*. For a much more

detailed treatment than the one given here, the reader should refer to Box

(1949), to whom the theory is due, and to Anderson (1958), Section 8.6.
Consider a random variable Z (0= Z <1) with moments

2.,y ’h 0 Tlxd + ) + &]
18 E(Zh)= K| w2 | Db :
(18) E=K e | oo m e,
where
I q
(19) =2 x
7=1 k=)

and K is a constant such that £(Z°%)=1. In our applications we will have
Xy =ayn, y,=bn, where a, and b, are constant and n is the asymptotic
variable, usually total sample size or a simple function of it. Hence we will
write O(n) for O(x,) and O(y;). Now, from (18), the characteristic function
of —2plog Z, where p (0= p = 1) for the moment is arbitrary, is

(20) ¢(’): E[e“luplngZ]
= E[Z~2up]

= K[ H’I""y’yl ] 2eI1d Tl (1=2itp) + ¢,
M- i 0. Py (1 -2itp) + 0] 7

Putting
(21) Bi=(-p)x,, g=(1-p)y,

it then follows that the cumulant generating function ¥(r) of —2plog Z can
be written as

(22) ¥(1)=log¢(t)=g(¢)~ g(0),
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where

q

)
(23) g(1)=2itp| 3 x,logx,— 3 ylogy,
k=1 1=1

+ é log I‘[pxk(l —2it)+ B, +$,,]
k=1

p
- §1 logI‘[pyI(l-—zit)+ej+nj]

and we have used the fact that — g(0)=log K because ¥(0)=0. We now
expand the log gamma functions in ¥(¢) for large x, and y,. For this we
need the following asymptotic expansion due to Barnes [see Erdélyi et al.
(1953a), page 48]:

(24) logT(z+a)=(z+a—3)logz—z+1log2nm

Bz(“) 2! I+|Br+|(0) -1

+ 22 -y () 2Rl
12 (=1 0+ °

+0(z77")  (1=1,2,3,...,|argz|< 7).

In (24), B(a) is the Bernoulli polynomial of degree J, defined as the
coefficient of 27/j' in the expansion of ze?*(e” —1)~'; that is,

nMS

(25) ze“* (e’ —|)‘I —’, (|z|<2n).

The first few Bernoulli polynomials are [see Erdélyi et al. (1953a), page 36)
(26) By(a)=1, B(a)=a—1, Bya)=a’—a+i,
By(a)=a’—3}a*+1a, Ba)=a*-2a*+a’—4.

Using (24) to expand the log gamma functions in g(¢) and g(0) for large x,
and y, we obtain, after some simplification

(27) ¥(¢)=—1iflog(1—2it)+ éwa[(l—Zit)""-1]+0(,,—1—|)’
a=1
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where
q P
(28) f=—2[ 26— 2 n,—%(q—p)]
k=1 =1
and .
:(“l)aH & Ba+|(ﬂk+fk)_ 4 Ban(e,'f"h)
@)« a(at1) k§=:1 (px,)" ng (py,)" J

If 1—p is not small for large n it follows from (21) that B, and ¢, are of
order n; for (27) to be valid we take p to depend on nso that 1 ~p=0(n"").
If we take p=1,/=1 and use the fact that w, = O(n™"'), (27) becomes

¥(1)=—1{flog(1-2it)+0(n").
Exponentiating gives the characteristic function of —2log Z as
¢(1)=(1-2it) "1+ 0(n"")].

Using the fact that (1—2ir)"//2 is the characteristic function of the x?
distribution, it follows that P(—2log Z< x)= P(x} < x)+0(n™"'), so that
the error or remainder term is of order ™', The point of allowing a value of
p other than unity is that the term of order n~' in the expansion for
P(—2plog Z = x) can be made to vanish, Taking /=1 in (27) and using the
fact that By(a)=a®—a+} we have for the cumulant generating function
of —2plog Z,

¥(1)=—4flog(1=2ie) + w [(1=20)"' 1] + O(n ),
where f is given by (28) and

@ =i{ 3 (8 + 60 (8 + 80+ 3]
I 2P « k k k k 6 k

P
-3 [(€,+n,)2—(8,+n,)+é]y,"'}

1=1

— -py+ S @t ) - S (a2 -n,+3)
by (374 k=|xk PR Y+ ,=|yj nTmTE
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on using (21). If we now choose the value of p to be

(0) p=1-7 kZ:',Ix;'(Si—fﬁ%)*élyf'(nf—m+%)

it then follows that w, =0. With this value of p we then have
o(2)=(1-2it) " *[1+ 0(n?)],

and hence

(31) P(-2plogZ=x)=P(x:<x)+0(n"?).

This means that if the x} distribution is used as an approximation to the
distribution of —2plog Z, the error involved is of order n~2, If we also
include the term of order n~2 we have, from (27) with w, =0,

¥(1)=— L flog(1—2it)+ [ (1-2it) 2= 1] +0(n"?),

so that

(32)

P(—2plogZ<x)= P(x}Sx)+w2[P(x}HSx)— P(x}Sx)]+0(n‘3).
We now return to the modified likelihood ratio statistic A* for testing

H:Z,= ... =3, Putting n, = k,n, where 2/_ k, =1, it follows from Theo-
rem 8.2.6 that

(33)

A nmnh/z 5
A
Elar= 4’=|":""'h/2 EW)

__nmm? L, (in) I’]Fm[%n,(wk)]
M7_nrm/2 T 4n(1+h)} =1 T,(3n,)

’

i Om,(my™? I T Dk, (14 B) = 3= 1)
I (dnk,) ™ e+ m) =4 -1)]

where K is a constant not involving 4. Comparing this with (18), we see that
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it has the same form with p =m; g =rm, y, =4n; n, =30 — 1) x, =4nk,
with k=(@(—-Dm+1,....im (i=1,...,r); & =—3(j—1), with k= j,
m+ j..(r—Dm+j (j'"l Lm).

The degrees of freedom in the hmmng x? distribution are, from (28),

(34) f=-2 k§|€k_ gln,—%(q—p)

=-2| 3 S H1-)- 3 0= H-tm(r-1)

=1 y=1 =1
=+ 3 (j-1)- 2 (j=D+m(r—1)
2 j
=(r=1){im(m+1)—m)+m(r—-1)
=im(m+1)(r—-1),

as previously noted. The value of p which makes the term of order n
vanish in the asymptotic expansion of the distribution of —2plog A* is,

from (30),
K

(35) p=l-={ ¥ x
1.2

'(fi—fk’r%)* éy,"(nf*nﬁ%)

1=1

=1 —}-{; S E[zu-vegu-n+g

- ;‘I ;2,-[}(1—1)’+%(j—1)+%]}

@m*+3m—1) | !
6(m+l)(r-—l)n( §
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With this value of p the term of order n~2 in the expansion is, from (32),
(29) and (26)

1 | & 3 1
W, = —g{kglxkvz[(ﬁk-*-ek)]—i(ﬁk +£k)2+'2‘(ﬁk+§k)]

-3 y,~2[(e,+n,)’-§<e,+n,)’+§(e,+n,)]},
=1

which, after lengthy algebraic manipulation, reduces to

(36)
_m(m+1) B d R e 3
wz——‘w(—np),—{(m Dm+2)| : 1) =6t =)at p)]}-
Now define
@m*+3m—-1){ & 1
(37) M=pn=n——————6(m+l)(r_l)( § . )

which we will use as the asymptotic variable, and put
(38)
Y= Mo,

:—————'"('ZSH){( -1)(m+2)( E.F_l) 6(r—1)["(1—0)]2}'

1=

We now have obtained the following result.

THEOREM 8.2.7. When the null hypothesis H: Z,=..- =X, is true the
distribution of —2plog A*, where p is given by (35), can be expanded for

large M =pn as
(39) P(—2plog A*<x)=P(x?}=x)

+ 25 [P(x}ra=x) = P(x} = x)]+ 0(M7)

where f = m(m + 1)(r —1)/2 and vy is given by (38).
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An approximale test of size & of H based on the modified likelihood ratio
statistic is to reject H |f —2plog A*>¢,(a), where c,(a) denotes the upper
100a% point of the x? 7 distribution. The error in this approximation is of
o“der n~2, More accurate p-values can be obtained using the term of order

-2 from Theorem 8.2.7. For a detailed discussion of this and other
approximations to the distribution of A*, the interested reader is referred to

Table 3, Upper S percentage points of —2log A*, where A* is the
modified likelihood ratio statistic for testing equality of r covariance
matrices (equal sample sizes)”

- m=2 m=3
ng>~r| 2 ] 4 5 2 3 4 5
31219 1870 24.55 30.09
41070 16.65 2200 27072241 3500 46.58 57.68
S| 997 1563 2073 2556 | 19.19 3052 40.95 50.95
6 9.53 1502 19.97 24.66|17.57 2824 38.06 47.49
7| 924 14.62 1946 24.05|16.59 26,84 36.29 4537
8| 904 1433 19.10 2362|1593 2590 35.10 43.93
9| 888 I4.11 18.83 23.30( 1546 2522 34.24 4290
10| 876 13.94 18.61 23.05{15.11 2471 33.59 42.11
11| 867 13.81 1844 2284|1483 2431 33.08 41.50
12 859 13.70 1831 22.68 |14.61 23.99 3267 41.00
13| 852 13.60 1819 2254|1443 2373 3233 40.60
14| 847 1353 18.09 2243 14.28 23.50 32.05 40.26
IS| 842 1346 18.01 2233 (14.15 2332 3181 3997
16| 838 1340 1794 22241404 23.16 31.60 39.72
171 835 1335 17.87 22,16 |13.94 23.02 3142 39.50
18] 832 1331 17.82 22,10 | 13.86 22.89 31.27 39.31
19] 828 13.27 17.77 22041379 2279 31.13 39.15
20} 826 1323 1772 21.98|13.72 2269 31.00 39.00
25| 817 13.10 17.56 21.78 [ 13.48 2233 30.55 38.44
30 811 13.01 1745 21.65)13.32 22,10 30.25 38.09
35| BO7 1295 17.37 21.56 | 13.21 21.94 30.04 37.83
40 | 8.03 1290 1731 2149 13.13 21.82 2989 3765
451 801 1287 1727 21.44}13.07 2173 29.77 137.51
501 799 12.84 17.23 2140 13.02 21.66 29.68 37.39
$S| 797 1282 17.20 2136 | 12.98 21.60 29.60 37.30
601 7.96 12.80 17.18 21.33 11294 2155 29.54 137.23
120 7.89 12,69 17.05 21.18 | 12.77 21.28 29.20 36.82

“Here, r =number of covariance matrices; n =one less than common sample size;
m =number of variables.
Source: Adapted from Davis and Field (1971) and Lee et al. (1977), with the kind
permission of the Commonwealth Scientific and Industrial Rescarch Organization
(C.S.I.R.0.), Australia, North-Holland Publishing Company, and the authors.
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Table 3 (Continued)

m=4 m=5
Ng ri 2 K} 4 5 2 3 4 5
513539 56.10 7536 9397
613007 4863 6590 82.60]51.14 81.99 11092 13898
712731 4469 6090 76.56 | 43.40 71.06 97.03 12222
8 125.61 4224 5777 72.7713929 65.15 8945 113.03
9 (2445 40.56 55.62 70.17136.70 6139 84.62 107.17
10]23.62 3934 5405 68.27]34.92 5878 8125 103.06
1112298 3841 5285 66.81 3362 5685 78.75 100.03
122248 37.67 5190 6566|3262 5537 76.83 97.68
1312208 37.08 51.13 6473 {31.83 54.19 7530 958!
14 121,75 36.59 50.50 63.96 {31.19 53.23 74.05 94.29
15]21.47 36.17 49.96 63.31 3067 5244 7302 93.02
16 [ 21.23 35.82 4951 62753021 5176 72.14 9195
1712103 3552 49.12 62.28]29.83 5119 71.39 9103
18 ] 20.86 35.26 48.77 61.86]29.51 5069 70.74 90.24
19120.70 35.02 4847 61.49129.22 50.26 70.17 89.54
20| 20.56 34.82 48.21 61.17 2897 4988 69.67 88.93
2512006 3406 47.23 5998 |28.05 4849 67.85 86.70
301 19.74 33.58 46.60 59.22 |2748 4761 6671 8529
35119.52 3325 46.17 58.6927.09 4701 6592 8433
4011936 33.01 4585 58.30)26.81 46.57 6535 83.62
4511923 3282 4561 58.00(2659 4624 6491 83.08
501 19.14 3267 4542 5777|2642 4598 64.56 82.66
55119.06 3255 4526 5758|2628 4577 64.28 82.31
60 | 18.99 3245 4513 5742126.17 4559 64.05 8203
120 | 18.64 31.92 4444 56.57)25.57 4466 62.83 80.52

Box (1949), Davis (1971), Davis and Field (1971), and Krishnaiah and Lee
(1979). The upper 5 percentage points of the distribution of —2log A* have
been tabulated for equal sample sizes (n,=n,, with i=1,...,r) and for
various values of m and r by Davis and Field (1971) and Krishnaiah and
Lee (1979); some of these are given in Table 3.

8.2.5. Noncentral Moments of the Modified Likelihood Ratio Statistic when
r=2

In this section we will obtain the moments in general of A* for the case
r =2 where the equality of two covariance matrices is being tested. These
will be used in the next section to obtain asymptotic expansions for the
non-null distribution of A* from which the power of the modified likelihood
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ratio test can be computed. Recall that when r =2
n:nn,/Z”'Znn,/Z

(40) W= ——

(det A,)"'/z(dct Az)"’/z
det(A, + 4,)""?

m /;n,/l

RERCYI e

where f,= f,= -+ = f,(>0) are the latent roots of 4,4;'. We start by
giving the joint distribution of f,....f, in the following theorem due to
Constantine (see James, 1964).

THEOREM 8.2.8. If A4,is W,(n,, Z,), Ay is W,(n,, Z,), withn,>m—1,
ny>m—1, and 4, and A, are independent then the joint probability
density function of f,,...,£,, the latent roots of 4,45 ", is

7™ /2T, (4n)
Fm(%m)rm %"l)rm %"2)

m
@ I R - oo p)

',]—;'Il/l("l_m"”/zlgj(/'-—fl) (fl>f2>'“>fm>0),

where n=n,+n,, F=diag(/,.....f,), Ad=diag(s,,...,8,), with 8,,...,8,
being the latent roots of 2,27, and | F{™ is a two-matrix hypergeometric
function (see Section 7.3).

Proof. Using a (by now) familiar invariance argument, we can assume
without loss of generality that 2,=A and ,=1,. The joint density
function of 4, and A4, is then

(detd)™ "2 L N
T (I TG 1)

cetr(— 14,)(det 4,)" " V/?,

Now make the transformation

F=UY4;'U'V?, U= A4,
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1

and note that the latent roots of 4,4, "' are the latent roots of F. The

Jacobian is given by
(dA,)(dA,)=(detU)"" " }(det F)™ " *D(qU W dF),

and hence the joint density function of F and U is

(deta) "/?
Zm”/zrm(%nl)rm(%nl)

etr[—{U(A™ '+ FY)]

(det )"~ "~V ¥ (det F)~mt /2

Integrating this over U > 0 using Theorem 2.1.11 then shows that F has the
density function

L, (in) -n, /2 s (g~ m—1)/2 =\~ n/2
(detA) ™"/ *(det F)" ™"V 2dey(1+ A" 'F) "2,
I‘m(%"l)rm(%"Z)

Using Theorem 3.2.17 it now follows that the joint density function of
fis---+J,, may be expressed in the form

m

nm/2 L,.(in) (detA)ﬂ"/Z l":['f‘(m—m—l)/2 ﬁ (f‘—jl‘)

4D (i) TG, )T (dm) k3

f det(1+ A~ '"HFH’) ™ "/*(dH).
[0}

)

The desired result (41) is now obtained using Corollary 7.3.5 and Theorem
7.3.3.

The null distribution of f,,...,f,, (that is, the distribution when Z, =Z,)
follows easily from Theorem 8.2.8.

COROLLARY 8.29. When £, = £, the joint density function of f},....f,,,
the latent roots of 4,45 ', is

(43)

nm:/zl‘m(%n) m (m =132 —ny2 m _
I (i) Talims) (i L (a+£) 1 (£-1).
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Proof. When =, =2, we have A =1, and the | F{™ function in (41) is

i (das = a7 F) = F(in; - F)

=det(/+F) ""?
- H (l+j;)‘"/2’
1=1

completing the proof.

The alert reader will recall that the null distribution (43) of f,,...,f,, has
already been essentially derived in Theorem 3.3.4, where the distribution of
the latent roots u,,...,u,, of A|(A4,+ 4,)" " is given. Corollary 8.2.9 follows
immediately from Theorem 3.3.4 on putting f, = u, /(1 — u,).

The zonal polynomial series for the hypergeometric function in (41) may
not converge for all values of A and F, but the integral in (42) is well-defined.
A convergent series can be obtained using the following result of Khatri

(1967).
LEMMA 8.2.10.

[ det(1 + A 'HFH') """ *(dH )
O(m)

=det(I+AF)™ "2 F™(3n 1= (A8)  NF(T+AF) 7Y,
where A is any non-negative number such that the zonal polynomial series
for the | F{™ function on the right converges for all F.

Proof. Since
det(I+A7'HFH') "/ * =dei(1 +AF) "/
det[ 1 —(1=X"AT )Y HOF)(I+AF) ' 1],

the desired result follows by integrating over O(m).

We now turn our attention to the moments of the statistic W defined by
(40), a multiple of the modified likelihood ratio statistic A*. These can be
expressed in terms of the ,F, one-matrix hypergeometric function (see
Sections 7.3 and 7.4) as the following theorem due to Sugiura (1969a) shows.
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THEOREM 8.2.11. The Ath moment of W is

rm(in)rm[%”l(l+h)]rm['2ln2(l+h)]
Fm('zlnl)rm(%"Z)Fm[%n(l +h)]

-(detd)""2, Fy(3nh, tny(1+ h); n(1+ h); 1= A).

(44) E(W")=

Proof Let F be a random matrix having the density function

T(3n)
rm(%nl)rm(%nz)
B (dni 187 FI+F)TY) (F>0).

The latent roots f,,....f, of 4,4, have the same distribution as the latent
roots of F, as shown by Theorem 8.2.8 and Lemma 8.2.10 (with A =1).
Hence the Ath moment of

(detAd)™ "/ *(det F)'™ ™"~ det(1+ F)~"/

“ }'.”‘/2 ~\n, /2 =\ —n/2
W= ——————=(det )" “det(/+ F
B G muanr s
is given by
I‘m(%") ~n,/2 =\m(l+h) /2~ (m+1)/2
E(Wh)= (deta)™™/*[  (det Fym\'*M/2=tmen/
) L(4n))Ta(4n,) ff>o

~det(1+ F) ™" B (dn; - A7), F(I+ F)™')(dF).

Putting U =(1+ F)~'/2F(I + F)~'/? and using the zonal polynomial series
for |F{™, we get

I (%") -m/2 =+ h) /2~ (m+
E(Wh)= m detA n/ det F m( V2I-(m+1)/2
)= F ) (i) )" (0ot )

-det(1+ F)~""* M B (in; 1— 7Y, F(1+ F)7')(dF).

- rm(%”) -n/2 - (%")x CK(I_A-‘I)
= )Ty 8 2 2 e

f (de(U)”'('+h)/2—('"+l)/Z
o<U<i

ddet(1—U)HI2TMED2 0 (U (dU).



316 Some Standard Tests on Covariance Mutrices and Mean Vectors

(Here we arc assuming that max, |18 '|<l, ie., max,8 =8, >4. This
restriction can be dropped at the end.) Using Theorem 7.2.10 to evaluate
this integral gives

I, (4n) T, [4u0,(1+ )T, [4n,(1 + 1)]

E(W")= T,.(4n,)T,.(in,) I‘m[in(H-h)]
casr & Um) (14 1), c(i-a)
. mn/ LJ LA
(detd) kgog (%"(Vf”)), k!

L(3n) L[ 40, (1+ B)] T, [ 4n,(1+ 1))
L, (3n,)T,(3n,)T, [”(H‘h)]

(detd) "2, F,(4n, 4n(1+ B); dn(1+ B); 1= A7Y).

The desired result now follows on using the Euler relation given in Theorem
7.4.3.

As mentioned earlier these moments could be used in principle to obtain
exact expressions for the distribution of W, see, for instance, Khatri and
Srivastava (1971). We concentrate here on asymptotic distributions.

8.2.6. Asymptotic Non-null Distributions of the Modified Likelihood Ratio
Statistic when r = 2

The power function of the modified likelihood ratio test of size a is
P(—2plog A*=k})b,,...,8,), where p is given by (35) and &} is the upper
100a% point of the distribution of —2plog A* when H: 2, =X, is true.
This is a function of the latent roots 8,,...,8,, of £,25' (and, of course, n,,
n,, and m). We have already seen that an approximation for k7 is ¢,(«), the
upper 100a% point of the x distribution, with f=m(m + I)/2 In this
section we investigate ways of approximating the power function.

The asymptotic non-null distribution of a likelihood ratio statistic (or, in
this case, a modified one) depends in general upon the type of alternative
being considered. Here we will consider three different alternatives. To
discuss these, we must recall the notation introduced in Section 8.2.4. Put
n,=k,n with k,>0 (i=1,2), where k, + k, =1, and assume that n - co.
Instead of using n as the asymptotic variable, we will use M =pn, as in
Theorem 8.2.7. We will consider asymptotic distributions of —2plog A* as
M - 0.
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The three alternatives discussed here are

K: Z,#2,,
- _ 1
Ky: 27V°2,35'%=1,+46,

and

1
K3 E;'/ZE‘E;'/Zz I, + W@,

where ® is a fixed matrix. The alternative X is referred to as a fixed (or
general) alternative, while K,, and K}, are sequences of local alternatives
since they approach the null hypothesis H: 2, =2, as M — o0. It is more
convenient to express these alternative hypotheses in terms of the matrix
A =diag(8,,...,8,,) of latent roots of 2,25 }; they are clearly equivalent to

K: A#1,,
) _ 1
KM- A—]m+—ﬁ9,
and
KY: A=1I + ! Q
M “im M|/2 ’

where Q is a fixed diagonal matrix, @ =diag(w,,...,w,,).

The asymptotic distributions of A* are different for each of these three
cases. We will first state the results and prove and expand on them later.
Under the fixed alternative K the asymptotic distribution as M — oo of

—2p R (det A)*
+ M/ ?log ———m—
ppi/ BNt MR G )

is N(0, 7%), where

. mf o 8—-1 \°
=1k k, 2 m .
=1 !

This normal approximation could be used for computing approximate
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powers of the modified likelihood ratio test for large deviations from the
null hypothesis H:A=1. Note, however, that the asymptotic variance
120 as all §, - 1 so that the normal approximation can not be expected to
be much good for alternatives close to /. This is where the sequences of local
alternatives K, and K}, give more accurate results. Under the sequence K,
of local alternatives the asymptotic distribution of —2plog A* is x}, where
f=m(m+1)/2, the same as the asymptotic distribution when H is true.
For the sequence K}, of local alternatives, under which 4 -» I at a slower
rate than under X,,, the asymptotic distribution of —2plog A* is non-
central x}(v), where the noncentrality parameter is » = k&, tr %/2,

Asymptotic expansions for the distributions in these three cases can be
obtained as in Section 8.2.4 from expansions of the characteristic functions
for large M. When H is not true, however, the characteristic functions
involve a , F, function of matrix argument (see Theorem 8.2.11) which must
also be expanded asymptotically. There are a number of methods available
for doing this; in this section we will concentrate on an approach which uses
the partial differential equations of Theorem 7.5.5 satisfied by the ,F,
function. The first correction term will be derived in asymptotic series for
the distributions under each of the three alternatives. Under K and K}, this
term is of order M ~'/2, while under K,, it is of order M}

We consider first the general alternative K: A 5 I. Define the random
variable Y by

~2p (deta)
Y=—LlogA*+ M/ Hog— )
(45) ai AT Mg Y T

and note that the asymptotic mean of (—-2p/M)log A* is
—log[(det A)*' /det(k,8 + k, 1)} and its asymplotic variance is of order
M™', so that Y has, asymptotically, zero mean and constant variance. The
characteristic function of Y is

g(M,1,8)=E(e"")

_ (det A)*
Tl det(k, A+ k, 1)

uM'/?

E( A*'—Zup/M'ﬂ)

(dCtA)k' uM\’? .k MV tm ~2up M2
|k as D) (kkikcke) -E(W )s

where W is given by (40). Using Theorem 8.2.11 to evaluate this last
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expectation then shows that g(M, 1, A) can be expressed in the form

(46)

where

(47) G,(M,1)=(k} k)

and

(48)

G,(M,1,A)=det(k,A+k, 1)~

with

then

(49)

g(M, 1,A)=G (M, 1)G,(M,1,4),

"M m F»:(%M'*‘el)rm(ilklM"' Mkt + v,)
L(3M~M'%it+¢)T, (3k,M+v,)

Lu(3kaM— M ?kyit + 6~ v,)
L(3k,M+e—-v)

M2

g =1in(1— )=____2m2+3m—__l L —l——l ;
1T R)IT TR e ) \K, & )’

=k

Here g(M,t, A) has been written in terms of the asymptotic variable
M = pn. Using (24) to expand the gamma functions for large M, it is a
straightforward task to show that

(50)

(m+1)it

m -
G(M,t)=1+ 172 +0o(M™").

An expansion for G,(M,t, A), the other factor in g(M, 1, A), follows from
the following theorem, where for convenience we have put R=7/—-A=

diag(ry,....%,).
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THEOREM 8.2.12. The function G,(M, t, I — R) defined by (48) can be
expanded as

(51)  Gy(M, 1, 1—R)=exp(—kko,0*)| 1+ Q(lf2)+o(M*'),

where

(52) Q,(R)=— itk \ky(1+412)a, + (it k ko (k, — k, )0,
~2(it )’k k20, — 3k kyita}

with

"' J
(53) =u[R(1-k,R)"]) = -
| (1—k;r)
Proof. We outline a proof using the partial differential equations satis-
fied by the , F| function. From Theorem 7.5.5 the function

JF(—aM'2 ke M — M kit + v AM — M 2it+ e R),

which is part of Gi(M,t, I— R), is the unique solution of the system of
partial differential equations

9’F 1/2; 1/2;
r)(l—rj)—aﬁ-+{%M-M / 1(+e,—%(m~-l)—{ik,M~M 2it(Y+ k)
AU )}af

1 1
+y,+l—5(m—l)]rl+52 r=r | or

a# )

1
-3 > -tq’(.—-__—r"-lgrr — M %i($k M — M 2k it + v, F
a¥®* )

(j=1,...,m)

subject to the conditions that F be a symmetric function of r,,...,r, which
is analytic at R =0, with F(0)=1. From this system a system of differential
equations satisfied by the function H(R)=log G,(M,, I ~ R) can be ob-
tained. The energetic reader can verify, after lengthy but straightforward
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algebraic manipulation, that this system is

(54) r(1=r) ﬂ+(a_n)’

Brlz dr,

+{%M—M'/2il+e, —4(m—1)

—[$k,M— M2+ k) + v 1= 3(m = )],

r(l— r(1—r
—2M'/2k,u———'( 'f)+l 3 w(1=n) | o
1—k,r, 2‘”&/ Iy ar}

2
- ke k,(it)r
__;_ » r.,f.l—rr.,) gf’:M AN )2,
a @ (l“kl'})

a? ) )

M2 kk,itr, n k kit 3 Ty (=1 m)
(l_kl'})z (l—-k,rj)z a I_k‘rn garey .

The function H(R) is the unique solution of each of these partial differen-
tial equations, subject to the conditions that H(R) be a symmetric function
of r...,r, which is analytic at R=0 with H(0)=0. In (54) we now
substitute the series

& Ou(R) Q
rr= 5 98 g, 8

where (a) Q,(R) is symmetricin r,...,r,, and (b) Q,(0)=0 for k =0, 1,2,...,
and equate coefficients of like powers of M on both sides. Equating the
coefficients of M shows that Q4(R) satisfies the system

30, 2k\kyt%r,

= =1,...,m).

Integrating with respect to r, and using conditions (a) and (b) gives
(55) Qo= —kik,0,1%,

where g, is defined by (53). Equating the coefficients of M'/2 on both sides
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of (54) and using (55) yields the system for Q,(R) as

30, _ “Ritkikar a(it)' kkyr, Atk k3

d (l“kl"j)3 (l""l'})3 (I'”kl'})4
N a(u)kikyr? 8k 2k2(ir)'r,
(=kpr)  (1=kyr)

_ ki k,it r,
(]’"k,l))z a® g l_klrcu

(j=1,....m),

the solution of which subject to conditions (a) and (b) is the function Q (R)
given by (52). We now have

G,(M,t,1—R)=expH(R)

-cXP[Qo(R)+Q( )+0(M")]

/2

Qn( )

=exp(Q 0(R))[l+ =+ 0(M~ )]

completing the proof.

An asymplotic expansion to order M'/2 of the distribution of Y is an
immediate consequence of Theorem 8.2.12.

THEOREM 8.2.13. Under the fixed alternative K: A # 1, the distribution
function of the random variable Y given by (45) can be expanded asymptot-
ically up to terms of order M~ !/2 as

(56)  P(L=x)=0(x)+ —[ae(x) = agx)] +o(M )

where ® and ¢ denote the standard normal distribution and density
functions respectively, and

(57) 2=k k,0,,
(58) a,=-i!;[k,k2(oz+o,2)—m(m+l)],

2k \k 2
(59) a,= 7'3 2[°z+'§(k|“’k2)"3'k|kz“4]'
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with

m 1—8, )I
0= —_— .
=2 (maes

Proof. Putting R=1I—A in Theorem 8.2.12 and using (50) and (46)
shows that g(M,t/1,A), the characteristic function of Y/r, can be ex-

panded as

g(M,1/1,8)=e""/*[1+ P(8)/M"/2+0(M™)),
where
P(A)=—ita, +(it)’a,

with a, and a, given by (58) and (59). The desired result (56) now follows by
straightforward inversion of this characteristic function, where we use

/oo e""¢(“(X)dx=—(il)ke_'z/z fork=1,3.

— o0

We now turn our attention to the sequence of local alternatives
Ky: A=1I+ lﬂ
M M ’

where @ =diag(w,,...,w,,) is fixed. Under K, the characteristic function of
-—-2plog A* is, using Theorem 8.2.11,
{60) (M, 1,2)= E(A*"2)
= (khrick2)""M (w200
=¢(M,1,0)G,(M,1,92),
where

(61)
1 —k Mu
G;(M,t,ﬁ)zdet(l+ﬁﬂ)

2B = Mit, 4k MO~ 2i0)+ 9,3 MO = 2i0) + e —7'4-9)
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with y, and ¢, given by (49), and ¢(M, ¢,0) is the characteristic function of
—2plog A* when H is true (2 =0), obtained from (33) by putting r =2 and
h = —2pit. From Theorem 8.2.7 we know that

(62) (M, 1,0)=(1-2it) " "* + o(M?),

where f=m{m-+1)/2. It remains to expand G,(M,t, Q) for large M.
Because it will be useful in another context (see Section 11.2.6) we will
generalize the function Gy(M,1,Q) a little by introducing some more
parameters. The term of order M~' will be found in an asymptotic
expansion of the function

1 )aoM ta,

(63) G(M,Q)=det(l+ 179

1
'2F|(BOM+ﬂ|oYoM+Y|;80M+£.; —-M—SZ),

where «a,, B,,v,, ¢, (i =0,1) are arbitrary parameters independent of M and
nonzerg for i =0, Note that Gy(M, ¢, Q) is the special case of G(M,Q)
obtained by putting ay = ~ k,it, a, =0, 8, = —it, 8, =0, v, = $ k(1 = 2i1), £
=4(1—-2ir) and letting y, and ¢, be given by (49). Later we will see that
with different values of the parameters G(M, Q) is also part of another
characteristic function of interest. The following theorem gives the term of
order M~! in an asymptotic expansion of G(M, Q).

THEOREM 8.2.14. The function G(M, ) defined by (63) has the expan-
sion

(64) G(M,Q)=exp[(a0-—£€‘%9)o,“l+—Iig—)—-%O(M“’)
where
(65) P.(ﬂ)=f§(a.e5—ﬂw.eo—B.voeowovoe.)

+ i@g(ﬁo’meo + Byyde, — BEvE — aped)
with

m
== s
o=u¥=3 w.
=1



Testing Equality of r Covariance Matrices 325

Proof. A proof similar to that of Theorem 8.2.12 can be constructed
here. Starting with the system of partial differential equations satisfied by
the , F, function in G(M, ) a system for the function H(M, 2)=log G(M, Q)
can be readily derived. This is found to be

(66) wj(l-*-—l-wj)

2 9°H  (9H
M

Fw—z 30) +{€0M+€| %(m—l)
)

+wJ[B0+70+eo—2a0+—A]7(ﬂ,+y,+e|—2a,+2—m)]
1
+w12[ﬁ(ﬁo+70 2"‘0)+M (B|+7|+l"l(’""l) zal)]

1 2
+l 2 w(l+M }) oH
2,2, e 9w,

a1+ 50 ) (14 37 )aH

W — W, 3w,

1
= M(ay¢, _Bo"o)“'(“oen + a8y — Byy, — Yoﬂn)'* ‘A‘i(aneu *Bm)
1
+ ‘*’,[aoYo + agBy — BoYo — 0‘3 + M (a9 + a8y + ey, + apB) — 240,

"Bﬂf‘ﬂo'ﬁ)"’#(“ﬂﬂl .—a,z-f-a,B‘ +a|Y|)] (j=1,...,m).

The function H(M,Q) is the unique solution of each of these partial
differential equations subject to the condition that H(M, ) be a symmetric
function of w,,...,w,, which is analytic at £ =0 with H(M,0)=0. In (66) we
substitute

P (Q)

00 P(Q) P0(9)+ ..,

H(M,2)= 3
k=0
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where (a) P,() is symmetric in w,,...,w,, and (b) P,(0)=0for k =0,1,2,...
Equating coefficients of M on both sides gives

aPo__ __BoYo . _
3o = % " (j=Hh...,m)

the unique solution of which is, subject to conditions (a) and (b),
BoY

(67) Po(g)z(“o""fo“o a9y,

where o, =tr(Q2). Similarly, equating constant terms on both sides and using

(67) gives a system of equations for Py, the solution of which subject to (a)

and (b) is the function P () given by (65). Hence

G(M,Q)=expH(M,Q)

(8 )+0(M 2)]

:exp[Pc(Q)][l + ﬂ;%) +0(M"2)],

=exp[ P(2)+ L

which is the desired result.

An asymptotic expansion to order M~ of the distribution function of
—2plog A* under K, now follows easily.

THEOREM 8.2.15. Under the sequence of local alternatives
_ 1
KM: A - 1 + _A_l'g,

the distribution function of —2plog A* can be expanded as

(68)
P(—2plogA‘$x)=P(x}Sx)
kkzaz[P x/+2_ —P(X}SX)]‘{"O(M—z)y

where /= m(m +1)/2 and 0, =tr Q2 =2" | w?



Testing Equality of r Covariance Matrices 327

Proof. In Theorem 8.2.14 put ay=—k,it, «,=0, B,=—it, B,=0,
Yo = 3k,(1—2it), and e, = 3(1—2it), and let v, and ¢, be given by (49); it
then follows, using the resulting expansion and (62) in (60), that the
characteristic function ¢(M, 1,2) of —2plog A* under K,, has the expan-
sion

S(M,1,9)=(1-2it)" ”2[|+"4';2;2('—_'2—,,;—1)+o(M-')].

Inverting this expansion term by term, using the fact that (1 —2ir)~//2 is the
characteristic function of the x} distribution, gives (68) and completes the
proof.

Finally, we consider the other sequence of local alternatives K}, A=171+
(1/M'/2)Q, under which A — I at a slower rate than under K ,,. In this case
the characteristic function of —2plog A* can be written from (60) as

The following theorem gives the term of order M~'/2 in an expansion for
Gy(M,1, M~'72Q),

THEOREM 8.2.16. The function G,(M, t, M~'/*Q) defined by (63) can
be expanded as

(70) G;(M,I,M"/ZQ)=exp[ _itkky HH_ T(2) +O(M"')],

21— 2:!) M\/?
where
1 1-2k, 3k,
71 T,(R)=—kk,0 - —+2—k
( ) l( ) 6 1 23[(1_2”)2 (1_2”) ]

with g, =27 \w/.

Proof. The partial differential equation argument used in the proofs of
Theorems 8.2.12 and 8.2.14 should be familiar to the reader by now. The
function H(M,Q)=logG,(M,t, M~'/2Q) is the unique solution of each
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differential equation in the system

(72)

131 =2i0)M + e~ 3 (m—1)

[
+ Mn/zwﬂ(g—zu +k,+ kjit)+ —I:;’-(y, +g +2- m)]

+wf[(%k,—it+k,i:)+ X'i(y, +l—%(m—l)]

(gl 5
e\t M%) 3H

w, W, dw

a«

=Mk kyitw, + vikjitw,  (j=1,....,m)

subject to H(R2) being a symmetric function of w,,...,w,,, analytic at =0
with H(0)=0. Substituting

in (72) and equating coefficients, first of M and then M'/2, yields differen-
tial equations for Ty(2) and T,(2), the solutions of which are

ith k

L= 02

and the function T,() given by (71). Exponentiation of H to give G, then
completes the proof.
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An expansion of the distribution of —2plog A* under K}, is an im-
mediate consequence,

THEOREM 8.2.17.  Under the sequence of local alternatives K3,: A =17+
(1/M"HQ the dlstnbuuon function of —2plog A* can be expanded in
terms of noncentral x? probabilities as

(73)
k k04
6Ml/2

: [(l “2k|)P(X}+4(")Sx)_3k2P(X}+2(")5-")

+(2-—k,)P(x}(u)Sx)]+0(M“'),

P(-—ZplogA*Sx)zP(x}(u)Sx)+

where f=m(m+1)/2, v =1k k0, and o;=tr @/ =27

Proof. Using Theorem 8.2.16 and (62) in (69) shows that the character-
istic function (M, 1, M™'/2Q) of —2plog A* under K}, has the expansion

itk k,

2 — iy /2
201—2i) ({1 =20

(M, 1, M~'/2Q)=exp

T(2) -
{l+ g +0(M )},
where T,(R) is given by (71). The desired expansion (73) is obtained by
inverting this term by term using the fact that exp[}itk kzaz /(1=2njd -
2it)~!/? is the characteristic function of the noncentral x(») distribution,
where the noncentrality parameter is » = 1k,k,0,.

For actual power calculations and for further terms in the asymptotic
expansions presented here, the interested reader should see Sugiura (1969a,
1974), Pillai and Nagarsenker (1972), and Subrahmaniam (1975). Expan-
sions of the distribution of the modified likelihood ratio statistic A* in the
more general setting where the equality of r covariance matrices is being
tested have been derived by Nagao (1970, 1974).

8.2.7. The Asymptotic Null Distribution of the Modified Likelihood Ratio
Statistic for Elliptical Samples

It is important to understand how inferences based on the assumption of
multivariate normality are affected if this assumption is violated. In this
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section we sketch the derivation of the asymptotic null distribution of A*
for testing H: Z, = Z, when the two samples come from the same elliptical
distribution with kurtosis parameter x (see Section 1.6).

When testing H the modified likelihood ratio statistic (assuming normal-

ity) is
_ (det 5,)"*(det 5,)"*
(det )2

»

where S, and S, are the two sample covariance matrices and S =n""!(n,S,
+n,8,), withn=n,+n,. Letn,=kn(i=12), withk, + k, =1, and write
S, =2, +(nk,)""/?Z,, where 2 denotes the common value of ¥, and 2,.
Then —2log A* has the following expansion when H is true;

—2log A*= 1k, (2,25 ') + bk, (2,35 )

~(kiky)' (2,252,255 ) + 0,(n='72).

Now assume that the two samples are drawn from the same elliptical
distribution with kurtosis parameter k. We can then write

—2log A*

— vy - -1/2
T . vv+0,(n ),

where

v=(1+ ")_"’(Eowo)”"2[(%k2)"’z. "(’%kn)mlz]

with z, =vec(Z)) (i =1,2); see Problem 8.2(a).
The asymptotic distribution of v, as n — 0, is N,,2(0, V'), where

2(1+x)

Ms

| (E,®E, )+ P,

(74) v=

<
i

with

m
!ml + 2 (EU®EI’])
1,1=1

P=

PO —
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and E, being an mXm matrix with 1 in the (i, j) position and 0's
elsewhere; see Problem 8.2(b). The rank of V'is f = {m(m +1). Let ,...,q,
denote the nonzero latent roots of ¥ and let HE O(m?) be such that

rtx, 0

HVH'= & =D.

0 "0,

Putting u= Hv we then have

—2log A*

=’ -1/2
T vu+0,(n~"?),

where the asymptotic distribution of w is N,,2(0, D). Summarizing, we have
the following result.

THEOREM 8.2.18. Consider the modified likelihood ratio statistic A*
(assuming normality) for testing H: 2, = Z,. If the two samples come from
the same elliptical distribution with kurtosis parameter « then the asymp-
totic null distribution of —2log A*/(1+ x) is the distribution of Z/_,a, X,,
where f =3m(m+1), X,,..., X, are independent x? variables, and ap, ..., 0,
are the nonzero latent roots of the matrix V given by (74).

Three points are worth noting. First, if « is unknown and is estimated by a
consistent estimate & then the limiting null distribution of —2log A* /(1 + &)
is the same as that of —2log A*/(1+«). Second, if the two samples are
normally distributed we have x =0 and the asymptotic covariance matrix V
is equal to P which is idempotent. This shows that —2log A* has an
asymptotic X241, ,2 distribution, a result derived previously in Section
8.2.4. Third, the asymptotic distribution of —2log A*/(1+ «) may differ
substantially from xf,,(,,,H, 2+ suggesting that the test based on A* should
be used with great caution, if at all, if the two samples are non-normal.

8.2.8. Other Test Statistics

We have been concentrating on the likelihood and modified likelihood ratio
statistics, but a number of other invariant test statistics have also been
proposed for testing the null hypothesis H: 2, = Z,. In terms of the latent
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roots f;> -+ > f of A;A; " these include

L,=tr(4,457")= § s

Ly=uf4,(4,+4,)7"]= ;l TJ{L‘f
Ly=det A,(A,+ Az)_'=‘g‘ 1—1—37

= n -1 ? n -1 ?
L4"'%"|u‘ ;—A|A °_l +%n2tr n—‘AzA —1)
| 2

Mar_he

”| il nl'
=jn—t J | ——r A=A+ 4,),
”2,-§| l+f; ( i 2)

as well as the largest and smallest roots f, and f,,. Both the statistic

m f,"'/2

S ()

(a multiple of the modified likelihood ratio statistic A*) and L, are special
cases of a more general class of statistics defined for arbitrary a and b by

dey(A4,45"')"
det(1+ 4,454

L(a,b)=

= Il fea+£)"

Various properties of this class of statistics have been investigated by Pillai
and Nagarsenker (1972) and Das Gupta and Giri (1973).

If H is true the roots £, should be ciose to n, /n, and any statistic which
measures the deviation of the f from n,/n, (regardless of sign) could be
used for testing H against all alternatives K: A+ J,. Both W and L, fall
into this category, as does a test based on both f, and £, . If we consider the
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one-sided alternative

m
K.:8 =1 i=l....m; X&>m|,

1=\

then it is reasonable to reject H in favor of K| if the latent roots f,,...,/,, of
A,A; " are “large” in some sense. Hence in this testing problem we reject H
for large values of L,, L,, and f, and for small values of L,. A comparison
of the powers of these four one-sided tests was carried out by Pillai and
Jayachandran (1968) for the bivariate case m =2. They concluded that for
small deviations from H, or for large deviations but when 8, and §, are
close, the test based on L, appears to be generally better than that based on
L,, while L, is better than L. The reverse ordering appears to hold for large
deviations from H with 8, — 8, large. The largest root f, has lower power
than the other three statistics except when 8, is the only deviant root.

In most circumstances it is unlikely that one knows what the alternatives
are, 50 it is probably more sensible to use a test which has reasonable power
properties for all alternatives such as the modified likelihood test, or a test
which rejects H for large values of L, (Nagao, 1973a), or one which rejects
Hif f,> f°, £, < £2 (Roy, 1953). Asymptotic distributions of L, have been
derived by Nagao (1973a, 1974). For reviews of other results concerning
these tests, the reader is referred to Pillai (1976, 1977) and Giri (1977).

8.3. THE SPHERICITY TEST

8.3.1. The Likelihood Ratio Statistic; Invariance and Unbiasedness

Let X,,...,X, be independent N,(pn,Z) random vectors and consider
testing the null hypothesis H: Z = A[,, against the alternative K: Z# A1,
where A is unspecified. The null hypothesis H is called the hypothesis of
sphericity since when it is true the contours of equal density in the normal
distribution are spheres. We first look at this testing problem from an
invariance point of view. A sufficient statistic is (X, 4), where

X, and A=§(X,.—)-Z)(X‘—i)'.

1 1=1

X=N""

!

1=

Considaer the group of transformations given by

1)) X-aHX+b and A-a*HAH',
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where ¢ 0, HE O(m), and b& R™; this induces the transformations
(2) p-aHp+b and - d’HIH'

on the parameter space and it is clear that the problem of testing / against
K is invariant under this group, for the family of distributions of (X, 4) is
invariant, as are the null and alternative hypotheses. The next problem is to
find a maximal invariant under the action of this group. This is done in the
next theorem whose proof is straightforward and left as an exercise (see
Problem 8.6).

THEOREM 8.3.1. Under the group of transformations (2) a maximal
invariant is
AI A Am~~l
(rr et ),

where A, =A, = -+ = A, (>0) are the latent roots of Z.

As a consequence of this theorem a maximal invariant under the group of
transformations (1) of the sample space of the sufficient statistic (X, A) is
(a,/8,...,4,,-,/a,,), Where a,>a,> .-+ >gq, >0 are the latent roots of
the Wishart matrix 4. Any invariant test statistic can be written in terms of
these ratios and from Theorem 6.1.12 the distribution of the a,/a,, (i=
I,...,m—1)depends only on A, /A, (i =1,...,m —1). There is, however, no
uniformly most powerful invariant test and the choice now of a particular
test may be somewhat arbitrary. The most commonly used invariant test in
this situation is the likelithood ratio test, first derived by Mauchly (1940);
this is given in the following theorem.

THEOREM 8.3.2. Let X,...,X, be independent N, (g, 2} random vec-
tors and put

A=nS= ﬁ (X,-X)(X,-X) (n=N-1).

The likelihood ratio test of size a of H: 2= Al,, where A is unspecified,
rejects H if

detd  detS

(e ()

where k_ is chosen so that the size of the test is a.

il

() 4

o
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Proof. Apart from a multiplicative constant the likelihood function is
L(p.2)=(detZ)™ " etr(—{27'4) exp[ — IN(X—p) =~ H(X~p)];
see, for example, (8) of Section 3.1. The likelihood ratio statistic is

su masol{p, AL,
(@) A = SUPucrmaz0 (1 ).
sup‘,e,,n._boL(p,Z)

The denominator in (4) is

() supL(p,Z)= L(i_(, ﬁ): NmN/2g=—mN/2(dey A)-N/z’
[T

where 3 = N~ '4, while the numerator in (4) is

(6)

supL(p,A1,)= sup}\"'"’v/zetr( - EIXA) exp[— _IYX()—(_”)I('X_”)]
noA noA 2

1
— mN/2
- St:p)\ etr{ 2>‘A)

1 ~mN/2 N2
—(mtrA) e .

Using (5) and (6) in (4) we then get

Az/wz_ﬁﬂ__—_y

(—l—trA)
m

The likelihood ratio test is to reject H if the likelihood ratio statistic A is
smalil; noting that this is equivalent to rejecting H if V is small completes

the proof.
The statistic

(7) =
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is commonly catied the ellipticity statistic; note that

- I, — e,
] - " l m m
(Ezi=la:) (’_n' l==lln)
where a,,...,a,, are the latent roots of 4 and /,,...,/,, are the latent roots of

the sample covariance matrix S = n~'4, so that

i n
m
V= “' 1 ll /"
l *

;;E:':‘I Il
that is, ¥'/" is the ratio of the geometric mean of /,,...,1,, to the arithmetic
mean. If the null hypothesis H is true it is clear that V should be close to 1.
Note also that V is invariant, for

H,msl ;‘L

=

Obviously, in order to determine the constant &, in Theorem 8.3.2 and to
calculate powers of the likelihood ratio test we need to know the distribu-
tion of ¥. Some distributional results will be obtained in a moment. Before
getting to these we will demonstrate that the likelihood ratio test has the
satisfying property of unbiasedness. This is shown in the following theorem,
first proved by Gleser (1966). The proof given here is due to Sugiura and
Nagao (1968).

THEOREM 8.3.3. For testing H: Z=A1,, against K: Z# A/, where A is
an unspecified positive number, the likelihood ratio test having the rejection
or critical region

V=

(8) C={4>0; V=———=k,

is unbiased.
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Proof. By invariance we can assume without loss of generality that
= =diag(A,,...,A,,). The probability of the rejection region C under X can

be written
PK(C)=c,,,,,,j (det2)™ " ?etr(— 4=~ U)(det 4)" "V 2(dA)
AEC

where ¢, , =[2""/?T,(3n)]”" and n=N—1. Putting U=2"1/2427!2
this becomes

- 1 (n—m—1)/2
p,((c)—cm‘,,LwaECeu( LU )(detU) (dU).

Now put U= v/, where ¥, is the symmetric matrix given by

1 Oy Uim
Uy U; F 1™

(9 Vo= )
vlm u2m vmm

It is easily verified that
(dU)= o+ D72 dv, (dV,)

(i.e., the Jacobian is v7{("*Y/2-1) 50 that
1

Pe(C)= pnf

v 22,3V e C

cetr( =y, V) omn /2 (det 1) T 2 do, (dV,)

=2m/2T($mn)c,y . [z myWec(de%)‘”‘“"’/’(trVo)'"'"”(dVo),
0

where we have used the fact that the region C is invariant for the transfor-
mation U — cU for any ¢ >0 and have integrated with respect to v, from 0
to oo. Now let

C*={V,>0;V, hastheform(9)and 22/ Z2eC}.
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Then, putting b =2""/?I(}mn)c,, ,, we have

P ri@)=b{f [ Heso) ) an)

=b - det V)" " e y,) T2 av).
{fVOEC‘—CnC' n,ec~c:nc-}( ) ( o) ( ))

Now, for ¥y&€ C*— C N C* we have (ir V) ™""/2> k1 2m~mn/Y(det V) "2
and for V; € C - C N C*% (det Vy)r -m -2 = (det Vp) m+ 2
(tr Vg )™/ <k™/ “m™="m"/ % 5o that

PK(C)‘PH(C)Zbkz/zm—”M/z{/Vec' one —fyc—-( Cnc}
e Cr-Cner Yrec— .

'(det Vo)“(rrl'*l)/z(dl/o)

::bk:/lm‘n/2{f - }(delVO)"("'“H)/z(dVo)
vec* Ve

[
:0,

where we have used the fact that
[ (det) O av)= [ (detky)” " X (aky);
Vo€ C* Ve C

this is easily proved by making the transformation W, = A '2V2K 2% in
the integral on the left side. We have thus shown that

P (C)= P, (C);

(i.e., that the likelihood ratio test is unbiased), and the proof is complete.

Along the same lines it is worth mentioning a somewhat stronger result.
With A, = -+ =X being the latent roots of Z, Carter and Srivastava
(1977) have proved that the power function of the likelihood ratio test,
Px(C), where C is given by (8), is a monotone nondecreasing function of
8, =N, /Ay, for any k, 1<k <=m-—1, while the remaining m —2 ratios
8,=A/\ ., withi=1,...,m—1,i#k, are held fixed.

Finally we note here that testing the null hypothesis of sphericity is
equivalent to testing the null hypothesis H: I" = ALy, where I}, is a known



The Sphericity Test 339

positive definite matrix, given independent observations y,,...,yy distrib-
uted as N,(1,T). To see this, let B be an m X m nonsingular matrix
{BE8i(m, R)] such that B[ B'=1 _, and put p= Br, Z=BI'B’, X, = By,
(with i =1,...,N). Then X,,...,X are independent N,(p, Z) vectors and
the null hypothesis becomes H: = A1, . It is easily verified that, in terms of
the y-variables, the ellipticity statistic is

(10) v det(I‘o“ A),) '

1 - m
Lu(ry,)]

where

A, = 3 (5, -V, —§)y=B"U4B".

=1

8.3.2. Moments of the Likelihood Ratio Statistic

Information about the distribution of the ellipticity statistic ¥ can be
obtained from a study of its moments. In order to find these we will need
the distribution of tr A, where 4 is W, (n, 2). When m =2 this is a mixture
of gamma distributions, as we saw in Problem 3.12. In general it can be
expressed as an infinite sum of the zonal polynomials introduced in Chapter
7. The result is given in the following theorem, from Khatri and Srivastava

(1971).
THEOREM 8.34. If 4 is W, (n,2) with n>m— 1 the distribution func-
tion of tr A can be expressed in the form

(1) PltrA=x)=det(A"'Z)""2 ¥ ;lTP(xinme)
k=0 """

- X (4n) C(1-AZ7")

where 0<<A <oo is arbitrary. The second summation is over all partitions
k=(ky, kys....k,,), ky= - =k, =0 of the integer k, C(-) is the zonal
polynomial corresponding to «, and

(@)= 11 (a=4G- D),
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with
(x)e=x(x+1)- - (x+k—1).
Proof. The moment generating function of tr 4 is
¢(1)= E[etr(24)]

d n/2 l o 2
2(6;71:)—77/ e[ —4A(2" = 201)](det 4)" "7 (a)

=(det2)” " *det(2 ' —21) "?
=det(1-2:2)" "2,
where the integral is evaluated using Theorem 2.1.11. In order to invert this

moment-generating function it helps to expand it in terms of recognizable
moment generating functions, For 0<A < oo write

o(t)=det(/-2:3)"""?

—(1— ~mn/2 -1 ~n/2 — 1 . —1 -
(1-2eM) det(A7'2) det[l 1—21.\(1 AZ )]
=(1-2A)" ™" 2det(A"'2) " "”,1~;,(;» zm(’ AT~ '))

where the last equality follows by Corollary 7.3.5. The zonal polynomial
expansion for the | F, function [see (4) of Section 7.3) converges only if the
absolute value of the maximum latent root of the argument matrix is less
than 1. Hence if A and ¢ satisfy

17— AZM<|1-2A],

where || X || denotes the maximum of the absolute values of the latent roots
of X, we can wrile

(1= 7\~ M/2 gy /2 (3n).GUI~AZ"")
(12) ¢(2)=(1—21\) det(A7'2)” kzog G2y

Using the fact that (1 —-2¢A)7" is the moment-generating function of the
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gamma distribution with parameters r and 2\ and density function

e—u/ZAur—l

(13) gr‘u(u)-‘-m (u>0),

the moment-generating function (12) can be inverted term by term to give
the density function of trA as

(14)
fer(u):det(A—|E)—”/2k§0 -i;—!gmn/2+k.2)\(u)2 (%")xcx(l— AE_')

(u>0),

valid for 0<A < 0. Integrating with respect to 4 from 0 to x then gives the
expression (11) for P(tr 4 < x) and the proof is complete.

The parameter A in (11) is open to choice; a sensible thing to do is to
choose A so that the series converges rapidly. We will not go into the
specifics except to say that a value that appears to be close to optimal is
A=2M\A,, /(A +A,,), where A, and A, are respectively the largest and
smallest latent roots of 2. For details see Khatri and Srivastava (1971) and
the references therein, Note that when £ =X/, Theorem 8.1.13 reduces to

P(er.<_x)=P(xfm,_<_-i—);

that is, A"'tr4 has the x2 , distribution, a result previously derived in
Theorem 3.2.20.

We now return to the problem of finding the moments of the ellipticity
statistic ¥. These are given in the following theorem, also from Khatri and

Srivastava (1971).

THEOREM 8.3.5. If V=detA/{(1/m)trA}™, where A is W,(n, Z) (with
n>m—1), then

(15)

E(V) = mm r(3mn)T,(3n +h)

I'(imn+ mh)T,(in)

‘det(AZ ™! )"/’k§0 (TJ.% S (4n+h) CI—A="")
= 2 k™ ok

where A (0<<A <o0) is arbitrary.
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Proof. Using the W, (n, Z) density function and the definition of ¥ we
have

m™h(det =) "2

R T RN

Cll'(—%z“'A)(dct A)(n+2h~m~|)/2
0

-(er)—""'(dA)

mh rm(%"ii'l
L.(in)

where the matrix A4 in this last expectation has the W, (n +2h, 2) distribu-

tion. In this case it follows from Theorem 8.1.3 [see (14)] that the density
function of tr4 can be expressed as

=(2m) (det )" E[(1r 4)"™],

o0
gy /2 1
fer(“):dct(A Iz) /2 2 k'gmn/2+mh+k‘2}\(u)
k=0""

2 +h) CI-AZY),

X

where 0<A <oo and g, ,(4) denotes the gamma (g, b) density function
given by (13). Using the fact that the (—mh)th moment of the gamma
distribution with parameters $mn+ mh+k and 2X is QA)""™ T (imn+
k)/T(3mn + mh + k), we find that.

T(imn+k)
I'(4mn+mh+k)

E[(tc4)"™]=dey(A~'g) "2 2n) "™ § %
k=0 "'

S (3n+h).CI-AZ).
1
Substituting this in (16) gives the desired resuit and completes the proof.

The expression (15) for the moments of V simplifies considerably when
the null hypothesis H: £ = A1, is true.

COROLLARY 8.3.6. When ¥ = Al, the moments of the ellipticity statistic
V are given by

T(4mn) T, (in+h)
L(imn+mh) T,(in)

(17) E(V*)=m™
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The moments of ¥V may be used to obtain exact expressions for the
density function using the Mellin transform approach described briefly in
Section 8.2.3. For work in this direction, see Khatri and Srivastava (1971).
Except in some special cases the exact distributions are extremely com-
plicated, and we prefer here to concentrate on asymptotic distributions.

8.3.3. The Asympiotic Null Distribution of the Likelihood Ratio Statistic
Replacing 4 in Corollary 8.3.6 by nh /2, where n = N — 1, shows that when
H:Z =M1 is true, the Ath moment of W=V"/2= A"/ js
(18) E(W")=E(V"/?)

I(4mn) _ T,[in(1+h)]
T[imn(1+8)]  To(in)
r= Llin(+m) =4 (k—1)]

I[{mn(1+h)]

where K is a constant not involving A. This has the same form as (18) of
Section 8.2.4, withp=1; g=m; x, =4in; {, =—3(k— 1), withk=1,...,m;
y, = imn; 7, =0. The degrees of freedom in the limiting x? distribution are,
from (28) of Section 8.2.4,

(19) f=~2[k§ € — én,—%(q—p)]

— mmnh/z

— Kmmnh/z

9

=3 $ 10-0-4(n-)

={(m+2)(m—1).

The value of p which makes the term of order n™! vanish in the asymptotic
expansion of the distribution of —2plog W is, from (30) of Section 8.2.4,

() p=|—}[k§x;'(e:-eﬁg)-ngy,-u(,,g_,,ﬁ%)]

L8 e )t
T om| 2V 6/ 3m
_2mi4+m+2

=1 6mn
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With this value of p it is then found, using (29) of Section 8.2.4, that

. = (m—1)(m—=2)(m~+2)(2m* +6m?* +3m +2)
2 288m*n%p? '

(21)

Hence we have obtained the following result, first given explicitly by
Anderson (1958), Section 10.7.4.

THEOREM 8.3.7. When the null hypothesis H: £= A1, is true, the distri-
bution function of —2plog W, where p is given by (20), can be expanded for
large M = pn as

(22)
P(—2plogW=x)=P(—nplogV=x)= P( —27:,-plogA _<.x)

=P(x}£x)+—ﬁ§;[l’(x;+4.<_x)~- P(x}Sx)]JrO(M'J),

where f=(m +2)(m —1)/2 and y =(np)*w, = M2w,, with w, given by (21).
Table 4, taken from Nagarsenker and Pillai (1973a), gives the lower 5 and
! percentage points of the distribution of V.

8.3.4. Asymptotic Non-Null Distributions of
the Likelihood Ratio Statistic

The power function of the likelihood ratio test of size a is P(—~nplogV' =
k*(A,,...,A,,), where p is given by (20) and k% denotes the upper 100a%
point of the distribution of —nplog¥ when H:Z=2A1,, is true. This is a
function of the latent roots A,...,A,, of 2. We have seen that an approxi-
mation for k3 is ¢,(a), the upper 100a% point of the x} distribution, with
f=(m+2)(m—1)/2. In this section we investigate ways of approximating
the power function.

We noted earlier, in Section 8.2.6, that the asymptotic non-null distribu-
tions of likelihood ratio statistics depend upon the type of alternative being
considered. Here again we consider threc alternatives: a fixed alternative
K:Z+#AI,, and two sequences of local alternatives expresssed in terms of
the asymptotic variable M = pn as
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Table 4. Lower 5 and 1 percentage points of the ellipticity statistic V' for testing
sphericity (2 =A7)": a=.05

N\m 4 5 6 7 8 9 10
5 009528
6 0023866 0042578
7 001687 002262 0.0°7479
8 0.0386 0.0%400 0.0°4267 0.0°2284
9 0.06640 0.01650 0.022553 0.0°1473 0.0°7219

10 0.09739 0.03110 0027004 0.0°9434 005149 0.0%2326

11 0.1297 0.04919 0.01435 0.022950 0.033631 0.04817 0077722
12 0.1621 0.06970 0.02433  0.0%6524 0.0%1233 0.0%1397 0.0°6455
13 0.1938 009174 003653 001179 0022924 0.0%5114 0.0*5370
14 02244 0.1146  0.05051 0.01870 0.0%5613 0.021295 0.0°2107
15 02535  0.1378  0.06583 0.02712 0029379 0.022629 0.0°5667
16 0.2812 0.1608 008210 0.03682 0.01423 0.0%4616 0.021214
17 03074  0.1835  0.09900 004761 0.02011 0.027314 0.022235
18 0.3321 0.2058  0.1163 005927 0.02693 001074 0.023692
19 03533 02273  0.1337  0.07161 0.03460 0.01489 0.025630
20 03772 02482  0.1511 0.08446  0.04299 0.01973 0.0%8071
22 04173 02876  0.1854  0.1111 0.06154 003129 0.01448
24 04530 03240 02185  0.1383 008178 0.04494 002282
26 04848  0.3575  0.2501 0.1654  0.1030 006022 0.03287
28 05134 03882 02800 0.1920  0.1248  0.07667 0.04435
30 05390 04164  0.3081 0.2178  0.1467  0.09392 0.05698
34 05833 04663 03594 02665 0.1898  0.1296  0.08468
42 0.6508  0.5453 04442 03515 02697 02006  0.1444

50 06998 06046 05106 04211 0.3389 02660  0.2035

60 0.7447 06603  0.5749 04910 04112 03376 02715

80 0.8037 07354  0.6641 0.5916 05196 04499  0.3840

100 0.8406 07835  0.7228  0.6597  0.5955 05317  0.4694

140 08842  0.8413  0.7948  0.7453  0.6935  0.6405  0.5870

200 09179  0.8868  0.8525  0.8153  0.7757 07342  0.6913

300 09447 09234 08996  0.8734 08452  0.815! 0.7833

“Here, m = number of variables; ¥ =sample size
Source: Reproduced from Nagarsenker and Pilla: (1973a) with the kind permission of Academic
Press, Inc., and the authors.

and

1
K. 2=1\(lm+-]\7|—/—29),

where £ is a fixed matrix. By invariance we can assume that both = and Q
are diagonal, with @ =diag(w,,...,w, ). The asymptotic distributions are



346 Some Standard Tests on Covariance Mairices and Mean Vectors

Tabled (Continued): a = .0\

N\@ 4 [3 6 7 8 9 10

5 0.0°3665

6 0.0%6904 0099837

7 0.0%5031 0.032184 0.0°2970

8 001503 0.0%828 00*7187 0.0'8604

9 003046 0.026123 0.0°6758 0.0°2424 0.072760

10 005010 0.01361 0.022498 0.0°2520 0.0°8306 0.0%9216

11 007258 0.02416 0.026033 0.021017 0.049438 0.0°2879 0.0%3573
12 009679 0.03730 001148 0.022646 0.0°4120 0.073544 0.0°1004
13 0.1218  0.05248 001880 0.025369 0.0%1149 0.0°1663 0.0*1332
14 0.1471 006915 0.02782  0.0%9296 0022476 0.0°4943 0.0%6681
15 0.1721  0.08685 0.03830 0.01444 0.024516 0.0%1126 0.0°2108
16 0.1966  0.10518 0.04998 002073 0.0%7343 0.0%2160 0.0°5065
17 02204  0.1239  0.06261 0.02807 0.01098 0.0%3669 0.0%1018
18 02434 01426 007595 0.03635 001542 0.025707 0.0%1804
19 02655 01613  0QO0R982 0.0454! 002062 0.0%8300 0.022914
20 02867  0.1797  0.1040 005514 002652 001146 0.0%4386
22 03264 02156 01330 007612  0.04017 0.01940 0.028498
24 03626 02497  0.1620  0.09845 0.05580 0.02933  0.01421
26 03956 02819 01904  0.1215 007287 0.04095 0.02145
28 0.4257 03120 02180  0.1447  0.09092 0.05392  0.03007
30 04531 03402  0.2445  0.1677  0.1096  0.06795  0.03989
34 05013 03910 02940  0.2125 0.1475  0.09805  0.06231
42 05769 04741 03789 02939  0.2211 0.1611 0.1136

50 0.6331 0.5383  0.4475  0.3632  0.2876 02221 0.1671

60 0.6856  0.6001 05157 04348 03594 02912 02311

80 07558  0.6852 06129  0.5408 04705 04034  0.341]

100 0.8006 0.7407 06782 06144 05505 04879  0.4275

140 0.8541 08085 0.7598  0.7088  0.6562  0.6028  0.5495

200 0.8961  0.8626 08262  0.7874  0,7465  0.7040  0.6605

300 09297 09066  0.8811 0.8535 0.8239 07927  0.7600

different for these three cases. We first fook at the two sequences of local
alternatives.

THEOREM 8.3.8. (a) Under the sequence of local alternatives K ,,: £ =
A(1,, +(1/M)Q), the distribution function of — Mlog ¥ can be expanded as

2
P(—-Mlongx)“—‘P(X}Sx)+—4—lM—(az~%;—)[P(x}”sx)

- P(xt=x)]|+0(pM?),
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(b) Under the sequence of local alternatives K3: = A[Z,, +(1/M"'/*)Q],
the distribution function of — MlogV can be expanded as

P(- MiogV <x)=P[x3(8)=x]

1 g, 0,0, o 5
W{(?—m+an—2)},[xf(8)sx}

3
9,0, 0 9
o[22 - % - 2 )l a()=4]

1 0,06, 20}
+€(°3_ ?l;xg +—’-;2'~)P[x7,4(8)3x]}

+0o(M™ 1),
Here f=3(m+2)(m—1), o, =tr @’ and in (b) the noncentrality parameter
is §=1(a,—a}l/m).

Proof. Both (a) and (b) can be proved by expanding the characteristic
function of — MlogV. Here only a proof of (a) will be presented. Using
Theorem 8.3.5, the characteristic function of — MlogV under K, is

(23) o(M,,Q)=E(V M)

1 ~(M/2+¢)
=¢(M,t,0)det(l+ﬁ9) G(M,I,Q),
where
(24)
S } LN(L - 2if) + 6],
G(M,1,9)= 3 (ZmeLmE)k M1 - 2i) f‘]
k=0 [%’"N(l*zlf)ere]kk! " (C [Q(I—LQ) 1])-1
N N
with

2m?+m+2
e=}(n—M)=}n(1-p)= T2,

and $(M, +,0) is the characteristic function of — MlogV when H is true
(§2 =0), obtained from Corollary 8.3.6 by putting h = — Mit. From Theorem
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8.3.7 we know that
(25) ¢(M,1,0)=(1-2it) "* +0(M™?),

where f=1(m+2)(m—1). Consider next the determinant term in (23).
Taking logs and expanding gives

)—(M/2+r) m

1 N i
logdet(1+—M—Q =—(%M+e)i;l log(l+%)

4 2
= (! Y PR SR
= (§M+€)'=Z,I(M 2M2+ )

= =0+ 47 (J0, = e0,) + O(M™?),

where g9, =1r )/, and hence

—(M/2+¢e) i
) =e""/2[l+—M(£az—eo|)+0(M"2)].

(26) del(1+—lﬁﬂ

It remains to expand the function G(M, 1,Q) for large M. The reader may
recall that a partial differential equation approach was used in Section 8.2.6
for a similar problem. Here, however, although G slightly resembles a , F|
function, no differential equation is known for it. One way of expanding G,
and the method which will be used here, is to expand each term in the series
and then sum. This amounts to formally rearranging the series in terms of
powers of M~ ', It is easily verified that

(mM + me),
(3mM(1—=2it) + me),

(27) =(l—2il)"k[l+-'-;]—ﬁ[k(k-lH-kae]

l -2
-[1 l_2”]+0(M )}
and that, with k =(k,...,k,,),
(28)

(UM(1=2it)+e),
M* -

1
(1-2it)M

2""(]-2it)"[l+ (e —f-zek)+o(M"2)],
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where

Multiplying (27) and (28) and substituting in (24) then gives

o C(R) 1
(29) G(M,¢, 9)-k20§, {1+ mM(l_m)[mp,—k(k—l)]

1 -2
——I—V-[k(k —1)+2kme] + O(M )},

where

s ¢ G(R)
(30) 3 3 me(R)
k=0 x
and applying the formulas
i C(R
(31 > Sk "’E, )=etr(R)trR
k=0 « ‘
and
i G
(32) > 3o, ( )‘etr(R)trRz,
k=0 «
which were proved in Lemma 7.5.2. Also needed is the formula
(33) 2 Ek"c( )—etr(R)[trR+(trR)]
k=0 «

which is readily established by applying the differential operator E =
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. nd/3r to (31). We get

(34) G(M,l,ﬂ)':-etr(R){l [mtr &2 = (trR)]

M( ~2it)

I \2 -
+W[(er) +2m£er]+0(M 2)}
We now use

elr(R):etr[%Q( I+ —Xl,l—(l)vl] =etr(%ﬂ)[l - m +0(M~ )]

rR=40,+O(M™"), (uR)=Le?+0(M"),

trR?=4o0,+O(M™")

in (34) and multiply the resulting expansion by the expansions (25) and (26)
to give

o(M,1,9)=(1-2it) "?

Inverting this expansion for the characteristic function of — MlogV then
establishes (a). Part (b) can be proved in a similar way, although the details
are nowhere near as straightforward.

Finally, we consider the asymptotic distribution of the likelihood ratio
statistic under general alternatives. This is given in the following theorem,
whose proof is omitted.

THEOREM 8.3.9. Under the fixed alternative K: X % A [ the distribution
of the random variable

Y=M"3 —logV+log det

(=)
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can be expanded as

1

M172 [a0(x)+a?(x)]+0(M™"),

P(-?Sx)=¢(x)—

where ®(x) and ¢(x) denote the standard normal distribution and density
functions, respectively, and

Tz_—-zm(lz - l)

a,=3r(m*+m-21,)
a2=§’—"5[2¢,—312+1—3(:2—1)’],
T

with
X
L=m"! r
()

For derivations and further terms in the asymptotic expansions presented
in this section, the interested reader should see Sugiura (1969b), Nagao
(1970, 1973b) and Khatri and Srivastava (1974).

8.3.5. The Asymptotic Null Distribution of the Likelihood Ratio Statistic for
an Elliptical Sample

As an attempt to understand the effect of non-normality on the distribution
of V we examine what happens when the sample comes from an elliptical

distribution. In

Y= detS ’

( L trS )

m

where S is the sample covariance matrix, we substitute S = A([,,, + n~1/22),
Then, when H: Z= A1, is true, — nlogV can be expanded as

—nlogV=4u(2*) - 5:7'("2)’ +0,(n"'/2)

= S#+4 3 (2,2 +0(n"?)

1<j 1=

=wBu+0,(n""?),
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where

m
=m ' 3 2,

=1

Ny

zz(zu)'

s [ 2L Zmm

u ’*( 2]/2 100y 2|/2 'ZIZ""’zlm’223""'zm—l,m)
and

I—m 1 0 ]
B=

0 Im(nr-l)/Z

with 1=(1,...,1Y€ R™. Now suppose that the sample is drawn from an
elliptical distribution with kurtosis parameter . The asymptotic distribution
of u, as n— 00, is N, +1)/2(0, T'), where
[ (TR, + el 0
0 (l+K)lm(m'—l)/2 )

Since BI'B=(1+ x)B and rank (BI')=1(m~1)(m+2) it follows that the
asymptotic distribution of —nlogV/(1+K) is X}n-iyme2, 20 We sum-
marize this result in the following theorem.

THEOREM 8.3.10. If the sample is drawn from an elliptical distribution
with kurtosis parameter  then the asymptotic distribution of — nlogV/(1 +
k), when H: 2= X1, is true, is X 1yim+2)/2-

When the sample is normally distributed « =0, and this result agrees with
that derived in Section 8.3.3. Note also that k¥ can be replaced by a
consistent estimate without affecting the asymptotic distribution. A Monte
Carlo study carried out by C. M. Waternaux (unpublished) indicates that
the usual test statistic — nlog¥ should be used with extreme caution, if at
all, for testing H: = I,, when the underlying population is elliptical with
longer tails than the normal distribution. For example 200 samples of size
N =200 drawn from a six-variate contaminated normal distribution with
0 =2,¢=.3, and 2 = ] gave an observed significance level for the test based
on —nlogV, of 50%, for a nominal value of 5%. On the other hand, a test
based on —(nlogV)/(1+R), where & is a consistent estimate of x, yielded
an observed significance level of 7.5% for the same nominal level of 5%.
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8.3.6. Other Test Statistics

A number of the other invariant test statistics have been proposed for
testing the null hypothesis H: 2= A/,,. These include the two statistics

a

1
L=
am

’

the ratio of the largest to the smallest latent root of 4, and

_uwA* _ ai+ - +ad}
2 - 2°
(trd)}  (a,+ -+ +a,,)

The null hypothesis is rejected if either of these statistics is large enough.
Note that a test based on L, is equivalent to a test based on

L. = aa, - 4L,
© ey ta,)]? (L)

The exact null distribution of L, has been given by Sugiyama (1970) as a
complicated series involving zonal polynomials, and it has been further
studied by Waikar and Schuurmann (1973) and Krishnaiah and Schuus-
mann (1974); in these last two papers upper percentage points of the
distribution may be found. The test based on L, has the optimal property of
being a locally best (most powerful) invariant test. What this means is that
for every A>0 and for every other invariant test L (say) there is a
neighborhood N(A1,,) of A1, such that the power of L, is no less than the
power of L. For a proof of this and for distributional results associated with
L,, the reader is referred to John (1971, 1972) and Sugiura (1972b). No
extensive power comparisons of the tests based on ¥V, L, and L, (and
others) have been carried out. In view of the fact that the asymptotic
nonnull distributions of L, are similar to those of ¥ (see Sugiura (1972b), it
seems unlikely that there is much difference between these two.

8.4. TESTING THAT A COVARIANCE MATRIX EQUALS
A SPECIFIED MATRIX

8.4.1. The Likelihood Ratio Test and Invariance

Let X,,...,X, be independent N,(p,Z) random vectors and consider
testing the null hypothesis H: £ =2,, where 2, is a specified positive
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definite matrix, against K: £+ 3,. An argument similar to that used at the
end of Section 8.3.1 shows that this is equivalent to testing H: 3 = I against
K:Z# I, All results in this section will be written in terms of the latter

formulation.
We first look at this testing problem from an invariance point of view,

Consider the affine group of transformations

(1 @e*(m, R)={(H,c); HEO(m),c€ R™)

(a subgroup of the full affine group &¢(m, R) given by (14) of Section 6.3)
acting on the sample space of the sufficient statistic (X, 4), where

N N
X=N"'3 X, and 4= 3 (X,—X)(X,—X),

(=1 =1
by
() X— HX+c¢ and A- HAH'
The induced group of transformations on the parameter space is given by
(3) p-Hp+e and Z- HIH',

and the testing problem is invariant, for the family of distributions of X, 4)
is invariant, as are the null and alternative hypotheses. A maximal invariant
is given in the following theorem.

THEOREM 8.4.1. Under the group of transformations (3) a maximal
invariant is (A,,...,A,,), where A\, =X, = -- - 2 A (>0) are the latent roots

of 2.

Proof. Let ¢(p, Z)=(A,,...,A,,), and first note that ¢(g,Z) is in-
variant, because for HE O(m), HZH’ and X have the same latent roots. To
show it is maximal invariant, suppose that

o(pn,2)=¢(s,T),

ie, 2 and I' have the same latent roots A,...,A,,. Choose H,€ O(m),
H,€ O(m) such that H 2H;=A, H,TH; = A, where

A =diag(A,,...,\,,).

Then
F=H,HSHH,= HSH',
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where

H=H}H,€0(m).

Putting ¢= — Hp + 7, we then have
Hp+ce=r and HIH'=T

s0 that
(l"az)~(7vr) [monE*(m)R)]v

and the proof is complete.

It follows from this that a maximal invariant under the group &¢*(m, R)
acting on the sample space of the sufficient statistic (X, 4) is (a,,...,a,,),
where a,> -+ - >a,, >0 are the latent roots of the Wishart matrix 4. Any
invariant test depends only on a,...,a,, and from Theorem 6.1.12 the
distribution of a,...,a,, depends only on A,...,A,,, the latent roots of Z.
This has previously been noted in the discussion following Theorem 3.2.18.
The likelihood ratio test, given in the following theorem due to Anderson
(1958), is an invariant test.

THEOREM 8.4.2. The likelihood ratio test of size « of H:Z =], rejects
H if A <c,, where

(4) 1\=(—;,—)Ml/zetr(—{;A)(detA)N/2

and c, is chosen so that the size of the test is a.

Proof. The likelihood ratio statistic is

_ sup, L(p,1,)

©) = Sup 2 L(h.3)

where
L(p, 2)=(det2) " etr(— 42~ ')exp[ ~ IN(X—p ) =7 (X~ p)].

The numerator in (5) is found by putting p =X, and the denominator by
putting =X, == N"'4. Substitution of these values gives the desired

result.
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8.4.2. Unbiasedness and the Modified Likelihood Ratio Test

The likelihood ratio test given in Theorem 8.4.2 is biased. This is well
known in the case m=1 and was established in general by Das Gupta
(1969) with the help of the following lemma.

LEMMA 8.4.3. Let Y be a random variable and 02 >0 a constant such
that Y/o? has the x? distribution. For r >0, let

B(o?)=P[Y exp(—4Y)=k|o?).

Then
2
dp(o”) 20 accordingas o2= 2.
de® < > P
Proof. Since the region
Yexp(—1iY)=k

is equivalent to y, =Y < y,, where
(6) yiexp(—4y)) = yiexp(—1n) =k,

it follows by integration of the x2 density function that
B(o?)= C[Yz/"ze—y/Zyp/Z—-ldy.
n/o?
where C =[2#/2T'(4p)]”". Differentiating with respect 1o o2 gives
B(a?)=C(a?)"*"* " [exp(~ y, /207 ) y1/* —exp(~ y, /20%) y47?].
It follows that ﬂ'(oz)EO according as
>
exp(— y,/20% ) yf/2 = exp(— yy /20§72,

i.e., according as

1< N TN

) > pin(y/5) |

Using (6) the right side of (7) is easily seen to be 2r/p, and the proof is
complete.
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The following corollary is an immediate consequence.
COROLLARY 8.4.4. With the assumptions and notation of Lemma 8.4.3,
B(o?) decreases monotonically as |02 — 1] increases, if 2r = p.

We are now in a position to demonstrate that the likelihood ratio test is
biased. Note that rejecting H for small values of A is equivalent to rejecting
H for small values of

(8) V=etr(—14)(det 4)""*

THEOREM 8.4.5. For testing H: =1 against K: 2+ I, the likelihood
ratio test having the critical region V' < ¢ is biased.

Proof. By invariance we can assume without loss of generality that
3 =diag(A,,...,A,,). The matrix A=(a,) has the W, (n, Z) distribution,
with n =N —1. Write

V=

m
1=1 au

det4 |V? m
—_—_] ‘._:I[CXP(—%GH)(I;,Y/Z].

Now, the random variables det 4 /lI}%.,a,, and q,, (with i=1,...,m) are all
independent, the first one having a distribution which does not depend on
(Ap,-.A,,), while a,, /A, is x2 (see the proof of Theorem 5.1.3). From
Lemma 8.4.3 it follows that there exists a constant A%,&(1, N/n) such that

P[a::{nzexp(— %amm)zklxm = l] < P[a,’:,',/"zexp(-— %amm)ZkIAm = A::]

for any k. The desired result now follows when we evaluate P(V =c) by
conditioning on a,,...,a,,| ,,-; and det A /Il a,,.

By modifying the likelihood ratio statistic slightly, an unbiased test is
obtained. The modified likelihood ratio statistic is

©) A= ()™ (= 1a)(aer 4y

and is obtained from A by replacing the sample size N by the degrees of
freedom n. This is exactly the likelihood ratio statistic that is obtained by
working with the likelihood function for £ specified by the Wishart density
for A instead of the likelihood function specified by the original normally
distributed sample. The modified likelihood ratio test then rejects H: 2= 1
for small enough values of A*, or equivalently, of

(10) V*=etr(— 14)(det 4)"/>.
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That this test is unbiased is a consequence of the stronger result in the
following theorem, from Nagao (1967) and Das Gupta (1969).

THEOREM 8.4.6. The power function of the modified likelithood ratio
test with critical region V*=<c increases monotonically as |A, — 1| increases
for each i=1,...,m.

Proof. Corollary 8.4.4 shows that Pla’/lexp(—ia,,.)<k|A,] in-
creases monotonically as |A,, — 1] increases. The desired result now follows
using a similar argument to that used in the proof of Theorem 8.4.5.

8.4.3. Moments of the Modified Likelihood Ratio Statistic
Distributional results associated with A* can be obtained via a study of its
moments given by Anderson (1958).

THEOREM 8.4.7. The Ath moment of the modified likelihood ratio sta-
tistic A* given by (9) is

)""'h/2 (det Z)mh?2 L,(3n(1+h))
det(] + hZ)n( + 2 s (dn)

m

(1) E(A*h)=(~2;§

Proof. Using the W, (n, Z) density function, the definition of A*, and
Theorem 2.1.9 we have

mah/2 (der3)” n/2

E(A"‘h):(-'—e;) 2m/zrm(%n)'/;>0etr[—%(hl+2—«1)/1]

.(detA)n(l"'h)/z—(m+|)/2(dA)

=(3)m"m (det )~ " 2mW/2L (n(1+ h))
n 2", (4n)  det(hi+ 271y 072

=(2£)’"””” (det2)™?  T,(4n(1+4))
" det(7+hz)" M2 T, (3n)

completing the proof.

COROLLARY 8.48. When the null hypothesis H: 2 =1 is true the hth
moment of A* is

2e )mnh/2(l + h)_m"“_*h)/z I‘m(%n(l +h))

n

12)  E(A)=( )
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These null moments have been used by Nagarsenker and Pillai (1973b) to
derive expressions for the exact distribution of A*. These have been used to
compute the upper 5 and 1 percentage points of the distribution of
—2log A* for m = 4(1)10 and various values of n. The table of percentage
points in Table 5 is taken from Davis and Field (1971).

8.4.4. The Asymptotic Null Distribution of the Modified
Likelihood Ratio Statistic

The null moments of A* given by Corollary 8.4.8 are not of the form (18) of
Section 8.2.4. Nevertheless, it is still possible to find a constant p so that the
term of order n~! vanishes in an asymptotic expansion of the distribution of
—2plog A*. The result is given in the following theorem.

THEOREM 8.4.9. When the null hypothesis H: £ = [ is true the distribu-
tion of ~—2plog A* can be expanded as

P(—2plog A*sx)= P(x}Sx)#— #[P(x}us,t)— P(X;Sx)]+0(M_3)

where
2m*+3m—1
=z1-—, = , = +
(13) p=1 6nim+ 1) M=pn [=im(m+1)
and

m 4 3 2
- +6m’ + — —13).
Y 288(m+l)(2m m' +m°—12m—13)

Proof With M=pn=n~Q2m*+3m—1)/6(m+1)=n-—a, say, the
characteristic function of —2plog A* is, from Corollary 8.4.8,

(14)

2, Je —-—mMu ) 2ita —mMO—2i)/2—am/2
g (t)=E[A* 2"']=(M+a) [l—2u+M+a]

L[4M(1—2it) + {a]
L[3(M+a)]

The desired result is an immediate consequence of expanding each of the
terms in log g,(¢) for large M, where (24) of Section 8.2.4 is used to expand
the gamma functions.



Table 5. Upper 5 and 1 percentage points of —2log A*, where A* is the modified
likelihood ratio statistic for testing that a covariance mairix equals a specified matrix“

m | 2 3 4 5 6

nl 5% 1% 5% 1% 5% 1% 5% 1% 5% 1%

6] 89415 13.0019 | 15805 21.229

7187539 127231 | 15.1854 20.358 | 24.06 30.75

886198 125246 | 147676 19.7750 | 23.002  29.32

9 [ 85193 123761 | 14.4663 193577 | 22.278 28357 | 32.47 39.97

10 ] 84411 12.2608 | 14.2387 19.0439 | 21.749  27.657 | 31.36 38.55

11 ] 83786 12.1687 | 14.0605 18.7992 ] 21.3456 27.1268 | 30.549 3751 42.08

12 | 83274 12,0935 | 13.9173 18.6029 | 21.0276 26.7102 | 29.922  36.710 | 40.92 4896
13 | 8.2847 12.0308 | 12,7995 18.4421 | 20.7702 26.3743 | 29.424  36.079 |40.02 4784
14 {8.2486 (19778 | 13.7010 183078 | 20.5576 26.0975 | 29.0182 35.567 | 39.303 46.96
15 [ 82177 119325 [ 13.6174 1R.1940 { 20.3789 25.8655 | 28.6812 135.1435 | 38.714  46.234
16 { 8.1909 (18932 { 13.5456 180964 | 20.2266 25.6681 | 28.3967 34.7866 { 38.222 45.632
17 | 81674 11,8588 | 13.4832 18.0116 | 20.0953 254982 | 28.1532 34.4818 | 37.806 45.122
I8 | 8.1467 11.8285 | 13.4284 17,9373 | 19.9808 253503 | 27.9425 34.2185 } 37.4475 44.686
19 1 8.1283  11.8015 | 13.3800 17.8718 | 19.8801 25.2204 { 27.7582 33.9886 | 37.1365 44.3069
20 | 81118 117774 [ 13.3369  17.8134 | 19.7909 251054 | 27.5958 33.7862 | 36.8638 43.9754
21 [ 80970 107557 | 13.2983  17.7611 | 19.7113 250029 | 27.4514 22.6066 | 36.6227 43.6827
22 1 80835 117361 | 13.2634 17.7141 | 19.6398 249109 | 27.3224 133.4461 | 36.4080 434224
23 | 8O3 117183 | 132319 176715 | 19.5753 248279 | 27.2062 33.3018 | 36.2155 43.1892
24 1 R.0602 11,7020 | 13.2032 17.6327 | 19.5167 24.7527 | 27.1011 33.1713 | 36.0420 42.9792
25 [ 8.0500 116871 ) 13.1769 175973 | 19.4633 24.6841 | 27.0056 33.0529 | 35.8847 42.7890
26 ] 8.0406 11.6734 | 13.1529 17.5648 | 19.4144 24.6214 | 269184 329448 | 35.7415 42.6160
27 {80319 116608 } 13,1307 17.5349 ] 19.3695 24.5638 | 26.8385 32.8458 ) 35.6106 42.4579
28 | 8.0239 11.6490 | 13.1102 17.5073 | 19.3281 24.5107 | 26.7650 32.7547 | 354904 423128
29 | 8.0164 11.6382 [ 13.0912 174817 | 19.2899 34.4617 { 26.6971 32.6707 | 35.3797 42.1793
30 | 80095 11.6280 [ 13.0735 17.4579 | 19.2543 24.4162 | 26.6342 32.5930 | 35.2774 42.0559
35| 7.9809 11.5864 | 13.0012 17.3606 | 19.1094 24.2307 | 26.3788 32.2774 | 34.8635 41,5575
40 | 79597 11.5554 | 12.9478 17.2887 | 19.0029 24.0946 | 26.1924 32.0474 | 34.5632 4).1965
45 17.9432 115314 | 12.9067 17.2335 | 18.9214 23.9906 | 26.0503 31.8723 | 34,3353 40.9229
50 1 7.9301 11.5124 | 128741 17.1898 | 18.8570 23.9085 [ 25.9384 31.7345 { 34.i565 40.7083
60 | 7.9106 11.4840 | 12.8257 17.1249 | 18.7617 23.7870 | 25.7734 31.5315 | 33.8937 40.3935
120 | 7.8624 i11.4139 | 127071 16.9660 | 18.5300 23.4922 | 253751 31.0424 | 33.2642 39.6405
oo | 7.8147 11.3449 1 12,5916 16.8119 | 183070 23.2093 | 24.9958 30.5779 | 32.6705 38.9321
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Table 8§ (Continued)

m 8 9 10

n 5% 1% 5% 1% 5% 1% 5% 1%
15 15070 59.38 64.94

16 | 49.90 58.41 63.66 73.39

17 1 49.221  57.60 62.60 72.14

18 | 48645  S6911 | 61.71 71.08 76.86

19 | 48.149  56.318 | 60.95 70.19 75.72  86.11

20 | 47.716  55.801 | 60.290 69.41 7475 8497 |91.28

21 [ 47336 55.348 | 59.714 68.733 | 7390 8399 [90.06 101.30
22 1 46.9982 54.947 | 59206 68.138 | 73.16  83.13 8901 10008
23 1 46.6971 54.5889 | 58.754  67.609 | 72.502 8237 | 88.08 99.02
24 | 464266 54.2678 | 58.350  67.137 | 71.918 81.697 | 87.25 98.08
25 1 46.1823 539780 | 57.986 66.712 | 71394 81.092 | 86.52 97.23
26 | 459605 53.7151 | 57.6573 66.328 | 70.922 80.548 | 85855 96.48
27 | 45.7582 53.4756 | 57.3580 65.9787 | 70.494 80.054 | 85.258  95.799
28 | 455730 53.2563 | 57.0847 65.6601 | 70104 79.605 | 84.716  95.181
29 [ 45.4027 53.0549 | 56.8340 65.3681 | 69.747 79.195 | 84.221 94.618
30 | 45.2456 52.8693 | 56.6032 65.0996 | 69.4190 78.818 | 83.768  94.103
35 | 446133 52,1228 | 55.6790 64.0253 | 68.1134 77.3197| 81.9731 92.064
40 | 44.1575 51.5856 | 55.0172 63.2576 | 67.1852 76.2565| 80.7067 90.6287
45 | 43.8132 51.1804 | 54.5197 62.6812 | 66.4910 75.4625( 79.7646 89.5624
50 | 43.5440 50.8637 | 54.1321 62.2325 | 65.9521 74.8466] 79.036! 88.7388
60 | 43.1499 S0.400R | 53.5669 61 5790 | 65.1694 73.9533| 77.9823 87.5489
120 | 42.2125 49.3019 [ 52.2325 60.0394 | 63.3356 71.8646] 75.5328 84.7885
oo | 41.3371 482782 | 50.9985 58.6192 | 61.6562 69.9568{ 72.3115 82.2921

“Here, m = number of variables; n =sample size minus one.
Source: Reproduced from Davis and Field (1971) with the kind permission of
the Commonwealth Scientific and Industrial Research Organization (C.S.1.R.0.),
Australia, and the authors.
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This expansion was given by Davis (1971), who also derived further
terms and used his expansion to compute upper percentage of the distribu-
tion of —2log A*; see also Korin (1968) for earlier calculations. Nagar-
senker and Pillai (1973b) have compared exact percentage points with the
approximate ones of Davis and Korin; it appears that the latter are quite
accurate.

8.4.5. Asymptotic Non-Null Distributions of the Modified
Likelihood Ratio Statistic

The power function of the modified likelihood ratio test of size a is
P(—2plog A*=k}|A,,...,A,) where p is given by (13) and &} is the upper
100a% point of the null distribution of —2plog A*. This is a function of
AL ..oA,, the latent roots of 2. An approximation for k? is ¢/(a), the upper
100a% point of the x/ dnstnbuuon with f=4m(m+1). The error in this
approximation is of order M2, where M = pn. Here we give approxima-

tions to the power function.
We consider the three different alternatives

K:Z#1,

1
KM:2=I+'MQ’

and
K}:2=1+——-Q,

where & is a fixed matrix, By invariance it can be assumed without loss of
generality that both 2 and Q are diagonal, £ =diag(A,,...,A,,) and &=
diag(w,,...,w,,). Here K is a fixed alternative and K,,, K}, are sequences of
local alternatives. We consider first these latter two.

THEOREM 8.4.10. (a) Under the sequence of local alternatives K,
Z=1+(1/M)Q the distribution function of —2plog A* can be expanded
as

P(—2plog A*=x)= P(X;Sx)+ ;&—[P(x%,sz)— P(x} _<_x)J

+0(M™?),
where

f=im(m+1), M=pn, o =tr{’.
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(b) Under the sequence of local alternatives K¥:Z=1+(1/M'/?)Q the
distribution function of —2plog A* can be expanded as

o

[(x2:4(8)> x) =3P(x%o(8) = x) +2P(x3(8)=x)] + O(M™"),

where o, =tr @’ and the noncentrality parameter is § = jo,.

Proof. As to part (a), under the sequence of alternatives K,, the
characteristic function of —2plog A* is, from Theorem 8.4.7,

1 ~ Mt
det(l-l———Q)
(1,2)=g,(1) d
g, 8 2itp 1 M(1-2iy/2+a/2°
det(l-— 1-2itp M )

where a=n—M and g,(¢) is the characteristic function of —2plog A*
given by (14). Using the formula

_ LI P D wz2e L ez3+ ...
(15) logdet(l MZ)_M"Z+2M2"2 +3M31rZ +

to expand the determinant terms gives

g(z,9)=(1—2iz)‘”2[1+;’—;l( |—lzi: —l) +0(M*2)],

whence the desired result.
As to part (b) under the sequence of alternatives K}, the characteristic

function of —2plog A* is g(t, M'/2Q), using the above notation. Again,
using (15) this is expanded as

g(’ MI/ZQ) (]_2”) f/zexp( 022”) [ 6M|/2 [(]_211)
—3(1—2:‘:)“'+2]+0(M")},

and inversion completes the proof.

We turn now to the asymptotic behavior of the modified likelihood ratio
statistic under fixed alternatives,



364 Some Standard Tests on Covariance Matrices and Mean Vectors

THEOREM 8.4.11. Under the fixed alternative K: Z # I the distribution
of the random variable

Y=M""*{~2plog A*— M[tr(Z -~ I)~—logdet =]}
may be expanded as

e+ ()] o0y,

P(—T}:Sx)=(l)(x)—

where ®(x) and ¢(x) denote the standard normal distribution and density
functions, respectively, and

=22~ 1)*

c,=—i—m(m+])
4

= (m+215-31),
T

with
{,=trd,

The proof follows on using Theorem 8.4.7 to obtain the characteristic
function of Y/t and expanding this for large M. The details are left as an

exercise (see Problem 8.8).
The expansions in this section are similar to ones given by Sugiura

(19694, b) for the distribution of —2log A* (not —2plog A*). Sugiura also
gives further terms in his expansions, as well as some power calculations.

8.4.6. The Asymptotic Null Distribution of the Modified Likelihood Ratio
Statistic for an Elliptical Sample

Here we examine how the asymptotic null distribution of A* is affected
when the sample is drawn from an elliptical distribution. In

A*=em/2etr(— §nS)(det S)"?,

where S is the sample covariance matrix, we substitute S=1,, +n~"/2Z.
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Then when H: Z= 1, is true, —2log A* can be expanded as
—2log A*={tr(Z?)+0,(n""/?)
=wu+0,(n""/?)

where W=(z,,/2"2,. . 2m/2" 2130 s 21 22350 12—t ). NOW sup-
pose that the observations are drawn from an elliptlcal distribution with
kurtosis parameter x. Then the asymptotic distribution of u, as n — o0, is
Nouim1y,2(0, T'), where

H

R, + 4ty 0
0 (1 + %) =12

with 1=(1,...,1Y € R™. The latent roots of I are 1+ x+imk and 1+«
repeated {(m —1)(m +2) times. Diagonalizing I" by an orthogonal matrix
and using an obvious argument establishes the result given in the following

theorem.

THEOREM 8.4.12. If the sample is drawn from an elliptical distribution
with kurtosis parameter « then the asymptotic distribution of —2log A*/
(1+ k) is the distribution of the random variable

[l+2(;‘—rxj]X,+X2,

where X, is x{, X3 i8 X — 1ym+2),2» and X and X, are independent.

When k =0 this result reduces to the asymptotic distribution of —2log A*
under normality, namely, xm(,,,+ 1ys2- The further that « is away from zero
the greater the divergence of the asymptouc distribution from x2,,, . 1)/2> SO
great care should be taken in using the test based on A* for non-normal

data.

8.4.7. Other Test Statistics

In addition to the modified likelihood ratio test a test based on a, and a,,,
the largest and smallest fatent roots of 4, was proposed by Roy (1957). The
test is to reject H:Z=1, if a,>a} or a, <ab. Various methods for
choosing a?, a9 have been suggested; see Thompson (1962), Hanumara and
Thompson (1968), and Clem et al. (1973). An alternative test, rejecting for
large values of a, alone, was examined by Sugiyama (1972) and Muirhead
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(1974). Further discussion of this test may be found in Section 9.7. Sugiura
(1972b) and John (1971) have shown that for testing H: Z=1 against
K,: Z>1 the test which rejects H for large values of trA is locally best
invariant.

8.5. TESTING SPECIFIED VALUES FOR THE MEAN
VECTOR AND COVARIANCE MATRIX

8.5.1. The Likelihood Ratio Test

Let X,,...,X, be independent N,(p,Z) random vectors and consider
testing the null hypothesis H: p =p,, 2= Z, against K:p #pgor T# 3.
An argument similar to that used at the end of Section 8.3.1 shows that this
is equivalent to testing H: u =0, = 1,,. We will express all results in this
section in terms of this latter formulation.

It is clear that this testing problem is invariant under the orthogonal
group O(m) acting on the space of the sufficient statistic (X, 4), where

X=N'3 X, 4= >", (X, -X)(x, - XV,

=1 1=1
by
(1) X~ HX, A-HAH' [HeO(m)]
The induced group of transformations on the parameter space is given by
(2) p—Hp, Z-HIH'.

Various invariants under the transformation (2) include ', p'Zp, p’2 "',
and (A,,...,A,,), the latent roots of Z. The problem of finding a maximal

invariant is left as an exercise (see Problem 8.10).
The likelihood ratio test is given in the following thcorem from T. W,

Anderson (1958).
THEOREM 8.5.1, The likelihood ratio test of size a of H:p=0, 2=1,,

rejects H if A =c,, where
mN/2 — —
3) A=(7f,-) (det 4)" ?etr(— }4) exp(— N X'X).
Proof. The likelihood ratio statistic is

L(0,1)

(4) - sup”'xL(p,E)'
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where

L(p,2)=(detZ)” " ?etr(— 4= 'A)exp[ - {NX—p )= '(X-p)]

The denominator in (4) is found by putting p =X and £=N"'4, and the
desired result is immediate.

The unbiasedness of the likelihood ratio test has been established by
Sugiura and Nagao (1968) and Das Gupta (1969). The proof given here is
due to Sugiura and Nagao.

THEOREM 85.2. For testing H: p =0, £ =1 against K: p 0 or T# I,
the likelihood ratio test having the critical region

C={(X.4);XER", 4>0,(det 4)"*etr(—{4) exp(— }NX'K) <k, )

is unbiased.

Proof. Without loss of generality it can be assumed that =
diag(A,,...,A,,). The probability of the critical region under K can be
written

m/2
PO = [ 52)" [0 (@etZ) M (der a2
Tlem X.Mec

cetr{ — 427 [ 4+ N(X~p)(X~p)]}(dX)(dA)
where
Cmn=[2"72T,,(4n)] " and n=N-1.
Now put U=3""2432""2 and Y=3~"/*X— u); then
(dX)(dA)=(det =) 2/*(d¥)(dU)

and

N \™/? (N=m=—2)/2
Py(C)=c, ,,(-—) detU
K(O=enal 37 ) o yec V)

cetr[ = J(U+ NYY)|(dY)(dU j,
where

c*={(Y,U);YER",U>0,(2/*¥ +p, 23S ?)EC]).
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Note that when H is true the region C* is equal to C. It follows that, with

*

N m/2
b=c"""(3.—1;)

~m~2/2
j__ - }(detU)(N m=2a/
Y. nHec Y.)ec

(€)= pu()=b]
cetr[ ~ §(U+ NYY)](dY)(dU)

) I T
Y.y)yec*—-cnct y.u)ec—-cnc*

cetr| — §(U+ NYY)](d Y)(aU).
Now, for (Y,U)E C~CNC* we have
etrf[ - LU+ NYY')] sk (dett) "2,
while for (Y, U)EC*~CNC*

etr[ — §(U+ NYY)] >k (det) "2,

and hence
P.(C)— P, (C)=bk - detU)~ "2 a¥)(dU
()= rirzmff o Hew) )
=0,
since

/., (detU)_("”Wz(d?)(du):fm (detU)~ " D72 4¥)(dU);
(Y.Urect Y. U)yecC

This is easily seen by making the transformation
Z=3"¥ +y, V=332
in the integral on the left. We have thus shown that
Pe(C)=P,(C),

and the proof is complete.
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8.5.2. Moments of the Likelihood Ratio Statistic
Distributional results associated with A can be obtained from the moments.

THEOREM 8.5.3. The Ath moment of A is

_ _2}_, mNh /2 Fm[%(n-%Nh)] (delz)N"/l
(5) E(A")—( N ) T, (in) det(l-i-hz)N(Hh)/z

exp{ —$Nup[ 1= h(E™ + h1) ™),

where n = N — 1.

Proof. Using the independence of 4 and X we have

mNh/2 (det $) n/2
271, (1)

€

(6) E(A”)=(-ﬁ) [4>Oetr[—{(hl+2")A]

(det A)"* ””‘"'""/Z(dA)(5’5’1;)"'/2(@2)"/2

o mexp[—g(i—p)'z—'(% #)-;Nhi'i](di)
The first integral on the right is equal to
(M det(hl +Z7') "L 4 (n + Nh)j2min+ V72,
while the second integral can be written as
(8) exp(%Nhn'n)meexp[— INX=py (27" + h)(X-p)]

-exp(— NhX'u)(dX)
2w

m/2 -
:exp(gNu'u) (—N—) det(Z"+ al)™"? E[exp(— NrXp)],

where this last expectation is taken with respect to X distributed as

Nm(u,%(z‘%hl)_').
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Since
(9? Efexp(— NaXp)] =exp[— Nhp'p + N0 (2" + hl)™ 'p]

(see, for example, Theorem 1.2.5), the desired result now follows by sub-
stitution of (9) in (8), then of (7) and (8) in (6).

COROLLARY 8.54. When the null hypothesis H: p =0, £=1 is true,
the Ath moment of A is

mN(\ + h)/2 [‘m[%(n + Nh)]
L.(4n)

These null moments have been used by Nagarsenker and Pillai (1974) to
derive expressions for the exact distribution of A and hence to compute the
upper 5 and 1 percentage points of the distribution of —2log A for
m =2(1)6 and N =4(1)20, 20(2)40, 40(5)100. These are given in Table 6.

(10) E(Ah)z(%‘i)mmﬂ(wk)'

8.5.3.  The Asymptotic Null Distribution of
the Likelihood Ratio Statistic

The null moments of A given in Corollary 8.5.4 are not of the form (18) of
Section 8.2.4. However it is still possible to find a constant p so that the
term of order N~ ! vanishes in an asymptotic expansion of the distribution
of —2plog A, as the following thecorem from Davis (1971) shows, The proof
is very similar to that of Theorem 8.4.9 and is left as an exercise (see
Problem 8.11),

THEOREM 8.5.5. When the null hypothesis H:p =0, =1, is true, the
distribution of —2plog A can be expanded as

(1) P(——2plogA5x)=P(x}Sx)nL—A—;;[P(x}MSx)— P(X}Sx)]

+0(M™?),
where
2m* +9m + 11
=} - —— =pN, = +3),
(12) » N m +3) M=p f=im(m+3)
and

Y (2m* +18m* +49m? + 36m — 13).

=" ___
288(m +3)



Table 6. Upper S and 1 percentage points of —2log A, where A is the
likelihood ratio statistic for testing specified values for the mean vector and

covariance matrix?: a =.05

N\Q 2 3 4 5 6

4 17.381

5 15.352 27.706

6 14.318 24.431 39.990

7 13.689 22.713 35.307 54.261

8 13.265 21.646 32,787 48.039 70.475
9 12.960 20915 31.190 44.610 62.660
10 12.729 20.382 30.080 42.400 58.222
1 12.549 19.975 29.261 40.843 55.321
12 12.404 19.655 28.631 39.683 53.254
13 12.285 19.396 28.131 38.782 51.698
14 12.186 19.181 27.723 38.061 50.480
15 12.101 19.002 27.384 37.470 49.499
16 12.029 18.848 27.098 36.977 48.691
17 11.966 18.716 26.854 36.559 48.013
18 11.911 18.601 26.642 36.200 47.436
19 11.862 18.499 26.457 35.888 46.938
20 11.819 18.410 26.294 35.614 46.504
22 11.745 18.258 26.019 35.157 45.785
24 11.684 18.134 25.797 34.790 45.212
26 11.633 18.031 25.614 34.489 44.745
28 11.591 17.944 25.460 34237 44.357
30 11.554 17.870 25.329 34,023 44.029
32 11.522 17.806 25215 33.840 43.748
34 11.494 17.750 25.117 33.681 43.505
36 11.469 17.701 25.030 33.541 43.292
38 11.447 17.657 24.954 33.417 43.105
40 11.427 17.618 24.885 33.307 42,938
45 11.386 17.536 24.742 33.079 42.594
50 11.353 17.471 24.630 32.900 42.324
55 11.327 17.419 24.539 32.755 42,107
60 11.305 12.375 24.465 32.636 41,929
65 11.286 17.339 24.402 32.537 41.780
70 11.27) 17.308 24.348 32.452 4].654
75 11.257 17.281 24302 32.379 41,546
80 11.245 17.258 24262 32316 41451
85 11.235 17.237 24.227 32.261

90 11.225 17.219 24.196 32.211

95 11217 17.203 24.168

100 11210 17.188 24.143

mn



Table 6 (Continued): a = .01

N\m 2 3 4 5 6

4 24.087

5 21114 36.308

6 19.625 31.682 50.512

7 18.729 29.318 44.073 66.728

8 18.129 27.871 40.713 58.348 84.937
9 17.700 26.890 38.621 53.885 74.530
10 17.377 26.180 37.184 51.063 68.874
" 17.125 25.642 36.133 49.100 65.244
12 16.923 25.219 35.328 47.650 62.690
13 16.758 24.878 34.692 46.531 60.784
14 16.620 24.597 34.176 45.639 §9.302
15 16.503 24.361 33.748 44.911 58.114
16 16.403 24.161 33.388 44,305 $7.139
17 16.316 23.988 33.080 43.793 56.324
18 16.239 23.838 32.814 43.353 55.631
19 16.172 23.706 32,582 43.973 55.035
20 16.112 23.589 32.378 42.639 54.517
2 16.010 23.392 32.035 42.083 53.658
24 15.927 23.231 31.758 41.637 52.977
2 15.857 23.098 31.529 41272 52.422
28 15.798 22.986 31.337 40.967 51.961
30 15.747 22.890 31.174 40.708 51.573
32 15.703 22.807 31.033 40.486 51.240
34 15.665 22.734 30911 40.294 50.953
36 15.631 22.671 30.803 40,125 50.701
38 15.601 22.614 30.708 39.976 50.480
40 15.574 22.564 30.623 39.844 50.284
45 15.517 22.458 30.447 39.568 49.877
50 15.473 22.375 30.308 39.353 49.559
55 15.436 22.307 10,196 39.179 49.303
60 15.406 22,252 30.103 39.036 49,094
65 15.381 22.205 30.025 38916 48.919
70 15.359 22.165 29.959 38.815 48.770
75 15.34] 22.131 29.903 38.727 48.643
80 15.324 22.101 29.853 38.651 48.532
85 15.310 22.074 29.810 38.585
90 15.297 22,051 29,771 38.526
95 15.286 22.030 29.737
100 15.276 22,011 29.706

“Here, m = number of variables; N =sample size.
Source: Reproduced from Nagarsenker and Pillai (1974) with the kind permission of
Academic Press, Inc., and the authors.

m



Testing Specified Values for the Mean Vector and Covariance Marrix 373

8.5.4. Asymptotic Non-Null Distributions of
the Likelihood Ratio Statistic

Here we consider the asymptotic distributions of —2plog A under the three
different alternatives

Kip#0 or 2+#1,,
Kym=te zorelg
M B=NT =M

and

! S=14+——@,

MI/ZT’ M\ /2

where M =pN, with p given by (12), and § is a fixed matrix assumed
diagonal without loss of generality. The two sequences of local alternatives
K\, and K}, are considered first.

THEOREM 8.5.6. (a) Under the sequence of local alternatives

Ky:p=

1
KM:p.=%'r, 2=I+X'I-ﬂ’

the distribution function of —2plog A can be expanded as

(13) P(—2plogA=x)=P(xi=x)+ Z'ﬁ(oﬁzwf)[z’(x;”s)c)
- P(xi=x)]+o(M™?),

where f = im(m +3), M =pN, and o, =tr 22,

(b) Under the sequence of local alternatives
1

M2 M172

KYy:p= Q,

the distribution function of —2plog A can be expanded as
(14)
1 ,
P(—2plog A<x)=P(x2(8)=x)+ m[(a,+3'r Qr)P(x2,4(8)=<x)
— (30, +6707) P(x2,2(8) = x) + (20, +37'Qr) P(x3(8) = x)] + O(M),

where o, =tr Q/ and the noncentrality parameter is § = {0, + 7'7.
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Proof. As to part (a), under the sequence of alternatives K,, the
characteristic function of —2plog A is, from Theorem 8.5.3,

(15) 8(6,7,Q)=g,(g,(r.7,9),

where g (1) is the characteristic function of —2plog A when H is true
obtained from Corollary 8.5.4 by putting # = —2itp, and

(16)

l -Mu
det(l+ —Mn)

gz(’v"'g): )M(I—ZM)/2 +a/2

_ _2ip 1
de‘(’ T=2ip M

it 2% ( 2itp ) '( ! )
cexp| = t'r — b ] - ——SEE__ +—
e"p[M” vz " 0=zpn ] It a®”
with a= N — M. From Theorem 8.5.5 it follows that
(17) g()y=01-2i) """ 1+ o(M~?)).

The ratio of determinants in g, can be expanded, as in the proof of Theorem
8.4.9, as

(18)
i - Mu
det(l+—ﬁ(2) . |
—1+-22 _ S
2itp 1 \MO-2n/2vas2 l+4M(l—2u |)+0(M ),
de[(’—l—znp'ﬁ )

where o, =tr /. The exponential term in g, can be expanded as
(19)

it 2it)’p oy it i
—prt LB O(M )| =exp| ———— 1T+ O
cxp[Mr'r (l—2itp)M”’ ( )| =exp (l—2it)MTT (M%)

=1+ r'r+O(M™?).

it
(1—2it)M
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Mutltiplication of (17), (18), and (19) then shows that

—(r—in-172f L 1 , l_) —2]
g(t7.9)=(1=2it) [l+4M(02+2'r'r.)(1__2it 1) +o(m-2)],

and inverting this completes the proof.

As to part (b), under the sequence of alternatives K}, the characteristic
function of —2plog A is g(¢, M'/%z, M'/2Q). The ratio of determinants
here is expanded as

ito, {
+
e"p{ 2(1-2i1) 6M'/2

[(l—*th) —-3(1-2it)” +2]+0(M l)]

(see the proof of Theorem 8.4.10), while the exponential term has the
expansion

e"p(l—uzn"’){” :\,91;2[(‘“2")_ —2(1=2i) " +1]+ o(M" ')}

Putting these together gives

g, M2, MV/2Q)=(1-2it)” ”ZCXP[I zz(z"z“’)””é ]
Lid

1t/

0, +3r'Qr 30, +67°0Qr

—— +20, +37'Qr| + O(M™ ')},
(1-2i)* 12 ’

whence the desired result.

The next theorem describes the asymptotic behavior of the likelihood
ratio statistic under fixed alternatives.

THEOREM 8.5.7. Under the alternative K: p %0 or =1, the distribu-
tion of the random variable

(200  Y=M""-2plog A — M[tr(2—I)—logdet = + p'n]}

may be expanded as

(st) O(x)- 6M|/2[c,¢(x)+c2¢(2)(x)]+O(M Y

where ®(x) and ¢(x) denote the standard normal distribution and density
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functions respectively and
Br=2tr(2— 1) +4p'Zp,
_3
C| - 73'

4
€= -{-ﬁ(m +6p'2u +21, —31,),

m(m+3),

with
t=1r =/,

The proof follows on using Theorem 8.5.3 to obtain the characteristic
function of Y/B and expanding this for large M in the usual way. The
details are left as an exercise {see Problem 8.12).

The expansions in these last two theorems are similar to ones given by
Sugiura (1969a,b) for the distribution of —2log A (not —2plog A). Sugiura
also gives further terms in his expansions,

PROBLEMS

8.1. Let W be the statistic given by (14) of Section 8.2 when r =2, i.e., for
testing H: 2, = 2,. Using the null moments of W given in Theorem 8.2.6,
show that, when m = 2, W has the same distribution as X”1(1 - X)"2Y " *#2, where
Xis beta(ny ~ 1, n, — 1), Yis beta(n; + n, - 2, 1), and X and Y are independent.
8.2, For testing H: 2, = Z, the modified likelihood ratio statistic is (assum-
ing normality)

_ (det$))"*(det 5,)""*
(det §)"/?

Alll

where S, and S, are the two sample covariance matrices and S=n"'(n,S,
+n,S,), with n=n, + n,. Suppose that H is true, and let £, denote the
common value of 2, and Z,. Let n, =k,n (i =1,2), with k, +k, =1, and
suppose n - 00. Put Z, =(nk,)'/(S, — £,), with i =1,2. (See Section 8.2.7.)

(a) Show that

~2log A* = W'+ O (n ),
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where

b= (2820) (1) 2~ ($h) 2]

with z, =vec(Z)) (i =1,2)

(b) Suppose that the two samples are drawn from the same elliptical
distribution with kurtosis parameter x. Show that as n — oo the
asymptotic distribution of v=(1+x)""/2u is N,:(0,V), where

2 (E,®E, )+P,

1=t

=2(l+n)

with

P==1_.+ 2 (E,®E;)
1=l

and E,, being an m X m matrix with 1 in position (i, j) and 0’s
elsewhere.

[ Hint: Use the result of Problem 3.3.] Show that the rank of V is
f=1im(m+1) and deduce the asymptotic distribution of
—2log A*/(1+ ) given in Theorem 8.2.18.

8.3. If 4, is a non-negative definite m X m matrix and 4, is a positive
definite m X m matrix prove that for all «€ R”™

Aa““ =/

a’A

where f, and f, are the largest and smallest latent roots of 4,45 ', respec-
tively.

8.4. Suppose that A4, is W,(n,,Z)) and A, is W, (n,,Z,) and 4, and 4,
are independent. Let f, and f,, be the largest and smallest latent roots of
A, A", respectively. Using the result of Problem 8.3 prove that

p(=0= 1l (£, .= 2)

and
ny

P(f,<x)=1- '_I:I|P(F"h,,la;|—g),

where §,,...,8,, are the latent roots of £,Z; .
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[ Hint: Use an initial invariance argument to express the problem in terms of
the maximal invariant (8,,...,8,,).]
8.5. Consider a sample of size N, from a N,(p,, £,) distribution (i =1,2,3).
(a) Show that the likelihood ratio statistic for testing Hy: 2, =2, =
Z,, given 2, =2,, is

A = det(dy+ 4,) ™ 2 der 4)™ 2
det( A, + Ay + A,y MM

(N|+N2+M)M(Nl+N2+N|)/2
(Nl +N2)'"(N|+N2)/2N3mN,/2

(b) Let A, be the likelihood ratio statistic for testing H: X, = Z, (see
Theorem 8.2.1). Show that A, and A, are independently distrib-
uted when 2, =2, =2Z,,

86. Prove Theorem 8.3.1.
8.7. Let V be the ellipticity statistic given by (7) of Section 8.3 for testing
H:Z=X\I,.

(a) Show that when m =2 and H is not necessarily true the distribu-

tion function of ¥ can be expressed in the form

o
P(V=x)= 3 dlGn-1)kt 1),
k=0

where / (a, B) denotes the incomplete beta function and d, is the
negative binomial probability

dk::(—')k( —k%")pn/.?(l_p)k (k:o,l,...)
with p =4XA, /(A, + A,)?% where A and A, are the latent roots
of Z.

[ Hint: Show that

24, + b

R =i ) (det2)" E[(1e )]

and use the result of Problem 3.12 to evaluate the expectation on
the right.)
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(b) From (a) it follows that when m =2 and H is true, V is beta
(4(n—1),1)). Show also that V'/? is beta(n—1,1) and —(n—
IlogV is x3.
8.8. Prove Theorem 8.4.11.
8.9. Suppose that X,...,X, is a random sample from the N,(p,Z)

distribution. Derive the likelihood ratio statistic for testing H: u =0, 2 =
021, where 6 >0 is unspecified, and find its moments. Show also that the

likelihood ratio test is unbiased.

8.10. Show that a maximal invariant under the group of transformations
(2) of Section 8.5 is (A,,...,A,,, Pp), where A,..., A, are the latent roots of
2 and P€ O(m) is such that PZP’'= A =diag(},,...,A,,).

8.11. Prove Theorem 8.5.5.
8.12. Prove Theorem 8.5.7.
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'CHAPTER 9

Principal Components
and Related Topics

9.1. INTRODUCTION

In many practical situations observations are taken on a large number of
correlated variables and in such cases it is natural to look at various ways in
which the dimension of the problem (that is, the number of variables being
studied) might be reduced, without sacrificing 100 much of the information
about the variables contained in the covariance matrix. One such explora-
tory data-analytic technique, developed by Hotelling (1933), is principal
components analysis. In this analysis the coordinate axes (representing the
original variables) are rotated to give a new coordinate system representing
variables having certain optimal variance properties. This is equivalent to
making a special orthogonal transformation of the original variables. The
first principal component (that is, the first variable in the transformed set) is
the normalized linear combination of the original variables with maximum
variance; the second principal component is the normalized linear combina-
tion having maximum variance out of all linear combinations uncorrelated
with the first principal component, and so on. Hence principal components
analysis is concerned with attempting to characterize or explain the variabil-
ity in a vector variable by replacing it by a new variable with a smaller
number of components with large variance.

It will be seen in Section 9.2 that principal components analysis is
concerned fundamentally with the eigenstructure of covariance matrices,
that is, with their latent roots and eigenvectors. The coefficients in the first
principal component are, in fact, the components of the normalized eigen-
vector corresponding to the largest latent root, and the variance of the first
principal component is this largest root. A common and often valid criti-
cism of the technique is that it is not invariant under linear transformations

380
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of the variables since such transformations change the eigenstructure of the
covariance matrix. Because of this, the choice of a particular coordinate
system or units of measurement of the variables is very important; principal
components analysis makes much more sense if all the variables are mea-
sured in the same units, If they are not, it is often recommended that
principal components be extracted from the correlation matrix rather than
the covariance matrix; in this case, however, questions of interpretation
arise and problems of inference are exceedingly more complex [see, for
example, T. W, Anderson (1963)], and will not be dealt with in this book.

This chapter is concerned primarily with results about the latent roots
and eigenvectors of a covariance matrix formed from a normally distributed
sample. Because of the complexity of exact distributions (see Sections 9.4
and 9.7) many of the results presented are asympiotic in nature. In Section
9.5 asymptotic joint distributions of the latent roots are derived, and these
are used in Section 9.6 to investigate a number of inference procedures,
primarily from T. W. Anderson (1963), of interest in principal components
analysis. In Section 9.7 expressions are given for the exact distributions of
the extreme latent roots of the covariance matrix.

9.2. POPULATION PRINCIPAL COMPONENTS

Let X be an m X! random vector with mean p and positive definite
covariance matrix Z. Let A; =X, = .- = A, (>0) be the latent roots of =
and let H=T[h,...h,] be an m X m orthogonal matrix such that

1 H’ZH= A =diag(A,,....,A,),

so that h, is an eigenvector of Z corresponding to the latent root A,. Now
put U= H'X=(U,,...,U,); then CoW(U)=A, so that U,,...,U, are all
uncorrelated, and Var(U))=A,, i =1,...,m. The components U,,..., U,, of U
are called the principal components of X. The first principal component is
U, =h{X and its variance is A,; the second principal component is U, =h} X,
with variance A,; and so on. Moreover, the principal components have the
following optimality property. The first principal component U, is the
normalized linear combination of the components of X with the largest
possible variance, and this maximum variance is A,; then out of all normal-
ized linear combinations of the components of X which are uncorrelated
with U, the second principal component U, has maximum variance, namely,
A,, and so on. In general, out of all normalized linear combinations which
are uncorrelated with U,,...,U, |, the kth principal component U, has
maximum variance A,, with kK =1,...,m. We will prove this assertion in a
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moment. First note that the variance of an arbitrary linear function a’X of
X is Var(a’X)= a’Za and that the condition that a’X be uncorrelated with
the i th principal component U, =h;X is

0=Cov(a'X,h' X)

since Zh, = A h,, so that @ must be orthogonal to h,. The above optimality
property of the principal components is a direct consequence of the follow-
ing theorem.

THEOREM 9.2.1. Let H=[h,...,h,]€ O(m) be such that
H'SH = A =diag(A,,...,A,,),
where A, =-+- =A,,,. Then

A= max  a’Zash,Zh,.

Proof. First note that with 8 = H'a=(8,,...,B,) we have
a'Sa=a’HH'ZHH a='AB= 3 A B2
1=
As a consequence, if a’a =i, so that ' =1,
aZa=fAB=\ (B2 + - +B82)=A,,

with equality when 8=(1,0,...,0), i.e,, when a =h,. Hence

A= rpaxla'Z‘a:ll’,Eh,.
®a=

Next, the condition that a’h, =0 is equivalent to B’H’h, =0, that is, to
B, =0 so that, when this holds and when a’a =’ =1 we have

it

a’Za=f'AB= § )\,p‘zskz(pf toe +an:) A,
=2
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with equality when 8=(0,1,0,...,0), i.e., when a =h,. Hence

A,= max a’Za=h,Zh,.
2 ! 22y
a'a=)
a'hy=0

The rest of the proof follows in exactly the same way.

If the latent roots X,,...,A,, of 2 are distinct, the orthogonal matrix H
which diagonalizes £ is unique up to sign changes of the first element in
each column so that the principal components U =h X, i=1,...,m, are
unique up to sign changes. If the latent roots are not all distinct, say

Alz"'zAm,>An;,+l: “':Am,-#m})“‘>Am,+'~+m,_,+l= e :Am‘

~

v v

5 5, 3,

so that §, is a latent root of multiplicity m,, j=1,...,r, with 2:=|m/ =m,
then if HE O(m) diagonalizes £ so does the orthogonal matrix

Py

0 P
say, where P€0(m,), i =1,...,r, and hence the principal components are

not unique. This, of course, does not affect the optimality property in terms

of variance discussed previously.
If the random vector X has an elliptical distribution with covariance

matrix Z, the contours of equal probability density are ellipsoids and the
principal components clearly represent a rotation of the coordinate axes to
the principal axes of the ellipsoid. If Z has multiple latent roots (it is easy to
picture Z = A [,), these principal axes are not unique.

Recall from Section 9.1 that what a principal components analysis
attempts to do is “explain” the variability in X. To do this, some overall
measure of the “total variability” in X is required; two such measures are
tr 2 and det Z, with the former being more commonly used since det £ has
the disadvantage of being very sensitive to any small latent roots even
though the others may be large. Note that in transforming to principal
components these measures of total variation are unchanged, for

rE=uwrH'ZH=trA= 3 A,

1=
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and

L)
detI=det HZH=detA = I[ A,.

)=
Note also that A; + -+ - + A, is the variance of the first k principal compo-
nents; in a principal components analysis the hope is that for some small k,
A+ oo+ A s close to tr Z. If this is so, the first k principal components
explain most of the variation in X and the remaining m — k principal
components contribute little, since these have small variances. Of course, in
most practical situations, the covariance matrix Z is unknown, and hence so
are its roots and vectors. The next section deals with the estimation of
principal components and their variances.

9.3. SAMPLE PRINCIPAL COMPONENTS

Suppose that the random vector X has the N,(p, Z) distribution and let
X,,..., Xy be a random sample of size N=n-+1 on X. Let S be the sample

covariance matrix given by

A=nS= }Af (X, - X)(X, - X)

1=

and let /,> ... >/, be the latent roots of S. These are distinct with
probability one and are estimates of the latent roots A;=-.- =X, of Z.

Recall that A,,...,A,, are the variances of the population principal compo-
nents. Let Q =[q,...q,,] be an m X m orthogonal matrix such that
(l) QISQzLEdiag(lh-'-’lm)!

so that q, is the normalized eigenvector of S corresponding to the latent root
/,; it represents an estimate of the eigenvector h, of 2 given by the ith
column of an orthogonal matrix H satisfying (1) of Section 9.2. The sample
principal components are defined to be the components U,,..., U, of U= Q’X.
These are estimates of the population principal components given by
U=H'X.

If we require that the first element in each column of H be non-negative
the representation Z = HA H' is unique if the latent roots A,,..., A, of Z are
distinct. Similarly, with probability one, the samplie covariance matrix § has
the unique representation S = QLQ’, where the first element in each column
of Q is nonnegative. The maximum likelihood estimates of A, and h, are
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then, respectively, A\, =nl, /N and h, =q, for i=1,...,m; that is, the maxi-
mum likelihood estimates of A and H are A =(n/N)L and H=Q. Note
that h, is an eigenvector of the maximum likelihood estimate £ =(n /N)S of
S, corresponding to the latent root A . If, on the other hand, £ has multiple
roots then the maximum likelihood estimate of any multiple root is obtained
by averaging the corresponding latent roots of £ and the maximum likeli-
hood estimate of the corresponding columns of H is not unique. These
assertions are proved in the following theorem (from T. W. Anderson,

1963).

THEOREM 9.3.1. Suppose that the population covariance matrix 2 has
latent roots §,> --- >§, with multiplicities m,,...,m,, respectively, and
partition the orthogonal matrices H and Q as

H=[H:Hy:...H], 0=[0:0:..:0]

where H, and Q, are m X m, matrices. Then the maximum likelihood
estimate of 8, is

() 8=

where D, is the set of integersm, + -« +m,_,+1,...,m+ -+ +m,; and a
maximum likelihood estimate of H, is H,=Q,P,, where P, is any m, X m,
orthogonal matrix such that the first element in each column of H, is
nonnegative,

Proof. For notational simplicity we will give a proof in the case where
there is one multiple root; the reader can readily generalize the argument
that follows. Suppose, then, that the latent roots of Z are

A|>"'>Ak>xk+l="'=Am (_—_A);

that is, the largest k roots are distinct and the smallest root A has multiplic-
ity m — k. Ignoring the constant the likelihood function is [see (8) of Section
3.1)

L(p,2)=(detZ)” " %etr(— 42~ 'A)exp[ - 4N(X—p )=~ (X—p)],

where A = nS. For each £, L(p, 2) is maximized when p =X, so it remains
to maximize the function

(3) g(Z)=log L(X,Z)=—jNlogdet = — }tr(Z7'4).
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Putting £ = HA H’ and A= nS = nQLQ' where A =diag(A,,...,A., A,...,A),
L =diag(/,,...,1,,) and H and Q are orthogonal, this becomes

g(Z)=—14N § log\, — IN(m —k)logA —intr( HA™'H'QLQ’)
1

=
k
=—1IN Y log\;~iN(m—k)logA —4nte(A™'P'LP),
1=
where P = Q'HE O(m).
Now partition P as P =[P,: F,}, where P ism X k and P, is m X(m — k),

and write A as
A 0
A’"[ 0 )\1,"%}’

where A, =diag(A,,...,A;), so that A, contains the distinct latent roots of
Z. Then

cpypyel [AT O BT p
tr( A PLP)——tr([ . >\_‘I][I,;,]L[i,t’zl)

=tr(A;'P|LP))+ —}'; te(LP,P;)

1 m 1 - ,

Y gl/, —tr (—}‘-lk —A, )P,LP,
where we have used the fact that P,P; =1— P, P|. Hence

@ a(Z)=—4N 3 logh ~IN(m—K)logh— 1k 3

+§ntr((xllk—-A;")P,’LP,).

It is a straightforward matter to show that if U=diag(u,,...,u,) with
u,> -+ >u, >0 and V=diag(v,,...,v,), with v,> .- >v, >0, then for
all P,€V, ., the Stiefel manifold of m X k matrices P, with P[P = 1,,

K
tr(UPVP)< 3 u,v,,

=1
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with equality only at the 2* m X k matrices of the form

(s) P, =

...........

(see Problem 9.4), Applying this result to the trace term in (4) with
U=A"'I,—A;' and V=L, it follows that this term is maximized with
respect to P, when P, has the form (5), and the maximum value is

—~

]

A

N

HM»

k
(6) ax 2=

Since P is orthogonal it follows that the function g(X) is maximized with
respect to P when P has the form

for any P,,€EO(m— k), and then H=0QP gives a maximum likelihood
estimate of H. We now have, from (4) and (6),

m k

n /
7 S)=—>1 L,=3n3 - —4N 3 logA,
M mex g(2)=-3x 2 L=in 2y *,g, o8

—iN(m—k)logA.

Straightforward differentiation now shows that the values of A, and A which
maximize this are

(8) X,=—"ﬁl,. (i=1,....k)
and

] n n
9 A=——— 3 1,
®) '"_kstkHj

completing the proof.
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Tractable expressions for the exact moments of the latent roats of S are
unknown, but asymptotic expansions for some of these have been found by
Lawley (1956). Lawley has shown that if A, is a distinct latent root of £ the
mean and variance of /, can be expanded for large » as

A, A,

— ] —_— -2
(10) E(l)=A,+ n 2 Y +0(n"?)
) #E
and
(11) Vr(z)-?‘—z" -1ls | +0(n7?)
ath) == n 2 A=A, '
J¥El

9.4. THE JOINT DISTRIBUTION OF THE LATENT
ROOTS OF A SAMPLE COVARIANCE MATRIX

In this and the following section we will derive expressions for the exact and
asymptotic joint distributions of the latent roots of a covariance matrix
formed from a normal sample. Let /> --- >/ _ be the latent roots of the
sample covariance matrix S, where 4= nS has the W, (n, Z) distribution.
Recall that these roots are estimates of the variances of the population
principal components. The exact joint density function of /,,...,/,, can be
expressed in terms of the two-matrix o F, hypergeometric function intro-
duced in Section 7.3, having an expansion in terms of zonal polynomials.
The result is given in the following theorem (from James, 1960).

THEOREM 9.4.1. Let nS have the W, (n, 2) distribution, with n>m — L.
Then the joint density function of /,,...,/,,, the latent roots of §, can be
expressed in the form

nymn/: m'/2d > ~n/2 m m
O (5" gy e -y

.()F()(M)(-%"L’zml) (Il>“'>1m>0)v
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where L =diag(/,,...,/,,) and
] -1
(=3nL)C(Z7)

—1\ Q G
(2) oF§™(—4nL,2 ')—k§0§ kK\C(1,)

Proof. From Theorem 3.2.18 the joint density function of /,,...,/,, is

"!"/277"'2/2((1612)_"/2 m o m
o [

I‘m(il")rm(%m) 1=1 i<y

f etr(—$nZ'HLH')(dH ),
o(m)

where (dH ) is the normalized invariant measure on O(m). (Note that in
Theorem 3.2.18 the /, are the latent roots of A = nS so that /, there must be
replaced by nl,.) The desired result now follows from (3) using Theorem
7.3.3 and the fact that

etr(—4nZ " 'HLH') = Fy(— {nZ~'HLH’)

[see (3) of Section 7.3].

It was noted in the discussion following Theorem 3.2.18 that the density
function of {,,...,{,, depends on the population covariance matrix Z only
through its latent roots. The zonal polynomial expansion (2) makes this
obvious, since C(Z7') is a symmetric homogeneous polynomial in the
latent roots of £~'. We also noted in Corollary 3.2.19 that when Z=A1J,,
the joint density function of the sample roots has a particularly simple form.
For completeness we will restate the result here.

COROLLARY 9.4.2. When Z=A/, the joint density function of the
latent roots /,,...,{,, of the sample covariance matrix § is

(4)

mn/2 m2/2 m m m
() rm<;n')rm(%m)“"(“'2"7 2,"),9."‘"”"'”"”.9,""’1)

1=

(1> -1, >0)
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The proof of this is a direct consequence of either (1) or (3), or it follows
from Corollary 3.2.19 by replacing /, there by n/,.

The distribution of the sample latent roots when Z=A[, given by
Corollary 9.4.2 is usually referred to as the null distribution; the distribution
given in Theorem 9.4.1 for arbitrary positive definite Z is called the non-null
(or noncentral) distribution. If we write S as §=QLQ’, where the first
element in each column of Q € O(m) is non-negative, in the null case when
2=Al,, the matrix Q, whose columns are the eigenvectors of S, has the
conditional Haar invariant distribution (as noted in the discussion following
Corollary 3.2.19), that is, the distribution of an orthogonal m X m matrix
having the invariant distribution on O(m) conditional on the first element
in each column being non-negative. Moreover the matrix @ is independently
distributed of the latent roots /,,...,/,,. Neither of these statements remains

true in the non-null case.

9.5. ASYMPTOTIC DISTRIBUTIONS OF THE LATENT
ROOTS OF A SAMPLE COVARIANCE MATRIX

The joint density function of the latent roots /,,...,/, of the sample
covariance matrix S given by Theorem 9.4.1 involves the hypergeometric
function o F{™(—3nL,27"') having an expansion in terms of zonal poly-
nomials. If n is large, this zonal polynomial series converges very slowly in
general. Moreover, it is difficult to obtain from this series any feeling for the
behavior of the density function or an understanding of how the sample and
population latent roots interact with each other. It often occurs in practical
situations that one is dealing with a large sample size (so that » is large) and
it makes sense to ask how the (F{™ function behaves asymptotically for
large n. It turns out that asymptotic representations for this function can be
written in terms of elementary functions and sheds a great deal of light on
the interaction between the sample and population roots.

The zonal polynomial expansion for (£{™ given by (2) of Section 8.4
does not lend itself easily to the derivation of asymptotic results. Integral
representations are generally the most useful tool for obtaining asymptotic
results in analysis, so that here we will work with the integral

(1) 01’(,""’(—§nL,2")=L etr(— 4n2 'HLH')(dH),
(m)

and examine its asymptotic behavior as n —» 00. To do this we will make use
of the following theorem, which gives a multivariate extension of Laplace’s
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method for obtaining the asymptotic behavior of integrals. In this theorem,
and subsequently, the notation “a~ b for large n”* means that a/b -1 as

h—00.

THEOREM 9.5.1. Let D be a subset of R” and let f and g be real-valued
functions on D such that:

(i) fhas an absolute maximum at an interior point § of D and f(£)>0;

(i) there exists a k =0 such that g(x)f(x)* is absolutely integrable on

D;
(iii) all partial derivatives
af 9% oL
x, and ax,0x, (i, j=1,....,p)

exist and are continuous in a neighborhood N(§) of ¢;
(iv) there exists a constant y <1 such that

f(x)

f(§)

(v) giscontinuous in a neighborhood of £ and g(£)+#0.
Then, for large n,

<y forall x€D-— N(¢);

M 27 \P/? [f(f)]”g(f)
(2) fD[f(x)] g(x)dx’“(—;) W
where A(¢) denotes the Hessian of —log f, namely,

—n?
() aE)=deta?), sz(f)=(—%°—§—g(‘l).

For a rigorous proof of this very useful theorem, due originally to Hsu
(1948), the reader is referred to Glynn (1977, 1980). The basic idea in the
proof involves recognizing that for large n the major contribution to the
integral will arise from a neighborhood of £ and expanding f and g about §.
We will sketch a heuristic proof. Write

[ [100]"8x)dx=[ 7&)]" [ g(x)exp(nflog f(x) ~log f(£)]} dx.



392 Principal Components and Related Topics

In a neighborhood N(§) of £, log f(x)—log f(§) is approximately equal to

~3x - &)'QUE(x - §), g(x) is approximately equal to g(£), and then, using
(iv), n can be chosen sufficiently large so that the integral over D — N(§) is
negligible and hence the domain of integration can be extended to R?. Thus

for large n,

7001 800 dx ~[f(&))"8(&)- [ exp[~ dn(x—£)R(&)x—4)] dx

:(gv_r)"” [7(6)]"8)
n [a®)]'*

Let us now return to the problem of finding the asymptotic behavior of
the o F{™ function in Theorem 9.4.1. It turns out that this depends funda-
mentally on the spread of the latent roots of the covariance matrix 2.
Different asymptotic results can be obtained by varying the multiplicities of
these roots. Because it is somewhat simpler to deal with, we will first look at
the case where the m latent roots of 2 are all distinct. The result is given in
the following theorem, from G. A. Anderson (1965), where it is assumed
without loss of generality that £ is diagonal (since the o F{™ function is a
function only of the latent roots of the argument matrices).

THEOREM 95.2. If £=diag(A,,...,A,,) and L =diag(/,,...,1,,), where
M=o =>A,>0and > - >, >0 then, for large n,

@ o~ dnt x)~ L oy ﬁA—')fi(,—fci)w,

<
am /2 1<y 1

where

(=LA =N)

(5) ¢, =
z ¥y

Proof. 'The proof is messy and disagreeable, in that it involves a lot of
tedious algebraic manipulation; the ideas involved are, however, very sim-
ple. We will sketch the proof, leaving some of the details to the reader. The
basic idea here is to write the , F{™ function as a multiple integral to which
the result of Theorem 9.5.1 can be applied. First, write

oE(—4nl, 27 = [ ew(—4nS T HLH)(dH).
O({m)



Asymptotuc Distributions of the Latent Roots of a Sample Covariance Matrix 393

Here (dH) is the normalized invariant measure on O(m); it is a little more
convenient to work in terms of the unnormalized invariant measure

m
(H'dH)= A Wdh,
1<y
(see Sections 2.1.4 and 3.2.5), equivalent to ordinary Lebesgue measure,

regarding the orthogonal group O(m) as a point set in Euclidean space of
dimension {m(m —1). These two measures are related by

r (4 ,
(aty=T=C") gy
zmﬂ.mz/Z

[see (20) of Section 3.2.5], so that

T, (4
(6) ol’é""(—%nL‘E“')=Ml(n),
2m"mz/2
where
(7 1(n)=/ ete(— in'HLH')(H' dH).
Oo(m)
Note that this integral has the form
I(n)= J(H))(H'dH),
'[O(m)[ ]
where
(8) f(H)=etr(—$Z'HLH').

In order to apply Theorem 9.5.1 there are two things to be calculated,
namely, the maximum value of f( H) and the value of the Hessian of —log f
at the maximum. Maximizing f( /) is equivalent to minimizing

o(H)=t(S'HLH'),
and it is a straightforward matter to show that for all H€ O(m),

l,

9) tr(E'HLH)= 3
P ™

M3

!
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with equality if and only if H is one of the 2™ matrices of the form
(10)

(see Problem 9.3). The function f(H) thus has a maximum of
exp[— 42" ,(/,/A,)] at each of the 2™ matrices (10). Theorem 9.5.1 assumes
just one maximum point. The next step is to split O(m) up into 2” disjoint
pieces, each containing exactly one of the matrices (10), and to recognize
that the asymptotic behavior of each of the resulting integrals is the same.
Hence for large n,

(11) l(n)~2"'f [f(#)]"(H dH),

Nl

where N(/,,) is a neighborhood of the identity matrix /,, on the orthogonal
manifold O(m). Because the determinant of a matrix is a continuous
function of the elements of the matrix we can assume that N(/,) contains
only proper orthogonal matrices H (i.e., det H =1). This is important in the
next step, which involves calculating the Hessian of —log f, evaluated at
H = 1I,,. This involves differentiating log f twice with respect to the elements
of H. This is complicated by the fact that H has m? elements but only
im(m —1) functionally independent ones. It helps at this stage to work in
terms of a convenient parametrization of H, Any proper orthogonal m X m
matrix H can be expressed as

(12) H=exp(U)=1,+U+ U+ U+ -+,

where U is an m X m skew-symmetric matrix (see Theorem A9.11). The
im(m —1) elements of U provide a parametrization of H. The mapping
H - U is a mapping from O*(m)— R"™"~Y/2 where O*(m) is the sub-
group of O(m) consisting of proper orthogonal matrices. The image of
O (m) under this mapping is a bounded subset of R™"~ /2 The Jacobian
of this transformation is given by

(13) (H'dH)= A W dh,
1<)
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where O(u/,) denotes terms in the u,, which are at least of order r (see
Problem 9.11). Under the transformation H =exp(U), N({,) is mapped
into a neighborhood of U =0, say, N*(U =0), so that, using (13) in (11), we
get

(14)

m

1(n)~2"'f [ f(exp(U))]"(1+higher-order terms in U) [] du,,.
N*(U=0) Y

1<y

Put
l n

Y(H)=log f(H)=—3u(Z"'HLH")= -3 3 )’\_x,,'zj;

ty=1"

to calculate the Hessian, note that

au:ﬂ =1 '3'4519 =t au"‘p
and
2
I 2 '2": _IL__aL+ ﬁ L ok, 8k,
Bu,gou,, | e A, Qu,pdu,, = A, Bugp Bu,,

so that in order to find the Hessian A of —log f=— 1, we have to
differentiate the elements of H =exp(U) at most twice and set U=0. Thus
to calculate A we can use

H=U+iU%
It is then a simpfe matter to show that, at U =0,

8%y (la=1g)(Aa—Ag)

Cu
ouz, AAg

i

and

824/ = 842 =0
Qu,pdu,, du,y
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so that, at U =0, the Hessian is

¢y 0
m
A =det = Hc,j.

1<y
0 Cm-l.m

Hence applying Theorem 9.5.1 with p = {m(m —1) to (14) shows that, for
large n,

I(n)~ 2'"cxp( Z H/( )1/2,

l=l 1<

and substituting this asymptotic result for I(n) in (6) gives the desired result
and completes the proof.

Substituting the asymptotic formula (4) for o F{™ back in (1) of Section
9.4 gives an asymptotic representation for the joint density function of the
sample roots /,,...,1,, under the assumption that the population roots
Ay o0A,, are all distinct. The result is, however, of somewhat limited use for
statistical inference in principal components. One of the most comimonly
used procedures used in principal components analysis is to test whether the
g smallest latent roots of Z are equal. If they are then the variation in the
last ¢ dimensions is spherical and, if their common value is small compared
with the other m — g roots, then most of the variation in the sample is
explained by the first m — ¢ principal components, and a reduction in
dimensionality is achieved by considering only these components. We will
investigate such a test later in Section 9.6; as a first step it makes sense to
find an asymptotic representation for the o /™ function (and hence for the
density function of /,,...,/,) under the null hypothesis that the smallest g
latent roots of £ are equal. Before doing this we need some preliminary
results. First recall from Section 2.1.4 that if H €V, ,,, the Stiefel manifold
of m X k matrices with orthonormal columns, and we choose any m X(m —
k) matrix H, (a function of H\) so that H=[H:H,]€ O(m) then the
unnormalized invariant measure on V, ,, is

k m

(15) (H{dH\)= A A h‘dh,.

=1 y=1+

where H={h,,...,h;:h,,,...h,]), and from Theorem 2.1.15,

(16) [v._..( 1 dH,)= %
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We will need the result contained in the following useful lemma given by
Constantine and Muirhead (1976); given a function f(H) of an mX m
orthogonal matrix it enables us to first integrate over the last m — k columns
of H, the first k columns being fixed, and then to integrate over these k
columns.

LEMMA 9.5.3.

(17)

[ J(H, H)(HaH)= [ f(H,,GK )(K'dK )( HidH,),
o(m) HeV, ,~KeEOm—k)

where H=[H,: H,), H, is m X k and G = G(H,) is any m X(m — k) matrix
with orthonormal columns orthogonal to those of H, (so that GG'=1,, —
H H)).

Proof. For fixed H,, the manifold J(,, say, spanned by the columns of
H, can be generated by orthogonal transformations of any fixed matrix G
chosen so that [ H,:G] is orthogonal; that is, any H,€ JC, can be written as
H,=GK, and as H, runs over J(,, K runs over O(m—k), and the
relationship is one-to-one. Writing

H=[H:H,)=[h,.. b h,,. b,

and
K=Ik,..k,_.]
we have
dh,,, =Gdk, (j=1,....m—k)

for fixed G. Now

(H’dH)E A h;dh,

m—k k m—k

= A Wdh, A A h;+jdh A by, dh;,,

1<y /—ll

~k k -k
Ah’dh A A K/ G'dh, A dk,G'G dk,

1<y j-l 1= 1<y

~k k m—k
—Ah’dh A AkGdh A K dk,

1<y Jj=1a1=1 i<j

=(H{dH,)(K"dK),
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using (15). This transformation of the measure (H'dH ) is 10 be interpreted
as: first integrate over K for fixed H,, and then integrate over H,.

[The following theorem, from James (1969), gives the asymptotic behavior
of the jF{™ function in Theorem 9.4.1 under the assumption or null
hypothesis that the largest k latent roots of 2 are distinct and the smallest
g = m— k roots are equal. When m = k it yields the result of Theorem 9.5.2
as a special case. Again, it is assumed without loss of generality that £ is
diagonal.

THEOREM 9.5.4. If Z=diag(A,..., A\, A,...,\), where
(18) AN> > >

and the smallest root A is of multiplicity m — k, and L =diag(/,,....1,,),
where [, > -+ - >, >0, then, for large n,

(19)
_ T (3im ko
(,Fo‘""(—-an,).‘. ')~;Lgi721¢xp(—%n 2 X’)
i=1 ™
n m ) k (Zﬂ)I/Zk nt (271’)‘/2
exp| — =+ / —_— —_— .
xp( 2A:=§+I' 'I<I/ he, i=ty=k+1\nd;,
where
(ll_l')(AI—A)
(20) ¢, = ! ! (i, j=1....k)
J )\,/\,
and
L =LA =N
(21) d,,=£—’———’}§\—'———) (i=1,...k j=k+1,...,m).

Proof. The proof is similar to that of Theorem 9.5.2 but complicated by
the fact that 3 has a multiple root. First, as in the proof of Theorem 9.5.2,
write

(22) UF()('")(—%HL,Z“):MI(I!),
QMg m? /2
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where
(23) 1(n)=] etr(—nE~'"H'LH)(H'dH).
O(m)

Now partition 2 and H as

(= 0 o
E—[O A]m—k]’ 2, =diag(A,,...,A;)

and H =[H,: H,), where H, is m X k. Then
(S "W LH)=u(Z; '"H{LH,) +te(\""H, LH,)
=u[(Z7' = A" ) HiLH |+ (A7 L),
where we have used
(A" 'HyLH, ) =u()\"'LH, H;)

and the fact that H,H; =1~ H H,. Hence
n
l(n)-—-exp( ~ 3% igl l,)j;)(m)etr[— in(Z7' -~ A“'l)H,’LH,](H’dH).
Applying Lemma 9.5.3 to this last integral gives
n n
I(n)‘—'exp( P2 ,§| I’)-[H.e V;,..,.'/;(e otm—k)e"[ - %n(z," h )‘_ll)H;LHl]

(K'dK )(H]dH,).

The integrand here is not a function of X, and using Corollary 2.1.16 we can
integrate with respect to K to give

_ 2m~kﬂ(m—k)‘/2 _ L m
(25) I(n)— rm-—k[%(m_k)] exp( 2)\ IEII‘)J(")’
where
(26) .I(n)=fV etr[ = 4n(Z7 ' — A~ )H{LH,|(H{dH,).
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The proof from this point on becomes very similar to that of Theorem 9.5.2
(and even more disagreeable algebraically), and we will merely sketch it.
The integral J(n) is of the form

J(n)= f f(”l (”'dﬂl)

where
SCH)=eu[{(A 1= 27" ) HiLH |,
so that in order to apply Theorem 9.5.1 to find the asymptotic behavior of

J(n) we have to find the maximum value of f(H,) and the Hessian of
—log f at the maximum. Maximizing f is equivalent to maximizing

o(H)=t[ (A" -3 )H;LH,|]

and, from Problem 9.4, it follows that for all H €V, ,,

k

(27 ¢(H\)= 2

uM»

with equality if and only if H, is one of the 2* matrices of the form

., 0
(28) [,Q._f.i.!] (mxk).
0

Arguing as in the proof of Theorem 8.4.4 it follows that
’(")~2"f~( 4] )[f( H))]"(H;aH,),
0

where

denotes a neighborhood of the matrix

L3
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on the Stiefel manifold V, ,. Now let [H,:—] be an m X m orthogonal
matrix whose first k columns are H,. In the neighborhood above a parame-
trization of H, is given by [see James (1969)}

et 55, )

where U,, is a k X k skew-symmetric matrix and U, is k X(m — k). The
Jacobian of this transformation [cf. (13)] is given by

(H;dH,)=(1+0(u2))(dU, )(dU,,),

[ 1
k
and the image of N{| .- || under this transformation is a neighborhood,

0
say, N*, of U,, =0, U, =0. Hence
J(n)~ 2kf 1+ 0(u?)](au, )(du,,).
To calculate the Hessian A of —log f, put
y=log f=4tu[(A"'T—=7")H{LH,]

(AT = A7) A2,

17000
1

it g >
Nk

N —

1=y

substitute for the A ,’s in terms of the elements of U,, and U),, and evaluate
A =det(— a2¢/au 1q) at Uy =0 and U,, =0. We will omit the messy
details. An appllcauon of Theorem 9.5.1 then gives the asymptotic behavior
of J(n) for large n as
l )
i=1 "™

k 1/2 k nt 172
2 2
'H(——nc") I 1 (-———d") ,

7] =1 3=k+1i n iy

where c,, and 4, are given by (20) and (21). Substituting this for J(n) in (25)
and then the resultmg expression for /(n) in (22) gives the desired result on

il M»
>"_

(29) J(n)~2"exp(—'-1x é —1n
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noting the easily proved fact that

0,(im)
—_ =T, (! ~k(k=m)/2
l‘m_k[é(m~k)] k(z’")"

The precise meaning of Theorem 9.5.4 is that, given £>>0, there exists
ng = nge, &, L) such that

oF§"(—3nL, Z)
h{n,L,Z)

—H<e forall n=n,,

where h(n, L, Z) denotes the right side of (19). It is clear from the form of
h(n, L, Z) that this does not hold uniformly in L or Z; that is, ny cannot be
chosen independently of L and X. However, it is possible to prove that it
does hold uniformly on any set of {,....,/, (/,>--+>{,>0) and
Ao A A (A > - >A, >N >0) such that the /,’s are bounded away
from one another and from zero, as are A|,...,A,,A. The proof of this
requires a more sophisticated version of Theorem 9.5.1 given by Glynn
(1980).

Substitution of the asymptotic behavior (19) for 4 £ in (1) of Section
9.4 yields an asymptotic representation for the joint density function of the
sample roots /,...,/,, when the population roots satisfy (18). The result is
summarized in the following theorem.

THEOREM 9.5.5. Let{,...,/, be the latent roots of the sample covari-
ance matrix § formed from a sample of size N=n+1 (n2=m) from the
N, (p. Z) distribution, and suppose the latent roots A,..., A, of Z satisfy

(30) AMN> 2> Ny = =R, (FA>0).

Then for large n an asymptotic representation for the joint density function
of ..., is

(31)
A k . /2 k n . 1/2
{ {—1 L~
X (n=m—1/2 — _ﬁ_’_) ! J . (————-’ J )
I'I;Il ,1 exp( ZA‘ },HJ(A,*AJ ,I;Il _,.—:I;(I,Ql }\,_‘A

m
(n--m-1)/2 ~_£{L) —
I [l, exp( N kll(l, L) (4> >1,>0),
I<j



Asymprotic Distributions of the Latent Roots of a Sumple Covariance Matrix 403
where
2-kQm—k—-1)/4 2,9
mn/ Qm )V ami/2 k(k+l)/4[~k(%m)

_(in)
K= L, (4T, (4m)

(32)

k
. H A (n=mE D2y =(m=k)n=k)/2
=1 !
This theorem has two interesting consequences.

COROLLARY 9.5.6. Suppose that the latent roots of X satisfy (30). For
large n an asymptotic representation for the conditional density function of

Lis1re-erl the ¢=m—k smallest roots of S, given the k largest roots
l,,...,1,, is proportional to
(33)
k m 12 m e nl’ ”
H n (II—IJ) ’ H [I:(" ¥ I)/zexp(-'z_X)] H (Il—-lj)'
=1 =k +1 1=k+1 I:I}

Note that this asymptotic conditional density function does not depend
on\,,...,A,, the k largest roots of 2. Hence by conditioning on /,,...,/, the
effects of these k largest population roots can be eliminated, at least
asymptotically. In this sense /,,...,/, are asymptotically sufficient for
Aph...,A,. We can also see in (33) that the influence of the largest k sample
roots /, (i =1,...,k) in the asymptotic conditional distribution is felt through
linkage factors of the form (/,—1)'/2.

COROLLARY 9.5.7. Suppose the latent roots of £ satisfy
A= 2> h =0 =A, (5A>0),

and put

(34) x,=(£21—),/2(—1%}‘—') (i=1,...,m).

{

Then the limiting joint density function of x,,...,x,, as n > o0 i§

on(-3 8 ) Ml

K
(35) 'I;[' MXI)W

where ¢ = m — k and ¢(-) denotes the standard normal density function.
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This can be proved by making the change of variables (34) in (31) and
letting n — c0. The details are left to the reader. Note that this shows that if
A, is a distinct population root then x, is asymptotically independent of X,
fot j= i and the limiting distribution of x, is standard normal. This result
was first observed by Girshick (1939) using the asymptotic theory of
maximum likelihood estimates. In the more complicated case when £ has
multiple roots the definitive paper is that of T. W. Anderson (1963);
Corollary 9.5.7 is a special case of a more general result of Anderson dealing
with many multiple roots, although the derivation here is different.

It is interesting to look at the maximum likelihood estimates of the
population latent roots obtained from the marginal distribution of the
sample roots (rather than from the original normally distributed sample).
The part of the joint density function of /,,...,/,, involving the population
roots is

m

(36) L*= [] A7n/2 E(™(=inL,27Y),
i 0

1=1]

which we will call the marginal likelihood function. When the population
roots are all distinct (i, /,> - >, >0), Theorem 9.5.2 can be used to

approximate this for large n, giving

(37) L*NK'L]sz

where

mo (AN (VP
L,= I (T.ILA’) ’
' Y]

1<y

and K is a constant (depending on n,/,,...,/,, but not on A,...A,, and
hence irrelevant for likelihood purposes). The values of the A, which
maximize L, are

that is, the usual sample roots. We have already noted in (10) of Section 9.3
that these are biased estimates of the A,, with bias terms of order n~'.
However, using the factor L, in the estimation procedure gives a bias
correction. It is easy to show that the values of the A, which maximize L,L,
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are
l.l
; +0(n"2)  (i=1,...,m).

l m
(38) A=1.-=13
n'< |-
=0 J
1%
These estimates utilize information from other sample roots, adjacent ones
of course having the most effect, and using (10) of Section 9.3 it follows
easily that

(39) E(X)=xr+0(n"?)  (i=1,...,m)

so that their bias terms are of order n~2, This result was noted by G. A.
Anderson (1965).

We have concentrated in this section on asymptotic distributions associ-
ated with the latent roots of a covariance matrix. The method used (Theo-
rem 9.5.1) to derive these asymptotic distributions is useful in a variety of
other situations as well. For further results and various extensions, particu-
larly in the area of asymptotic expansions, the interested reader is referred to
Muirhead (1978) and the references therein. We will conclude this section
by stating without proof a theorem about the asymptotic distributions of the
eigenvectors of S,

THEOREM 9.5.8. Suppose that the latent roots of Z are A, = .-+ =A,, >
0, and let h; ... h, be the corresponding normalized eigenvectors. Let
q,..-,q,, be the normalized eigenvectors of the sample covariance matrix S
corresponding to the latent roots /,> --- >/ >0. If X, is a distinct root
then, as n — o0, n'/%(q, —h,) has a limiting m-variate normal distribution
with mean 0 and covariance matrix

m A

r=a,Y —t—hW
Pt ()\'_AI)Z ]
J#*1

and is asymptotically independent of /,.
For a proof of this result the reader is referred to T. W. Anderson (1963).

9.6. SOME INFERENCE PROBLEMS
IN PRINCIPAL COMPONENTS

In Section 8.3 we derived the likelihood ratio test of sphericity, that is, for
testing the null hypothesis that all the latent roots of = are equal, If this
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hypotbhesis is accepted we conclude that the principal components all have
the same variance and hence contribute equally to the total variation, so
that no reduction in dimension is achieved by transforming to principal
components. If the null hypothesis is rejected it is possible, for example, that
the m — | smallest roots are equal. If this is true and if their common value
(or an estimate of it) is small compared with the largest root then most of
the variation in the sample is explained by the first principal component,
giving a substantial reduction in dimension. Hence it is reasonable to
consider the null hypothesis that the m — | smallest roots of £ are equal. If
this is rejected, we can test whether the m —2 smallest roots are equal, and
so on, In practice then, we test sequentially the null hypotheses

(1) Hidg = =2,

for k=0,1,...,m—2, where A\, = - -+ =X, >0 are the latent roots of 3. We
saw in Section 8.3 that the likelihood ratio test of

HO:A'="'=AM

is based on the statistic

(%A
(]

where /,> -+ >/, are the latent roots of the sample covariance matrix S,
and a test of asymptotic size a is to reject Hj if

(2) W=

@ (- R gk > efai d(m +2)(m 1),

where c(a; r) denotes the upper 100a% point of the x? distribution. When
testing equality of a subset of latent roots the likelihood ratio statistic looks
much the same as V;,, except that only those sample roots corresponding to
the population roots being tested appear in the statistic. This is demon-
strated in the following theorem from T. W. Anderson, (1963).

THEOREM 9.6.1. Given a sample of size N from the N,(n, 2) distribu-
tion, the likelihood ratio statistic for testing the null hypothesis

Hk:Ak_._l:"' =Am (=A‘unknown)
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is A, =V¥/2, where

H:"=I¢+l‘lr

i m—k’
(—_,;25”:“.1,)

m

(4) Vi

Proof. This follows directly from the proof of Theorem 9.3.1. When H,
is true, the maximum value of the likelihood function is obtained from (7),

(8), and (9) of Section 9.3 as

(5) CXP(—% % l,- g%'—)( HX Nﬂ)x Nom—k)/2

=k+1

where n =N —1, and

x,=_]'sl-/,(i=l,---’k)’ X‘— k; 2

m= i=kH1

are the maximum likelihood estimates of the A, and A under H,. Substitut-
ing for these in (5) gives the maximum of the likelihood function under H,

as

mN/2{ k m -~ N(m—k)/2
maxL(u,E)—_—(ﬂ) ( I 1‘—~/2)(__l_.. 1,) e~mN/2,
H, n i=1 m—k, s

When p and X are unrestricted the maximum value of the likelihood

function is given by
m

N mN/2
maxL(n,E)-—'(-—-) ( I /'-N/Z)e—m;v/z’
pZ n

=1

so that the likelihood ratio statistic for testing H, s given by

maxL(u 3) " N2

l_k+lll

m—k
)

- maxL(p E)
"z (m k

- N/2
=pN/2,

where V, is given by (4). Rejecting H, for small values of A, is equivalent to
rejecting H, for small values of ¥,, and the proof is complete.
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Let us now turn our attention to the asymptotic distribution of the
statistic ¥, when the null hypothesis H, is true. It is convenient to put
qg=m—k and

(6) lL,== % 1,
1=k+1

!
q
the average of the smallest g latent roots of S, so that

V= LT:;{% Wy .
q

The general theory of likelihood ratio tests shows that, as n - oo, the
asymptotic distribution of —nlogV, is x{..2y,-1,2 When H, is true. An
improvement over — nlogV, is the statistic

‘+qt
- n*k—g——'g&u)loglfk (g=m—k)

suggested by Bartlett (1954). This should be compared with the test given by
(3), to which it reduces when & =0, i.e.,, ¢ =m. A further refinement in the
multiplying factor was obtained by Lawley (1956) and James (1969). We
will now indicate the approach used by James.

We noted in the discussion following Corollary 9.5.6 that when H, is true
the asymptotic conditional density function of /,,,...,{,, the g smallest
latent roots of S, given the k largest roots /,...,/,, does not depend on
AL, ..., Ay, the k largest roots of Z. In a test of H, these k largest roots are
nuisance parameters; the essential idea of James is that the effects of these
nuisance parameters can be eliminated, at least asymptotically, by testing
H, using this conditional distribution.

If we put

/
(7) w==  (i=k+1,..,m)
14

in the asymptotic conditional density function of /, ,,,...,/,,, given /;,...,{,
in Corollary 9.5.6, then the asymptotic density function of u, ,y,...,u,,..,,

conditional on /,,..., 14, [, follows easily as

k m m n
(8) k11 11 (r,—ul)'/2 [[ wrt-a 2] (u,—u,),
= k+1 +1 K+1

1<y
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where r, = I,/iq fori=1,...,k, and K, is a constant. Note that 2™, , \u, = ¢
and that

9 Vi= _ﬁ (}:")'—‘ ~"' u,.

Put T, = —logV, so that the limiting distribution of nT, is X} 4 24-1)/2
when H, is true. The appropriate multiplier of T, can be obtained by
finding its expected value. For notational convenience, let E, denote expec-
tation taken with respect to the conditional distribution (8) of «, , |,...,u4,,_,
given /,,...,1;, 1, and let Ey denote expectation taken with respect to the
“null” distribution

m
(10) K L et 01 (- ),

1<y

where K, is constant, obtained from (8) by ignoring the linkage factor

=

m
H (rl'_uj)'/z'
=1 3=k+1

The following theorem gives the asymptotic result of Lawley (1956) together
with the additional information about the accuracy of the x? approximation
provided by the means due to James (1969).

THEOREM 9.6.2. When the null hypothesis H, is true the limiting distri-
bution, as n — 00, of the statistic

(11) Po=—|n—k-

2
IS X{q+2yg- 1,2 @nd

(12) E(P,)=1(q+2)(¢—1)+0O(n7?).
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Proof. We will merely sketch the details of the prool. First note that

(13) E‘.(T,‘)=E¢.(—In‘ I':[Hu,)
ol ),
d

m
~—I|E h)
oh ((i=II-(I+I“l ]h=0

= aih [Ec(ew"‘)]hw-

1

We can interchange the order of differentiation and integration in (13)
because in a neighborhood of A =0

m m

“N1- h <2 =2gq.
h (l IHHu,) S u,=2q

= t=k+1

Hence, in order to find E (7, ) we will first obtain

(14) Ec(e""*)=E(.( II u,").
1=k+1
This can obviously be done by finding
k [2]
(15) gl 1 I}H(r.—u,)'”-exp(—th)]-
,: I:

Now, when H, is true,
1-=u,=0,(n"""?)

so that

172
(=) =(r,-1"* 1+ )Y
I} 7} [} ’.l.__l

L) 1 (1-w)’

2 (-1 8 (p-1)

~3/2
+0,(n"?)].
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Since 27,  {(1—u,)=0, we get

(16) H II (r-u)'/2

t=1 5=k

k
— r — q/2 _ . ~3/2
o e¢-n 1+2( _l) 7?,!(] u,)(1—u,)+0,(n"3/%)

L m
:,I;Il(r,-l)q/z, I1+iaf 3 “'u!_(g) +0,,(n'3/2)

k+1

1<y
where g =m — k and
1k
(17) a= = —_ .
S0 (n-1) :=l(l,—1,,)2

Substituting (16) in (15) it is seen that we need to evaluate

m m
> u,uj)exp(—th )|=Ey ( > uu) I
k+1 k+l t=k+1
1<y 1<y

This problem is addressed in the following lemma.

LEMMA 9.6.3.

10 5[ 5w ewioim |~ (3) 255

k+1
1<y

where
(19) so(m=Efexp(~ 1) = 5| 1T ut)
1=
Proof. Since u, = 1,/iq fori=k+1,...,m, it follows that

m Liad R m m
PIEAA _I;‘I+|lf‘=12”+2 2 uu, _H ul,
k+1 = k+1 =

1<y 1<y
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The “null” distribution of /, ,,...,/,, is the same as the distribution of the
latent roots of a ¢ X ¢ covariance matrix S such that (n —k&)S has the
W, (n—k, Al) distribution, so that we will regard /., ,,...,/, as the latent
roots of S. All subsequent expectations involving /, for i=k +1,...,m are
taken with respect to this distribution. Put n’=n—k; then (n’/A)S is
Wy(n', 1)) and hence by Theorem 3.2.7, (0’ /A)tr § =(n’/>\)q1'q is xf,,q, from
which it follows easily that

(20) £(i)=(5%49) ().

where (x), =x(x+1)---(x+r—1). Furthermore (see the proof of Theo-
rem 3.2.20), Iq is independent of u,,i =k +1,...,m, and hence

EN[(ETHu,u!)H:":H,u:' E (27"“1,11) P E(ii,’")

1<y i<y

Ey(lm, ) (i) E(™, , 00)

(21)

where we have used the fact that

1 =g I

1, =1 u,.

.=It:l+| ST SR

Two of the expectations on the right side of (21) can be evaluated using
(20); it remains to calculate the other two. Now

m
[ {=dets
i=k+1
and
m
2 lall :"2(S),
k+1
<y

the sum of second-order (2X2) principal minors of S. Since the principal
minors all give the same expectation, we need only find the expectation
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involving the first one,

A=det[s" snz]’

S12 S»

and multiply by

(2)

the number of them. Put (n’/A)S =T'T, where T=(t,,) is a ¢ X q upper-
triangular matrix; by Theorem 3.2.14, the 2 are independent x2._, .,
random variables (i =1,...,q), from which it is easy to verify that

(22) E(lzl'-:lﬂl,") = E[(det5)"]

=(%) e[ 112

q 'y —(gh+2)
q n
=(3 E[""’ﬁ it ’ﬂ(w)

(227" 4w, (1), ,

Substituting (20), (22), and (23) for the expectations on the right side of (21)



414 Principal Components and Related Topics

then gives

s (2R )0 ] (4)men (=100 2
Ey(ln, ) (5-n')h(»%<n'—1>>hun'q)qm

) in'+ h)(3n' =3+ h)q?
(%nq#—qh ing+qh+1)

in'+1/q+h

fl

(2
( ) =3+ h
(2

) n—1+2h
n+2/q+2h

:(q) n—k-—14+2h
n—k+2/q+2h’
which completes the proof of the lemma.

Returning now to our outline of the proof of Theorem 9.6.2 it follows
from (15), (16), and Lemma 9.6.3 that
- 0(h)
24 E(e™"i)=—-—=
(24) Le7m)=505
where

8(h)= Eo(h)[(h),

with
[
f(h)=1+}a g\| n—k—1+2h
(2) n—k+2+2h
] q
Using (13) we have
[a(h
(25) E(T)=- 7‘@1
0

=~ Ej(0)- %—‘} +o(n™),
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where d =(g —1)(¢ +2)/2 and a is given by (17). But — Ej(0)= E\(T,),
and in the case of the null distribution (where /, , |,...,/,, are regarded as the
latent roots of a ¢ X ¢ sample covariance matrix § such that (n —k)S is
W, (n—k,AI,)) we know from Section 8.3 that [n — k —(2¢* + q +2) /64]T,
has an asymptouc x5 distribution as n — oo, and the means agree to O(n™?)
so that

d

+0(n7?).
n—k—(2¢>+q+2)/6q (™)

— Eg(0)=

Substituting this in (25) then gives

d ad
Ey(T,)= -—+0(n"?
o(Ti) n—k—(2g*+q+2/6q) n? (n™),

from which it follows that if P, is the statistic defined by (11) then
E(P)=d+0(n"?)

and the proof is complete.
It follows from Theorem 9.5.2 that if n is large an approximate test of

size a of the null hypothesis
Hid = - =R,

is to reject H, if P, >c(a;(q+2)(g—1)/2), where P, is given by (11),
g=m—k and c(e;r) is the upper 100a% point of the x? distribution.
Suppose that the hypotheses H,,k =0,1,...,m —1 are tested sequentially
and that for some k the hypothesis H, is accepted and we are prepared to
conclude that the g =m — k smallest latent roots of 2 are equal. If their
common value is A and A is negligible (compared with the other roots) we
might decide to ignore the last ¢ principal components and study only the
first & components. One way of deciding whether A is negligible, suggested
by T. W. Anderson (1963), is to construct a one-sided confidence interval.
An estimate of A is provided by

. m
l,b=qg" X |
1=k +1

and it is easy to show, from Corollary 9.5.7 for example (see Problem 9.6),
that as n — oo the asymptotic distribution of (3ng)'/%(/,— A)/A is standard
normal N(0, 1). Let z, be the upper 100a% point of the N(0,1) distribution,
that is, such that Q(z,)= 1 —a, where ®(-) denotes the standard normal
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distribution function. Then asymptotically,

A (R en

which leads to a one-sided confidence interval for A, namely,

}

A
1—2,(2/nq)""?

with asymptotic confidence coefficient 1—a. If the upper limit of this
confidence interval is sufficiently small we might decide that A is negligible
and study only the first k principal components. It is also worth noting in
passing that if we assume that A, is a distinct latent root the asymptotic
normality of (n/2)"/%(l,—\,)/\, guaranteed by Corollary 9.5.7 can be
used to test the null hypothesis that A, is equal to some specified value and
to construct confidence intervals for A,.

Even if we cannot conclude that some of the smallest latent roots of 2
are equal, it still may be possible that the variation explained by the last
q = m — k principal components, namely 2., , |A,, is small compared with
the total variation 2 |A,, in which case we might decide to study only the
first k principal components. Thus it is of interest to consider the null
hypothesis

e
H;:—é%:—)'r%=h,

where h (0< h <1) is a number to be specified by the experimenter. This can
be tested using the statistic

m m k m
MkE E 1.""2’.="h2’.+(|“”) 2 11'
=k+1 =1 i=1 =kt

Assuming the latent roots of £ are distinct, Corollary 9.5.7 shows that the
limiting distribution as n — % of

k m
M+ I A-(1-h) T A

=1 =k+1
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is normal with mean 0 and variance
k ) m
2=212 3 N+2(1-h) T N,
=1 i=k+i

Replacing A, by /, (i =1,...,m) in 72, this result can be used to construct an
approximate test of H} and to give confidence intervals for

2 A:—hz)‘.
1=k +1 1=1

Finally, let us derive an asymptotic test for a given principal component
(also from T. W. Anderson, 1963). To be specific we will concentrate on the
first component. Let H** be the null hypothesis that the vector of coeffi-
c(i)enls h, of the first principal component is equal to a specified m X1 vector
h}, ie,

H**:h, =W, KK=I.

Recall that h, is the eigenvector of 2 corresponding to the largest latent root
A,; we will assume that A, is a distinct root. A test of H** can be
constructed using the result of Theorem 9.5.8, namely, that if q, is the
normalized eigenvector of the sample covariance matrix S correspond-
ing to the largest latent root /, of S then the asymptotic distribution of y=
n'’¥q,—h,) is N,(0,T), where

m XA
r=3 ——5hK
=2 (A —R)
= H,B*H;,
with H, =[h,...h,) and
- -
AA
172 5 0
()\1-}‘2)
AAy
B= (A —A,)
0 )‘Ixm
(AI_-AM)2
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Note that the covariance matrix I' in this asymptotic distribution is singular,
as is to be expected. Put z= B~ 'H,y; then the limiting distribution of z is
N, (0, 1,,_,), and hence the limiting distribution of z'z is x2,_,. Now note
that

2=y H,B *H}y

and the matrix of this quadratic form in y is

(26)
[ A, A,
X‘z“z‘f'XT 0
Mgy
H,B*H}=H, Ay n H,
AI Am
0 'X: 2k 'Xl—
[ '
X, 0
=A|H2 '-. 1{5—2}12115
1
0 X
A, 0
e AN i
: .
[0 A

—)\ hh ~2H,H; + Ahh’
2 AI [Aaliad®
=

Putting A =diag(A,,...,A,,) and using

S=HAH'= 2 Ah b,
1=
Si=HATH'= Y Alh,h;

=1
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and

H,H; =1—hh]
(26) becomes

1 e ,

1
_ it —_
=\ET' -2+ 53

Hence the limiting distribution of

(27) "(‘h“hl),(}‘lz—l—21+%‘E)(ql—hl)

=nq’,()\,2“' —21+—>‘l—|2)q,

- I,
= "()\)‘I'lz 'q, + }\_l'hzq\ —2)

is x2,_,. Since S, §7', and /, are consistent estimates of =, 7', and A,
they can be substituted for =, 7', and A, in (27) without affecting the
limiting distribution. Hence, when H**:h, =H is true, the limiting distribu-
tion of

w=nla,—0) (157 =20+ 15 )0, - W)
1

“msm-ﬁ

=n(1,h‘:'s*‘h2+

is x2,_,. It follows that a test of H** of asymptotic size a is to reject H** if
W > c(a; m — 1), where c(a; m —1) is the upper 100a% point of the x2,_,
distribution.

It should be pointed out that most inference procedures in principal
components analysis are quite sensitive to departures from normality of the
underlying distribution. For work in this direction the interested reader
should see Waternaux (1976) and Davis (1977).
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9.7. DISTRIBUTIONS OF THE EXTREME LATENT
ROOTS OF A SAMPLE COVARIANCE MATRIX

In theory the marginal distribution of any latent root of the sample
covariance matrix S, or of any subset of latent roots, can be obtained from
the joint density function given in Theorem 9.4.1 by integrating with respect
to the roots not under consideration. In general the integrals involved are
not particularly tractable, even in the null case (Z=A1,,) of Corollary 9.4.2.
A number of techniques have been developed in order to study the marginal
distributions, and for a discussion of these the interested reader is referred
to two useful surveys by Pillai (1976, 1977). We will concentrate here on the
largest and smallest roots since expressions for their marginal distributions
can be found using some of the theory presented in Chapter 7.

An expression for the distribution function of the largest root of §
follows from the following theorem due to Constantine (1963).

THEOREM 9.7.1. If A is W, (n,2) (n>m—1) and Q is an mXm
positive definite matrix (2 >0) then the probability that @ — A4 is positive
definite (4 <) is

__Ll(m+1)]
1) P(A<ﬂ)_l‘m[{(n+m+l)]
-det({)‘.”'ﬂ)"ﬂ,F,(%n; ntm+1); -427'Q),
where
(2) Fi(as ¢; X) ='§ 5 {8)e QLX)

Proof. Using the W, (n, Z) density function for 4, it follows that

1
r(—437'4
TR SRl

P(A<Q)=

-(det 4)" ™" (da)
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Putting 4 =0'72XQ"/2 50 that (d4)=(det )™+ "/2(dX), this becomes
— n/2
det(4=7'Q)

etr( —1Q1/23-1QV2x
,(4n) hexer )

P(A<Q)=

(det X)) TV 2(gx)

det(%E"'Q)"/2 ® 1 (n—m-1)/2
gt T i A —_ det X
Fm(%") k§0§ k!'/(;<X<l( ° )

C(—1a'2270V2x)(dX),
where we have used the fact that
2 o C(R
el R) = F(R)= 3 3 S0
k=0 « :

Using Theorem 7.2.10 to evaluate this last integral we get

— I‘,,,[%(m+l)] —1e3/2
P(A<Q)—rm[%(n+m+l)]det(§2 2)
] (%")x C“(—%E."Q)
.k§0§ (3(n+m+1)), k! i

and the proof is complete.
It is worth noting here that for m =2, P(A<Q)# | ~ P(A> ) because
the set of A where neither of the relations 4 < nor 4> holds is not of

measure zero.
If § is the sample covariance matrix formed from a sample of size

N=n+1 from the N, (p, Z) distribution then 4=nS is W, (n, Z) and an
expression for the distribution function of the largest latent root of S
follows immediately from Theorem 9.7.1, The result is given in the following

corollary.

COROLLARY 9.7.2. If [, is the largest latent root of S, where A=nS is
W,(n, Z), then the distribution function of /, can be expressed in the form

L[ (m+1)]
L [i(n+m+1)]

3) Ps(l<x)= det(4nxz~")"?

SF(dn H(n+m+1); — §nxz )
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Proof. Note that the inequality /, <x is equivalent to §<x/, ie, to
A < nxI. The result then follows by putting £ = nx/ in Theorem 9.7.1.

The problem of finding the distribution of the smallest latent root of S is
more difficult. In the case when r =3(n—m —1) is a positive integer, an
expression for the distribution function in terms of a finite series of zonal
polynomials follows from the following result of Khatri (1972).

THEOREM 9.7.3. Let 4 be W, (n, Z) (with n>m—1), and let @ be an
m X m positive definite matrix (2>0). If r=§(n—m—1) is a positive
integer then

(4) P(A>9)=etr<~%2"'9)k"_2:_'oE'C_"(%:Ez‘)'

where 2* denotes summation over those partitions x =(k,,...,k,,) of k with
k,=r.
Proof. In

I
P(A>Q)= etr{ ~ 327 4)
2m/2T, (4n)(det £)"/ [t

(det A)" "7V (a4)
put A=QY(I+ X)Q'/? with (d4)=(det Q)'™*V/2(dX) to get
(5)
etr(—$27'Q) det(4=7'0)""°
L.(in)

(det X)" T g (14 XY T 2(gx),

P(4>Q)= fx>octr(—§9'/22"'9'/zx)

Now det(I + X~ ')""m~D/2 can be expanded in terms of zonal polynomi-
als, and the series terminates because r =(n —m —1)/2 is a positive integer.
By Corollary 7.3.5

det(I+ X ") = F(=r;—X"")
r)C(X"")

=3 2'——————————,

k=0 «
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because (- r), = 0 is any part of « greater than r. Using this in (5) gives

etr(— $27'Q) det(32'2)"? § s =n=D)" r)( n*

I‘m(%") k=0 «

P(A>Q)=

j etr(— 1Q1/227'Q/2x ) (det X)" " 2C (X V) (dX).
X>0

For each partition « =(k,,...,k,,) in this surn we have k, <r; the desired
result follows easily on using Theorem 7.2.13 to evaluate the last integral.

An immediate consequence of Theorem 9.7.3 is an expression for the
distribution function of the smallest latent root of the sample covariance

matrix S.

COROLLARY 9.74. [If/{, is the smallest latent root of S, where A =nS§ is
W, (n,2) and if r =1(n—m—1) is a positive integer then

(6) Ps(l,,>x)=eu(—inxZ™") 2 o (zan )’
k=0 «

where 2} denotes summation over those partitions « =(k,,...,k,,) of k with
k,=r.

Proof. Note that the inequality /,, > x is equivalent to §>x/, ie, to
A>nxl, and put & = nxI in Theorem 9.7.3.

In principle the distributional results in Corollaries 9.7.2 and 9.7.4 could
be used to test hypotheses about X using statistics which are functions of the
largest latent root /, or the smallest latent root /,,. Consider, for example,
the null hypothesis H: 2 =1,,. The likelihood ratio test was considered in
Section 8.4; an alternative test of size « based on the largest root /, is to
reject H if /, > l(a; m, n), where /(a; n, m) is the upper 100a% point of the
distribution of /;, when £ = I, that is, such that Py (1,>l(a; m,n))=a. The
power function of this test is then,

B(Z)= Ps(1,>l(a; m, n)),

which depends on £ only through its latent roots. These percentage points
and powers could theoretically be computed using the distribution function
for /, given in Corollary 9.7.2, and this has actually been done by Sugiyama
(1972) for m=2 and 3. In general, however, this approach poses severe
computational problems because the zonal polynomial series (2) for the | F,



424 Principal Components and Related Topics

hypergeometric function converges very slowly, even for small n and m. If n
is large and A, the largest root of Z, is a distinct root an approximate test
based on /, can be constructed using the asymptotic normality of n'/?(/, —
A,) guaranteed by Corollary 9.5.7. If n is small or moderate further terms in
an asymplotic series can be used to get more accurate approximations; see
Sugiura (1973b), Muirhead and Chikuse (1975b), and Muirhead (1974) for
work in this direction. If A is not a distinct latent root of = the asymptotic
distribution of /, is considerably more complicated (see Corollary 9.5.7).
We will give it explicitly when 2=A7J, and m=2 and 3, leaving the
details as an exercise (see Problem 9.7). The distribution function of 1, =
(n/2)'/%(1, = A\)/A can be expanded when £ = X1, as

(7 P(t;=x)=0(x{2)~n ¢(x)®(x)+ O(n""/?)
and when Z=A/, as
(8)

P(1, Sx)=@(xﬁ)d>(x)—-2x¢(x)(p(xﬁ)_ 7’—'/2¢(X\/j)+0(n'" 2y,

where ¢(-) and ®(-) denote, respectively, the density and distribution
function of the standard normal distribution. Further terms in asymptotic
series for these two distribution functions may be found in Muirhead
(1974).

Since the exact distributions of the extreme roots /, and /,, are computa-
tionally difficult and their asymptotic distributions depend fundamentally
on the eigenstructure of I, it is occasionally useful 1o have quick, albeit
rough, approximations for their distribution functions. The bounds in the
following theorem could be used for this purpose.

THEOREM 9.7.5. If /| and /,, are the largest and smallest latent roots of
S, where nS is W, (n, Z), then

(9) P(I,Sx)s’ﬁlP(xf,sf%)
and
(10) P(lmzx)s‘I:i‘P(x,’,a%),

where A,,..., A, are the latent roots of Z.
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Proof. Let HE O(m) be such that
H'SH = A =diag(},,...,A,),

and put $*= H'SH so that nS* is W, (n, A). Since S and S* have the same
latent roots, {, and [, are the extreme latent roots of S*. We have already
seen in Theorem 9.2.1 that for all «€ R™ with a’a=1 we have

Lhza'S*a
and a similar proof can be used to show that
l,<a'S*a

Taking & to be the vectors (1,0,...,0), (0,1,0,...,0), and so on, then shows
that

(11) [, zmax(sfy,....55,)
and
(12) L, =min(s}y,....5%.),

where S*=(s*). By Theorem 3.2.7 the random variables ns}/A, have
independent X2 distributions for i =1,...,m so that, using (11) and (12),

P(l, < x)< P(max(s},,...,s%,,)<x)

m
[ P(sz=x
i=]

f i =5)

1=1
and

P(l, =x)< P(min(s},,...,5%,,)=x)

m

= H P(s*>

I rlx:=5).

i=1
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PROBLEMS

9.1. Suppose that the m X 1 random vector X has covariance malrix

p

p
! P

1 p
2=02‘,) P
p P o ...

(a) Find the population principal components and their variances.

(b) Suppose a sample of size N=n+1 is taken on X, and let
U,=q X be the first sample principal component. Write q, =
(44151 q,m), SO that

OI = tha'

I3

Using Theorem 9.5.8, show that the covariance matrix in the
asymptotic distribution of n'/%q, is I'=(y,,), where

N (EYEEE [ L R
m
and P
¥, = ‘[1+(m—312)p](|—p) (i 7).
m’p

Why would you expect the covariances to be negative?

9.2, Let 2 be a m X m positive definite covariance matrix, and consider the
problem of approximating £ by an m X m matrix I' of rank r obtained by
minimizing

m m 1/2
IZ-Ti=| 3 2(0,,—7,,)2} .
=1 =1
(a) Show that
IIE—l‘II2=tr(A—~P)(A-l’)’,

where H'ZH = A =diag(A,,...,A, ). A = --- =X, =20, HE
O(m), P=H'TH,
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(b) Using (a), show that the matrix I' of rank r which minimizes
HE—=TI is
,
I'= 3 AhN,
=1
where H=(h,,...,h,,].
9.3. Prove that if A=diag(qa,,...,a,,),a,>a,>+-->a,>0, and B=
diag(b,,...,b,), 0<b,<b, < --- <}, then for all HE O(m),

n
tr(BHAH')= Y a,b,
=1
with equality if and only if H has the form H =diag(*1, =1,..., =1).
94. Let A=diag(qa,,...,a,) with a,>a,>--->q,>0, and B=
diag(b,,...,b,), with b;>b, > - -- > b, >0. Show that for all H €V,

K
tr(BH]AH,)< Y a,b,

with equality if and only if H, has the form

...........

9.5. Obtain Corollary 9.5.7 from Theorem 9.5.5

96. Let/ =¢ 'S",. ., where g=m—k and l,,,> -+ >, are the ¢
smallest latent roots of a sample covariance matrix S. Suppose that A, the
smallest latent root of X, has multiplicity g. Prove that as n— oo the
asymptotic distribution of (nq/2X)'/*(I,—\) is N(0,1).

9.7. Establish equations (7) and (8) of Section 9.7.

9.8. Suppose that the latent roots A, > - -+ > A of I are all distinct; let /,
be the largest latent root of S, and put x, =(n/2)" ¥, /X, ).
(a) Using Corollary 9.7.2 show that

L,(p)(detR)"’

1 Fy '2L"§%"+P;—R)
L.(3n+p)

P(x,<x)=
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where p =1(m +1), R =diag(r,...,r,), with r, =[in +
(1n)'/%x]z,, 2,=A, /A, (i=1,...,m). (Note that z,=1 is a
dummy variable.)

(b) Starting with the partial differential equations of Theorem 7.5.8
satisfied by the | F, function, find a system satisfied by P(x, < x)
in terms of derivatives with respect to x, z,,...,2,,.

(c) Assuming that P(x, < x) has an expansion of the form

2,0

P(x,<x)=&(x)+ it

+ e,

use the differential equations obtained in (b) and the boundary
conditions P(x; <o0)=1, P(x,<—o0)=0 to show that

m A 1/2(1 _ 2
Q|=—(j§2>\|“l’\/)2‘l/2¢(X)+2/(l ;)(b(X)'

where ¢(x) denotes the standard normal density function.

9.9. Let X,,...,Xy be independent N,(p, Z) random variables. Find the
likelihood ratio statistic A for testing that the smallest ¢ =m — k latent
roots of 2 are equal to a specified value A, and the asymptotic distribution
of —2logA.
9.10. Suppose that X is N,(p, ), where E=T+02/, with I' being a
non-negative definite matrix of rank r. Let A, = .- =\, >0 be the latent
roots of ¥ and y, = - -+ = y,>0 be the nonzero latent roots of I'.
(a) Show that X\, =y, + 0% (withi=i,...,r)and A =0 ? (withj=r+
1,...,m). How are the latent vectors of £ and I' related?
(b) Given a sample of size N on X, find the maximum likelihood
estimate of o2,
9.11. Let H=[h,...h,] be a proper orthogonal m X m matrix and write
H =exp(U), where U is an m X.m skew-symmetric matrix. Establish equa-
tion (13) of Section 9.5.
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CHAPTER 10

The Multivariate
Linear Model

10.1. INTRODUCTION

In this chapter we consider the multivariate linear model. Before introduc-
ing this we review a few results about the familiar (univariate) linear model
given by

y= X +e,

where y and e are n X 1 random vectors, X is a known n X p matrix of rank
p (the full-rank case), and B is a p X1 vector of unknown parameters
(regression coefficients). The vector y is a vector of » observations, and e is
an error vector. Under the assumption that e is N,(0,02/,), where o2 is
unknown [i.e., the errors are independent N(0, 6%) random variables]:

(i) the maximum likelihood estimates of B and a2 are
B=(xx)""'xy

and
(y—XxB Y(y—XB );

(iiy (B, 62) is sufficient for (B, 02);

(iii) the maximum likelihood estimates B and 62 are independent; § is
N,(B,o*(X'X)™') and né?/o?is x2_,; and

(iv) the likelihood ratio test of the null hypothesis H: C =0, where C is

R 1
§r=-—
n

429
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a known r X p matrix of rank r, rejects H for large values of
(1) F=(ﬁ;”)ﬁ'c'[c(/\"x)“'c]"'cﬂ.

When H is true F has the F,,_ distribution. Proofs of these
assertions, which should be familiar to the reader, may be found,

for example, in Graybill (1961), Searle (1971), and Seber (1977).
The multivariate linear model generalizes this model in the sense that it
allows a vector of observations, given by the rows of a matrix Y, to
correspond to the rows of the known matrix X. The multivariate model

takes the form
(2) Y=XB+E

where Y and E are n X m random matrices, X is a known n X p matrix, and
B is an unknown p X m matrix of parameters called regression coefficients.
We will assume throughout this chapter that X has rank p, that n=zm + p,
and that the rows of the error matrix E are independent N,,(0, £) random
vectors. Using the notation introduced in Chapter 3, this means that £ is
N(O, [,®2) so that Y is N(XB, I,®Z). We now find the maximum likeli-
hood estimates of B and 2 and show that they are sufficient.

THEOREM 10.1.1. If Y is N(XB, I,®%) and n=m+ p the maximum
likelihood estimates of B and £ are

(3) B=(X'Xx)"'xvy
and
(4) $=1(v— xB)(r- X8).

Moreover (B, 2) is sufficient for (B, Z).
Proof. Since Y is N(XB, [,®Z) the density function of Y is

(22) ™ *(det =) " eu[ - 4(Y— XB)E" (Y - xBY].

Noting that X'(Y — XB) = 0, it follows that the likelihood function can be
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written (ignoring the constant) as
L(8B, 2)=(detz)“"”eu[— gr'2—%2-'(3—6)')\")((3—!‘3)].

This shows immediately that (8, £) is sufficient for (B, £). That B and
are the maximum likelihood estimates follows using a proof similar to that
of Theorem 3.1.5.

The next theorem shows that the maximum likelihood estimates are
independently distributed and gives their distributions.

THEOREM 10.1.2. If Yis N(XB, I,®Z) the maximum likelihood esti-
mates B and 2, given by (3) and (4), are independently distributed; B is
N[B,(X'X) '®Z]and n2 is W, (n— p, Z).

Proof. Let H be an n X(n— p) matrix such that

XH=0,HH=1

n—p>

so that the columns of H form an orthogonal basis for R(X)', the
orthogonal complement of the range of X. Hence HH'= I, — X(X'X)™'X".
Now, put Z= H'Y,(n— p X m); then

ZZ=YHHY=Y(I,- X(X'X)"'X')Y=n$.

The distribution of the matrix

B ’ ~1 (4
L= X)Xy
Z H
is normal with mean
é ] -1 ’ B
E[ [ w] g [®
Z H' 0

The covariance matrix is (see the example following Lemma 2.2.2)

|

(xx)™' o

ez)([x(x'x)"": H]er,)= 0 1

1,

........
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Hence B is N@,(X'X)"'®3), Z is N(O, 7, ,82) and B and Z are
independent. Since n2=2Z'Z it follows from Defmmon 3.1.1 that n2 is
W, (n—~ p, ), and the proof is complete.

Note that the Wishart density for n3 exists only if n=m+ p. When
n<m-+ p Z has rank n — p and n2 = Z'Z is singular.

10.2. A GENERAL TESTING PROBLEM:
CANONICAL FORM, INVARIANCE, AND
THE LIKELIHOOD RATIO TEST

In this section we consider testing the null hypothesis H: CB =0, where C is
a known r X p matrix of rank r, against the alternative K: CB 0. This null
hypothesis H is often referred to as the general linear hypothesis. With
various choices for the matrix C this incorporates many hypotheses of
interest. For example, partition B as

B=| o
=la,|
where B, is 7 X m and B, is (p — r)X m. The null hypothesis that B, =0 is
the same as CB =0, with C=[I :0]. As a second example suppose that
Yir---»Y,,, are independent N, (p,Z) random vectors (i=1,..., p) and

consider testing that p,= .- =p . This model, the single classification
model, can be written in the form Y= X8+ £ with

[y, [1 0 0o ... o]

Vi 1 0 0 ... 0
yél O l 0 tae 0 "’l
] I A _|#
Y=ty b *={o 1 0o ... of B
: Coo "

Yo 0 0 0 ... 1

%4, | 0 0 0 ]
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Here Y is nXm, with n=2"_,q,, X is nXp, B is pXm, and E is
N(0, 1,®%). The hypothesis that the means are equal can be expressed as
CB =0 with

1 0 ... 0 —1

0 1 0 -1
C=

00 ... 1 -1

Here Cisr X pwithr=p—1.

Returning to our general discussion we will see that by transforming the
variables and parameters in the model Y= XB+ E the problem can be
assumed to be in the following form:

Let

re
yr=| v
)’3*

[where Y} isr X m, Y} is (p—r)Xm, and Y¥ is (n — p)X m] be a random
matrix whose rows are independent m-variate normal with common covari-
ance matrix 2 and expectations given by

E(v})=M, E(Y)=M,  E(Y§)=0.

The null hypothesis H: C8=0 is equivalent to H: M, =0. This form of the
testing problem is generally referred to as the canonical form.

We now verify that we can express the problem in this particular form.
First, write

et

where Q€ O(n) and DEGE( p, R). Note that if Q is partitioned as Q=
[Q,: 0], where Q, is n X p and Q, is n X(n— p), then X=0,D and the
columns of @, form an orthogonal basis for the range of X. Now write
CD™'=E[I,:0)P, where EE§i(r, R) and PE O( p), and transform Y to
Y* defined by
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The rows of Y* are independently normal with covariance matrix £ and the
expectation of Y* is

o~

0
E(Y")= ,n_p]Q'xa

,o*u'

w feeli]oe

'c‘u'

] DB
[ PDB
0
_[™M
=g |
where M = PDB. Partitioning Y* and M as

Yy M
y*=| v, M=[ ']
}/3#

where Y* and M, are rXm, Y and M, are (p—r)Xm, and Y} is
(n— p)X m, we then have

E(Y)=M, E(Y})=M, E(¥})=0.
The null hypothesis H: CB =0 is equivalent to
0=CD™'DB=E[I,:0]PD®B,
ie.,
[7:01M =0; hence M,=0.
;l‘llgsssf)orm of the testing problem is due to Roy (1957) and T. W. Anderson

We now express the maximum likelihood estimates of B and 2 in terms
of the transformed variables. First note that, if PE O(p) is partitioned as
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where P, is r X p and P, is (p — r)X p, then

P’ 0
(1) Y=Q[o 1,,_,,]’"
P: P, 0 Yl‘
=[Q.:Qzl[0' g ,] "
3

=Q AT+ Q /Y O,Y.

Then

(2) 8=(xx)"'xv
=(D'D)”'D'QIQ,\P{Y} + Q,PY} + 0, 1})
=D 'PY*+ D™ 'P}Y}

and

(3) nE=vY-8'XY
=y*y*—(Y¥P, D"V +Y'P, D) D'Q)(Q, PY} + Q,P;Y?
+0,Y})
=YY - (YUY 4 YYS)
=rre,
where we have used

g, =1 @0,=0, PP=1 PP=0.

435

The matrix version of the numerator of the F ratio in (1) of Section 10.1 is

Bc[c(xx)'c] 'c
=yryr.

These quantities are often summarized in a generalization of the usual

Analysis of Variance table, called a Multivariate Analysis of Variance table

(or MANOVA table) in which the sums of squares are replaced by matrices

of sums of squares (S.S.) and sums of products (S.P.).
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MANOVA Table
Source of Variation Degrees of
due to freedom S.S. and S.P. Expectation
Regression or model  r A=1TMY} rZ 4+ MM,
Deviations or error n—p B=vY?=nd (n—p)
Total (corrected) n—(p—r) il 68 £ £
= Y'Y’" Yz"Y;

The matrices A and 8 defined as

A

4) A=YrYr,  B=YPY;=nd

are called the matrices due to the hypothesis and due to error, respectively.
We have already seen in Theorem 10.1.2 that B is W, (n — p, £) and hence
E(B)=(n— p)Z. We will see later that in general the matrix 4 has what is
called a noncentral Wishart distribution (central when H: M|, =0 is true).
Here we find its expectation. We have 4 = Y'Y}, where Y} is N(M|, 1,9%).
Since Y}!—M, is N(0,7,8Z) it follows that (Y¥—M)Y(Y}—M,) is
W, (r, Z), so that

rZ=E[(Y} - M)(Y7 - M,)]
=E(YYF—YMM, — MY+ M| M,)
=E(Y¥Y?)~ MM, — MM, + MM,
=E(VV'YY)— MM,
Hence
(5) E(A)=rZ+ MM,.

Note that when H is true, M, =0, so that both 4 and B, divided by their
respective degrees of freedom, provide unbiased estimates of =. In the
univariate case m =1 the ratio of these mean squares has the ¥, ,_,
distribution when H is true,

We next look at our testing problem from an invariance point of view.,

We have independent matrices Y}, Y3, Y3, where
Yr is N(M,I8Z), Y is N(M, 1,_®Z),

Yy is N(0,1,_,®%),

¥ a—P
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and the null hypothesis is H: M, =0. The joint density function of Y}, Y3,
and Y3 is
(6) (27) ™"*(detz)™"/?

etr( =2 [(¥ = MY(VE = M) +(X = MY (Y~ My)+ 113},

from which it is apparent that a sufficient statistic is (Y7, Y, B), with
B=Wr= nS. With M,, , denoting the space of m x n real matrices,

consider the group of transformations

(7) G={(I‘,E,N); reo(r), E€8t(m,R), NEM,,_,‘,,,}
acting on the space of the sufficient statistic by

(8) (T,E,N)(Y*, Y}, B)=(TY*E', Y!E'+N, EBE')
where the group operation is

9) (L1, E\, N)(Ey, By, Ny)=(D\ 1y, E\Ey, M, E+ N)).

The corresponding induced group of transformations on the parameter
space of points (M, M,, 2) is given by

(10) (T,E,N)(M,,M,,2)=(TM,E’, MyE'+ N, ESE’)

and the problem of testing H: M, =0 against K: M, #0 is invariant under
G. A maximal invariant is given in the following theorem.

THEOREM 10.2.1. Under the group G of transformations (8) a maximal
invariant is (f,,....f;), where s =rank (Y}B~'Y}) and f;=--- = £, >0 are
the nonzero latent roots of Y¥B~ 'Y

Proof. Let
o(Y. Y2, B)=(f,.....0).
First note that ¢ is invariant, for the latent roots of
(TY*E')(EBE') '(LY!E') =TY!B'Y*I"

are the same as those of Y¥B~'Y{. To show that it is maximal invariant,
suppose that

o(Y?, Y3, B)=¢(Z}, 23, F),
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i.e., Y*B~'Y} and Z?F~'Z}’ have the same nonzero latent roots ( f,,....f;).
By Theorem A9.2 there exist r X r orthogonal matrices H,, H, such that

f 0]

H\YrB™'YYH|= HyZ}F'Z¥'Hy = o

Then
Z}F'Z¥=H;H Y}B™'Y¥VH|H,

(Z3F ' 2 )2y ') =(HyH\ Yy B~ ) (H H, VBTV 2)
By Theorem A9.5 there exists H;€ O(m) such that
H,F~V/2z¥=B~V/2Y*H|H,.
Hence
Z¢=TY?E'

with

F=H}H, and E=F'H{B™'/%
Note that EBE’= F. Putting N = 23 — Y}E' we then have

(T, E,N)(Y}, Y2, B)=(Z}, 23, F)
so that

(Yr, Y2, B)~(2Zt, 23, F)(modG).

Hence ({,....,f,) is a maximal invariant and the proof is complete.

As a consequence of this theorem any invariant test depends only on
Jis---.f, and, from Theorem 6.1.12, the distribution of f,,...,f, depends only
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on the nonzero latent roots of M,=~'M;. Note that
(11) s =rank(Y}B~'Y*)
=min(r, m).

Note also that when r=1 and Y=y}, M,=m), both 1Xm, then a
maximal invariant is f, =y¥’B~'y?, a multiple of Hotelling’s T2 statistic (see
Theorem 6.3.1). We have already seen in Theorem 6.3.4 that the test which
rejects H:m, =0 for large values of y?’B~'y? is a uniformly most powerful
invariant test of H:m,; =0 against K:m, #0. Note also that when m =1 (the
univariate case) and B =n2=né? the maximal invariant is the nonzero

latent root of

1

S,
né
namely,
_nn
H=—F"
né

which is a multiple of the usual F ratio used for testing H: M, =0 (see (1) of
Section 10.1]. The test based on this is also uniformly most powerful
invariant (Problem 10.1).

In general, however, there is no uniformly most powerful invariant test
and many functions of the latent roots of Y*B~'Y? have been proposed as
test statistics. The likelihood ratio test statistic (from Wilks, 1932), given in
the following theorem, is one such statistic.

THEOREM 10.2.2. The likelihood ratio test of size a of H: M, =0 against
K: M, #0 rejects H if A <c,, where

_ (det B)"?
det(A4+ B)"/?

with A=Y}'Y?, B=Y}'Y}, and ¢, is chosen so that the size of the test is a.
Proof. Apart from a multiplicative factor the likelihood function based
on the independent matrices Y, ¥}, and Yy, where Y} is N(M,, 1 @2), Y}
is N(M,, 1, ,®3)and Y3 is N(O, /,,_ R is [see (6)]
L(M,, My, 2)=(det Z) ™" etr( — 4271 [(¥7 ~ M ) (Y? - M,)

+(¥2 - M) (Y3 - M) +Yr3]).
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The likelihood ratio statistic is

A= SUPM,.}:L(O» M,.2)
supM._Mz‘EL(M,, M,, )

(12)

When M, =0 the likelihood function is maximized when M, = ¥} and
S= (0 )= (4+ B)

so that the numerator in (12) is

(13) L{o, Y{,;:—(A-FB))=del[%(A+B)]kn/ze"'"”/z.

When the parameters are unrestricted the likelihood function is maximized
when

M =Y!, M,=Y{, and E=-:;Y3*‘Y3*=%B

so that the denominator in (12) is
1 P\
(14) L(Y*,Y;,;B)=det(;;3) e~m/2,

Using (13) and (14) in (12) then gives

(det B)"/?

 det(A+B)"/

and the likelihood ratio test rejects H for small values of A, completing the
proof.

For notational convenience, define the statistic

det B

= = A2/n
(13) w det(A+ B) A

The likelihood ratio test is equivalent to rejecting H: M, =0 for small values
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of W. Note that this is an invariant test for

_ det B
del(Y}'Y? + B)

=det(7+Y*B 'yy)”

=Tl a+s)™,

1=1

where s = min(r, m)=rank(Y*B~'Y?*) and fi= -+ = [, >0 are the nonzero
latent roots of Y¥B~'Y}. The distribution of W will be discussed in detail
in Section 10.5. Other invariant test statistics include

5
Ti=trAB™'= 3 f

1=1

called the generalized T;? statistic and suggested by Hotelling (1947) and
Lawley (1938),

0SS
V=trd(4+B) '= § —-,
21+,

proposed by Pillai (1955), and f,, the largest latent root of Y¥B~'Y¥,
suggested by Roy (1953). Distributional results associated with these statis-
tics will be given in Section 10.6. The joint distribution of f;,....f, is given in
Section 10.4 and can be used as a starting point for deriving distributional
results about these statistics. Before getting to this we need to introduce the
noncentral Wishart distribution, which is the distribution of the matrix
A=YMY!. This is done in the next section.

10.3. THE NONCENTRAL WISHART DISTRIBUTION

The noncentral Wishart distribution generalizes the noncentral x? distribu-
tion in the same way that the usual or central Wishart distribution gener-
alizes the x? distribution. It forms a major building block for noncentral
distributions.

DEFINITION 10.3.1. If A= Z'Z, where the n X m matrix Z is N(M, 1,®
2) then A is said to have the noncentral Wishart distribution with n degrees
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of freedom, covariance matrix 2, and matrix of noncentrality parameters
Q=2"'M’'M. We will write that 4 is W, (n, Z,Q).

Note that when M =0, so that 2 =0, 4 is W, (n, Z) (i.e., central Wishart),
and when m = | with 3 = o2, d/o? is y%(8), with § = M'M/o?. We have
already seen in (5) of Section 10.2 that

E(A)=nZ+ M'M=nZ+2Q.

When n<m, A is singular and the W, (n, Z,Q) distribution does not
have a density function. The following theorem, which gives the density
function of A when n=m, should be compared with Theorem 1.3.4, giving
the noncentral x2 density function.

THEOREM 10.3.2. If the n X m matrix Z is N(M, 1,®Z) with n = m then
the density function of A=2'Z is

1
2m7/2T (4n)(det £)"/*

(1)

cetr( —$27'4)(det 4)" " TV 2 etr(— 49Q)  Fy(30; 192 714)  (4>0),

where Q=27 'M'M,
Proof. The density of Z is

(27) """} det2) " Pete( 42722 ete( — 4= MM ) etr(2 7'M’ Z)(d2Z).

Put Z=H\T, where H is nXm, with H{i{;=1, and T being upper-
triangular. Then 4 = Z’Z =T'T and, from Theorem 2.1.14,

(dz)=2""del(Z'2)" """ "*(d(Z2'Z))( H|dH,)
so that the density becomes
27m(2m) """ (det 2) " Peur(— 127122 er( = 27 'M'M)
det(Z2’Z)" "V (ST MY H, T )(d(Z'2))(H) dH,).

Now integrate with respect to H €V, ,, the Stiefel manifold of nXm
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matrices with orthonormal columns. From Lemma 9.5.3 we have

f etr(E"M'HIT)(H;dﬂl): rn—-m[-ll(" “m)]
",

EVa.n 2n-—mﬂ(n—m)z/2

f etrf(S™'M'H,\T)(K'dK )( H]dH,)
mev, ,"Keo(n—-m)

1 —
= Doad(n '")]f ete(Z7'M'H\T)(H'dH )
2n-—mw(n—-m)’/2 He O(n)

_2mﬂmn/2 g
=) fo(")etr(E M'H,T)(dH).

Using Theorem 7.4.1 to evaluate this last integral then gives
zmﬂmn/z
e F,
£ () "
zm,”mn/z

"~ L,(4n)

where Q=37 'M’'M, A=T'T, and the proof is complete.

It should be noted that, although »n is an integer (= m) in the derivation
of the noncentral Wishart density function of Theorem 10.3.2, the function
(1) is still a density function when » is any real number greater than m — 1,
so our definition of the noncentral Wishart distribution can be extended to
cover noninteger degrees of freedom n, for n>m —1.

The noncentral Wishart distribution was first studied in detail by T. W,
Anderson (1946), who obtained explicit forms of the density function when
rank ()=1,2. Weibull (1953) found the distribution when rank (2)=3.
Herz (1955) expressed the distribution in terms of a 4 F; function of matrix
argument, and James (1961a) and Constantine (1963} gave the zonal poly-
nomial expansion for it.

Recall that if 4 is W,(n,0?%, 8) then 4 /62 is x?(8), so that the character-
istic function of A4 is

[ ew(ET'MHT)(HidH,)= In iTET'M'ME'T)
Hie Vm.n

oF(3n; 102714)

(1~2ita?)™ " exp(— 18) exp| 48(1 - 2ita?) "]

The following theorem generalizes this result.
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THEOREM 103.3. IfAis W, (n, Z,§) then lhc characteristic function of

m
Ais

(2) $(©)=E exp(i § 0,/«“,;‘)

15k

=det(1,, —iTE) " "*euwr(~ Q) ew[$9(1, —iT=) ']
where
=(y,) i, j=l...m,  with y =(1+8,)6,.6,=0,,

and §, , is the Kronecker delta,

s U if =
I X' T S E

Proof. The characteristic function of 4 can be written as

i m
Eexp(—i > (l+8/k)0j,(aj,(),

2k=1\

$(0)=

ofuf )]

There are two cases to consider.

(i) First, suppose that » is a postive integer and write A = Z'Z when Z is
N(M,I®F), and =3"'M’M. Let z,,...,z, be the columns of Z’ and
m,,...,m, be the columns of M’; then z,,...,z, are independent, z, is
N, (m,Z2), and A=2'Z=23"_ z,2’. Hence

=175
i n
E etr(—z- le/z;f‘)
j:

i

¢(0)= E[etr( %Z’ZF)J =
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Puty, =Z7'/2z; theny, is N,(7, 1,,) with 7, =27"?m,, and
4 i
4:(9):]1;[‘E[exp—z-yj'E'/zl‘S'/’yj

Let HE O(m) be such that
HZI'/T2V2H =diag(A,,...,A,,)= Dy,
where A,,...,\,, are the latent roots of 2'/2I'Z!Y/2, Put u, = Hy, then u, is
N, (v, 1,) with v, = Hr, and
n ’. n i m
(@)=l E exp—u’DAu] = [l Elexps 3 A2
j:l 2 J / j=| 2 k=1 J

where u, =(u,,...,u,,). Then

n m

¢(®):ﬁ ﬁ [expz kujk ]-_-_l H {(l_ikk)_i/zexp("%vﬁ)
1=l k=1 =

-exp[43(1-ix) ']},

where », (v,,, ' m) and we have used the fact that the u}, are indepen-
dent x,( ) random variables. The desired result now follows by noting
that

H H(l~z?\) det(1, —iD,)"
/::lk..
=det(1, — i/ /2)"

=det(/—il'2)",

)

i It
s 0 ds 1=
a
]
°
—
|
[T
<
=
g

=
Jown
(4]
>
v
r—""\
n»—
N

o
Eed
]
—
{
[N
X,
-
R

l

>
H
-~

~

~

=etr(~{Z"'M'M)

=etr(—1Q),
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and

jI=II kI:il CXP[%VJi“ —(-Ak)—l] —_—jljl exp[%“']’(l“iDA)_)‘fl]

= H exp[%m;E‘ 172(1 -3\ /2rgin? )~ Ig- 1/2ml]

i=
=etr [iM'MZ '(E ' -il) 2]
=eu[4Q(7~irs)™"].

(ii) Now suppose that n is any rcal number with n>m — 1. Then A4 has
the density function (1) so that

¢(@)=E[etr(%Al‘)]

! a—1
:2”””Fm(%vr)(de:2)"”Lm"“["*(}‘ =il)4]

(det 4)" 777 V2 F (403 405 U)(da)

and the desired result then follows using Theorem 7.3.4.

The characteristic function can be used to derive various properties of the
noncentral Wishart distribution. The following theorems should be com-
pared with Theorems 3.2.4, 3.2.5, and 3.2.8, the central Wishart analogs.

THEOREM 10.34. If the m X m matrices A4,,...,4, are all independent
and 4, is W, (n, 2,9, i=1,...,r, then Z/_ A, is W,(n, Z,Q), with n=
2_nand Q=2_Q,.

Proof. The characteristic function of 3/_ A, is the product of the
characteristic functions of 4,,...,4, and hence, with the notation of Theo-

rem 10.3.3, is
I;ll {dezu—irz)"”//’eu(«mj)ecr[mj(l—irz)"]}

=det( —il'Z) ™" etr(— Q) ere[ 40(1 - 51‘2)“'],

which is the characteristic function of the W, (n, Z, Q) distribution,
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THEOREM 10.3.5. If the n X m matrix Z is N(M, I, ®Z) and Pis k X m
of rank k then

Pz'zP' is W (n, PEP',(PSP") "' PM'MP’)

Proof. Note that PZ'ZP'=(ZP"Y(ZP’) and ZP' is N(MP', [, ® PZP’);
the desired result is now an immediate consequence of Definition 10.3.1.

THEOREM 103.6. If A4 is W, (n, Z,Q), where n is a positive integer and
a (#0) is an m X1 fixed vector, then a’da/a’Za is x2(8), with §=
a’'2Qa/a'Za.

Proof. From Theorem 10.3.5 the distribution of a'da is
Wi(n,a'Za, a’Z8a /a’Za), which is the desired result. ‘

Many other properties of the central Wishart distribution can be readily
generalized to the noncentral Wishart. Here we will look at just two more.
Recall that if A is W, (n, Z) then the moments of the generalized variance
det A are given by {see (14) of Section 3.2]

La(3n)
In the noncentral case the moments are given in the following result due to
Herz (1955) and Constantine ( 1963).
THEOREM 10.3.7. If A is Wm'(n, Z,Q) withn=m

E[(det 4)']=(det =) 2™

(Note that this is a polynomial of degree mr if r is a positive integer.)

|F|(—";%"; “%ﬂ)

Proof. Using the noncentral Wishart density function, and Theorem
7.3.4 gives

E[(det 4)]= etr(— §2)

27/, (3n)(det £)"7?

f etr( —3Z7'4)
A>0
~det A*2rmm=N/2 F(dn; Q27 '4)(dA)
+
=(det £) 2™ '"r(’(" )r) etr(—4Q) \F(4n +r; in;1Q).
m\2N

The desired result now follows using the Kummer relation in Theorem 7.4.3,
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The moments of det A can be used to obtain asympiotic distributions.
For work in this direction see Problems 10.2, 10.3, and 10.4.

The next theorem generalizes Bartlett’s decomposition (Theorem 3.2.14)
when the noncentrality matrix has rank 1.

THEOREM 10.3.8. Let the nXm (n=m) matrix Z be N(M, 1,81,),
where M =[m0,...,0}, so that A=2'Z is W,(n,[,Q), with Q=
diag(mim,,0,...,0). Put A=T'T, where T is an upper- trmngular matrix with
positive dnagonal elements. Then the elements 1, (1=i< _j = m) of T are all
mdependent this x, X&) with 6=mim,, t}is x2_ ;. (i = ,m), and ¢;
is NO, D (l<i<j=m).

Proof. With @ having the above form, the density of 4 is

1 (n—m—4)/2
———————————c¢tr{ — 14 )(det 4
2’""/2Fm(%'l) ( % )( )

-exp(—imim,) o Fy(in;im\m,a,,)(dA4).

Since A=T'T we have

m
rA=uTT= 3 (}

1=y

m

det A= [[ 12,0, =1}
=1

and, from Theorem 2.1.9
n m
(day=2" [l 47 ' A a,,
1=1 15

so that the joint density function of the 1, (1=<i< j<m) can be written in

the form
m

[ l
1<y (2'1r)|/2

(4n )CXP( $ed)(d )"/2 lem4/2 oFy(4n;48¢])) di},

exp( 412 )d,,.,]

2"/21‘

m

] {n—1—1)/2
. d ,
lI_-__Iz[2(::—:+|)/2r[%(n_i+l)] €x ( )(’u) ’u
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where 6 =mm,, which is the product of the marginal density functions for
the elements of 7 stated in the theorem.

10.4. JOINT DISTRIBUTION OF THE LATENT ROOTS
IN MANOVA

In this section we return to distribution problems associated with multi-
variate linear models. We saw in Section 10.2 that invariant test statistics for
testing the general linear hypothesis H: M| =0 against K: M, #0 are func-
tions of f,,...,f,, where s =rank (Y}B™'Y*)=min(r,m) and f,=--- 2 {,
are the nonzero latent roots of Y}B~'Y¥. Here Y* is an r X m matrix
having the N{M,, I ®Z) distribution, B is W, (n— p, Z), and Y} and B are
independent. We are assuming throughout that n=m+ p so that the
distribution of B is nonsingular. There are two cases to be considered,
namely s=m and s =r,

Casel: r=zm

In this case rank (Y}B~'Y¥)=mand f,=--- = [, (>0) are the nonzero
latent roots of Y#B~'Y} or, equivalently, the latent roots of AB~', where
A=Yr'Y:. The distribution of 4 is W,(r, Z,Q), with @=Z"'M;M,. The
distribution of f,,...,f, will follow from the next theorem, which is a
generalization of the noncentral F distribution and should be compared

with Theorem 1.3.6.

THEOREM 104.1. Let 4 and B be independent, where 4 is W,(r, 1,Q)
and B is W, (n— p, I) with r =m, n— p=m. Then the density function of

the matrix F= A'/2B~'4"/2is
§)) ctr(—%Q),F,(%(n-H-p);%r;%QF(I+F‘)_')

. Fm[%("“""""ﬁ)] (deti‘)"”"“'w
Fm(%r)rm[%(”_l’)] det(1+13)(n+r—~p)/2

Proof. The joint density of 4 and B is

(F>0).

2—-m(n+r-p)/2

L, (3r)T.[3(n— p)]

etr[* A+ E)](det A)rmmon2

~(det1§)("—”_m-')/2

cetr( —4Q) o Fy(3r; $QA)(dA)(dB)
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Now make the change of variables F = A'/28~'4'/?, U= A4 so that
(dAYdB)=(detU )™ 2 (det F) ™" V(dU )(dF).

The joint density of U, F is then

2~m(n+r—p)/2
Fm(%r)rm[%(” - p)]

.en-[__% T+ ﬁ‘~l)U](det U)(n tr-p-m- l)/2(det ﬁ)—{n -ptmt l)/Z(dU)(di.‘)‘

etr(— 1) F,(3r; $8U)

Integrating with respect to U using
j e[ = $(F+ FY)U)(derU)" " 777702 (R (4 40U )(4U)
U>0

=2mntr=p/ 2der(1 + f‘"")ﬂ("'”_p)/zl‘m[%(n +r—p)]
SE(H (= p)idr QI+ FY) 7Y

(from Theorem 7.3.4) gives the stated marginal density function for F.

This theorem is used to find the distribution of the latent roots /,,...,f,,,
due to Constantine (1963),
THEOREM 104.2. If A=Y}Y} and B=Y'YY, where Y} and Y} are
r X m and (n— p)X m matrices independently distributed as N(M,, [ ®2)
and N(O, l,,_p®2), respectively, with r =m, n — p 2 m, then the joint den-
sity function of f,,...,/,,, the latent roots of 4B is

) etr(—1Q), F"(3(n+r—p)iir;4Q, F(I1+F)™")

Lli(n+r—p)] avis2 m  pemw-n2om
T ] L0 o i e B U 4)

(/i >1,>0),

where F=diag(/,,....[,) and Q=27 'MM,.

Proof. Putting U=Y}E"1/2 V=y327172 and M*= M2 /% it fol-
lows that U and V are independent, U is N(M*, 1,®1 ), V is N(0, 1,_,81,),



Jomt Distribution of the Latent Roots in Manova 451

and f,,...,f, are the latent rootgof AB™!, where A=U'U and B=V"V, or
equwalemly of F= A'/25~'4"/® The distributions of 4 and B are, respec-
tively, W, (r, 1,8) and W, (n— p, I) where @ =M*M*=3"'/2M;M,Z"1/2,
The proof is completed by making the transformation = HFH’ in Theo-
rem 10.4.1 and integrating over H€ O(m) using Theorems 3.2.17 and 7.3.3.,

noting that the latent roots w,,...,w, of &=3"'M{M, are the same as
those of §.

The reader should note that the distribution of f,,...,f,, depends only on
Wj,..-,W,, the latent roots of = 2~ !'M;M,. [Some of these, of course, may

be zero. The number of nonzero roots is rank (M, 'M/).] This is because
the nonzero roots form a maximal invariant under the group of transforma-

tions discussed in Section 10.2.
The null distribution of f,,...,f,, ie, the distribution when M, =0,
follows easily from Theorem 10.4.2 by putting @ =0,

COROLLARY 1043. If A is W, (r,2), B is W, (n~ p,Z), with r = m,

n— p=m, and A and B are independent then the joint density function of
fis-+sfo» the latent roots of AB™!, is

a2 [$(n+r—p)] 7 frmm=1/2 mo
©) I‘m(%m)rm(%r)rm[%(”"p)] i=1 (]+f')(”+'~m/2 ,I;Ij(f' f;)
(f|> >f,,,>0).

It is worth noting that the null distribution (3) of f;,...,f,, has already
been essentially derived in Theorem 3.3.4, where the distribution of the
latent roots u;, . . . , u, of A(A4 + B)™' is given. Corollary 10.4.3 follows
immediately from Theorem 3.3.4 on putting n; = r, n, = n — p, and f] = u,/

(1 —uy).

Case2: r<m

In this case rank (Y}B~'Y*)=r and fi=---=f (>0) are the latent
roots of Y*B~ 'Y} or, equivalently, the nonzero latent roots of 4B~ ! where
A=YY}. The distribution of 4 is noncentral Wishart, but it does not have
a density function. The distribution of f|,...,/, in this case will follow from
the following theorem (from James, 1964), which gives what is sometimes
called the “studentized Wishart™ distribution.

THEOREM 1044, If A=Y}Y} and B=Y}'Y}, where Y and Y} are
independent r X m and (n — p)X m matrices independently distributed as
N(M,, 1®Z) and N0, I, ,®Z), respectively, with n — p=m=r, then the
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density function of F=Y}B7'Y}" is ‘
&

(@) etr(—48) , F($(n+r—p); im 3QF(1+ F)7Y)

L (n+r—p) (det £)"7T 7072

LUmL(ntr=p—m)] det(1+ F)nrrmp? (F>0),

where § = M, 27 'M,.

Proof. Putting U=Y}3" /2 Y=Y} "% and M*=M,27'/?, it fol-
lows that U and V are independent, U is N(M*, 1,81,), Vis N(0, 1, ®1,),
and F=U(V'V) 'U’. Now put

T
=Hj...
0

T

“es

0

U'=HT=[H,: H,]

where H, is mXr with orthonormal columns (H{H,=1), T is rXr
upper-triangular and H, is any m X(m — r) matrix such that H=[H,: H,]
is orthogonal. Then

. T
F=[T':0]H’(V’V)"H[ : ]
0
|
0

where Z=VH and B~' denotes the r X r matrix formed by the first 7 rows
and columns of (Z’Z)~'. The distribution of Z’Z is W,(n- p, 1,) and,
from Theorem 3.2.10, the distribution of B is W(n+r— p—m, 1,). The
joint density of U and B is

=[1":0(2'Z)""

=T8T,

2~r(n+r-—p-m)/2
L{i(n+r—p—m)]

(27) """ et ~ (U~ M*Y (U~ M*)] eur(— 1 B)

«(det BYn -2 -m-D2(JU)y(dB).

Since U’ = H\T, where H, € V,,,, the Stiefel manifold of m x r matrices with
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orthonormal columns, we have from Theorem 2.1.14 that
(dU)=2""del T'T)" """} d(T'T))(HdH,)

so that the joint density becomes

(2,”)'_’”’/22-—r(n+r-p—m)/2—r
Fr[%(" tr—p-— m)]

cetr(—18)(det B)" 7P "V 2 dey( )" "V X(A(T'T))(H] dH,)(dB)

etr( = 1 7T Jetr(—  M* M*)ete( H TM*)

Now integrate with respect to H,E ¥, .. The same argument as that used in
the proof of Theorem 10.3.2 shows that

rmr/2
/ etr( H,TM*)(H}dH,) = 27~ F(im; IM*M*T'T)
H,eV, Fr(%m)

b r.m

and hence the joint density of 7T and B is

2-—r(n+r—p)/2
Lld(n+r—p—m)]T(im)
o F(im; sM*M*T'T)

etr(— 1 T'T)det(T’T)\" "~ V2

cetr(— s M*M*)etr(— $ B)det B P~ "=V d(T'T )(dB).
Now put F=T'B~'T,G = T'T with Jacobian given by
(d(T'TYN(dB)=(det G)" "/ *(det F)™ " *(dF)(dG).

The joint density of F and G is then

g r(n+r—p)/2
Lli(n+r—~p—m)]T,(4m)

o Fy(im; s M*M*'G )etr(— { M* M*)(det F) ~n-p +m+2r + W2(GFY(dG).

etr[-— %(1-i—1:“'')G](dctG)(H'M"—'—n/2
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Integrating with respect to G using

f6>0etr[~ (14 F)G)(det G)" 727 2 (Sm; Y M MG Y(dG)

=212 [ (n 4 r - p)]det(1+ F~1) "I 2
AF(3(ntr=p)iimidMrmM(1+ FY) )

then gives the stated marginal density function for F.
The distribution of f,,...,£,, the latent roots of Y}¥B~'Y* can be ecasily
obtained from Theorem 10.4.4 and is now given.

THEOREM 104.5. If B is W, (n—p,2) and A=Y}Y}, where Y} is
N(M,, 1®Z) and is independent of B, and n— p=m=r then the joint
density function of f,,...,/, the latent roots of F=Y}!B™'Y} or, equiva-
lently, the nonzero latent roots of AB™', is

(5) ew(—4iR), R4 (n+r—p)iimi 10, F(I+ F)")

e ALfntr=p)] g o
TN ==l i o 4 )

(>0 >1,>0),

where F=diag(f,,....f,) and 2= M2 'M;.

Proof. Putting F= HFH' in Theorem 10.4.4 and integrating over HE
O(r) using Theorems 3.2.17 and 7.3.3 gives the desired result.
Putting € =0 in Theorem 10.4.5 gives the null distribution of f|,....f.

COROLLARY 104.6. IfAis W, (r,2), Bis W, (n—p,2), withn—p=
m=r, and 4 and B are independent then the joint density function of
f1s--+»f., the nonzero latent roots of 4B, is

7" 2T §(n+r - p)] - fm=r=n/2 r (=)
LUNLOmL[n+r—p—m)] =0 (14 gyt o7 < M Y

(/= >[>0)

(6)

Let us now compare the distributions of the latent roots obtained in the
twocasesn—p=m,r=2mandn— p=m=r, i.e., compare Theorem 10.4.2
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with Theorem 10.4.5 and Corollary 10.4.3 with Corollary 10.4.6. When
r =m they agree, and it is easy to check that the distributions in Case 2
(n— p=m=r) can be obtained from the distributions in Case | (n—p=
m,r=m) by replacingmbyr,rbymandn—pbyn+r—p—m,ie, by
making the substitutions

(7) m-r, r-m, n—p-ont+tr—p-—m.

One consequence of this is that the distribution of any invariant test statistic
(i.e., function of the f;) in Case 2 can be obtained from its distribution in
Case 1 by using the substitution rule (7). In what follows we will concentrate

primarily on Case 1.

10.5. DISTRIBUTIONAL RESULTS FOR THE
LIKELIHOOD RATIO STATISTIC

10.5.1. Moments

In this section we return to the likelihood statistic for testing H: M, =0
against K: M, #0. In Section 10.2 it was shown that the likelihood ratio test
rejects H for small values of

- det B = A2/n
det(A+ B) ’

where A is W,(r,2,9Q), B is W,(n—p,Z) and Q=2Z"'M|M,. We will

assume here that n — p=m,r =Zm. In terms of the latent roots f,,...,f,, of

AB™! the test statistic is W=[]" (1+ f)~'. The moments of W are given

in the following theorem due to Constantine (1963).

THEOREM 10.5.1. The Ath moment of W, whenn—p=m,r=m, is

(n
A _Fm[%("—P)+h]Fm[i(n+r—p)]- ' B o
= L = I [Hn + r— gy a] A Fr=p) i =40)

where @ =27'M{M,.
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Proof. From Theorem 10.4.2 we have

____Fm[%(n +r - p)].ﬂm‘/z
L(3r)Tul$(n = p)]T,,(4m)

E(Wwh)= etr(—1Q)

R & r—m-~1)/2 cy—(nt2h~r—p)/2 & _
f //|>'~->[m>0:gl[f'( L) }i];l,(f' ff)
G+ r = p)idrdQ, F(1+ F) ') df,,...df,
__Ll(n+r=p)]
L,(3r)T,[3(n = p)]

det(1+F) "HRTIO Bt r = p)idn Q1+ F)TY?

etr(—%ﬂ)f_ (det F)"—m~h/2
F>0

F(I+ F)™'*)(dF).
Putting U=(J+ F) "/*F(1+ F)~"/% 50 that
(dFy=deW(I-U)" """ dU)
and using the zonal polynomial series for the | F, function gives

L[3(n+r— )]
L ()T = p)]

-det(l—U)‘"”h""’_m—”ﬂ,F,(i(n+r—p);%r;iQU)(dU)

E(W")= etr(-%Q)XKU(I(detU)('""'”')/2

_ LUtr=p)] 8 o (ntr=p)),
S TGN ] I 2 2

L, (e U)T  e(1 = 0) G (U ().

Using Theorem 7.2.10 to evaluate this integral shows that

L3t r=p)L = p) ]
I‘m[%(” tr— p)+h]l‘m[%(n "'P)]

ARG+ r=p)iH(n+r—p)+h;i0).

E(w")= -i0)
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The desired result (1) now follows on using the Euler relation given in
Theorem 7.4.3.

The moments of W when H: M, =0 is true are obtained by putting @ =0.

COROLLARY 105.2. When M, =0 (i.e, £ =0) the moments of W are
given by

I 4(n—p)+a]T,[4(n+r—p)]
L3 (n—pIT,[i(n+r—p)+h}

(2) E(w")=

It is worth emphasizing again that the expression for the moments given
here assume that » = m. When r < m the moments can be obtained using the
substitution rule given by (7) of Section 10.4.

10.5.2. Null Distribution

When the null hypothesis H: M, =0 is true, the likelihood ratio statistic W
has the same distribution as a product of independent beta random vari-
ables. The result is given in the following theorem.

THEOREM 10.5.3. When H: M,=0 is true and r=2m,n— p=m, the
statistic W has the same distribution as [I” ¥, where V,,...,V,, are
independent random variables and V, is beta(3(n— p —i+1),4r).

Proof. We have W=I[I"_ (1—-u,), where u,.,...,u,, are the latent roots
of A(A+ B)~'. The distribution of u,,...,u,,, given in Theorem 3.3.3 with
n,=r and n,=n— p, is the distribution of the latent roots of a matrix U
having the Beta,(ir,i(n— p)) distribution, so that W=det(I —U). The
distribution of 7—U is Beta,(i(n— p), ir). Putting I —U=T'T, where
T=(1,) is upper-triangular gives W =I["_ 12, from Theorem 3.3.2 the 12
are independent beta (j(n — p — i +1), 4r) random variables, and the proof

is complete.

This result can, of course, also be obtained from the moments of W given
in Corollary 10.5.2 by writing these as a product of moments of beta
random variables. When r<m, the distribution of W is obtained from
Theorem 10.5.3 using the substitution rule given by (7) of Section 10.4 and
is given in the following corollary.

COROLLARY 10.54. When n— p=m=r, W has the same distribution
as [17_V,, where V,,...,V, are independent and V, is beta(4(n+r—p—
m—i+1),im).
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Let us look briefly at two special cases. When m =1, Theorem 10.5.3
shows that W has the beta(}(n — p), 1r) distribution or, equivalently,

1-Wn—p
w r
is F, ,_,. This is the usual F statistic for testing #: M, =0 in the univariate
setting. When r = 1, Corollary 10.5.4 shows that W has the beta(3(n+1- p
— m), $m) distribution or, equivalently,

I-Wn+l—p—m
w m

is F,, ,41—p—-m- This is the null distribution of Hotelling’s 7' statistic given
in Theorem 6.3.1.

In general it is not a simple matter to actually find the density function
of a product of independent beta random variables. For some other special
cases the interested reader should see T. W. Anderson (1958), Section 8.5.3,
Srivastava and Khatri (1979), Section 6.3.6, and Problem 10.12.

10.5.3. The Asymptotic Null Distribution

Replacing 4 in Corollary 10.5.2 by nh /2 shows that the hth null moment of
the likelihood ratio statistic A =W"/% is

(3) E(A")=E(W™/?)

L [3n(1+4)=3p] 0 [4(n+7 = p)]
L[3(n~ p)IT,[in(1+0)+3(r = p)]

Kkﬁl I‘[%n(l+h)+%(l—-k——p)]

ﬁll‘[%n(l+h)+%(l—j+r—/7)]

where K is a constant not involving 4. This has the same form as (18) of
Section 8.2.4, where there we put

p=m, q=m, x,=in, y=in, &=3(0-k—-p), n;=3(1~j+r—p)
(k,j=1,...,m).
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The degrees of freedom in the limiting x? distribution are, from (28) of
Section 8.2.4,

f=-2 §£k- ﬁ‘"!}

k=1 =1

=rm.

The value of p which makes the term of order n~! vanish in the asymptotic
expansion of the distribution of —2plog A is, from (30) of Section 8.2.4

(@) p=l—7[ 2 (-&=m+n,)
k=1
= 2f kz (—r+2k+2p)

=l—%[p—-r+%(m+r+l)].

With this value of p it is then found, using (29) of Section 8.2.4, that

_mr(m?+r?—5)
a8(pn)’

(5)

Hence we have the following result, first given explicitly by T. W. Anderson
(1958), Section 8.6.2.

THEOREM 10.5.5. When the null hypothesis H: M, =0 is true the distri-
bution function of —2plog A, where p is given by (4), can be expanded for
large N =pn as

(6)
P(—2plogA<x)=P(— NlogW=x)

= P(x} = x)+ L [P(x}=x) = P(x} =x)] +O(N ),

where f = mr and y =(np)*w, = N %w,, with w, given by (5).

Lee (1972) has shown that in an asymptotic series in terms of powers of
N ! for the distribution function of —2plog A only terms of even powers in
N~ are involved. For a detailed discussion of this and other work on the
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distribution of A the interested reader is referred to T. W. Anderson (1958),
Rao (1951), Schatzoff (1966a), Pillai and Gupta (1969), Lee (1972), and
Krishnaiah and Lee (1979).

Tables of upper 100a% points of —2plog A =— NlogW =~[n—p—
${(m — r + 1)}log W for a=.100, 050, .025, and .005 have been prepared for
various values of m, r, and n— p by Schatzoff (1966a), Pillai and Gupta
(1969), Lee (1972), and Davis (1979). These are reproduced in Table 9
which is given at the end of the book. The function tabulated is a
multiplying factor C which when multiplied by the x2,, upper 100a% point
gives the upper 100a% point of ~Nlog W. Each table represents a particular
(m, r) combination, with arguments M =n—p—m+1 and significance
level a. Note that since the distribution of W when n—pz=mz=r is
obtained from the distribution when n— p=m, r = m by making the sub-
stitutions

m-r, r->m, n—p-ontr—p—m,

it follows that m and r are interchangeable in the tables.

10.5.4. Asymptotic Non-null Distributions

The power function of the likelihood ratio test of size a is P(—2plog A =
kijw,,...,w,), where p is given by (4) and k* denotes the upper 100a%
point of the distribution of —2plog A when H: Q=0 is true. This depends
on £ only through its latent roots w, = « - - = w,, (=0) so that in this section,
without loss of generality, it will be assumed that @ is diagonal, 2=
diag(w,,...,w,). Here we investigatc ways of approximating the power
function.

We consider first the general alternative K: Q 0. From Theorem 10.5.1
the characteristic function of —2plog A under X is
(M g(N,1,Q)= E(A2")
= E( W'—UN)
=g(N,1,0)G(N,1,Q),
where g(N, 1,0) is the characteristic function of —2plog A when H is true,

obtained from (2) by putting h=~2itp and n=N+ p—r+4{(m-+r+1),
and

(8) G(N,1,Q)= F\(—aN; INQ=2it)+ 3(r+ m+1); —1Q).
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From Theorem 10.5.5 we know that
(9) g(N,1,0)=(1-2it)"™"*+ O(N7?).

The following theorem gives the term of order N™! in an expansion for
G(N, 1,1).

THEOREM 10.5.6. The function G(N,t,2) defined by (8) can be ex-
panded as

(10) G(N,l,ﬂ)‘:exp( l'i"z'il)[1+5%2—)+o(1\1-2)

where g =trQ)) =2,/ and

it o — it 9
(1-2ie) ' (1-2it)’ 2

(1) P,(Q)=~%(r+m+l)

Proof. The proof given here is based on the partial differential equa-
tions satisfied by the |F, function. Using Theorem 7.5.6 the function
H(N,Q)=log G(N, t,) is found to satisfy the system of partial differential
equations

[921 [oH )’
(12) W, -————aw} +(m)

[ _ 1 w, |3H

+ 5.N(1—2n)+§(r—m+3)+%w,+ilg el ey
] g 7 J
i w  B8H _ . .

- — =N =1,....m).
2,;/ W —w dw, G )

The function H(N,R) is the unique solution of each of these partial
differential equations subject to the condition that H(N, Q) be a symmetric
function of w,,...,w,, which is analytic at & =0 with H(N,0)=0. In (12) we
substitute

where (a) P() is symmetric in w,,...,w,, and (b) P (0)=0 for k=
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0,1,2, .... Equating coefficients of N on both sides gives
P,
(1—2,':)-—“,2:1: (j=1,....m),

the unique solution of which is, subject to conditions (a) and (b),

ita,

(13) PR)= 70,

where o, =1tr . Equating constant terms and using (13) yields the system
for P,(f) as

0P, 1 it it
Fr=—5(r+tm+1) - © (j=1....m),
0w, 2 (1-2it)> (1-2ir) "’

the solution of which is the function P,(§2) given by (11). Hence

G(N,t,Q)=expH(N,Q)

(%)

—cxp[P0(9)+ +O(N~ 2)]

=cxp[PO(Q)][l + f—'%ﬁ +O(N“2)],

and the proof is complete.

An asymptotic expansion to order N™! of the distribution function of
—2plog A under K now follows easily.

THEOREM 10.5.7. Under the fixed alternative K: Q #0 the distribution
function of —2plog A can be expanded for large N = pn as

(14)  P(—2plog A =x)=P(x}(0,)=x)
—-N-((m+r+l)o,P(x;+2(o|)sx)
[t D0y 0 P(xd (o) = %)
“°2P(X}+6(°1)5X)} +O(N7?),

where f=mr and o, = 1r§}/.
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Proof. Using (9) and (10) in (7) shows that the characteristic function of
—2plog A has the expansion

g(N, 1, Q)=(1—-2i1)" ’/Zcxp( ”02' - )[l+ ﬁ%@ +O0(N~%)|,
where P\(Q) is given by (11). The desired expansion (14) is obtained by
inverting this term by term,

A different limiting distribution for the likelihood ratio statistic can be
obtained by assuming that € = O(n). Under this assumption the noncentral-
ity parameters are increasing with n. A situation where this assumption is
reasonable is the multivariate single classification model introduced briefly
at the beginning of Section 10.2 and which will be considered in more detail
in Section 10.7. In the notation of Section 10.2 the noncentrality matrix Q
turns out to have the form

I4
Q=3 ;l a(p,—BEXp,—EY,

where fi = n"'27_ g,p,, n =27 ,q,. Hence if p, = O(1) and ¢, - oo for fixed
q,/n (i=1,...,p) it follows that Q =O(n). We will consider therefore the
sequence of alternatives K: € = NA, where N = pn and A is a fixed matrix.
Without loss of generality A can be assumed diagonal, A =diag(s,,...,5,).
Define the random variable Y by

(15) Y= |2/2 log A — N'?log det(7+4),

and note that asymptotically Y has zero mean and constant variance. The
characteristic function of Y is, using Theorem 10.5.1,

(16) h(N, 1, A)=det(l+A)"N'“"E(A-Zpu//v'/z)
=det(1 + A)_ Nl/z"E( W—-uN‘/l)
=CI(N! ’)Cz(N, t, A)

where

LIN—=iN'2+4(m—r+ D]T, [N+ L(m+r+1)]
LN +i(m—r+ DT, [N —itN'/ 2+ §(m+r +1)]

(17) CI(N”)—
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and

1/2”

(18) CN,t,A)=det(I+A)" "
GF(— NV AN~ iaN V2 4+ f(m+r+1); — $NA).

Using (24) of Section 8.2 to expand the gamma functions for large N it is
straightforward to show that

rmit
N 1/2

(19) C(N.1)=1+ +O(NY).

An expansion for C,(M, ¢, A) is given in the following theorem.

THEOREM 10.5.8. The function C(M,t,A) defined by (18) can be
expanded as

(20) Cz(M,t,A)=exp(—%72;2){14,%1%2+O(N_,,)}'
where
ri=—25,—4s,,
and
Q(8)=[4s; +dst+H(r+m+1)s it
~[25,+ %5, + 85, +45)] (ir)’
with

sv,.—.u[(m)—'_,]f:é' ( i )

A proof of this theorem similar to that of Theorem 8.2.12 can be
constructed using the partial differential equations satisfied by the F,
hypergeometric function. The details are left as an exercise (see Problem
10.13).

An asymptotic expansion to order N”'/2 of the distribution of Y is an
immediate consequence of Theorem 10.5.8.

THEOREM 10.5.9. Under the sequence of alternatives K,: Q= NA the
distribution function of the random variable Y given by (15) can be
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expanded for large N = pn as

N2 [al¢(x)_ az¢(2)(x)] +0(N—‘),

1) P(%,Sx)=¢(x)—

where @ and ¢ denote the standard normal distribution and density
functions respectively, and

,,.2 = _252 _4S|.
(22) a,=2l7[s2+s,2+(r+n§+l)s,+2rm],
2
(23) a,= 3——3-[334 +10s, + 125, +6s,],
T

with
m '—8, J
5= g,(ua,)'

Proof. From (19) and (20) it follows that 2( N, t /7, A), the characteristic
function of Y/, can be expanded as

T

h( N, 1,A) =exp(—%12)[l + Nf/z (ayit -—az(il)3)+0(N")]

with a,; and a, given by (22) and (23). The desired result now follows by
term by term inversion.

Further terms in the asymptotic expansions presented here have been
obtained by Sugiura and Fujikoshi (1969), Sugiura (1973a), and Fujikoshi
(1973).

10.6. OTHER TEST STATISTICS

10.6.1. Introduction

In this section we will derive some distributional results associated with
three other invariant statistics used for testing the general linear hypothesis.
In terms of the latent roots f{> --- > f of AB™), where 4 is W (r,Z,Q)
and B is independently W, (n — p, 2) (r Zm, n — p = m), the three statistics
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are T/=3n [, V=2,f(+ /)", and f,, the largest root, The null
hypothesis is rejected for large values of these statistics.

10.6.2. The T} Statistic

The T3 statistic given by T2 =2Z" f was proposed by Lawley (1938) and
by Hotelling (1947) in connection with a problem dealing with the air-testing
of bombsights. Here we derive expressions for the exact and asymptotic
distributions of T;2.

An expression for the density function of 7 in the general (noncentral)
situation (#0) has been obtained by Constantine (1966) as a series
involving the generalized Laguerre polynomials introduced in Section 7.6.
We will outline the derivation here. In this we will need the following lemma
which provides an estimate for a Laguerre polynomial and which is useful
for examining convergence of series involving Laguerre polynomials.

LEMMA 10.6.1. If LA(X) denotes the generalized Laguerre polynomial
of the m X m symmetric matrix X corresponding to the partition x of k (see
Definition 7.6.1) then

(1 LAXI=[B+i(m+ D] CDet(X)  (B>-1),
Proof. We first assume that 8 =— 3. From Theorem 7.6.4

etr( X)
rm( % m )

while from Theorem 7.4.1

L7V (Xx)= fY\ Aol Y)(dett) ' 2CAY ) o Fi(4m; — XY )(dY),

oF(3m; =U)= [ ew(2iU"/*H)(dH)
O(m)

s0 that
|0F,('§m; ‘U)|Sl-
Hence

etr(X)
L.(im)

=(3m),C(1)et(X),

() |L7V(x)|= j etr(~ Y)(detY)"™ " 2¢ (y)(dy)
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where the integral on the right is evaluated using Theorem 7.2.7. This
establishes (1) for = -—1. To prove it for general 8> —1, we use the
identity

LX) _ & (B—7v). g LX)
) k!CK(I)—,?Ogg TR

(+n=k

where the summation is over all partitions = of t and v of n such that
t+n=kand g; , is the coefficient of C(Y) in C(Y)C/(Y); that is,

(4) C(Y)C(Y)=gr C(Y).

To establish the identity (3) we start with the generating function given in
Theorem 7.6.3 for the Laguerre polynomials, namely,

det(1—¥) I EM(= X, ¥(I-Y)) = 3 E*Lz(c):)z?:‘fy)

n=0 »

where p = }(m + 1). Multiplying both sides by det(/ — Y) #*Y the left side
becomes

def(1-Y) P P K™ (= x,Y(I-Y)""),
which by Theorem 7.6.3 is equal to

S LAx)C(y)
(5) 22 (k!

k=0 «

The coefficient of C,(Y), the term of degree & in Y, is LEX)/C (Dk!. The
right side becomes

sotr-y#+r § 3 BOOCD)

n=0 »

b

which, using the zonal polynomial expansion for det(/ — Y ) #*¥ (Corollary
7.3.5) is equal to

GYILI(X)C(Y)
?“* Ve (Dot

() p

a8

2 0

] n
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The term of degree k in Y here is

C(Y)LUX)C(Y)
??"’*”v Gyt

where ¢ + n =k, and using (4) this is

53 (8- g G

T ¥V K

Equating coefficients of C(Y) in (5) and (6) hence establishes the identity
(3). Now put y = ~1{ in (3) and use the estimate (2) for L, '/?( X to get

M |EskGDeax) 3 SIS (a+]), Uy

ttn=k v »

It is easily seen that the sum on the right is the coefficient of C(Y) in the
expansion of

def(1—Y) " Vdey(1—y) " P=dey(1-Y) FTP

= 3 3(p+p). S

k=0 «

[where p=1i(m-+1)].

Hence the sum on the right side of (7) is equal to (8 + p),/k!, and the
proof is complete.

We are now in a position to derive an expression for the probability
density function of T2, valid over the range 0=< x <1. The result is given in
the next theorem.

THEOREM 10.6.2. If Ais W, (r,2,Q), Bis W,(n—p,Z) and A and B
are independent (n~— p=m,r=m) then the density function of Ty =
tr AB™' can be expressed as

etr(— Q)T [4(r+n—p)] me/2-1
L[i(n—p)]T(mr)

5 =k ")k,z[s(wn—p)],u(m)

(8) fr..’(x)":

(0=x<1),

where y=3(r—m—1).
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Proof. By invariance it can be assumed without loss of generality that
2 =1 and @ =diag(w,,...,w,,). The joint density function of 4 and B is

2- m(r+n-p)/2
t
TR A

-etr(— 3 A)etr( — 1 B)(det A)('“"'””/z(detB)("*p—m-l)/z.

) Fl(z"» 49'4)

Hence the Laplace transform of f;2(x), the density function of T, is
#(0)= [ fry(x)e™ " dx
h U6
= Efetr(— tAB™")]
2—m(r+n=p)/2

= r(—19Q
I‘m(%r)rm[%(n_p)] “ ( )

- (n—p~m—1)/2 1 -
',/;>0°"( 1B)(detB) L>0etr[ $4(1+21B7")]

(det 4)" "2 F(4r; 52A4)(dA)(dB).
Integrating over A >0 using Theorem 7.3.4 then gives

etr(—1Q)
zm(nv)/ZFMH(n —_

@ 807 ), 4B) om0

det(1+2B™") " *etr[10(1 +2:87")"'|(aB)

etr(—192)(2r)"™?
2m=2/2 [4(n— p)

]f etr(— B)(det B)" " N/2
B>0

~r/2
-det(l+-‘—3) ’ etr[ oL (1+ Lp ](dB)
2t 2t
No tractable expression for this last integral is known. However, we will see
that we can perform the Laplace inversion first and then integrate over B.
First note that if h(Q) denotes the integral in (9) then h(HQH')= h(R) for
any HE O(m) {i.e., h() is a symmetric function of ©]; hence replacing @
by HQH’ and integrating over O(m) with respect to (dH ), the normalized
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invariant measure on O(m), we get

_ eu("%g)(z‘)—m’/z _ (rtn=p-m-1),2
(10) g(s) 27 =2/3T [4(n — p)] /1;>oe"( B)(det B) r

a1+ L5) P orm( L, L( 14 L 5) ) amy
¢ 21 ofo " 73 77 2

_etr(—4R)(20)” "2 . s
B 2'"("””/21‘"1[% (n - P)] fﬂ>0elr( B)(del B)

1
= 6.~ 58) (@)
R e

where y = 4(r —m ~ 1) and we have used Theorem 7.6.3. By Lemma 10.6.1,
the series in (10) is dominated termwise by the series

1
oo C,‘("T ) 1 —~r/2
etr(%ﬂ)kgo;(%r)“————ﬁt——=clr(§$2)det(1+-278) .

Hence for B fixed, Re(t)=c sufficiently large the series in (10) can be
integrated term by term with respect to ¢, since this is true for

det{ / ! e
et( +-2';B) .

Using the easily proved fact that the Laplace transform of
xme/ 2k Ay, T(4mr) is £~™727% it then follows that inversion of g(¢)

yields an expression for f2(x), the density function of T, as

_ etr(— Q) xm/2-! B
(1) frd(x)" 2m(r+'l"l’)/2l‘m[_%(”_p)]l—‘(%mr) j;)oe"( i8)

_(det8)1r+n—p—m—l)/2 § (—x)k
k=0 (3mr),k!

S0 2 ),
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Again using Lemma 10.6.1 the series in (11) is dominated termwise by the
series

w5 5 U Gl-ben)

k=0 « (%mr)k k!

and, since (3r), /(3mr), <1 for all m, this series is dominated termwise by
the series

etr(1Q) 2 > ( B) =etr({Q)etr(—4xB).

k=0 &

Hence the series in (11) may be integrated term by term for |x|<1 using
Theorem 7.2.7 to give (8) and complete the proof.

An expression for the null density function of T is obtained by putting
2=0.

COROLLARY 10.6.3. When £ =0 the density function of T is
(12)

x)= Fm[%(r+"—P)] xmr/2-t r4n—
0~ SR e &, T S+
-(4r)C1) (0sx<1).

Proof. Putting 2 =0 in Theorem 10.6.2 and using
Lo)=@r),c(1)  [y=3r-m-1)]

[see (5) of Section 7.6] completes the proof.

It is worth remarking that the distribution of T for r <m is obtained
from Theorem 10.6.2 and Corollary 10.6.3 by making the substitutions

m-r, r-m, n—p-ntr—p—m.

In view of the complexity of the exact distribution of 7;2, approximations
appear more useful. In a moment we will look at the asymptotic null
distribution (as n - o) of 7},2. Before doing so we need to introduce another
function of matrix argument. The reader will recall the ,F, confluent
hypergeometric function of matrix argument introduced in Sections 7.3 and
7.4. As in the univariate case there is another type of confluent function ¥,
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with an m X m symmetric matrix X as argument, defined by the integral
representation

(13) ¥(a,c; X)=—

I.(a)
.del(l+Y)("u-~(ln+|)/2(dy)’

f etr(— XY )(dety)2 ™ (m+h/2
Y=0

valid for Re(X)>0, Re(a)>1(m—1). It will be shown later that this
function satisfies the same system of partial differential equations as the
function , Fi(a; c; X), namely, the system given in Theorem 7.5.6. First we
obtain ¥ as a limiting function from the ,F, Gaussian hypergeometric
function,

LEMMA 10.6.4.

(14)  lim ,F(a,b;c; 1—cX")=(det X)*¥(b,b—a+i(m+1); X)
Proof. From Theorem 7.4.2 we have

Fc)
L(b)T,(c~b)

JF(a,bic;1—cX )= f det(I—(I~cX ")y) “
0<¥</

.(dctY)b""(m*l)/zdet(l_ Y)C”b"(nl+|)/2(dy)

Putting S =Y(/—Y )™ this becomes

- L(c) b-(m+hy2
Fla,bie; I—cX )= —rt—-f (d (mr b/
: l(a ‘ ‘ ) Fm(b)rm(c—b)'/.;>0( elS)

det(1+8)°"“det(J+cSX™')7(dS)
Putting Z = ¢S and then letting ¢ — oo gives

lim ,F\(a, b; c; 1-—cX")=~F——:ﬂf etr(— Z)(det Z)"~ "+ "2
e m Z2>0

-det(1+ZX™ ") *(d2)

=(det X)*¥(b,b—a+L(m+1); X),
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where the last line follows by putting U=ZX"! and using (13). This
completes the proof.

We now give a system of partial differential equations satisfied by ¥;

note that the system in the following theorem is the same as the system for
i F, given in Theorem 7.5.6.

THEOREM 10.6.5. The function ¥(a,c; X) is a solution of each of the
partial differential equations

7F [, x, | oF
(15) x,— P {c— (m—=1)-1x, + 2 % }ax,
X, OdF .
- 2 P —jx I, —=aF (i=1,...,m),

1*1

where x,,...,x,, are the latent roots of X.

Proof. Using Theorem 7.5.5 it is readily found that (det X)™*
2 Fi(a, b; c; I — cX ™) satisfies the system

2
(16) i"—(i~1)9-f+ b—a+1-x,+ ‘(a —1)—-2‘—€

¢ \x, axl

¢ 2 ]__ ¢
T 1 x, oF ab
2 X, —x ax, T 2 == -x, ox, ( bT)F
1* ' 7] 1 #1 X, 7
(i=1,....,m)
Letting ¢ — o0 the system (16) tends to the system
(17)
9%F 1 X, aF 1 X, JF
X'8x12+{b a+t+l x'+21§,x,—x/}8x, _2.I¢lx_x W—bF

which by Lemma 10.6.4 must be satisfied by ¥(b,b—a+ i(m+1); X).
Noting that this is exactly the system satisfied by , Fi(b; b — a + {(m + 1); X)
(see Theorem 7.5.6) completes the proof.
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We now return to the T statistic and show that the Laplace transform
G,(¢) of the null density function of (n — p)T? can be expressed in terms of
the function ¥. For convenience put ny = n — p. Using Corollary 10.4.3 we
have

(18) G,(¢)= Eletr(— ngtaB™')]

i TR I / exp(~not§f,)

- Fm(%m)rm(%r)rm()l"()) N> > >0 =1

. Hl [f‘(r-‘m-‘l)/Z(l+f')‘“(’+"o)/2] H (S~ £)df,...d,
= i<y

— I‘I"[%(r + nD)]
rm(%’)rm(%n(})

.deW(1+ F)~ "3 gF)

— M\{:(%r,%(m +1—ny)ingtl),

]‘m(%"o)
where the last line follows from (13). Note that G,(0)=1 because G ()=
Eletr(— nytAB ")) Now let us find the limit of G,(7) as ny — . Putting
T=1n,F in the last integral of (18) gives

f etr( -~ ngtF)(det )"~ 0/2
F>0

I‘m[%("’*‘”o)] (r=m-1)/2
G = —-2T ){detT
.m rm(%r)rm(%no)(%no)“'“fuf“‘ T)detT)

=({r+ "0)/2
2 ) (aT).

'det(1+ —T
o
Letting n, =n — p — w0 then gives

(19) ":iinw G,(r)z-I-‘;-(!;—r—)-fr>0etr[~(l +20)T)(det 7)™ ™~ "%(dT)
=(1+21)" ™2,

Since (1+2¢)""™/2 is the Laplace transform of the x2,, density function it
follows that the asymptotic null distribution of nyT;? as ngy — oo is x2,,, the
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same as the asymptotic distribution of the likelihood ratio statistic (see
Theorem 10.5.5). An asymptotic expansion for the distribution of nyT; can
be obtained from an asymptotic expansion for G,(t). Because it will be
useful in another context (see Section 10.6.3), we will generalize the function
G,(t) a little. The term of order ng? will be found in an asymptotic
expansion of the function

Fm(a+ -;—no)
L 3m)

where a, B are arbitrary parameters independent of n, and ¢ is either +1 or
— 1. Note that G (1) is the special case of G(R) obtained by putting a = {r,
B=1(m+1),e=1, and R =2¢I. The following theorem gives an expansion,
to terms of order ng?, of log G(R).

‘I’(a,ﬁ - f-n(,; —l—noR),

(20) G(R)= 3 2

THEOREM 10.6.6. The function log G(R), where G(R) is given by (20),
has the expansion

(21) logG(R)=alogdet(1—-Y)+&+%—Fo(ng’)
ho  ng

where Y=1—(I+¢eR)™',
(22) o, =%ea[a,2+(2a+l)oz—4ﬁo,],

and

(23)
0,= -]l—za[6ofoz +3Q2a+1)o +12(2a+1)o,0; + 3(8a% + 10a +5)a,
—86; —24(2a+28 +1)0,0, —8(4a’ +6af +6a+38 +4)0,
+6(2a+6B8+1)o? +6(12a8 +48> +2a+68+3)0,
—48ﬁ20l],

with g, =tr Y,

Proof. The proof outlined here uses the partial differential equations
satisfied by the ¥ function. From Theorem 10.6.5 it follows that G(R)
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satisfies each partial differential equation in the system

3°G 1 1 1 1 r, |9G
24) r—=+|B-weng—=(m—1)—zn,r+ = LI bl
( ) ‘8r,2 B 270 2( ) 2 "o’ 2/§""_G 3!‘,
‘ 5 3G _1 -
22570, " 7emG (i=hem)

where r(,...,r,, are the latent roots of R. An argument similar to that used in
deriving (20) shows that

lim G(R)=dei(I+eR) °

ng — o0
=det(I-Y)",
where Y= [~ (I+¢R)™", Changing variables from R to Y and writing
G(R)=dei(I1-Y)"expH(Y)

it is found that H(Y) satisfies the system

32H [ 3H\?
25 1—yp)? ___+(_.__)
(25) n( y,)[ay'2 5, }

+{B—-%(m ~1)~4eny— y[B—14(m —5)+2a]

+2pX(a+1) i 2

¥ )’,"}’j

(1 "yi)(l—}?)}_a_f{
ay,

2
y(1=3) an 1
2l§’ y' _){, ay} aB y«( ) 2 jgl);

(i=1,...,m),
where y,,...,, are the latent roots of Y. In (25) we now substitute

k=1 Ng g nl
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where (a) Q. (Y) is symmetric in y,...,y,, and (b) Q,(0)=0 for k=
1,2,.... Equating constant terms on both sides gives

49, _

5y, ) y,+2y(atl) 2B]

! VL

whose solution, subject to (a) and (b), is the function Q, given by (22).
Equating the coefficients of n; ' on both sides gives

B—3(m—1)~y(B—i(m—5)+2a)

an — _ 2a
(26) 2= e{y,(l Oy

(1
+2y,2(a+l)+—;— 2 A

—y)(1-y) 130,
YAl y'—yf

3y,

Ly y.('—y,)za_Q_L}'

2]-‘#: y'_yl ay/

Using @, and its derivatives in (25) and then integrating gives the function
0, given by (23) and the proof is complete.

An asymptotic expansion of the null distribution of nyT;? now follows
readily from Theorem 10.6.6.
THEOREM 10.6.7. The null distribution function of n,7T3 can be ex-
panded as
rm

2
@) P(nTs=x)=P(xtn=x)+ g 3 a,P(Xmiz, <)
e

m
2
96n |

4
+ 2 5,P(X}ms2, S x)+0(n5?),
=0

where ny = n — p; then
ag=r—m-—1,
a,=-2r,
a,=m+r+l,

by =3m’r —2m*¥(3r? = 3r +4)+ 3m(r> —2r2 +5r ~4)—4(2r* - 3r —1),
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(28)
by=12mr*(m—r+1),
by=—6[m’r +2m% —3mr(r? +1)~4r(2r +1)]
by=—4[m*(3r2 +4)+3m(r> +r> +8r +4) +8(2r2 +3r +2)],
by =3[m’r +2m*(r2 + r +4) -+ m(r® +2r? +21r +20)
+4(2r2 +5¢ +5)].

Proof. Puttinga=1ir,B=31(m+1),e=1, and R =24/ in Theorem 10.6.6
yields an expansion for log G,(¢), where G (1) is the Laplace transform of
the density function of nyT;? given by (18), Note that with R =21/ we have
Y=(2t/1+2¢)I so that

2 1 1 4
= S ———— ={]- —
o; trY: (l 2I)m (l 1 2t)m.

Exponentiation of the resulting expansion gives

2
45— 3 a,(1+21)7

G()=(1+2)"""?
! any <y

+- éb(l+2l)—’+0(n'3)
96"12,1:,0 1 0 ’

where the a, and b, are given by (28). The desired result now follows by
inverting this expansion.

The term of order ng? in the expansion (27) is also implicit in Muirhead
(1970b); see also Ito (1956), Davis (1968), and Fujikoshi (1970). Asymptotic
expansions for the distribution function of n,T;? in the non-null case in
terms of noncentral x* distributions have been obtained by Siotani (1957),
(1971), Iio (1960), Fujikoshi (1970), and Muirhead (1972b). Percentage
points of the null distribution of 7 may be found in Pillai and Sampson
(1959), Davis (1970, 1980), and Hughes and Saw (1972). For further
references concerning distributional results for T’ see the survey papers by
Pillai (1976, 1977).
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10.6.3. The V Statistic

The statistic

_f_

HMs
\

V=trd(4+B) '=

was suggested by Pillai (1955, 1956). Its exact non-null distribution over the
range 0<V <1 has been found by Khatri and Pillai (1968) as a complicated
zonal polynomial series. Here we will concentrate on the asymptotic null

distribution as n — 0.

We start by finding the Laplace transform G,(¢) of the null density
function of noV, where ng=n— p. Puttingu, = f, /(1-+ f) (withi =1,...,m),
we have V=2 u, and u,,...,u,, as the latent roots of a matrix U havmg
the Beta,(ir, 2no) distribution (see the discussion following Corollary
10.4.3). Hence

(29)  G,(1)= Eletr(— nqatU)]
—T[%-—)r—tfi])-‘/(; Ietr(—notU)dctU""""’/z
ir ing) Jo<u<
cdet(7—U)" "V qu)
= F(3r3(r+ny); —ngtl),

where Theorem 7.4.2 has been used to evaluate this integral. This result has
been given by James (1964). Note that as n, - w0

G,(t) = Fy(3r; =211y =(1+20) ™2,
and hence the limiting null distribution of nyV is x2,. The following
theorem gives an asymptotic expansion for the distribution of n V.

THEOREM 10.6.7. The null distribution function of nyV can be ex-
panded as

2
rm
(0 Plney <x)=Pxin=x)+ g0 B 6 P(xlmr2, <)

96”0 Jz d P(xrm+21<x)+0(”(;3)
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where ny = n — p; then

c=r—m-1,

o =2(m+1),

=—-(rtm+l),

do=3m’r —2m*(3r2 =3r +4) +3m(r’> —2r* +5r —4) —4(2,* = 3r - 1),

(3

d, == 12mr[m* = m(r-2)~(r-1)],

dy =6[3m’r +2m*(3r +4)— m(r® =Tr —16) +4(r +2)],

dy=—4[3m’r + m?(3r% +6r +16)+ 3Im(r2 +9r +12)+4(r* +6r +7)],

dy=3[m’r +2m*(r* + r+4)+ m(r* + 272 +21r +20)+4(2r? + 5r +5)].
Proof. From Theorem 7.5.6 it follows that the function

(Fila; B—4eng; $ng R) satisfies the same system of partial differential equa-

tions (24) as the function G(R) given by (20). Hence an expansion for

log G,(t) follows from Theorem 10.6.6 by puttinga=14r, 8 =4r,e=—1 and
R = —2:l. Exponentiation of this expansion yields

2
(32) Gy()=(1+20)"" 14+ % 3 ¢ (1+2) 7/
4n0v1=0

4
m -
+ d(1+20) 7 +0(n;?)],
96’1(2) j§0 _/( ) (n() )]

where the a, and b, are given by (31). The expansion (30) now follows by
inversion of (32).

The term of order ng? in the expansion is also implicit in Muirhead
(1970b); see also Fujikoshi (1970) and Lee (1971b). Asymptotic expansions
for the distribution function of #yV in the non-null case have been obtained
oy Fujikoshi (1970) and Lee (1971b). For further references concerning
distributional results for ¥ the interested reader is referred to the survey
papers of Pillai (1976, 1977).
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10.6.4. The Largest Root

Roy (1953) proposed a test of the general linear hypothesis based on f,, the
largest latent root of AB™', The following theorem due to Khatri (1972)
gives the exact distribution of f, in a special case as a finite series of
Laguerre polynomials.

THEOREM 10.6.8. 1f 4 is W, (r,Z,2), Bis W,(n—p,Z)(r=m,n—p
=m) and A4 and B are independent and if ¢ == (n — p —m — 1) is an integer
then the distribution function of f,, the largest latent root of 4B~ ', may be

expressed as ‘
(33) |
1 x
M — — —
Q] a ,.L~( 21+x9)
k=0 « (l+x)kk!

mr/2 1
P(f|5x)=(‘i‘_%;) etr[—z(H_x)

where y=3(r—m—1) and 2: denotes summation over those partitions
k =(k,,...,k,) of k with largest part k, <1.

Proof. Without loss of generality it can be assumed that £ =7 and § is
diagonal. Noting that the region f, < x is equivalent to the region B >(1/x)A,
with 4 >0, we have, by integration of the joint density function of 4 and B,

(34)
2-mlrtn=p)/2e1p(—1Q)
L.(3r)L[4(n—p)]

WF(rid04) [ | ew(—4B)(det BT (aB)(da).

P(fi=x)= f etr(— 14)(det 4)" "7 D/2
450

Let 9 denote the inner integral in (34); putting 7= B — (1 /x)A in this yields
(35) 9=[ elr(-1T)det(T+—lA)'(dT)etr(__I-A)
T>0 : x 2x
where t = 3(n — p—m—1). Now
l t
det(T+ ——A)
X

can be expanded in terms of zonal polynomials and the series terminates
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because ¢ is a positive integer. We have
l ! ‘ ' 0 ]
dct(T+ ;A) =(detT) det(1+ AT )
:(delT)'lI'})(-l; - %AT“')

(—t),‘C,‘(—%AT")
=(detT)' 3 3" 7

k=0 «

because (— 1), =0 if any part of « is greater than 1. Using this in (35) gives

(-1
.‘i—etr(-——-——A) 2 2*-(——-):-(——-5-)—-

k=0 k=0
.fboeu(-%T)(detr)’c,(AT-')(dT).

Putting X' = A'72T7'4"/2 with (dT)=(det A)!"""*"V/2(dX) gives

-1
9=ctr( )(d 1) Himrns2 2 s* (_’).K_(_.’.‘_)_.

k=0 «

-[ etr(— 14X ) (det X)'C(X™")(dX)
X>0

For each partition « = (k;, ..., k,) in this sum we have k, =< r, using
Theorem 7.2.13 to evaluate this last integral gives

l n—pym/2 — e * Cx(A)
(36) ﬁ—-etr(~—2——A)2( m/2r [4(n p)]kzog, kz(zx)*'

Using this in (34) we get

_2 _ _1lx+1
P(f,Sx)—F(% )etr( 1Q)k2()§ ey )f ctr( 7 A)

(det 4)" ™"V 2C(A) o Fy(3ri $94)(dA).
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Putting

®
+

B |
=

this then becomes

i) & o, 1

r=0=(c7)" Ty 2 oy

r-m-=1)/2 ]
.fu etr(— U )(det U ) ’/C(U)OF,( s +lQU)(dU)

and the desired result now follows on using Theorem 7.6.4 to evaluate this
last integral.

An expression for the null distribution function of f, follows by putting
2 =0 and using

L}(0)=(4r),CA1).

This gives the following corollary.

COROLLARY 10.6.9. When Q=0 and t =4(n— p—m —1) is a positive
integer, the distribution function of f, is

)'"'/2 %’ Y(%f)ncn(l)

K=o (1+x)k

(37) Ph=x)=(13

A quick approximation to the distribution function of f, is the upper
bound in the following theorem.

THEOREM 10.6.10.

(38) P(fi=x)= H P( w-pl@)="=Lx)

where w,,...,w,, are the latent roots of Q.

Proof. By invariance it can be assumed that £=7 and Q=
diag(wy,...,w,,). Putting 4 =(aq, ,)and B=(b,), it then follows that the q,,
and the b,, are all independent, with b, havmg the x,, distribution and
a,; having the x(w,) distribution (from Corollary 1035) Hence the
(n— p)a, /rb, have independent F, ,_ p(@,) distributions (i = 1,...,m). We
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now use the fact that for all a € R™,

a’Aa
a'Ba

fl = = fm
(see Problem 10.15). Taking « to be the vectors (1,0,...,0), (0,1,0,...,0),

and so on, shows that

. _(_I_L!_ V. Apym
flzmdx( b”s vb" ).

Hence

P(f.sx)SP(max(-g-:—:,...";mm)s)c)

ol

)

This upper bound is exact when m =1; some calculations by Muirhead
and Chikuse (1975b) when m =2 in the linear case when w, =0 indicate that
as a qQuick approximation to the exact probability the bound (38) appears
quite reasonable.

Upper percentage points of f; (in the null case) have been given by Heck
(1960), Pillai and Bantegui (1959), and Pillai (1964, 1965, 1967). For further
papers concerned with £, the interested reader is referred to the surveys of
Pillai (1976, 1977).

L
= I P(£-plw)s

10.6.5. Power Comparisons

Power comparisons of the four tests we have considered, namely, tests based
on W, T2, V, and f,, have been carried out by a number of authors (see
Mikhail, 1965; Schatzoff, 1966b; Pillai and Jayachandran, 1967; Fujikoshi,
1970; and Lee, 1971b). The consensus is that the differences between W,
T2, and V are very slight; if the »,’s are very unequal then 7y’ appears to be
more powerful than W, and W more powerful than V. The reverse is true if
the w,’s are close. This conclusion was reached by Pillai and Jayachandran
(1967) when m=2 and by Fujikoshi (1970) for m =3 and Lee (1971b) for
m=3,4. Lee (1971b) further notes that in the region tr & =constant, the
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power of V varies the most while that of 73 is most nearly constant; the
power of W is intermediate between the two. Pillai and Jayachandran (1967)
have noted that in general the largest root f, has lower power than the other
tests when there is more than one nonzero noncentrality parameter o,.

The tests based on W, T, ¥, and f, are all unbiased. For details the
interested reader is referred to Das Gupta et al. (1964) and to Perlman and
Olkin (1980). Perlman and Olkin have shown that if u,,...,u,, denote the
latent roots of A(A+ B)~' then any test whose acceptance region has the
form {g(u,,...,u,)=<c), where g is nondecreasing in each argument, is
unbiased.

10.7. THE SINGLE CLASSIFICATION MODEL

10.7.1.  Introduction

The multivariate singte classification or one-way analysis of variance model
is concerned with testing the equality of the mean vectors of p m-variate
normal distributions with common covariance matrix Z, given independent
samples from these distributions. Here we examine this model in order to
illustrate some of the foregoing theory and because it leads naturally into
the area of multiple discriminant analysis.

Lety,....,y,, be independent N,(p,, ) random vectors (i =1,...,p). It
was noted at the beginning of Section 10.2 that this model can be written in
the form Y= XB+ E with

Y'=[Y||---)’|q,Y2|---Yzq,---)'m---)’pqp],

|B’=[ul...yp],
(1 0 ... o]
1 0 0
0 1 0
=10 i 0
0 0 i
| 0 0 |
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Here Y is nXm, with n=2Z? q, X is nXp, B is pXm, and E is
N(, 1,@Z). The null hypothesis

]];”I:...::pp

is equivalent to H: CB =0, with the (p — 1) X p matrix C being

1 0 ... 0 -1

0 1 0 -1
c=1., J )

0 0 -1

It is useful for the reader to follow the steps given in Section 10.2 involved
in reducing this model to canonical form. Here we will give the final result,
leaving the details as an exercise.

Let

1 & _
== 2y, and §=
ql'j::l i

so that ¥, is the sample mean of the g, observations in the ith sample
(i=1,...,p) and ¥y is the sample mean of all observations. The matrices due
to the hypothesis and error (usually called the between-classes and within-
classes matrices) are, respectively,

(1) 1= £ 06965
and
@) B=3 S (v, -3)v,—5)-

1= p=1

These matrices are, of course, just matrix generalizations of the usual
between-classes and within-classes sums of squares that occur in the analysis
of variance table for the univariate single classification model. The matrices
A and B are independently distributed: B is W, (n—p,Z) and 4 is
W, (p—1, Z,§), where the noncentrality matrix is

14 P
® 8= T alp-i)w-Fy wih =5 3an,

1=
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The null hypothesis H:p,= --- =p, is equivalent to H:Q=0. Sec the
accompanying MANOVA table.

Variation df. SS. &SP Distribution Expectation
Between classes p—1 A Wip—1,2,2) (p—NZ+ZQ
Within classes n—p B W.(n—p,2) (n—p)Z

Total (corrected) n—1 A+ B

We have noted in Section 10.2 that invariant test statistics for testing H
are functions of the nonzero latent roots of AB~'. The likelihood ratio test
rejects H for small values of

_ detB 7 1
(4) W= atar s = 300

where s =min( p — 1, m) and f, = - - - = f, >0 are the nonzero Jatent roots of
AB~'. The distributions of these roots and of W have been derived in
Sections 10.4 and 10.5. It is also worth noting that the diagonal elements of
the matrices in the MANOVA table are the appropriate entries in the
univariate analysis of variance, i.e,, if p,=(u;,...,t,,,) (With i=1,...,p)
then the analysis of variance table for testing.

}]J‘;p,'lzﬂzjz . =”'P/
is as shown in the tabulation, with A=(a,,), B=(b,,), Z=(0;;). Here a,,

. . 2 . . . 2
alx:d b,, are independent, b, /o, is X, ,, and, if H} is true, a, /0, is x,_; sO
that

the usual ratio of mean squares, has the F,_, ,_, distribution when H* is
true. If the null hypothesis H that the mean vectors are all equal is rejected
looking at the univariate tables for j=1,...,m can often provide useful
information as to why H has been rejected. It should, however, be remem-
bered that these m F-tests are not independent.

Variation d.f. S.S.
Between classes p—1 a,
Within classes n—p b,

Total (corrected) n—1 a,+b,
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10.7.2.  Multiple Discriminant Analysis

Suppose now that the null hypothesis
H: py= = pp

is rejected and we conclude that there are differences between the mean
vectors. An interesting question to ask is: Is there a linear combination Fy of
the variables which “best” discriminates between the p groups? To answer
this, suppose that a univariate single classification analysis is performed on
an arbitrary linear combination I'y of the original variables. The data are
given in the accompanying table. All the random variables in this table are

Group 1 Group 2 -+ Group p
ry, Yy, Iy,
'Iy'qu !'yhh l’ypqp

independent and the observations in group i are a random sample of size g,
from the N('p,,I’Zl) distribution. The analysis of variance table for testing
equality of the means of these p normal distributions, i.e., for testing

l”“l = :l'p'p
is shown next.
Variation d.f. S.S. Distribution Expectation
Between-classes p—1 14l (I’El)xf, (8 (p—DIZ21+rEQ
Within-classes n—p VBI (9)PY ,2',}!, (n—p)I'ZI

Total (corrected) n—1 V(A4+ Bl

In this table 4 and B are the between-classes and within-classes matrices
given by (1) and (2) which appear in the multivariate analysis of variance.
The noncentrality parameter in the noncentral x? distribution for I'41/V'Zl
is

rzql
(%) 8= T3

(see Theorem 10.3.5). Let us now ask: What vector | best discriminates
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between the p groups in the sense that it maximizes
I'Al
)= 50,
(6) =3

i.e., maximizes the ratio of the between-classes S.S. to the within-classes
S.S.? We attack this problem by differentiating f(1). We have

_2dVAL_ 2(VA1)(dVBI)
I="vmr - (ran?

and equating coefficients of dV’ to zero gives

_ra
Bl

1 _
m(A B)l—o

or, equivalently,

(4- f()BN=0.
This equation has a nonzero solution for 1 if and only if
(M det( A4 — f(1)B)=0.

The nonzero solutions of this equation are f, > - -+ > f,, the nonzero latent
roots of AB™!, where s =min( p — 1, m). The distributions of these roots
and functions of them have been derived in Sections 10.4, 10.5, and 10.6.
Corresponding to the root f, let |, be of a solution of

(3) (a4—fB), =0.

The vector 1, corresponding to the largest root f, gives what is often called
the principal discriminant function l}y. The vectors }, corresponding to the
other roots f, give “subsidiary” discriminant functions ly, i =2,...,s. The
vectors 1,,...,1, are, of course, all orthogonal to one another. The roots
fiv--..f. provide a measure of the discriminating ability of the discriminant
functions I}y, ...,I,y. We have shown that }, maximizes the ratio
r4l
fO=3m;

and the maximum value is f,. Then out of all vectors which are orthogonal
to 1,, I, maximizes f(I) and the maximum value is f;, and so on.
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The next question to be answered is: How many of the discriminant
functions are actually useful? 1t is of course possible that some of the roots £
are quite small compared with the larger ones, in which case it is natural to
claim that most of the discrimination, at least for practical purposes, can be
achieved by using the first few discriminant functions. The problem now is
to decide how many of the roots f, are significantly large.

Let us write the equation

det(4— fB)=0
in the form
9) det[(n—p—m—~1)B~'A~(p—1)I,~&l,]=0,
where
(10) o=(n—-p-—m—-1f—p+1.

Now note that (n — p—m —1)B™'4—(p—1)1,, is an unbiased estimate of
the noncentrality matrix £ given by (3). This is easily seen from the
independence of 4 and B, using

E(BY)=(n—p-m—=1)"'s™",
E(4)=(p—-1)Z+2Q.
Consequently the solutions & of (9) are estimates of the solutions w of
(1) det(2 — wl,,)=0,

i.e., they are estimates of the latent roots of the noncentrality matrix Q. Let
wy =+ 2w, =0 be the latent roots of &, and &,= --+ =&, be the latent
roots of (n—p—m—1)B~'4A—(p-1)I,. If the rank of Q is k then
Wiy =+ =W, =0 and their estimates &, , |, ,&,, should also be close
to zero, at least if n is large. Since

(12) @;=(-p-m-1fi-p+1,

the discriminating ability of the discriminant functions I}y,...,l,y can be
measured by the &,. We can then say that a discriminant function I}y is not
useful for discrimination if &, is not significantly different from zero. Hence,
in practice, determining the rank of the noncentrality matrix § is important.

This is, in fact, the dimension of the space in which the p group means lie.
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To see this note that, using (3),
@/ (m —R)
rank @ = rank[ g}/ (p, ~ )...q} (1, ~ )]
9/ (p,—E)

a0

=rank[p.,—ﬁ...n,,—y. )
1/2
0 q,
=rank[p, ~B...p, —ﬁ].
Testing the null hypothesis that the p mean vectors are equal is equivalent to
testing
H,: @ =0.
If this is rejected it is possible that the m — 1 smallest roots of & are zero
[i.e., rank(§2)= 1], in which case only the principal discriminant function I}y
is useful for discrimination. Hence it is reasonable to consider the null
hypothesis that the m — 1 smallest roots of §} are zero. If this is rejected we

can test whether the m —2 smallest roots are zero, and so on. In practice
then, we test the sequence of null hypotheses

(13) Hewyy = =0,=0

for k =0,1,---,m—1, where , = - - - =w,, =0 are the latent roots of Q. We
have seen in Section 10.2 that the likelihood ratio test of Hy: =0 is based
on the statistic

(14) %=ﬁn+m”

1=}

where s =min(p — 1, m) and f, > . - - > f, >0 are the nonzero latent roots of
AB~!. The likelihood ratio test of H, is based on the statistic

(15 wo= I (+0)7

see, for example. T. W. Anderson (1951) and Fujikoshi (1974a). In order to
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derive the asymptotic null distribution of W, we will first give an asymptotic
representation for the joint density function of f,,...,f;; this is done in the
next subsection,

10.7.3.  Asymptotic Distributions of Latent Roots in MANOVA

Here we consider the asymptotic distribution of the latent roots of 4B~! for
large sample size n. We will assume now that p=m+1 so that, with
probability 1, AB~! has m nonzero latent roots f; > + - - > £, >0. Itis a little
easier, from the point of view of notation, to consider the latent roots
1>u,> -« >u, >0of A(A+ B)™'; these two sets of roots are related by
f,=u,/(1—u,). For convenience we will put

(16) m=p-1, na,=n-p,

so that n, and n, are, respectively, the degrees of freedom for the between-
classes and within-classes entries in the MANOVA table and n,=m,
ny=m. From Theorem 1042 (with r=n,, U= F(I+ F)"') the joint
density function of u,,...,u,, is

(17) etr("%ﬂ)lFl(M)(Ji(n|+"2);11'“; %Q’U)

"2, [4(n t ny)]
rm(%”l)rm(%n2)1‘m(%m)

m

m
A a0 f e
L)

1=1

(1>u>--- >u,>0),

where U=diag(u,,...,u,,). The noncentrality matrix £ is given by (3). If
f,=0(1) and ¢, — oo for fixed g, /n (i=1,...,p), it follows that @ = O(n).
Hence a reasonable approach from an asymptotic viewpoint is to put
Q= n,0, where © is a fixed matrix, and let n, - co. Because the density
function (17) depends only on the latent roots of @, both € and © can be
assumed diagonal without loss of generality:

(18) Q=diag(w|,...,wm), w|2'~-2wm20
O =diag(4,,...,6,), 0,=---=6,=0

The null hypothesis H,: w,,,= -+ =w, =0 is equivalent to },: 8, ,,=
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-++=@,=0. The following theorem due to Glynn (1977, 1980) gives the
asymptotic behavior of the , F{™ function in (17) when this null hypothesis

is true.

THEOREM 10.7.1. If U=diag(u,,...,u,) with 1>u> - >u, >0

and © =diag(#,,...,0,,) with ,>--->6,>6,,,=---=46§,=0 then, as
n,— oo,
(19) |F|(m)(Ji("|+"z);%”|;%"29’u)
K fI ﬂ 0—6)(u—u)l"’
~ n11=l/=l[( ( j)(ul “J)]
1<j

k
. H [s:’z'*’("l'“m—l)/Z(o‘_u' +4)"|/‘(0’u‘ )('"""I)/‘]

k
'exp[.}"Z z (0lul)'/2£IJ ’

1=t
where
(20) £=(0u)"* +(6u+4)"?

and
(21
X _e-ku,/zn(zk/Z)(nz—er1/2+k/2)2(k/2)(2m—k/2—3n,~»,~3/2)rk(%nl)Fk(%m)

"y Fk[%(nl_*_nz)],”k(lﬁl)/‘c .

The proof is somewhat similar to those of Theorems 9.5.2 and 9.5.3 but
even more messy and disagreeable. The basic idea is to express the | F(™
function as a multiple integral to which the result of Theorem 9.5.1 can be
applied. We will sketch the development of this multiple integral; for the
rest of the analysis, involving the maximization of the integrand and the
calculation of the Hessian term, the interested reader should see Glynn

(1980). First, write
|F|(m)(%(”| +n,); iny; %"2@’U)

=f0( VR(3(ny 4 ma)s b 4, @HUH ) (d)
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Here (dH ) is the normalized invariant measure on O(m); it is convenient to
work in terms of the unnormalized invariant measure

(H'dH)= A b/dn,

(see Sections 2.1.4 and 3.2.5). These two measures are related by

l"
(dH)z__!M_)_(H'dII)'
2mﬂm2/2
so that
r,(3m
IFI(M)(%("I+n2);%"l;%"29,u)= (3 )1|(n2),
2'"17'"1/2
where

ll(n2)=f0(m),F,(%(n,+nz);%n,;%n,@H’UH)(H'dH).
Now partition © and H as
9'—“[%‘ g] 0, =diag(4,,...,9,)
and H=[H,: H,), where H, is m X k, H, is m X(m — k). Then
Il(nZ):j;)(m)lFl(%(nl +"2);%"ﬁ%"z@leUHl)(H'dH)-
Applying Lemma 9.5.3 to this last integral gives

11("2)‘—'/ |F|(i("|+"2);

HEV, . KEO(Mm—k)
ny; %"291H;UHl)(K'dK)(H;dHn)-
The integrand here is not a function of K, and using Corollary 2.1.14 we can
integrate with respect to K to give

2»1——1(“(m~'k)z/2

I(ny)= I‘m»-k[%(m --k)]

12(”2)’
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where

L(ny)= f ,F, 3(n,+ny); $n; 40O HUH,)(H,dH,).

Now, for n,+n,>k—1 the |F, function in this integrand may be ex-
pressed as the Laplace transform of a o F, function; using Theorem 7.3.4 we
obtain

1 o +ny—k—1)/2
1 = —_— — X)(det X
(n2) I‘,(H(nI + nz)] '/;I.EV,‘ ,,,fx>oe"( )(det X)

-oF\(4n);4n, X720}/ 2HIUH,0\/2X"/? )(dX )(H|dH,),

where X is a k X k positive definite matrix. Using the integral representation
for the ,F, function given in Theorem 7.4.1 and transforming to the
unnormalized measure (Q'dQ) on O(n,) now shows that

Fn.(%"l)
2"'""'2/2Fk[%(”| + nz)]

I(ny)= Iy(n,),

where

L(ny)= etr(— X )(det x )" *m k02
)= [, ofocopn ST et X)

cetr(2'/2nY?[ X720/ 2HU'/?:0]Q, (Q'dQ )(dX )(H{dH,)
where Q€ O(n,) is partitioned as Q@ =[Q, : Q,] with Q, being n, X k and the
0 matrix in [X'/20)/2H[U'/2.0] is the k X (n, — k) zero matrix. Applying

Lemma 9.5.3 and Corollary 2.1.14 to the integral involving Q gives

2n.—k.,,(n.—k)’/2

H(”l k)] )

Iy(n,)= Iy(n;)

where

14(n2)=f / f etr(— X)(det X )"+ k172
HEeV, . x>000,€ ¥, .,

cetr(2'/2nY?[ X'/20)/2HU'/2:0]Q,)(Q;dQ, )(dX )(H}dH,).
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Now put X =1{n,G'V?G, where V =diag(v,,...,v,) with v,> -+ >p,>0
and G&EO(k). Using the Jacobian in the proof of Theorem 3.2.17, this
integral then becomes

_ k(n +u,y)/2
14(”2)—(%"2) e f f f f
HEeV, JGeokyven eV, ,

-etr(— 4n,p?
+n,[GVGOYHU?:0]Q))
k
(detv)™ " * IT (02 ~ 02 )(Q1dQ, (¥ )(G"dG ) H;dH,),
i<y
where
D,={(vy,..s0,)i 0y > 0> 0+ - >0, >0},

Finally, making the transformations £, = H,G', P,€ Q,G’, G =G gives

(22) L(ny)=(4ny) " "2 /A [/(x)]" g(x) dx,

where

f(x)=etr(~ V2 +[VGOVG'EU'/2:0] P) det V,

g(x)=(det¥)" ~* [T (0? - v?),

1<y
A= Vk,mxo(k)x Dox Vk.n.

dx=(E|dE\ )G dG )(dV )(P|dP,),
with

E€V.,.. GE€O(k), VED, PEV,,.

v

The easy part of the proof is over. The integral (22) is in the right form for
an application of Theorem 9.5.1. In order to use this to find the asymptotic
behavior of I,(n,) as n, —» o we have to find the maximum value of f(x)
and the Hessian of —log f at the maximum. This has been done by Glynn
(1980), to whom the reader is referred for details.
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Glynn (1980) has proved a stronger result than that stated in Theorem
10.7.1, namely, that the asymptotic approximation stated there holds uni-
formly on any set of u,,...,u,, and 6,,...,0, such that the u,’s are strictly
bounded away from one another and from 0 and 1, and the 6,’s are bounded
and are bounded away from one another and from 0.

Substitution of the asymptotic behavior (19) for | F"} in (17) yields an
asymptotic representation for the joint density function of the sample roots
uy,...,u,,. This result is summarized in the following theorem.

THEOREM 10.7.2.  An asymptotic representation for large n, of the joint
density function of the latent roots 1>y, > -+ >u, >0 of A(A+ B)™'
when § = n,0 with

@‘_—diag(o',...,om) (0|>"'>0k>0k+l="'=0m:0)

is

k
n n—m -1/4 (m—mn)/4
@) G, IL [grrom=mr0/2(gu, +4)" (g, "]

k k — 1/2
. (m=m=0/201 _ . M2 =m=1)/2 ui—u,
11 [uenm=vr2(1-u,) 11 (5=

1<y (]

k k m
'exp[%nz 2 (M)'”&] I (u-u)”
1=1)=k+1

r=1

"

nt
I [uev=m=0r2(=u)m= =2 T (0, - ),
1=k+1 k+1

1<y
where

(24) £=(0u)"* +(0u,+4)'?

and

(25)

G

"y

_ am' /2T, [4(n, +n,)] 3 K b tekhs2
‘""2r".enl)rmunz)rmém)°""[ %"2(’”.3”') Lo

with K, given by (21).

This theorem has two interesting consequences.
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COROLLARY 10.73. Under the conditions of Theorem 10.7.2 the
asymptotic conditional density function for large n, of u,,,,...,u,, the
g =m— k smallest latent roots of A(4+ B)™', given the k largest roots
Upsoons My, 1S

k m
(26) KH H (u,'“j)l/z

=1 y=k+|

m

m
O e e S N | R OS]
1=k+1 k+1

1<y

where K is a constant.

Note that this asymptotic conditional density function does not depend
on 8,,...,0,, the k nonzero population roots. Hence by conditioning on
u,,...,u, the effects of these & population roots can be eliminated, at least
asymptotically. In this sense «,,...,u, are asymptotically sufficient for
f,,...,0,. We can also see in (26) that the influence of the k largest sample
roots u,...,u, in the asymptotic conditional distribution is felt through
linkage factors of the form (u, — u,)'/2.

COROLLARY 10.7.4. Assume that the conditions of Theorem 10.7.2
hold and put

/2
_n; o) - P —
x‘—-—-——a' (l—u, 0,) (for i=1,...,k)
27
=2 for j=k+1
x,= l-—uj (for j= yeeey i),
where
0,=[20,(2+86,))"? (i=1,...,k).

Then the limiting joint density function of x|,...,x, as n, - 0 is

79 /2
204" OAT ()T [4(n, — k)]

k
(28) 1 o(x)-

m m
i [mtewagmsr] (=),
1=k+1 /‘t:jl

where ¢ = m — k and ¢(-) denotes the standard normal density function.
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This result, due originally to Hsu (1941a), can be proved by making the
change of variables (27) in (23) and letting n, — o0. Note that this shows
that if 6, is a distinct nonzero population root then x, is asymptotically
independent of x, for j#i and the limiting distribution of x, is standard
normal. Note also that x, . |,...,x,, (corresponding to the §;’s equal to zero)
are dependent and their asymptotic distribution is the same as the distri-
bution of the roots of a g X g matrix having the W (n, — k, 1) distribution.

For other asymptotic approaches to the distribution of the latent roots
u,...,u, the interested reader is referred to Constantine and Muirhead
(1976), Muirhead (1978), and Chou and Muirhead (1979).

10.7.4. Determining the Number of Useful Discriminant Functions
It was noted in Section 10.7.2 that it is of interest to test the sequence of
null hypotheses

Hiwgy = =0,=0

for k=0,1,...,m—1, where w,= - 2w, =0 are the latent roots of the
noncentrality matrix Q. If H, is true then the rank of @ is &£ and this is the
number of useful discriminant functions. The likelihood ratio test rejects H,
for small values of the statistic

”

(29) we= 11 0+)™
=1 (- u,)
i=k+1

where f,> - -+ > f, >0 are the latent roots of AB™! and 1>u,> ... >u,
>0 are the latent roots of A(4+ B)™'. We are assuming here, as in the last
subsection, that n, = m and n, =m, where n, = p—1 and n, =n — p are the
between-classes and within-classes degrees of freedom, respectively. The
asymptotic distribution as n, - o0 of — n,log W, is x2,,- k)n,—k) When H, is
true. An improvement over — n,log W, is the statistic —{n, +4(n,—m—
D]log W, suggested by Bartlett (1947). The multiplying factor here is exactly
that given by Theorem 10.5.5, where it was shown that —[n, +i(n,—m—
1)log W, has an asymptotic xf,,,,l distribution when H;: Q=0 is true. A
further refinement in the multiplying factor was obtained by Chou and
Muirhead (1979) and Glynn (1980). We will now indicate their approach.
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We noted in Corollary 10.7.3 that the asymptotic conditional density
function of uy ..., u,, given u,,...,u, is

k m

(30) kI 1] (u,*uj)v2
=1 y=k+1
. ::I/:[ﬂ [ufn,—»k~q‘l)/2(|__u')(nz"k~q—.l)/2] kl;ll("' —u),

1<y

where ¢ = m — k and K is a constant. Put

so that the limiting distribution of n,T, is x(zm_ x)(n, ~ k) When H, is true. The
appropriate multiplier of T, can be obtained by finding its expected value.
For notational convenience let E, denote expectation taken with respect to
the conditional distribution (30) of u,..,...,u,, given u,...,u, and let E,
denote expectation taken with respect to the “null” distribution

i
R (EN RS | NORTS

+ |
1<

I

+1

obtained from (30) by ignoring the linkage factor

k m
n 1 (u,—uj)'/z.
=1 y=k+1

This distribution is just the distribution of the latent roots of a ¢ X ¢ matrix
U having the Beta (}(n, — k), 1(n, — k)) distribution (see Theorem 3.3.4).
The following theorem gives the asymptotic distribution of the likelihood
ratio statistic with additional information about the accuracy of the x?
approximation.

THEOREM 10.7.5. When the null hypothesis H, is true the asymptotic
distribution as n, — oo of the statistic

k
(33) Ly=—|n,—k+i(n,=—m—1)+ 3 u'|logW,
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: 2
I8 X(m—kyn, ) @0

(34) E(L)=(m~k)(n,~k)+0(n3?).

504

Proof. We will sketch the proof, which is rather similar to that of

Theorem 9.6.2. First note that, with 7, defined by (31),
d
(35) Ec(TI():——EE{Ec[exp(_th)]}h=()

so that, in order to find E(7,) we will first obtain

(36) E [exp(—hT,)]= Ec[ 1 a- u.)"}.
This can obviously be done by finding
k m u \172
37 EIT 1 (l——j-) -exp(—th)J.
=1 =k+1 u,

Now, when H, is true we can write

k m u.\1/2 m
(38) I 1 (1——’) =1-}a 3 u,+0,(n;?)
1=1=k+1 u, J=k+1
where
k
(39) a= 3 u".
1=
Substituting (38) in (37) it is seen that we need to evaluate
n
(40) EN[exp(— hT) 3 uj}.
1=kt 1

This problem is addressed in the following lemma.

LEMMA 10.7.6.

}_ (m—k)(n,—k)

(41) EN[""P("'Tk) D e 12

J=k+1

EO(h)s
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where

(42) Eo(h)= Ey[exp(~hT,)].

Proof. Let v,=1—u,,, (i=1},....m—k). The null distribution of
Dpy.. U, 15 the same as the distribution of the latent roots of a ¢ X g
(g9 =m— k) matrix ¥ =(v,,) having the Beta (3(n, — k), }(n, — k)) distri-
bution. Note that

Since the diagonal elements of I, — V all have the same expectation, we need
only find the expectation of the first element A=1— v,, and muitiply the
result by m—k. Put V=T'T, where T=(¢,,) is a g X g upper-triangular
matrix. By Theorem 3.3.3, ¢,,,...,1,, are all mdependent and 1} has a
beta((n, =k —i+1), 3(n,— k)) dismbuuon and A=1~1} Hence

"

exp(—hT,) 2 u]]=(m-k)EN (l—’n) ﬁ (l—“)]

Ey
j=k+1 J=k+)

=

[ m—k
=(m—k)Ey[(1-1}) HI I,z,"]

m—

=(m—k)E, H t,’,"] —(m—k)Eu| 1}, H 1,2,"].

It is easily shown that

n -
notn,—k—n +2h
EN[’” I ’"J = min,—2k+2k Lolh)

and hence

exp(~4T,) 3 ]= L A0}

EN
1=k +1

completing the proof of the lemma.
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Returning to our outline of the proof of Theorem 10.7.5, it follows from
(36), (37), (38), and Lemma 10.7.6 that

(3) Efexo(~h7,)] = 5.
where
(44) 8(h)=Ey(h)f(h)
with

L a(m—k)(n,—k)
43) f(h)=1 2(n,+n2—2ilc+2h)'

Using (35), we have

2 [8(h)

(46) E{T)=~3 %) |, _,

a(m—k)(n,—k) =
(n,+n, —2k) +0(nz)-

=~ E0)-

But — Ej(0)= E\(T,), and in the case of the null distribution we know that
[ny —k+ $(n,— m—D)]T, has an asymptotic x7,,— s, -, distribution and
the means agree to O(n3?) so that

. (m=k)(n,—k) _
(47) E““’)“nz-ﬂg(n,'—m—:)*0("23)'
Hence it follows that
(m—k)(n,— k)

(48) EC(Tk)znz—k+%(n,—m—l)+a+0(n;')'

from which it is seen that if L, is the statistic defined by (33) then
E(Ly)=(m—k)(n ~k)+0(n;?),

and the proof is complete.
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The multiplying factor in Theorem 10.7.5 is approximately that suggested
by Bartlett (1947), namely, n, +4(n,—m—1), if the observed values of
uy,...,u; are all close to 1; in this case « is approximately equal to &,

It follows from Theorem 10.7.5 that if n, is large an approximate test of
size a of the null hypothesis

Hk:wk-H:"':wm:O

is to reject H, if L, > c(a;(m — k)(n; — k)), where L, is given by (33) and
c(a; r) is the upper 100a% point of the x? distribution.

Let us now suppose that the hypotheses H,, kK =0,1,...,m — | are tested
sequentially and that for some k the hypothesis H, is accepted and we are
prepared to conclude that there are & useful discriminant functions
y,....l.y, where L,,...,1, are solutions of (8) associated with the largest k
latent roots f),...,f, of AB™'. How should a new observation y, be assigned
to one of the p groups? Let L =[l,...1, ] and put x, = Ly;,x, = Ly,,....x,
= Ly,. The distance between y, and §, based on the new system of
coordinates 1,,...,1, is

d=lx,—x,lli=1,...p.

A simple classification rule is then to assign y, to the i th group if x, is closer
to x, than to any other x , i.e., if

d,=min(d,,...,d,).

10.7.5. Discrimination Between Two Groups

In Section 10.7.2 we noted that the number of discriminant functions is
equal to s =min( p — 1, m), where p denotes the number of groups and m
the number of variables in each observation. Hence when p =2 there is only
one discriminant function. The reader can readily check that the nonzero
latent root of AB™' is

(49) L=6—%)B7 (5 - ),

where ¥, and §, are the sample means of the two groups. A solution of the
equation (4 — f,B}, =0 is

(50) I|=S—'(Y|‘Y2)»

where S=(n—2)"'B (n=gq, + q,), which is unbiased for Z. The discrimi-
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nant function is then
5 7 Vol
(51) (¥ -%)sy.

This is an estimate of a population discriminant function due to Fisher
(1936) which is appropriate when all the parameters are known and which
can be obtained in the following way. Suppose we have a new observation y,
which belongs to one of the two populations. The problem is to decide
which one. If y, belongs with the i th group, i.e., is drawn from the N, (p,, )
population, then its density function is

) =@27)" " *(det )" exp[~ 4~ p, Y=o —m)]  (i=1.2).
An intuitively appealing procedure is to assign y, to the N, (g, 2) popula-

tion if the likelihood function corresponding to this population is large
enough compared with the likelihood function corresponding to the

N,(p,, Z) population, i.e., if
fi(%)

____.>c’

5 (%) a
where ¢ is a constant. This inequality is readily seen to be equivalent to
(52) (= p)Z 7'+ (e )2 (B o) Zk =log e
The function
(53) go)=(m—p2 )27y
is called Fisher’s discriminant function. If
(54) go)zki=k—=3(p +p) 27 (1 — py)
Yo is assigned to the N, (m(, Z) population; otherwise, to the N,(p,, Z)
population. There are, of course, two errors associated with this classifica-
tion rule. The probability that y, is misclassified as belonging to the
N,(p,, Z) population when it belongs to the N, (p,, Z) population is
(55) a, :}’(p..z)((ﬂl"#z)'Z_lYo<kl)

_—_q,( ki = (ny _dﬂz)'?--'lll ,
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where
(56) d2=(p,—y2)'§l"'(#.—p2).

This follows because if y, is N,(p,, Z) then (u,—p, )=y, is N((p,—
#,YZ "', d*). The number d is a measure of the distance between u, and
p, suggested by Mahalanobis (1930). Similarly the probability that y, is
misclassified as belonging to the N, (u,, £) population when it belongs to
the N, (p,, Z) population is

(57) a; = P(,.,.z)((l‘l "Fz)'z*l)bakl)
=¢( (p—p,)27'n, —k, )
p .

Suppose now we assume that a, = a,, i.e., that the probabilities of the two
misclassification errors are equal. It then follows that

(58) ki=4(p = p2) 27 (1) +y),
and substituting this value for k, in a, and a, we have
(59) o =a, = (- 1d),

which is a decreasing function of d. Hence the procedure is to compute
Fisher’s discriminant function g(y,) given by (53) and to assign y, to the
N,(p,, Z) population if g(y,)=k, and to the N, (p,, ) population if

8(Yo)<k,.
In most practical situations the parameters p, p,, and Z are unknown

and have to be estimated. A reasonable estimate of g(y,) is
(60) £(%)=F —%)S" 'y

in which p,, p,, and Z have been replaced by unbiased estimates. This is
the (sample) discriminant function introduced at the beginning of this
subsection [see (50)] and which arises from the theory of Section 10.7.2. The
constant k; given by (58) can be similarly estimated by

(61) k=43 —%)S7'F, +¥).

so that the procedure is now to assign y, to the N, (p,, £) population if the
statistic

(62) W()'o):"g()b)—'gl
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is =0 and to the N, (p,, 2) population if W(y,)<0. The statistic W(y,) was
suggested by T. W. Anderson (1958) and is known as Anderson’s classifica-
tion statistic. The probability of misclassification is no longer the same
because g(y,) is no longer normal and & is random. A great deal of work
has been done on the problem of estimating probabilities of misclassifica-
tion associated with the classification statistic W(y,) and other procedures.
We will not delve into this problem; the interested reader is referred to a
review of such work in Kshirsagar (1972), Chapter 6. It is, however, worth
pointing out that the asymptotic distribution of W(y,), as g, and ¢, ~ o0, is
normal with variance equal to d2. The mean is (g, — p,)2 " 'p, — k, if y,
belongs to the N,,(p,, Z) population and (g, — p,)="'n, — k, if y, belongs
to the N,(p,, 2) population. Hence asymptotically the probability of mis-
classification is the same as before.

The subjects of discriminant analysis and classification have been very
widely studied. For various approaches and generalizations as to these
subjects useful references are T. W, Anderson (1958), Chapter 6; Kshirsagar
(1972), Chapters 6 and 9; and Srivastava and Khatri (1979), Chapter 8.

10.8. TESTING EQUALITY OF p NORMAL
POPULATIONS

10.8.1. The Likelihood Ratio Statistic and Moments

In Section 10.7 we considered the problem of testing whether the mean
vectors of p normal distributions are equal under the assumption that the
distributions have a common covariance matrix. A closely related problem
arises when we drop this assumption and test the null hypothesis

H: py=--=p, $=- =5,

i.e. that the p m-variate normal distributions are identical. We are given
Yis--»Yin,» @ random sample from the N,(p;, £;) distribution (i =1,...,p).
The null hypothesis treated in Section 10.7 is

HO: Ry=c=p, (given Elz...:zp)’
and the likelihood ratio statistic for testing H, is (see Theorem 10.2.2)

(det B)V?

» = dar B
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where
p - -—
(2) A= 3 NG -9 -y)
=1
and
p N
(3) B= E 2 (yu——y-:)(yu_-y-:),’
1=] j=\
with
I I 4
=g 3%, I=5 INS. N=3A,

Now recall from Section 8.2 that the likelihood ratio statistic for testing the
null hypothesis

H: %,=..-=3,
is
b N,/2
NmN/Z H (det B:) i
(4) A= 14 = N/2
det BY"
NmN,/2 (
iI=I| )
where
N,
(5) B:= Z (ylj‘_yi)(ylj-—yl)’
j=1

and B=3#_,B,, as in (3). The likelihood ratio statistic for testing H is the
product of A, and A, and is given in the following theorem from Wilks

(1932).
THEOREM 10.8.1. The likelihood ratio statistic for testing

H: ”lz...z"p. zl:..._zp
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(6) A= N2 (det B,)N'/2 NmN/2
dCI(A+B)N/2 Hf’:leN,/Z

where A, B, and B, are given by (2), (3), and (5), respectively.

Proof. Let L(py,....p,, 2y,...,2,) denote the likelihood function
formed from the p independent normal samples. Then

supL(p,...,p, 2,...,2)

nz

sup L(py,..omys 24,...2,)
Pro By Zpe Z,

supL{p,....p, Z,...,%)

= pZz
sup  L{py,....p,, Z,....Z)
Bies oy S
sup  L(pynpr,, Z,....2)
[dD) -l‘p'z

sup L(p),...n,n 2,,...,2,)
Bio By 2y o Zp

=AgAy,

where A, and A, are the likelihood ratio statistics for testing the null
hypothesis H, and H|. The desired result now follows by substituting the
values of Ay and A, given by (1) and (4).

It follows that the likelihood ratio test of H rejects H for small values of
the statistic

7 A= H,":,(det B')N./z— leMmN‘/z
” Cde(a+ BV NmWT
det(4+ B)

T. W. Anderson (1958), Section 10.3, suggested the use of a modified test
statistic A* in which the sample sizes N, are replaced by n, =N, —1 and N is
replaced by n=2F_n, =N - p, ie,
_ N2 (det B)"?  pmns

det(A+ B)"/* M2 nymi/?’

(8) A*
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However, Periman (1980) has shown that it is the likelihood ratio test itself,
not the modified test, which is unbiased for testing H.

The moments of A are very difficult to obtain explicitly, except in some
special cases. The following theorem gives the moments when the covariance
matrices are all assumed equal,

THEOREM 10.8.2. When 2,= .. ==E,, (=2) the hth moment of A is
) LUW-D]  § LONO+#)—1]
Ah — m d
N T E Yy R FTyvt
GFNR AN+ R)— 5~ 4Q),
where
P
(10) Q=3"' J N(p,—)p,—BY
1=
with

_ 1 &
l“"‘_ﬁ ENI"'I

=1

Proof. The matrices B, have independent W, (n,, £) distributions (i =
l,...,p), where n, = N, — 1, and the matrix 4 is independently distributed as
W, (p—1,2Z,Q), where Q is given by (10) (see Section 10.7). Hence

=

P
hy — . -1 e
E(X )_( Hl ('"-":)c"'-P—'e"( 29)[9,')0 /B,>0L>0

P - Nh/2
-dct( A+ Y B,)

=1

. ﬁ [ctr(-—a}z"g )(det B‘)n.(l+h)/z+h/2__("H_l)/z]
1= i

et(—§27')(det 4) T TV R (4(p ~ 1) 4027 1)

-(dA)(dB,)...(dB,),



Testung Equality of p Normal Populations 5t

where
- [2"‘"/2Fm(§n)(det 2)"/2] -

Consequently,

L4 ¢
E(M)=( I1 ——3'———)5

1=1 Cpp (1 +h)+h

P ~-Nh/2
det(A+ > B,.) ]

where now the B, have independent W, (n,(1+h)+h,3Z) distributions
(i=1,...,p) and are independent of A4 which is W, (p—1, Z,Q). Hence,
from Theorem 10.3.3, the matrix A= A4+27. B, is W, (N(1+h)—1,2,Q)
so that, using Theorem 10.3.6 we have

P

o= f e

=1 Com n, (b 40y +h

=(,

W F(INRAN(1+ h)— 45 - 1Q)

E[(det 4)~*7?]

[ emm R

Cm.n, ~Nh/2m —Nhm/2 rm[%(N_l)]
——*—"')'(detz) /2y Nhm/ TN+ 7) = 1]

i Cm,n,(l+h)+h

__Lpw-n]  § LONG+A)-4]
LNO+R)=1] =10 T[N -1)

’|F|(5Nh;%N(l+h)"‘zl§ “%9),

and the proof is complete.

COROLLARY 10.8.3. When the null hypothesis Hip,=--- =p,, I,
= ... =3 is true the fith moment of A is

LO(N-D] & LUNO+R) -]
LN +h)—4) =1 T[H(N-D)]

(11) E(N)=
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10.8.2. The Asymptotic Null Distribution of the Likelihood Ratio Statistic

Putting N,=k,N where Z”_,k, =1 it follows from Corollary 10.8.3 that
when H is true

(12)

mNk /2
E(A)= -~

mNh/2
T

E()\")

Nmvez LIWN-1D] f LN+ h) -]
e Nm*h2 TINQ+ R = 4] =1 T[H(N~1)]

A m PNk, (14 k)~ 4]

m {;,(%k,N)k'Nﬁ m [lN(l'f‘h)'*z_[]

7=1

where K is a constant not involving h. This has the same form as (18) of
Section 8.2, where we put p =m, g = mp, =N, ==5jG=1,...,m)

X, =4Nk, k=(i=1)m+1,.,im (i=1,..,p)
&=, k=jm+ . (p-1m+j (j=1...,m).

The degrees of freedom in the limiting x? distribution are, using (28) of
Section 8.2,

q F4
(13) [=-2 kZ:,lEr ;ln,—%(qw)
ﬁ_"lf |j+m(p~l)

I(M'g
H'Ms

=im(p—1)(m+3).

The value of p which makes the term of order N ™' vanish in the asymptotic
expansion of the distribution of —2plog A is, using (30) of Section 8.2

(14)  p= ,[2 5 (412+%j+%)—§%(iﬂ+%j+%)
=1

'l_;‘l

o 2mHOm 11 f}i—l
6(p—l)(m+3)N ,'.—.|kn '
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The term of order N~2 can also be obtained by the theory of Section 8.2
giving the following result.

THEOREM 10.84. When the null hypothesis H:ip,= - =p,, %=
- -+ =X, is true the distribution of —2plog A, where p is given by (14), can
be expanded for large M =pN as

(15) P(—2plogAsx)—_—p(x}_<_x)
+ ﬁys [P(X?uﬂ)‘ P(x2=x)]+o(M™3),

where f=1im(p —1)(m +3) and

y=5%§ em(m+1)(m+2)(m +3)(

(2m* +9m +11)}(2m—1) ( 21 )2
- > -1
(p—‘)m(m+3) ,=|k:

A similar type of expansion, including the term of order M2, was given
by T. W. Anderson (1958), Section 10.5, but for his modified likelihood
ratio statistic.

An approximate test of size a of H is to reject H if —2plog A >¢; (a),
where ¢, («) denotes the upper 100a% point of the x} distribution. The
error in this approximation is of order N2,

The modified likelihood ratio statistic A* given by (8) has been studied
more extensively than A. Chang et al. (1977) have calculated the upper 5
percentage points of the distribution of —2log A* for n,=n, (i=1,...,p),
p =2(1)8, m =1(1)4. These are given in Table 7, in which My=n,—m.

10.8.3. An Asymptotic Non-null Distribution of the Likelihood Ratio Statistic

The power function of the likelihood ratio test of size a is P(—2plog A = k2
[t1seeoslbps Zps...,Z,) where p is given by (14) and k3 denotes the upper
100a% point of the distribution of —2plog A when H is true. We will now
derive the asymptotic distribution of —2plog A in a special case. We
consider the sequence of local alternatives

1 ,
Nl/ZB, (i=1,....p)
1

(16) Ky: w,=F+

El="'=2p



Table 7. Upper 5§ percentage points of —2log A*, where A* is the
modified likelihood ratio statistic for testing equality of p normal
populations (equal sample sizes)”

m=1

M, p=2 p=3 p=4 p=5 p=6 p=1 p=8
1 6.96 1039 1342 1626 1900 2166 2426
2 668 1013 1318 1603 1878 2145  24.06
3 6.52 999 1304  159I 1866 2134 2395
4 642 989 1296 1583 1859 2127  23.89
5 636 983 1290 1578 1854 2123 2385
6 63l 978 1285 1574 1851 2119 2383
7 621 975 1282 157 1848 2147 2380
8 624 972 1280 1568 1846 2115 2379
9 621 969 1278 1567 1845 2114 2378
10 619 968 1276 1565 1843 2113 2377

il 6.18 9.66 12.75 15.64 18.42 21.12 23.76
12 6.16 9.65 1273 15.63 18.41 2111 23.75
13 6.15 5.64 1272 15.62 18.40 2010 23.75
14 6.14 9.63 12.71 15.62 18.40 21,10 23.75

15 6.13 9.62 121 15.61 18.39 21.09 23.74
16 6.12 9.61 12.20 15.60 18.39 21.09 23.74
17 6.12 9.60 12.70 15.59 18.38 2109 2373
18 6.11 9.60 12.69 15.59 18.38 21.08 23.73

19 610 959 1268 1559 1837 2108 2373
20 610 959 1268 1558 1837 2108 237
25 6.08 957 1266 1557 1836 2107 2372
30 6.06 956 1265 1556 835 2106 2371
m=2
My p=2 p=3 p=4 p=5 p=6 p=7 p=8
1 1574 2425 3203 3946 4670 5378 6077
2 1419 2226 2963 3670 4356 5029  56.9]
3 1341 2127 2846 3533 4202 4858  55.04
4 1294 2067 2175 3453 4112 4758 5395
5 1263 2028 2729 3400 4052 4692 5322
6
7
8
9

12.41 2000 26.96 33.62 40.10 46.46 5274

12.24 19.78 26.71 3334 39.79 46.11 52.34

12.12 19.62 26.51 33.12 39.54 45.84 52.04

12.01 19.49 26.36 3294 39.35 45.63 51.81
10 11.93 19.38 26.24 32.81 39.19 45.46 51.62
¥ 11.86 19.29 26.13 32.69 39.06 4531 51.47
12 11.79 19.22 26.04 32.58 3895 45.19 51.34
13 11.74 19.15 25.97 32.50 38.86 45.09 51.23
14 11.69 19.09 2590 32.43 38.77 44.99 5113
15 11.66 19.04 25.84 32.36 38.70 44.92 51.04
I6 11.63 19.00 25.79 2.3 38.64 44.85 50.97
17 11.59 18.96 2575 32.26 38.59 44.79 50.90
18 11.56 18.93 2572 2.2 38.54 447 S0.85
19 11.54 18.90 25.67 32.17 3849 44.69 50.79
20 11.52 18.87 25.65 32.14 38.45 44.64 50.74
25 11.43 18.76 25.52 32.00 38.29 44.47 50.55
30 11.37 18.69 25.44 31.90 3819 44.36 50.43
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Table 7 (Continued)

m=3

M, p=2 p=13 p=4 p=35 p=6 p=1 p=8
] 27.27 42.89 571.37 71.35 85.01 98.45 11175
2 2395 3843 51.87 64.83 77.51 89.99 102.31
3 22.26 3515 49.05 61.51 73.68 85.67 97.51
4 21.22 34.75 47.33 59.47 7135 83.03 94.58
5 2053 33.80 46.17 58.10 69.78 81.27 92 62
6 20.03 33.12 45.33 57.11 68.64 79.98 91.20
7 19.66 32.60 44.69 56.37 67.79 79.03 90.13
8 19.35 32.20 44.20 55.19 67.12 78.27 89.31
9 19.12 3188 43.80 55.32 66.58 77.68 88.64

10 1892 3161 4347 5493 6615 7718 88.09
11 1876 3139 4320 5461 6577  76.77 87.64
12 1862 3120 4297 5433 6546 7641 87.25
13 1850 3103 4276 5410 6520 7611 86.91
14 1840 3090 4259 5390 6497 7585 86.62
IS 1831 3077 4244 5372 6475 7562 86.36
16 1822 3066 4231 5356 6458 7542 86.15
17 1815 3056 42,18 5342 6442 7524 85.94
18 1809 3048 4207 $329 6427 7508 85.76
19 1803 3039 4198 S3.18 6414 7494 85.60
20 1798 3032 4189 5308 6403  74.38I 85.45
25 1778 3005 4155 5269 6358 7430 84.90
30 1764 2986 4133 5241 6326 7396 84.52
m=4

My, p=2 p=3 p=4 p=5 p=6 p=1 p=8
1 4157 6634 8952 11198 13401 15575  177.24

2 3613 5885  80.15 10078 121.03 141.02  160.76

3 3327 5489 7508 9485 11415 13318 15203
4 3150 5242 7207 9143 (09R4 12828  146.54

S 3028 5072 69.94 8RS8 10686 12492  142.79
6
7
8
9

29.40 49.48 68.37 86.71 10470 12247 140.05

2672 48.53 67.18 8528 103.04 120.57 137.94

2819 47.78 6624 84.16 10174  119.10 136.28

2776 47.17 65.48 8324 10068 117.9] 134.95
10 2741 46.67 64.84 8249 99.80 11691 131 84
t 27.1 46.25 64.31 81.85 99.08 116.07 132.90
12 26.85 4589  63.86 81.31 9844 11536 132.11
13 26.64 45.58 63.46 80.84 9790 11475 131.43
14 26 45 4531 63.13 8043 9744 11422 130.83
15 26.28 4506 62.83 80.08 97.02 113.74 130.30
16 26.13 44,86 62.56 79.75 96.65 113.32 129.83
17 26.01 44.66 62.32 79.48 96.32 11295 129.42
18 25.88 44.50 62.10 79.23 96.03 1262 129.04
19 25.77 4434 61.92 78.99 95.76 112.32 128 71
20 2568 4420 61,74 78.78 95.52 112.04 128.40
25 25.30 43.67 61.06 77.98 9458 11099 127.23
30 25.05 4330  60.59 77.43 93.94 110.26 126.42

“Here, p =number of populations. m =number of variables; n,=one less than
common sample size (ng=n. =1, ,p). My=ny—m

Source. Reproduced from Chang et al. (1977) with the kind permission of North-
Holland Publishing Company and the authors.
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under which the covariance matrices are all equal and the mean vectors
approach a common value,

As before we assume that N, = k, N withk, >0 (i =1,...,p) and 27_ k, = |
and let M =pN — 0. Using Theorem 10.8.2 the characteristic function of
—2plog A under Ky may be expressed as

17) on (1 Q)= 95 (4,0),F\(— Mit; iM(1 —2it) + a; —4Q)

where

(18) Q=3 2 834/,
=1

(19) a=3(N~-m)-}

={N(1-p)—}

__2m*+9m+11 (ﬁ_l_ )_
12(p-D(m+3) | & k

N —

and ¢,(1;0) is the characteristic function of —2plog A when H is true,
obtained from (12) by putting 4 = —~2itp. From Theorem 10.8.4 we know
that

on(6;0)=(1—2it) *+ o(M~?)

where /= ym(p —1)(m +3). An asymptotic expansion for the | F, function
in (17) was obtained in Theorem 10.5.6, where we there replace N by M and
r by 4a— m — 1. Theorem 10.5.6 then shows that

(20) Fi(— Mit sM(1 = 2it)+ o; ~ §R)
_ ito, P(Q) ,
CXP(I z:)[”‘ oM,

where 6= ) and

it o — it 2_2_
-2t ' -2y 27

(2!‘) P(Q)=—2a
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Hence ¢, (1; 2) can be expanded as

(22) ¢p(:R)=(1-2it)" ’“exp(,"az',,)[ P o

Inverting this gives the following theorem.

THEOREM 10.8.5. Under the sequence of local alternatives K, given by

(16), the distribution function of —2p log A can be expanded for large
=pN as

(23) P(-ZplogASx)=P(x}(o,)Sx) 411‘,1{4010,P(x}+2(a,)5x)
—(4a0, "“z]P(X}H(“l)Sx)
—-azP(x}%(o,)Sx)}+0(M"2),

where f=4{(p — )m(m +3), o, =tr @/, with Q and «a given by (18) and (19).

For Anderson’s modified statistic a similar expansion has been obtained
by Fujikoshi (1970) and an expansion in terms of normal distributions has
been obtained by Nagao (1972),

PROBLEMS

10.1. In the univariate linear model consider testing H:CB =0 against
K: CB #0, where C is a specified p X r matrix of rank r. Show that the test
which rejects H for large values of the statistic F given by (1) of Section 10.1
is a uniformly most powerful invariant test.

10.2. Suppose that 4= nS has the W, (n, Z,Q) distribution. Show that as
n - oo the asymptotic distribution of (n/2m)!/?log(det S/det X) is N(0, 1)
(see Fujikoshi, 1968).

10.3. Suppose that A= nS has the W, (n, Z, Q) distribution, where @ = nA
with A a fixed m X m matrix. Show that as n —» oo the asymptotic distri-
bution of

"'/2{3 ttE dcl(1+A)}

is N(0,2det(7 + )Y uf(I +2A) 1+ A)7?)).
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10.4. Suppose that 4=nS has the W, (n, 2, Q) distribution, where @ =
n'/?A, with A a fixed m X m matrix. Show that as n — 00 the asymptotic

distribution of
n\2 detS 2\'/2
(2) torgers = () e

is N(0,1) (see Fujikoshi, 1970).
105. If A is W, (n, 2, Q) show that the characteristic function of tr 4 is

Efexp(ittr 4)] =det(1 —2irT) ™" ete] ~ 4@ +40(1 ~2:r2) ']

10.6. Using the result of Problem 10.5, show that if A=nSis W, (n, Z,Q)
then as n — o0 the asymptotic distribution of

n /2
[2"(22)] (rS—tr )
is N(0, 1) (see Fujikoshi, 1970).

10.7. If A=nS is W,(n,2,Q) and Q=nl, where A is a fixed mXm
matrix, show that as n — oo the asymptotic distribution of

n Za
[m] [trS—w=(I+4)]

is N(0, 1).

10.8. If the n X m matrix Z is N(M, I,82), so that A= 2'Z is W, (n, Z,Q)

with € =27 'M'M, prove that
Cov(vec(A))=(1,:+ K)[n(Z2@Z)+ S (M'M )+ (M'M)®%],

where K is the commutation matrix defined in Problem 3.2,
109. If 4 is W, (n, Z,2) with n>m —1 show that the density function of
Wy,...,W,, the latent roots of £ 4, is
"m’/Z
2mn/2L, (4n)T,(4m)

etr(—4Q),F{™(4n; 42, W)

n m m
-exp("‘& E W‘) H w,(".—m_l)/z I:[(W"‘"W)) (Wl> o >wm>0)
1<t

(=1 i=1
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where W =diag(w,,...,w,,). Why does this distribution depend only on the
latent roots of 9?
10.10. If A4 is W, (n, 2, Q) where 4, Z,Q are partitioned as

AH AI2] [zll 2!2] [ﬂll gIZ]
A= , Z= , 9=
[AZI Ay 2y 2p Qy Oy
where 4, Z,,, and @, are k X k, show that the marginal distribution of 4,
is W(n, 21, 20128y + Z,585)))-

10.11. Suppose that the n X m (n=m) matrix Z is N(M, 1,®1,,), where
M=[{m,0...0], so that A= Z'Z is W, (n, 1,2), with { =diag(m m,,0,...,0).

Partition 4 as
an | !
A=
[alz Azz]'""'
I m—1
and put A,, , = A,, — ay,'a ,a), . Prove that:
(a) A,y is W,_(n—1,1,_,) and is independent of a,, and
a..-
(b) The conditional distribution of a,, given a,, is
Ny, a1, )
(©) a,, is x%(8), with § =m'm,.
(See Theorem 3.2.10.)

10.12. Consider the moments of the likelihood ratio statistic W given by
(2) of Section 10.5. Using the duplication formula

I(a+1)I(a+3)=='/22"2T(2a+1),

show that, when m is even, m =2k say, these moments can be written as

k . B .
E(Wh)= il Nr+n—p+1 21.)I‘(n p+1 21+2h.).
=1 T(r+n—p+1-2i+20)T(n—p+1-2i)

Hence, show that W has the same distribution as [1X_,U/?, where U,,..., U,
are independent and U, is beta(n — p +1—2i, r). Show also that if m is odd,
m =2k + 1, W has the same distribution as 1*_,Y2Y, |, where ¥,,..., Y, .,
are independent, with Y, having the beta(n — p+1—2i,r) distribution
(i=1,...,k) and Y, having the beta(3(n — p + 1~ m), 1r) distribution,

10.13. Prove Theorem 10.5.8.
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10.14. Let T} =u(AB™"), where 4 and B are independent with 4 having
the W, (r,Z,Q) distribution and B having the W, (n— p, Z) distribution
(see Section 10.6.2), with r = m, n — p =m. Using the joint density function
of A and B show that if n — p=2k + m—1 the kth moment of T is

. 2 - k LZ "'%Q
el(7)]=(-1"3 (%(m»r(wlp))x

[y=4(r—-m-1)],

where the summation is over all partitions x of k.

10.15. If £, is the smallest Iatent root of AB™!, where A is W, (r, Z,Q) and
B is independently W, (n — p, Z), show that

P(/,,,Zx)s'f:l' P(F,_,,._p(w,.)s"—_r—’lx),

where w,,...,w,, are the latent roots of &. [Hint: Use the result of Problem
8.3]

10.16. For the single classification model of Section 10.7 show that the
steps involved in reducing it to canonical form (see Section 10.2) lead to the
between-classes and within-classes matrices A and B given by (1) and (2) of
Section 10.7. Show also that the noncentrality matrix € is given by (3) of
Section 10.7.

10.17. Obtain Corollary 10.7.4 from Theorem 10.7.2.

10.18. The generalized MANOVA model (GMANOVA) (Potthoff and
Roy, 1964; Gleser and Olkin, 1970; Fujikoshi, 1974b; Kariya, 1978). Let Y
be a n X m matrix whose rows have independent m-variate normal distri-
butions with unknown covariance matrix ¥ and where

E(Y)= XBX,;

Here X, is a known n X p matrix of rank p < n; X, is a known g X m matrix
of rank g=m; and B is a p X g matrix of unknown parameters. This is
known as the GMANQOVA model. When X, = 1,,, g =m, it reduces to the
classical MANOVA model introduced in Section 10.1, When p=1, X, =1
=(1,1,...,1), the model is usually called the “‘growth curves” model.
Consider the problem of testing the null hypothesis H: X,B X, =0 against
K: X,B X, #0, where X; is a known u X p matrix of rank ¥ < p and X, is a
known ¢ X v matrix of rank v < q.
(a) Show that by transforming Y the problem can be expressed in
the following canonical form: Let Z be a random n X m matrix
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whose rows have independent m-variate normal distributions
with covariance matrix Z, partitioned as

Zy Z, Zs| .
Z=1|2y 2y Zy|p-u
Zyy 2y Zyla-,

q- v v m-q

with

E(Z)= 92| 922 0 p—u
0 0 Oja-p
q-v ] m-—gq
The null hypothesis H: X;B X, =0 is equivalent to H: ©,, =0.
[Hint: Write
IP

0

X,=H, Ly,  X,=Ly[I:0]H,,

where H,€ O(n), H,€ O(m), L€ 8¥( p, R), L,€8{(q, R), and
put

Y*= H\YH;, B*=L,BL,, V*=H\VYH,.
Express E(Y*),Cov(Y*) in terms of B* and ¥*. Next, write

0
XJLI'*:Ls{]uIO]H:‘, L;‘X.;:Ha L“

v

where H,€ O( p), H,€ 0(g), L,€ §¢(u, R), L, 8i(v, R), and

put
[H o] [H o
Z=to 1 Mo 1 V|

Show that
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where © = H,B*H,. Partitioning © as

G),, @u] "
0= .
[@zu Oy fr-u

q- [ v
show that #: X,B X, =0 is equivalent to #:©,, =0. Letting =
be the covariance matrix of each of the rows of Z, express 2 in
terms of ¥*.]

(b) Put

Z, 2, 2,
— 7 Z Z. 1
1= [ Z Zyp 2yl Z, [ 31 k7 3 ]

Show that a sufficient statistic is (Z,, B), where B=2,'Z,.
State the distributions of Z, and B.

(¢) Partition B and ¥ as

B, B, B’ 2, I, 2|

B={B, By By|°, Z={Z, Znp Znl|v.
By, By, By |mF Ty Zyp Ey e
q-v v m-q qg—-v v m-q

For ease of notation, put m;,=g—v,m,=v,m;=m-— ¢ $0
that B,, and 2, are m, X m matrices, and putn, = u, n, = p —
u. Consider the group of transformations

4, 0 0
G= (AvF);A: AZI A22 0 Egg(mvk)y
AJI AJZ A33

A, €8¢(m, R),i=123,

{F,, 0 0]".

F=

PII FZZ 0 ny
m; my my

acting on the sample space of the sufficient statistic by

(A F)
(2,,B) "~ (2,A+F, ABA).
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This transformation induces the transformation

([9“ On 0] 2)_.([911 8, 0

6, 6, 0f 0, 8, 0

in the parameter space. Show that the problem of testing
H: 0, =0 against K: ©, #0 is invariant under G.

Prove that, if n,=<m,, p=<m,, a maximal invariant in the

sample space under the group G is g(Z,, B)=
(g Z,, B), g,(Z,, B)) where

A+F,A’EA)

B B, ]!
8|(Z|s3)=[212 le][B:z B:j] [z, Z,)

Z Zial
g,<z,,a>=[2;;}a;,'[z;;].

[Hine: First show that g\(Z,, 8) and g,(Z,, B) are invariant.
Next, consider any invariant function A(Z,, B), i.e.,, any A
satisfying

h(Z,,B)=h(Z,A+ F, A'BA)

for all (A4, F)E€G. It suffices to show that h(Z,, B) depends
on (Z,, B) only through g,(Z,, B) and g,(Z,, B). First, note
that there exists a matrix

T, 0 0
T=T, T, 0 |€8(m,R)
I, T, Ty

with 7, € 8¢(m,, R) (i=1,2,3), such that B~'=TT". (Why?)
Let

H, 0 0
H=| 0 Hy, o0 |
0 0 H,

where H,€0(m,;) (i=1,2,3), be an arbitrary orthogonal
m X m matrix, and put A, =TH. Then A, has the same form
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(e)

0]

as the matrix 4 in (c), and for all F of the form given in (c) and
all H of the form above

WZAy+F1,)=WZ A,+F,A,BA,)=h(Z,, B).

This shows that h(Z,, B) depends on (Z;, B) only through
Z, Ay, + F. By writing this matrix out, show that F can be
chosen so that #(Z,, B) is a function only of the matrices

T, Z,
[2,, znl[T:an and [22'3JT33H33-

Now show that H,, and H,, can be chosen so that

[Z|2 Zl3] T sz'—‘-[g,(Z,,B);o]
T,
and
{;;Z]Tn}fa::{gz(z‘,B):0]]‘

Prove that a maximal invariant in the parameter space under
the group induced by G is

Ep 2Zp ﬂl[@' ]
=[{0,, 0 . 12
a [ 12 ]{232 z” 0

- -1,
= 912(222 - 223233'232) 0%

Show that the problem of testing H: ©,, =0 against K: ©,, #0
is also invariant under the larger group of transformations

€o(p), @e€0(n),

0

i=1,2, (A,F)EG},
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acting on the sample space of the sufficient statistic by
(Z,,B) (QZ A+ F, A'BA).

(The group G is isomorphic to the subgroup
((1,, 4, F);(A4, F)€ G} of the group G*.)

A tractable maximal invariant under G* in the sample space is
difficult to characterize. Show, however, that a maximal in-
variant in the parameter space under the group induced by G*
is (8,,...,8, ), where §, = --- =§, are the latent roots of the
matrix A given in (e).

Show that the likelihood ratio statistic for testing H:©,, =0
against K: 0, #0 is A = W"/2 where

det(1+ Z,,85,'Z;,)

Bzz B23] [212 Zl]])

Show that the statistic W in (h) can be expressed in the form

detB,, ,
det(X X+ By .4)’

where By, ;= B,, — B,;B;;'B;; and
/2
X=(1+28,'2};) "(2,,—Z,;B5'By,).

Show also that W is invariant under the group G*.

Show that, given (Z 1, B,,), the conditional distribution of X is
N+ Z)yB3,'Z}3) 7?0y, 1, ‘8’222 1), where 2y, ;=2 —
2,,25'S,,. Show also that 322 3 is W, (n— p- my, 25,.5)
and that B,, , is independent of X and 213833

When the null hypothesis H:©, =0 is true, XX is
W, (n, 24 ;). Using Corollary 10.5.2, write down the null
moments of W and use Theorem 10.5.5 to approximate the
null distribution of A. [The moments of W under X:0,, #0
can be expressed in terms of a ,F, hypergeometric function
having the matrix —1A as argument, where A is given in (e).
For a derivation, as well as for asymptotic non-null distri-
butions, see Fujikoshi (1974b).]
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CHAPTER 11

Testing Independence
Between k Sets of Variables and
Canonical Correlation Analysis

11.1. INTRODUCTION

In this chapter we begin in Section 11.2 by considering how to test the null
hypothesis that k vectors, jointly normally distributed, are independent. The
likelihood ratio test is derived and central moments of the test statistic are
obtained, from which the null distribution and the asymptotic null distribu-
tion are found. For k =2 noncentral moments of the test statistic are given
and used to find asymptotic non-null distributions.

Testing independence between two sets of variables is very closely related
to an exploratory data-analytic technique known as canonical correlation
analysis, which is considered in Section 11.3. This technique is concerned
with replacing the variables in the two sets by new variables, some of which
are highly correlated; in essence it is concerned with reducing the correla-
tion structure between the two sets of variables to the simplest possible form
by means of linear transformations on each.

11.2. TESTING INDEPENDENCE OF k SETS
OF VARIABLES

11.2.1. The Likelihood Ratio Statistic and Invariance

In this section we consider testing the null hypothesis that k vectors, jointly
normally distributed, are independent. Suppose that X is N, (s, Z) and that
526
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X, p and 2 are partitioned as

X'=(X|X5...X,),  p'=(p\p3..pt)

and
Z, I, Zi
2y 2y 2ok
2= ,
2 Zur e Zy

where X, and p, arem, X 1and 2, is m, X m, (i =1,...,k), with Z¥_ . m, = m.
We wish to test the null hypothesis H that the subvectors X,,...,X, are
independent, i.e.,

H:Z, =0  (i,j=),...k;i% ),

against the alternative K that H is not true. Let X and S be, respectively, the
sample mean vector and covariance matrix formed from a sample of
N =n+1 observations on X, and let A= nS and partition X, and A4 as

All AIZ Alk

o -_— -~ AZI A22 AZk

(1) X'=(X\X,...X,), 4= : ,
A Ay o Ak

where X, is m, X 1 and A,, is m, X m,. The likelihood ratio test of H (from
Wilks, 1935) is given in the following theorem.

THEOREM 11.2.1. The likelihood ratio test of level a for testing the null
hypothesis H of independence rejects H if A <c,, where

(det A)N?

k
IT (det 4,)?

(2) A=

and ¢, is chosen so that the significance level of the test is a.

Proof. Apart from a multiplicative constant the likelihood function is

L(p,2)=(det2)" " ?etr(— 4= U) exp[ ~ IN(X~ p) =" (X~ p)]
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and

supL(p,Z)=L(X,2)=Nm"N2%~mN/2(det 4)” /2

u X

where £ = N"'4. When the null hypothesis H is true £ has the form

; 0
3) seye=| | 22 ,

so that the likelihood function becomes

k
L("’ 2‘)= HI L:(”H 2“),
where
L(p,2,)=(detZ,)” " eur(-4271,)

-exp] —4N(X, = p, )2 ' (X, - )]
Hence it follows that

k

sup L("'z*)z H S“P Ll(“l’ 2”)
IO 4 1=1 Bz,

k
_-:NmN/Ze-—mN/Z H (del A”‘)—N/Z’

=1

where £, = N "'4,,. Consequently, the likelihood ratio statistic is

A= l(p 2 (da )™’
sup, s L(p. Z) [k (der4, )"’

and the likelihood ratio test rejects H for small values of A, completing the
proof.
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We now look at the problem of testing independence from an invariance
point of view. Because of its importance and because it is more tractable we
will concentrate here on the case k =2 where we are testing the indepen-
dence of X, (m, X1) and X, (m, X1), i.e., we are testing H: Z,, =0 against
K. 2, #0. We will assume, without loss of generality, that m;<m,. A
sufficient statistic is (X, 4) where X'= (x %) and

Ay Atz]
A= .
[AZI Ay

Consider the group of transformations

(4) G={(B,c); B=diag(B,,, By,), B,€8¢(m,, R) (i=1,2),c€E R™}
acting on the space R™ X §,_ of points (X, 4) by

(5) (B,e)(X, A)=(BX+c, BAB’)

ie.,
X- BX+c, A,-B,A, B (i, j=1,2).

The corresponding induced group of transformations (also G) on the
parameter space of points (i, 2) is given by

(6) (B.c)(p,Z)=(Bp+c, BZB'),

and the testing problem is invariant under G, for the family of distributions
of (X, A) is invariant as are the null and alternative hypotheses.
Our next problem is to find a maximal invariant,

THEOREM 11.2.2. Under the group of transformations (6) a maximal
invariant is (p}, p3,...,0% ), where (1=)p} =p}= ... =p} (=0) are the
latent roots of £;,'S,2,'S,,. [Some of these may be zero; the maximum
number of nonzero roots is rank (Z,,).]

Proof. Let (p, Z)=(p},...,p}, ). First note that ¢ is invariant, for the
latent roots of

(B,Z11B})) ' (B1,21,B3)(By25:B},) ' (Bp2,, B)))
=B;|_|2|—||2|222—z|22|3h

are the same as those of 2;,'Z,,25'E,,. To show it is maximal invariant,
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suppose

4’(!"’ 2)=¢(7r F)

EN'E52R'E, and [G'T,TR'T,
have the same latent roots pi,...,p% or, equ:valemly, (ZV22,,25%)
(2372223 1/2) dnd (rp'er |2F22|/2) (I'7'/20,T5'7?) have the same
latent roots p?,.. ,g,,,‘ By Theorem A9.10 there exist HEO(m,) and
Q € O(m,) such that

HI V22,2, =P
where

P 0
P= .0 (m, X m,).
0 P,

Putting D,, = HE[;"/? and D,, = 023"/, it then follows that D2, D}, =

L, DpZyDj=1,, and D, 2\, Dy, = P, Hence with D =diag(D,,, Dy,)
we have

P
(7) DID' =

I,

A similar argument shows that there exist nonsingular m| X m, and ri1, X m,
matrices E,, and E,,, respectively, such that

L,
ETE'=| .
1

2
where E =diag(E,,, E;;). Hence T=E"'DED'E'"' = BZB', where

Ej'D, 0

B=E'D= .
0 EL'D,,
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Putting ¢= — Bp + 7, we then have

(B,e)(p,2)=(7,T).
Hence (p?,. ..,pf"') is a maximal invariant, and the proof is complete.

As a consequence of this theorem a maximal invariant under the group G
acting on the sample space of the sufficient statistic (X, A) is (r7,....7}),
where r}> .- >r2 >0 are the latent roots of A4[,'4;,A45'4,,. Any in-
variant test depends only on r2,...,r2 and, from Theorem 6.1.12, the

i m
distribution of r’,...,r,} depends only o'n:pz,,...,p,f,l. Their positive square
roots ry,....r, and p,,...,p, are called, respectively, the sample and
population canonical correlation coefficients. Canonical correlation analysis is
a technique aimed at investigating the correlation structure between two sets
of variables; we will examine this in detail in Section 11.3. Note that the

likelihood ratio test of Theorem 11.2.1 is invariant, for

A—( det 4 Ns2
T\ det A, det 4,,

det(1 — A};'A,,A5'4,,)""?

oy

I (-2,

1=1

i

so that A is a function of r,z,...,r,f,'. In terms of the population canonical
correlation coefficients the null hypothesis is equivalent to

H: pl:...zp"“:O_

We have already studied the case k =2, m,=1; here r, =R and p, =R
are, respectively, the sample and multiple correlation coefficients between
X, and the m, = m —1 variables in X,. In Theorem 6.2.2 it was shown that
the likelihood ratio test of H: R =0 against K: R+#0 is a uniformly most
powerful invariant test under the group G. In general, however, there is no
uniformly most powerful invariant test and other functions of r,’,...,r,,z,l in
addition to A have been proposed as test statistics. Some of these will be
discussed in Section 11.2.8.

The likelihood ratio test was shown by Narain (1950) to be unbiased. For
the case £ =2, Anderson and Das Gupta (1964) established a somewhat
stronger result, namely, that the power function of the likelihood ratio test
increases monotonically as each population canonical correlation coefficient

p, increases; see also Perlman and Olkin (1980).
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11.2.2. Central Moments of the Likelihood Ratio Statistic

Information about the distribution of the likelihood ratio statistic A can be
obtained from a study of its moments. In this section we find the moments
for general k when the null hypothesis H:2,, =0 (i, j=1,..., k,i# j) 1s
true. For notational convenience we define the statistic

. det 4
8 W=AF=
® M4 det 4,

The moments of W are given in the following theorem.
THEOREM 11.2.3. When H is true, the Ath moment of W is

[,(4n+h) & T.(in)
I,(in) .:ll‘m‘(%n—fh)’

©) B(W")=

wheren=N-1.

Proof. When H is true, Z has the form Z* given by (3). There is no loss
of generality in assuming that Z*=1,_ since W is invariant under the group
of transformations = — BXB’, where B=diag(B,,,...,B,,), with B &
gé(m, R),i=1,. ..,k Hence, withc,, , = [2™°T,(n)]"' we have

k
E(W”)=cm_"j;__ . IIl (det 4,) "etr(—34)(det 4)" TN 2(qy)
0=

k
=_Smn_p II (det A,,)ﬂ'],

Cm,n+2h i=|

where the matrix A4 in this last expectation has the W, (n +2h, I,) distribu-
tion. Consequently, 4,,,...,4,, are independent, and 4,,is W,, (n+2h, 1),
i=1,...,k, so that, using (15) of Section 3.2,

E(Wh)=Smn_ fI E[(det 4,)7"]

Coont2h i=|
= Cos n IkI 2_",',‘/2 I‘m,(%n)
Cmon+2h 1=1 I, (in+h)

_LGn+h) f _Tu(in)
- rm(%n) =1 rm,(%”+h) ’

and the proof is complete.
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11.2.3. The Null Distribution of the Likelihood Ratio Statistic

When the null hypothesis H is true, the statistic W has the same distribution
as a product of independent beta random variables. The result is given in
the following theorem.

THEOREM 11.2.4. When H is true, W has the same distribution as

kK m,
Iy,

i=2=1

where the V,, are independent random variables and V,, is beta({(n+1—
1

. . — -1
m*— j), im?) with m* =3\~ | m,,

Proof. Starting with the result of Theorem 11.2.3 we have

T,(3n+h) £ T,.(3n)
T.(3n) =1 T, (3n+h)

—fi Min+1-0)+k] & 1 Thn+1-5)]
Tum Mi+1=0)] == (e +1— )+ A

nooTin+1-i)+h]l & o TH(n+1-j))
—l=”1'+] F[%(”+l”‘l)] i=2j=1r[‘2l(n+l_j)+h]

E(w")=

B I"I o Tli(n+1—=m*— )+ B]T[H(n+1- j)]
Tz, o T+ 1=m— HIT[3(n+1= )+ 4]

Since the 2th moment of a random variable having the beta(a, 8) distribu-
tion is T(a+ M)'(a+ B)/T(a)[(a+ B+ h), it follows that

m,

ewhy=11 11 £(v)

1=2 y=1

where ¥, has the beta(j(n+1—m} — j),im?}) distribution. Because W is
bounded its moments uniquely determine its distribution, and the proof is

complete.

The important case k =2, where the independence of two sets of varia-
bles is being tested, merits special attention. In this case the hth moment of
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Wis

_ 0 MBGt1=0)+n]) & 7 T4(n+1- )]
(10) E(W")‘,Q. T (n+1-0)] =i,=i T[4(n+1-j)+4]

f o T[n+1-)+h] T T[i(n+1-j)]
vempr T (n+1-0)] =i T[3(n+1— )+ k]

_ 1 Mlint1=my— i)+ Al T[4(n +1-i)]
=1 I'[{;(n-f—l-—mz—i)]F[%(u+l-—i)+h]

_ rm,['zl(N—mz _l)+h]I‘m|['21(N-])]
L, [H(N=m, = )]L, [HN=1)+h]

These moments have exactly the same form as the moments of the statistic
W used for testing the general linear hypothesis given in Corollary 10.5.2,
where there we make the substitutions

m-m, r-omy;, n—p->N-—m,—I.

It hence follows from Theorem 10.5.3, or from the moments (10), that W
has the same distribution as [I2t,V,, where V,,...,V,, are independent, with
V, having the beta(3(N ~m, — i), im,) distribution. If, in addition, m, =
1, m; = m — 1, this shows that W has the beta(3(N — m), 1(m — 1)) distribu-
tion. In this case W =1~ R? where R is the sample multiple correlation
coefficient between X, and the variables in X,, so that the result agrees with
Theorem 5.2.2.

In general it is not an easy matter to find expressions for the probability
density function of W. For some special cases the interested reader is
referred to T. W. Anderson (1958), Section 9.4.2, and Srivastava and Khatri
(1979), Section 7.5.3.

11.2.4. The Asymptotic Null Distribution of the Likelihood Ratio Statistic
Replacing 4 in Theorem 11.2.3 by 4Nk shows that when H is true the hth
moment of A =WN? s
LN+ m) 4] & L IHN-1)]

LUN=1] = L, [IN1+h)-1]

(1) E(AM)=

ﬁfHNU+M—M

=K

i=

— .
0 1 rine+m) 1))
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where K is a constant not involving 4. This has the same form as (18) of
Section 8.24 withp =m, g =m,x;=iN, £, =-L1(=1, ., m),y=iN, 7,
=—4j(j=1,...,m; i=1,...,k). The degrees of frecdom in the limiting x?
distribution are, from (28) of Section 8.2.4,

q P
(12) f=~2[[§|£,* %n,—%(q*l))]

m[-—

<)

The value of p (not to be confused with the population canonical
correlation coefficient p,) which makes the term of order n~! vanish in the
asymptotic expansion of the distribution of —2plog A is, from (30) of
Section 8.2.4,

1l a - 1 ko
(13) le“’] gx/ '(5,2-—5,4-3)—]3)', '(nf—mf%)

2(lp 1, 1) 2( ., 1. 1
w(a+3r+s) 2 2 ¥latrai+s)

With this value of p it is then found, using (29) of Section 8.2.4, that the
term of order N~ 2 in the expansion is

(14)
k
o o, & s, &, ms—,g.m‘)
T pN? 48( —iglml)._-g-g(m—‘glm )— k
! 72(m2—2m,2)
1=1

Hence we have the following result (from Box, 1949).
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THEOREM 11.2.5. When the null hypothesis H: £, =0 (i, j=1,...,k, i
# j), is true the distribution function of —2plog A, where p is given by
{13), can be expanded for large M =pN as

(15) P(—2plog A<x)=P(— NplogW <x)
=P(x}Sx)+—A—3-2—[1’(x}“sx)— P(X}S")]
+0(M™3),

where f is given by (12) and y =(Np)*w, = M %w,, with w, given by (14).
In the important case k =2 we have f = m m,; then

__mtm+3

___mm, 2 2
w, = mi+m —5),
? 48(pN)2( ! 2

and the resulting expansion for the distribution function of —2plog A
agrees with that in Theorem 10.5.5, where we make the substitutions

(17) m-m, r-my,, n-N, pomy+l, N-M,

An approximate test of significance level a is to reject / if —2plog A >
¢;(a), where ¢,(«) denotes the upper 100a% point of the x} distribution,
‘The error in the approximation is of order N ™2,

For the case k =2, Table 9 gives upper 100a% points of the distribution
of —2plog A for a=.1, .05, 025, and .005, after the substitutions (16) and
M — N —m, — m, have been made. The function tabulated is a multiplying
factor C which when multiplied by c,, . (), the upper 100a% point of the
X2, m, distribution, gives the upper 100a% point of —2plog A.

or testing independence between k >2 sets of variables Davis and Field
(1971) have prepared tables of upper 100a% points of —2plog A for
a=.05, .0} and for various values of the m,, i=1,...,k. These are repro-
duced in Table 8. The function tabulated is a multiplying factor C which
when multiplied by the upper 100a% point of the X} distribution, where f is
given by (12), yields the upper 100a% point of —2plog A. (A “partition” in
the table gives the values of m,, m,, m,,....)

11.2.5.  Noncentral Moments of the Likelihood Ratio Statistic when k = 2

In this section we will obtain the moments in general of A for the case k =2
where the independence of two subvectors X, X, of sizes m, X1, m, X1



Table 8. x? adjustments to the likelihood ratio statistic for testing independence:
factor C for upper percentiles of —2plog A (see Section 11.2.4)"

Partitions 2,1,1 3Lt 2,2,1 4,1,1 3,2,1 Partitions
N 5% 1% 5% 1% 5% 1% 5% % 5% 1% N
5 107 1.08 132 1.40 1.29 5
6 1.034 1.042 112 1.152 1.109 113 6
7 1.020 1.025 1.067 1.0813  1.058 1.071 1.18 1.21 1.15 i.18 7
8 1.0135 1.0168 1042 1.0509 1.036 1.044 1.100 1.12 1.083 1.10 8
9 1.0097 10119 1.0291 1.0350 1.0250 1.0300 1.0646 1077 1.0536 1.063 9

10 10072 10089 10213 1025 10182 10218 10454 1054 10376 1044 10
1t 1.0056 10069 1.0162 10195 10139 10166 10338 10399 10279 1.033 1|
12 10045 1.0055 10128 10154 10110 10131 10261 1.0308 1.0216 1.0252 12
13 10037 10045 10104 10124 10088 1.0105 1.0209 10245 10172 10201 3
14 0031 10038 1008 1.0103 1.0073 1.0087 1.0170 1.0200 1.0140 10163 14

15 10026 10032 10072 1008 1.0061 10073 10142 10166 10117 10136 IS
16 1.0022 1.0027 1.0060 1.0073 1.0052 10062 10120 10141 10099 10115 16
17 10019 1.0024 10053 1.0063 1.0045 10053 10103 10120 10084 1.0098 17
18 1.0177 1.0021 10046 1.0055 1.0039 1.0046 1.0089 10104 1.0073 10085 18
19 10015 10018 10040 10048 10034 10041 10078 1009} 1.0064 1.0074 19

20 1.00i3 1.0016 1.0036 1.0043 10030 1.0036 1.0069 (0080 10056 10065 20
21 10012 1.00i4 (.0032 10038 1.0027 1.0032 10061 10072 10050 1.0058 21
22 10011 10013 1.0029 1.0034 1.0024 10029 [(.0055 10064 10045 10052 22
23 10010 10012 10026 10031 10022 10026 1.0049 10058 1.0040 1.0047 23
24 10009 1.0011 10023 10028 1.0020 1.0024 10044 1.0052 1.0036 1.0042 24

25 10008 1.0010 1.0021 10026 10018 1.0021 1.0040 1.0047 1.0033 1.0038 25
30 1.0005 1.0007 10014 10017 10012 10014 10027 10031 10022 1.0025 30
35 1.0004 1.0005 10010 10012 10009 1.0010 1.0019 1.0022 1.00l15 10018 35
40 10003 1.0004 1.0008 1.0009 10006 1.0008 1.0014 10016 1.0001 10013 40
45 10002 1.0003 1.0006 1.0007 10005 1.0006 1.0011 10013 10009 1.0010 45

50 1.0002 10002 1.0005 1.0006 1.0004 1.0005 10009 10010 1.0007 1.0008 50
55 1.000t 10002 1.0004 1.0005 1.0003 1.0004 10007 10008 10006 10007 S5
60 10001 L0001 1.0003 10004 10003 10003 10006 10007 1.0005 1.0006 60
120 1.0000 1.0000 10001 10001 10001 1000} 1.0001 1.0002 10001 10001 120
oo 1.0000 1.0000 10000 10000 10000 10000 1.0000 1.0000 10000 10000 oo

x} 11.0705 15.0863 14.0671 18.4753 155073 20.0902 16.9190 21.6660 19.6751 24.7250 x}

537



Table 8 (Continued)

Partitions 14 1 i v 1*  Parlitions
N 5% 1% 5% 1% 5% 1% 5% 1% 5% 1% N
6 1034 1043 1i15 114 6
7 1021 10255 1.062 108 7
8 10136 10169 1039 1047 8
9 10097 10120 10267 1032 105S 106  LI0  LI2 9
10 1.0073 10089 10195 10233 1038 1045 107 108 .12 .13 10

11 1.0056 1.0069 1.0149 10177 10288 1033 1.049 1057 1.08 1.09 i1
12 1.0045 10055 10018 1.0139 1.0223 1.026 1037 1043 1059 107 12
13 L0037 10045 10095 10112 10178 10205 10293 1033 1045 1051 13

14 10031 1.0037 10079 10093 10145 10167 10236 1027 1036 1040 14
15 1.0026 1.0032 1.0066 1.0078 10121 10139 10195 10220 1.0293 1033 (5
16 1.0022 1.0027 10056 10066 1.0102 10117 1.0163 10184 10243 1.027 16
17 1.0019 10023 1.0048 1.0657 1.0088 10101 10139 LOIS7T 10205 10229 17
18 10017 10020 10042 1.0049 10076 10087 10120 10135 10176 10195 18

19 10015 10018 1.0037 1.0043 10066 10076 10104 10117 10152 10169 19
20 10013 10016 10033 1.0038 1.0059 10067 1.0092 1.0103 10133 10148 20
21 10012 1.0014 1.0029 1.0034 10052 (0060 1.0081 1.0091 1.0117 LOI30 21
22 10011 10013 1.0026 1.0031 1.0047 10053 10072 10081 10104 10116 22
23 10010 1.0012 1.0024 1.0028 1.0042 1.0048 1.0065 1.0073 1.0093 10103 23

24 1.0009 L00IO 1.002} 1.0025 1.0038 1.0043 1.0059 10066 10084 10093 24
25 1.0008 10010 1.0020 10023 10035 1.0039 10053 1.0060 1.0076 10084 25
30 10005 1.0006 10013 1.0015 10023 1.0026 10035 10039 10049 1.0054 30
35 10004 10005 1.0009 1.0011 1.0016 1.00i8 10025 10027 10035 10038 35
40 10003 1.0003 1.0007 1.0008 10012 1.0014 1.0018 10020 1.0026 10028 40

50 1.0002 1.0002 10004 1.0005 1.0007 1.0008 10011 10012 10016 10017 50
60 10001 1.0001 10003 1.0003 1.0005 10006 1.0008 10008 10010 10012 60
90 1.000} 1.0001 LOOOI 10001 1.0002 10002 10003 1.0004 10004 1.0005 90
120 1.0000 1.0000 LOOOI 1.0001 1.000F 1.0001 1.0002 1.0002 1.0002 1.0003 120
oo 10000 1.0000 10000 1.0000 (0000 (0000 1.0000 L0000 1.0000 1.0000 oo

x} 12.5916 16.8119 18.3070 23.2093 24.9958 30.5779 32.6705 38.9321 41.3372 48.2782 x}

“Here, m =number of variables; N =sample size; m, =number of variables in 1th set, 1=1,...,k
pactition=m,, my, my,. .;

- level for —2plog A .
level for x? of f degrees of freedom '

ot )

Source: Reproduced from Davis and Field (1971) with the kind permission of the Common-
wealth Scientific and Industrial Research Organization (C.S.1.R.Q), Australia, and the authors.
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(m,+m,=m) is being tested. These will be used in the next section to
derive asymptotic non-nulf distributions of A. We assume without loss of
generality that m, < m,. Recall that in this case

ny

det A n(l_r)

AZ/N
(dClA I)(dclAzz) =1

where rl,... r,,z,, the squares of the sample canonical correlation coeffi-
cients, are the latent roots of A'A,, A5;'4;,. The hth moment of W can be
expressed in terms of the , F, one-matrix hypergeometric function (see
Sections 7.3 and 7.4), as the following theorem from Sugiura and Fujikoshi
(1969) shows.

THEOREM 11.2.6. The hth moment of W is

L, (3n)L,,[4(n —m;) + h]
L. (3n+ 0L, [4(n —m))]

(18) E(wh)=

-det(1— P?)"*,F,(3n, in; $n+ h; P?),

where n=N—1 and P?=diag(p}....,p% ), with p},...,pZ , the squares of
the population canonical correlation coefficients, being the latent roots of
zI-I'EIZEE‘leﬂ'

Proof. We start with the W, (n, Z) distribution for A. By invariance (see
the proof of Theorem 11.2.2) we can assume without loss of generality that

- P 0
1, P]’ P 0 =[P:0],
2 0 pm, '

where P is m, X m,. Write A as A=2'Z where Z is N(0,1,®X) and
partition Z as Z=[Y:X), where Y is n X m and X is n X m,. Then

e [YY YX]_|An An
A=2'Z [x'y x'x]”[Az, Ayl

and W =112, (1—r?), where r2,...,r2 are the latent roots of
(Y'Y)"'Y'X(X'X)"'X'Y, i.e., the solutions of the equation

(19) det( Y’ X(X'X)™' XY — r?y'Y ) =0.
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We first condition on X. The conditional distribution of Y given X is
N(XZ3,'Z,,, 1,®®), where

=3, ~2,35'%, = I- PP'=diag(1-p},...,1 -}, )
=(1-P?)
and
2R Zy =P
Hence the conditional density function of Y given X is
@m) "™ det(I— P?) " et — 40 (Y ~ XP'Y (Y — XP")].

Now X is nXm, of rank m, (with probability 1) and so there exists
He& O(n) such that

X

where X, is a nonsingular m, X m, matrix. Putting 7= HY equation (19)
becomes

Xl
det| 7] ... (x;xl)"[x,':O']T—rZT'T)=o

0
ie.,
1
(20) det(T'[ ™2 OJT—rzT'T)=0.
0 o
Partitioning 7 as
U
T=]...1],
V

where U is my X m, and V is (n — m,) X n,, (20) becomes

(21) det(U'U - r(U'U+V'V))=0.
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Under the above transformations we have

trd- (Y~ Xﬁl)'(y... Xﬁ'):tr o '(HY - HXP~')'(HY" HXF')
(%)
0

..............

X, P
5

=trd7 | T—

=ud ' (U- X, F)(U- X, P')+ud-VV,

and hence the conditional density function of U and V given X is

Q)" det(1~ P*) " ?eu[ - j0~ (U~ X, By (U - X,P")]
cetr(—39~'V'V).

This_shows that, conditional on X, U and V are independent, U is
N(X,F',1,8®) and V is NQ©,1,_,B®), and hence, given X, V'V is
W, (n—m,,®), U'U is noncentral W, (m,, ®,Q), where the noncentrality
matrix £ is

Q=0 'PX| X, P'=0""'PX' XP",
and U'U, V'V are independent. In terms of U and V the statistic W is

m,
det(V'V)
= —p2 = ——
w=1 (1-+7) de(UU+V'V)

This is the same as the likelihood ratio criterion for testing the general linear
hypothesis (see Section 10.2) and hence the conditional moments of W given
X’X can be obtained from Theorem 10.5.1, where we put r =m,, m=m,,
n— p=n—m,. This gives

T, |3(n—m,)+h|T,, (3n
E(Wh'X,X)= ,[[%(( 2) ] |( )

Fm "_mz)]rm.(%""'h)

W Fy(h; in+h; — {07 'BX' XP’).
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Since the matrix X'X is W, (n, I) it now follows that
E(w*)=E[E[w*| x'X]]

_ FM|[%(n'—m2)+h]rml(%n) 2-»,,;2/2[
Fm,['%(n—mz)l‘m(%n+h) rm,(%") XX >0

etr(— § X' X)(det X' x )"0/
WF(hdn+ k= 407X XP)(d( X' X))

I‘m‘[-l’l "—'mz)'*'h] m,(%")
rm.[% n- mZ)] m.(% +h

2F(hdnsdn+ by — @ 1PPY),
where the integral has been evaluated using Theorem 7.3.4. The desired
result now follows if we use the Euler relation of Theorem 7.4.3, namely,
JF(h3nsdin+ by — @7 'BPY)

=det(7+ & 'PP)" "% F\(4n,4n; dn+ by @7 BB (14 @7 'BF) 7Y,

and note that

¢ 'PP'=(1~P?)" ' P =di Pt
- - lag 2 s L I-— 2 ’
1 Py pm|

so that
det(I+ @~ 'FEy=dei(s - P2)™!
and
O~'PP(1+ PP =

11.2,6. Asympiotic Non-null Distributions of the Likelihood Ratio
Statistic when k = 2

The power function of the likelihood ratio test of level a is P(—2plog A >

k3), where p is given by (16) and k} is the upper 100a% point of the
distribution of —2plog A when H: 2‘.‘2-0 is true. This is a function of
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P+ .10, the latent roots of 253!, 25,'S,,. (We are assuming, as in the
previous section, that m, <m,.) It has been shown that an approximation
for k} is ¢/(a), the upper 100a% point of the x} distribution, with
f=m m,. The error in this approximation is of order M~?, where M =pN.
In this section we investigate ways of approximating the power function.
Letting P2 =diag(p},...,p}, ), we consider the three different alternatives

K: PY%0,
Ky PZ:I]JQ'
and
K P2=;‘ﬁﬂ,
where § =diag(w,,...,w,, ) is fixed. Here K is a fixed alternative and

K, K}, are sequences of local alternatives. We begin by looking at the
asymptotic distribution of —2plog A under the sequence K ,,.

THEOREM 11.2.7. Under the sequence of local alternatives K,,: P2 =
(1/M)Q the distribution function of —2plog A can be expanded as

(22) P(—2plogA=<x)=P(x}(o,)=<x)
—Elﬁ {[oz+(m+l)o,]P(x}(a,)_<.x)
~2(m+1)0,P(x},2(0,)=<x)
_[2"2 ~(m+ ‘)OI]P(X;-H(OI)sx)
+02P(x}+6(o,)5x)} +0(M™?),

where f=mm,, o, =te @ =w{+ -+, and m=m;+m,.

Proof. Under K,, the characteristic function of —2plog A is, using
Theorem 11.2.6,

(23) (M, 1,9)=E[A™%"]
— E[w—Mu]
=¢(M,1,0)G(M,1,),
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where

(24)
1 (M+8)/2
G(M,t,ﬂ)-—dct(l-——M—Q)

! ! ! 0+ Ls L
'zF;(‘z‘(M+5).-2-(M+8),5M(l—2u)+28, MQ)

with 8§ = {(m +1), and ¢(M, 1,0) is the characteristic function of —2plog A
when H is true (£ =0) obtained from (10) by putting & = — Mit. From
Theorem 11.2.5 we know that

(25) (M, 1,0)=(1-2it) " +0o(M™?),

where f=m,m,. It remains to expand G(M,¢,Q) for large M. This has
already been done in Theorem 8.2.14. If we there put ay=8,y,=14,
a, =B, =y, =¢, =18, ¢g = (1 —2it), and replace @ by —Q, Theorem 8.2.14
shows that G(M, ¢, ) may be expanded as

(26) G(M,t,ﬂ)zcxp( l‘f’z'”){l—zj‘—l oz+(m+1)o,—3(—'ll_%‘i7)"—'
_ 20, —(m+1)g, b } +o(M?)
(1—2ir)? (1-2iry

where o, =1tr 2. Multiplying (25) and (26) then gives an expansion for the
characteristic function ¢(M, t, ) which when inverted term by term gives
(22) and completes the proof.

We consider next the sequence of local alternatives K%: P2=(1/M*)Q

under which P? -0 at a faster rate than under K,,. In this case the
characteristic function of —2plog A can be written from (23) as

@7) ¢(M.t,—1:;iﬂ)=¢(M,t.O)G(M,t,%Q).

The partial differential equations of Theorem 7.5.5 can be used to
expand G(M,t, M~'Q) for large M (as, for example, in the proofs of
Theorems 8.2.12 and 8.2.14). It is readily found that

1 - ita, -2
(28) G(M,I.Mﬂ) |+——-————M(l_2”)+0(M ),
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where o, =tr Q. Multiplying (25) and (28) and inverting the resulting
expansion then gives the following result,

THEOREM 11.2.8. Under the sequence of local alternatives K%: P1=
(1/M?)Q the distribution function of —2plog A can be expanded as

o
(29) P(—2plog A sx)=p(x}$x)+_2_l:_[

PO =x) - P(xE=x)] + o(M72),

where f=m m, and o, =tr Q.

Finally, we consider the general alternative K: P2 0. Define the random
variable Y by

_ —2plog A

(30) v=— + M'?logdet(I — P?).

The characteristic function of Y is, using Theorems 11.2.6 and 7.4.3,
(31) g(M,t, P*)=E(e""]
=det(1~ )™ E[A-2n/m]
=det(1— P?)"™" E[w~m""]
=G (M, 1)Gy(M,1, P?),

where

LM+ 8)IL, [3M—itM' /2 + 4 (m,— m, +1)]
(32) G(M, )= L, [$M+4(m,—m, + D], [4(M +8)— M/ %]
and

(33) G(M, 1, P?)=F(—M"%t,— M"%it; {(M + 8)— M'/%it; P?),

where 8 = 3(m, + m, +1). Using (24) of Section 8.2 to expand the gamma
functions for large M it is straightforward to show that

11
(34) G,(M.l)=l+—%2-;—+0(M").

A function very similar to G,(M, t, P?) has been expanded for large M in
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Theorem 8.2.12. The same technique used there shows that
(35)

Gy(M, 1, P*)=exp(—2t%,)

{l * Mll/z [mymit +a(it)(0, ~ 0,)] + O( M ")}.

where o, =tr P2/, Putting 12 =4aq it then follows from (34) and (35) that
g(M,: /7 P?), the characteristic function of Y/, can be expanded as

(36)

g(M,%,P’)-':exp(—%t’)

1 [ mm,it | 4(it)
'{HMW[ e e B

} +0(M™").
Inverting this expansion then gives the following result.

THEOREM 11.2.9. Under the fixed alternative K: P20, the distribu-
tion function of the random variable Y given by (30) can be expanded as

(37) P(—},sx)-‘:‘p(x)“M]\/z
[m,m2¢( )+ ( L= 0)e R (x) | +Oo(MY),

where ® and ¢ denote the standard normal distribution and density
functions, respectively, and o, =tr P%, 1 =4a,.

For further terms in the asymptotic expansions presented here the
interested reader should see Sugiura (1969a), Sugiura and Fujikoshi (1969),
Lee (1971a), and Muirhead (1972a). For work in the more general setting
where the independence of k& >2 sets of variables is being tested see Nagao
(1972).

11.2.7. The Asymptotic Null Distribution of the Likelihood Ratio

Statistic for Elliptical Samples

In order to understand the effect of non-normality on the distribution of A
we examine the asympiotic null distribution of A for testing

H 2 2* dlag(E”’ 222) zkk))
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where 2, is m, X m,, when the sample comes from an elliptical distribution.
This null hypothesis, of course, does not specify independence between the
k sets of variables unless the sample is normally distributed. We have

(det4)™? _  (detS)™?

k k ’
Il (deta,)"* I (dets,)™?
=1

1=

A=

where S =n"'4 is the sample covariance matrix partitioned similarly to A
asin (1). Writing S =2*+ N"'/2Z and paytitioning Z similarly to 4 and S,
the statistic —2log A can be expanded when H is true as

k
~2logA= 3 tr(Z,2,'Z,2;")+0,(N"'/?)
i<y

k
=32,(2,83,) 'z, +0,(N""?),

1<}

where z,, = vec(Z])). Now assume that the observations are drawn from an
elliptical distribution with kurtosis parameter «, in which case the z, s
(i < j) are ail asymptotically independent and the asymptotic distribution,
as N-oo,of 2,,is N, ,, (0,(1+«)(2,,®2)))). This leads immediately to the
following result.

THEOREM 11.2.10. Let A be the likelihood ratio statistic for testing
H: 3 =32*=diag(Z,,,...,Z;; ), assuming normality. If the sample is drawn
from an elliptical distribution with kurtosis parameter « then the asymptotic
null distribution of —2(log A)/(1+ «) is x}, where

k k
1= S mm =4 m= £ m).

i<y =1

Two points are worth noting. First, if the sample is normally distributed
k =0, and this result agrees with that derived in Section 11.2.4. Secondly, if
« is unknown and is estimated by a consistent estimate & then the limiting
null distribution of —2(log A)/(1+R) is also x}. Monte Carlo studies
carried out by Muirhead and Waternaux (1980) for the case k =2 indicate
that the usual test statistic —2log A should be used with extreme care, if at
all, for testing H: 2 =3* when the underlying population is elliptical with
longer tails than the normal distribution. For example, 200 samples of size
N =100 drawn from the elliptical 7-variate ¢ distribution on 5 degrees of
freedom (m, =3, m, =4) when £ =1, gave an observed significance level
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for the test based on —2log A, of 56% for a nominal level of 10%. On the
other hand, a test based on —2(log A)/(1+ &), where R is a consistent
estimate of «, yielded an observed significance level of 10.5% for the same
nominal level of 10%. For further details about the Monte Carlo study, and
for a method of estimating x the interested reader is referred to Muirhead

and Waternaux (1980).

11.2,8. Other Test Statistics

A number of other invariant test statistics have been proposed when & =2
for testing the null hypothesis H:Z,, =0, In terms of the latent roots
ré> - >r2 of §'S,55"S,, these include

my 2

n

)
1==ll L

and

m
L,= 2 ’:2

1=

and the largest root r?. We reject H for large values of these three statistics.
A comparison of the powers of the tests based on A, L, L,, and r} was
carried out by Pillai and Jayachandran (1968) for the case m, =2. They
concluded that for small deviations from H, or for large deviations when p?
and p? are close, the test based on L, appears to have higher power than
that based on A, while A has higher power than L,. The reverse ordering
appears to hold for large deviations from H with p? — p? large. The largest
root r} has lower power than the other three except when p? is the only
deviant root.

An expression for the distribution function of r? will be obtained in
Section 11.3.4. Asymptotic expansions for the distributions of L, and L,
have been obtained by Lee (1971a). For a survey of other results concerning
these tests the reader is referred to Pillai (1976, 1977).

11.3. CANONICAL CORRELATION ANALYSIS

11.3.1. Introduction

When observations are taken on a large number of correlated variables it is
natural to look at various ways in which the number of variables might be
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reduced without sacrificing too much information. When the variables are
regarded as belonging to a single set of variables a principal components
analysis (Chapter 9) is often insightful. When the variables fall naturaily
into two sets an important exploratory technique is canonical correlation
analysis, developed by Hotelling (1936). This analysis is concerned with
reducing the correlation structure between two sets of variables X and Y to
the simplest possible form by means of linear transformations on X and Y.
The first canonical variables U,, V| are the two linear functions U, = a}X, V,
=AY having the maximum correlation subject to the condition that
Var(U,)=Var(V,)=1; the second canonical variables U,,V, are the two
linear functions U, = a) X, V; = B;Y having maximum correlation subject to
the conditions that U, and ¥, are uncorrelated with both U and ¥, and
have unit variance, and so on. When the two sets of variables are large it is
often the case that the first few canonical variables exhibit high correlations
compared with the remaining canonical variables. When this occurs it is
natural, at least as an exploratory device, to restrict attention to the first few
canonical variables. In essence, then, canonical correlation analysis is con-
cerned with attempting to characterize the correlation structure between two
sets of variables by replacing them with two new sets with a smaller number
of variables which are pairwise highly correlated.

11.3.2.  Population Canonical Correlation Coefficients
and Canonical Variables

Suppose that X and Y are, respectively, p X1 and g X1 random vectors
having covariance matrix

0 co(¥)=2=[5 37

where Z,, is pX p and 2,;, is ¢ X g. We will assume without loss of
generality that p<q. Let k =rank(Z,,). From Theorem A9.10 there exist
HeE O(p), Q€ O(q) such that

(2) SHV2 2R =H'BQ
where
P 0
(3) P= o (px)
0 P -
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with p,, ..., p (1 = p, =+ -+ = p, > 0) being the positive square roots of
p3,...,p}, the nonzero latent roots of 2;,'S,,25,'S,,. Putting

() L,=HE;\2, L,=Q35?,
it then follows that

Putting U= L X, V= L,Y so that

© (9)=15 2] 3)=(3).

where L =diag(L,, L,), we then have
1, P
I

q

) Cov($)=L2L’=

Hence, by means of linear transformations on X and Y the correlation
structure implicit in the covariance matrix £ has been reduced to a form
involving only the parameters p,,...,p,. This reduction has already been
carried out in Theorem 11.2.2. The parameters p,,...,p, whose squares are
the nonzero latent roots of 2,,'2,25,'Z,, or, equivalently, the nonzero
latent roots of 23,'%,,2,,'S,,, are called the population canonical correla-
tion coefficients. The covariance matrix (7) of U,V is called a canonical
form for 2 under the group of transformations

X-BIB’,

where B =diag(B,,, B,;) with B,, and B,, being nonsingular p X p and
g X q matrices, respectively, since it involves only a maximal invariant under
the group (see Theorem 11.2.2). Letting U'=(U,,1},...,U,) and V'=
(V,,...,Vq) the variables U}, V; are called the ith canonical variables, i =
l,...,p. That these variables have the optimal correlation properties men-
tioned in Section 11.3.1 will be established later, Note that, from (5)

(8) L,E,ZE;Z'E“L', =(L|212L§)(L2222L5)—l(LzzuL'l)

P

il

l ’

q
PP’ =diag(pl,...,p%,0,...,0)  (pXp).
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Hence, if L} =[l,...1,] it follows that I, (i=1,...,k) is a solution of the
equation

(9) (21222—;221 ‘"szu)l, =0

normalized so that I'Z,,}, =1. If the p,’s are distinct I,,...,1, are unique
apart from sign. Similarly,

(10) L2520, Ly =(L, 2y L)L 2, Ly) " (L2, L))

= P'P =diag(p?,....03,0,...,0)  (gXgq),

so that if L; =[1}...13] it follows that I} (i=1,...,k) is a solution of the
equation

(1) (22232, — 0225 1 =0,

normalized so that 1¥Z,,1* =1. Again, if the p,’s are distinct I},...,1% are
unique apart from sign. Once the signs have been set for 1,,...,I, they are
determined for I},...,1} by the requirement that

(12) I;Elzlfz plai,j (Gj=1,...,k),

which follows from (5). Note also that

(13) L,E,zz;z'=(L,E,2L§)(L2222L3)_'L2=I;Lz
so that

(14) SR L=l (i=1,..,k)

and

(15) 2,,=0  (i=k+1,...,p),

and similarly, since

(16) E,’,'E,ZL'Z=L’,(L,E,,L’,)"(L,2|2L§)=L’,ﬁ,
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it follows that

(17) 2, =pl,  (i=1,....k)
and
(18) Z,1r=0 (i=k+1,...,9).

In one matrix equation (14) and (17) become

—p2 2, ‘ .
I i 3 [ ) B R oSS

The canonical variables have the following optimality property. The first
canonical variables U, =1{X, ¥V, =I}"Y are linear combinations of the com-
ponents of X and Y, respectively, with unit variance having the largest
possible correlation, and this correlation is p; then out of all linear
combinations of the components of X and Y which are uncorrelated with
both U, and ¥, and have unit variance the second canonical variables are
most highly correlated, and the correlation is p,, and so on. In general, out
of all linear combinations of X and Y with unit variance which are
uncorrelated with every one of U,,...,U_,,V,...,V,_,, the jth canonical
variables Uj, v, have maximum correlation P J= l,...,k. We will prove this
assertion in a moment. First note that the correlation between two arbitrary
linear functions a’X and B’Y with unit variance is

aZ,8 -
(""Eul’fﬂ'zzzﬂ)l/2

(20) Corr(a’X,B'Y)= a’Z,B.

The condition that a’X be uncorrelated with U, =I'X is
(21) 0=a'Zl,

1
= — '3 ,1%
o |PAN]

using (17), and hence
(22) 0=a’Z,1?

50 that a’X and ¥, =1?'Y are uncorrelated. Similarly the condition that 8'Y
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be uncorrelated with ¥, =1}'Y is
(23) 0=p"2,I}

1
o, B

using (14), and hence
(29) 0=KZ,B,

so that B'Y and U, =V, X are uncorrelated. The above optimality property of
the canonical variables is a consequence of the following theorem.

THEOREM 11.3.1, Let 2 be partitioned as in (1) where Z,, has rank k
and let pi,....,p% (p,=---=p,>0) be the nonzero latent roots of
=H'2,,25'S,,. Then

(25) p=supa’Z, B =127,

where the supremum is taken over all a€ R”, BE RY satisfying a’Z,,a =1,
BlEZZB = L a’zllla =0’ B’EZZ'T =0 (i = l,..‘,j"‘ l)

Proof. Putting y=2){2a and 8 = Z!4’B we have
(26) a'2,B=vZ2;"22,,25"/%8
5(7,7)1/2(6,2;21/222!2;-‘12'222—21/26)'/2
by the Cauchy-Schwarz inequality. Now from (4) and (10) we have
0325,//22,2,'2,,2,/%Q = diag(p%,...,0%,0,...,0)  (gXgq)
so that

25122,,3'2,25" 2 = @ diag(pl,...,0},0,...,0)Q

k
= 2 pibb],

i=\

where by,...,b, are the columns of Q’. Using this in (26), together with
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¥’y =1, we have

1/2
aZp= E P(Sb)]

k 2 1/2
Spl 2 (slb:)

L =1

[ & 1/2

1=1

”a'(z— i b,b,')B]l/z

1=k+1

=p

172

[ q
=p,|88—- 3 (s'b.)z

i=k+1

<p,.
From (12) we have I'Z ;1T = p,, and hence

pr=supa’Z B=12,1T,

where the supremum is taken over all a€ R”, BE R? with a’'2,,a=1,
B’=,,8=1. Note that from (12) this is attained when 8 =1} = 2.;'2'/21); and
a=1 =32 h,, where h,,...,h, are the columns of H. cht again putting

v =22, § = ZB, we have by the same argument
a’Z,B= [ pr(8'b,) ]
i=|
Now, when 8’2, 17 =0 we have 6’b, =0 and hence
Az
a'Z,Bs [ RACLY ]

sz[(G’bz)z T +(6'bk)2]l/2

=p,.
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From (12) we have 152,13 = p,, where I, 2,1, =h’,h, =0. Hence
p =supa’Z, B=153,13,

where the supremum is taken over all @& R”, B€ R? with «'Z,,a =1,
BZ,,8=1 a'Z,1,=0, BZ,,It=0. The rest of the proof follows using a
similar and obvious argument.

It is worth noting that the canonical correlation coefficients can be
interpreted as multiple correlation coefficients. From (8) we have

P.2 21?2122{2122",

- (V.En )2;2'(22||i)
I:EHIJ .

Noting that 2,1, is the vector of covariances between U, =I'X and Y and
that Var(U,)=F,Z, 1, this shows that p, is the multiple correlation cofficience
between U, and Y. A similar argument also shows that p, is the multiple
correlation coefficient between ¥, =1*'Y and X.

11.3.3. Sample Canonical Correlation Coefficients
and Canonical Variables

In most practical applications the covariance matrix = is unknown, and
hence so are the canonical correlations and canonical variables. These then
have to be estimated. Suppose that £ is the maximum likelihood estimate of
3 formed from a sample of size N observations on (X’,Y’)’ drawn from a

N, (n,Z) distribution, and put 4= NZ and S=n"'4 where n=N—1.

Partition A and S similarly to 2 as
AII AI2J [SH SI2J
27 A= , = s
( ) {Azl Ay Sy Sp

where 4,, and S|, are p X p and 4,, and S;, are ¢ X q. Assuming, as before,
that p<g, let r},...,r? be the latent roots of S;,'S),85'Sy, (1>r2> - >
r,} >0). (These are the same as the latent roots of 4;;'4,,45,'4,,.) These are
distinct and nonzero with probability 1 and are estimates of the latent roots
of 2,'2,,25'2,, (some of which may be zero). Their positive square roots
Fiseonsty(1>1y> <+ >1,>0) are called the sample canonical correlation
coefﬁcnents The zth populauon canonical variables U =1'X, V,=I"'Y are
estimated by U —I X, V,=1'Y, called the ith sample canomca] vanables,
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where 1, and 1* satisfy equations similar to those satisfied by 1, and 1¥ with 3,
replaced by S and p, by r,. Hence from (9),1,, for i =1,...,p, is a solution of
the equation

- 2¢ Wi =
(28) (S|2S22ls2l~rl S”)l,~0,
normalized so that /8,1, = 1. Similarly, from (11), i,‘ is a solution of

(29) (Szxsl—llslz —-r,.ZSn)i’,“=0,

normalized so that if’Snif =1. Equations (14), (17), (18), and (19) become,
respectively,

(30) Sa'Sul=rlr (i=1,...p),
(31) SylSpir=rl,  (i=1,..,p),
(32) S,it=0  (i=p+1,..,9),
and
- Sy S, ] i:
33 N . 1=0 i=1,...,p).
(33) [ $21 —rnSu i ( P)

Note that r, is the sample multiple correlation coefficient between 0, and Y,
and also between ¥, and X.

Tractable expressions for the exact moments of r,,...,r, are unknown but
asymptotic expansions for some of these have been found by Lawley (1959).
If K =rank(Z,,) and p? is a simple nonzero latent root of £.,'%,,25'%,,
then

(34)
1—p? 3 k P,z
- L a2 - -2
E(r)=p+ ot pra =20l +21=p]) B <=1+ 0(n?),
! j—l ] pj
J*i
and

2 2
(35) Var(r,)=~(-'—1”~")—+0(n—2).

n
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11.3.4. Distributions of the Sample Canonical Correlation Coefficients

We have noted in Section 11.2 that invariant test statistics used for testing
the hypothesis of independence between two vectors of dimensions p and g,
respectively ( p < ¢q), are functions of the squares of the sample canonical
correlation coefficients r2,...,r2. The exact joint distribution of r?,...,r}
can be expressed in terms of the two-matrix , F, hypergeometric function
introduced in Section 7.3, having an expansion in terms of zonal polynomi-

als. The result is given in the following theorem due to Constantine (1963).

THEOREM 11.3.2. Let 4 have the W, (n, Z) distribution where p<g,
n=p+gq and X and A are partitioned as in (1) and (27). Then the joint
probability density function of r,...,r}, the latent roots of A;;'4,,45,'4,,,
is

P
(36) [ (1=e2)"", (P (4n,dmi ha; P2, R?)

i=1
P2 L,(3n)
I,(3p) T[i(n—q)]T,(3q)

. ﬁ [(rz)(q‘l'“l)ﬂ(l_rz)("‘ﬂ*q—l)/z]
J=1 ] !

(r2=r2)  (1>r}>-- >p2>0),

where p},...,p2 are the latent roots of 2[{'S,,35,' 3,, (some of which may
be zero), P? =diag(pl....,p?), and R? =diag(r},...,r;)).
Proof. Most of the work involved in the proof has already been carried

out in the proof of Theorem 11.2.6. In that proof with m, = p, m, = ¢q, we
saw that r,z,...,rl,2 are the solutions of the equation

(37) det(U'U — r¥(U'U + V'V)) =0.

We also saw that, conditional on X'X, which is W,(n, 1), the random
matrices {/'U and V'V are independent, with U'U having the W, (g, ®,R)
distribution and ¥’V having the W,(# — ¢, ®) distribution, where ® = I — p?
and

Q=0 'PX'XP’
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with

P= 0 (pxg).
0 P

Hence conditional on X’X the density function of the latent roots rf,...,r,,2

of (U'UXU'U+V'V) ! foliows from the density function of the latent roots
fis- o, o (UUYV'V) ™! given in Theorem 10.4.2 by putting f; =r/(1—1?),
r=gq,n—-p=n—gq,m=p,and is

etr(— 40 'PX XP) F{P(in; 1q, 10~ 'BX'XP', R?)

. ,,pz/zl“,,(%n) 14 NN@=P=0/2 0 a\n=p-q-1)/2
HErE R PR U ]
14
I (r2~r?)

Multiplying this by thc W(n ;) density function for X"X gives the joint
density function of r2,. r and X'X as

—ngq

etr(— 4@ 'PX'XP') F{?(4n; 1q; 19~ 'PX'XP' R )2 etr( 1X'X)

T (4n)

#7/T (4n)
L(4p)L[3(n— )T, (1q) -

-dct(X’X)("'-rl)/z ﬁ [(rz)(q—p~l)/2

P
-(l _ rlz)('1~p~-q~'l)/2j H (’.2“’,2)‘
1<y
We now integrate with respect to X’ X using Theorem 7.3.4 to show

ng/2
2 - )f etr[ W1+ Po 'Pyx X]del( xx)" "7 n/2
in)x x>

.F.“”(%n: 13 PeTIPXX, RY)(d( X' X))

=det(7+ @7 'PP) "L FEP(In dn; dq; @ B+ P'e'P) T P, RY),
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The desired result now follows if we note that

2
Pl Py
Taeee

@~ 'PP’=diag
(l Py l*nﬁ

so that

P

det(1+ 0~ 'PP) "2 =[] (1-p2)""?,

1=
and that
O~'P(1+ P'o~'P) "' P'=diag(p},....0} )= P2.

The reader should note that the distribution of rZ,. ,r2 depends only on
pl,.. ,p [Some of these may be zero. The number of nonzero p, is rank
(21 Thls is because the nonzero p? form a maximal invariant under the
group of transformations discussed in Section 11.2.1.

The null distribution of r',....r}, i.e., the distribution when pi=--. =
p; =0 (2, =0) follows easily from Theorem 11.3.2 by putting P?=0.

COROLLARY 11.3.3. When P2 =0 the joint density function of r?,...,r?,

the latent roots of A;;'4,,45'4,,, is

(38)

'rrpl/2l‘p()ln) p =P =/2 s a\n-p— a2
Fp(%p)rp[%(n—q)]rp(%Q) il‘—-‘ll [(rl ) (l h ) ]

(r2=r2)  (1>r2>-- >r2>0).

It is worth noting that the null distribution (38) could also have been
derived using Theorem 3.3.4. In the proof of Theorem 11.3.2 we noted that
r,...,r;} are the latent roots of U'U(U'U+ V'v)~!, where, if P2=0, U'U
and V'V are independent, U'U is W,(q,1,), and V'V is W(n—gq,1).
Corollary 11.3.3 then follows immediately from Theoren 3.3.4 on putting
n=q.ny=n—gq,and m=p.

In theory the marginal distribution of any single canonical correlation
coefficient, or of any subset of r2,...,r? can be obtained from Theorem
11.3.2. In general, however, the integrals involved are not particularly
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tractable, even in the null case of Corollary 11.3.3. The square of the largest
sample canonical correlation coefficient r? is of some interest as this can be
used for testing independence (see Section 11.2.8). In the case when r=
$(n— p—q—1) is a posilive integer an expression can be obtained for the
distribution function of r} as a finite series of zonal polynomials. The result
is given in the following theorem due to Constantine,

THEOREM 11.3.4. Suppose that the assumptions of Theorem 11.3.2 hold
and that 1=1(n~p—¢q—1) is a positive integer. Then the distribution
function of r2 may be expressed as

(3%)
p l-pz Il/2
P(ri<x)=xre/? I (—-——'2)
=14 I—=xp
pt k 1
1-x)“(1 x\ (in),C,(B)
3 3 U (1) 61, 3 (k) gl 2
k=0 « k! 2 i s=0 o (0)(%4)06'0( p)
where
2 xp?
B =diag| B\ ..., 2|
1— xp? 1= xp?
Here 2* denotes summation over those partitions =(k,,...,k,,) of k with

largest part k, <1,
K
(a)
is the generalized binomial coefficient defined by (8) of Section 7.5; and

(a), is the generalized hypergeometric coefficient given by (2) of Section 7.3.

Proof. As in the proof of Theorem 11.3.2 we start with r2,...,r being
the latent roots of U'U(U'U +V'V)~ ' where, conditional on XX, which is
W(n,1,), U'U and V'V are independent with U'U being W,(q,®,Q) and
V'V bemg W,(n—q,®), where ®=[— P?, Q=0 'PX'XP", and

Py 0
P= 0 (pxq).
0 [
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Hence, conditional on X’X, the distribution function of the largest latent
root r} of U'UU'U+V'V)~! follows from the distribution function of the
largest root f; of (U'U)V'V)™! given in Theorem 10.6.8 by replacing x
there by x /(1— x) and putting r = ¢, n — p = n — q, m = p. This shows that

(40) P(ri=x|X'X)=xre/2etr[ - 4(1— x) &~ 'PX'XP’]
pr
S S (—ix0- 'PX'XP)(] ") ,
k=0

where y = 3{(q — p — 1) and L} denotes the Laguerre polynomial correspond-
ing to the partition k of k (see Section 7.6). To find the unconditional
distribution function of r} we multiply (40) by the W,n,1,) density
function for X’X and integrate with respect to X’X. This gnves

xP3/23-nq/2 p! 2*(1_)‘)

P(rizsx) rq(%") k=0 « k!

f etr[— 1Xx(1+(1— x)ﬁlq)—lii)] det( X' x)" 97V
X'X>0
LY~ $x®7'PX’ XP')(d( X' X)).

Using the zonal polynomial series for LY (see (4) of Section 7.6) this
becomes

iy S IR

B rq(%") k=0 «

S ..__(..%i‘_ etrl =1 x’ —~x)P'd-p
s§0§( )(%4) ( )/"YX>0t[ 2XX(1+(1 )Pq’ P)]

‘dey( X' x)" eV 2C,(d>‘ 'BXx' XP)(d( X' X))

")

9)q

~I~

w3 30 02 40 1y 3 3 (x) L

k=0 « s=0 o (

-

w2 Co{xP @ P[(1—x) PP+ 1]7")
Co(Ip)

‘det(7+(1—x)P'®~'P)”

1
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where the integral has been evaluated using Theorem 7.2.7. The desired
result now follows on noting that

~ . - . - 2 xp?
xFo- (1 x) P + 1) =diag| £, % 2,0,....0)
I— xp3 I = xp,
1B 0
and that
) o p 1— 2 n/2
det(I+(1=x)Po='p) "* =[] (———&3 .
=1\ 1—xp;
When p, = - -+ = p, =0 the distribution function of r? in Theorem 11.3.4
simplifies considerably.
COROLLARY 11.34. Whenp =:--=p,=0andt1=3(n—p—g—1)is
a positive integer, the distribution function of r? may be expressed as
2 — v pa/2 4 *(l"x)k |
(4|) P(rl S.X)—-X kzoz —7.'_(2[])5Cx(1p)

11.3.5. Asymptotic Distributions of the Sample Canonical
Correlation Coefficients

The ,F{? function in the density function of r,z,...,r,,2 converges very
slowly for large n and it is difficult to obtain from the zonal polynomial
series any feeling for the behavior of the density function or an understand-
ing of how the sample and population canonical correlation coefficients
interact with each other. It makes sense to ask how the ,F{?) function
behaves asymptotically for large a. It turns out that an asymptotic represen-
tation for the function involves only elementary functions and tells a great
deal about the interaction between the sample and population coefficients.

One of the most commonly used procedures in canonical correlation
analysis is to test whether the smallest p — k population canonical correla-
tion coefficients are zero. If they are, then the correlation structure between
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the two sets of variables is explained by the first k canonical variables and a
reduction in dimensionality is achieved by considering these canonical
variables as new variables. We will investigate such a test later in Section
11.3.6. The following theorem gives the asymptotic behavior of the , F{»
function under the null hypothesis that the smallest p — k population
canonical correlation coefficients are zero.

THEOREM 11.3.5. lf R? —dlag(r|, .,r2), where r2>...>r2 >0
and P? =diag (p3,...,0%,0,...,0) (po), ‘where 1>p2> - p3 >0 then,
as n - oo,

(42)

k
(p)(%”'zn %quz Rz) K, H| [(l—r,p,)_"ﬂ’”'7“)/2(,.")1)(1?—4)/2]
=

k P
<1011 CF/VZ,
i=1j=1
i<j
where
(43) c,,=(r,2—r,2)(p,2—pf) (i=1,..,kj=1,...p)
and

(44) K =(3n) T Bk n2r, (1)L (3p)2 7K.

For a proof of this theorem the interested reader is referred to Glynn and
Muirhead (1978) and Glynn (1980). The proof involves writing the , F{?
function as a multiple integral and applying the result of Theorem 9.5.1.
The multiple integral is similar to (22) of Secuon 10.7.3 for the \F{™
function but involves even more steps.

Substitution of the asymptotic behavior (42) for , F{#) in (36) yields an
asymptotic representation for the joint density function of r,z,...,rpz. The
result is summarized in the following theorem.

THEOREM 11.3.6. An asymptotic representation for large n of the joint
density function of r,z,...,r‘,2 when the population canonical correlation

coefficients satisfy

(45) l>pl>--v>pk>pk+|_—_..-:pp:()
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is

(46) Kz ﬁ [(l“l‘,p,)ﬂ" +(p+q+l)/2(r’z)(4—l’)/4~~l/2(‘__r'z)(n—p-q-n/z]
=1

ko p2p2 172 P /2
.| ( [ ) I 1 (nz_,gz)/

1<y plz—{?}z =) =k+1

, 4
Wa-P-N/200 g ("“‘1""’""’/2] 22
::gﬂ[(r‘ ) (l f ) k];['(rl " )’
1<y

where

l‘p(%n)mn/z k V2 ke -(pi )2
o FP(ILP)FP[%(”“‘{)]F,;HQ) :l;Il [(l o) e ]

(47) K,=

with K, given by (44).
This theorem has two intcresting consequences.

COROLLARY 11.3.7. Under the conditions of Theorem 11.3.6 the
asymptotic conditional density function for large n of r2, ,,...,rpz, the
squares of the smallest p — k sample canonical correlation coefficients, given
the k largest coefficients r2,...,72, is

(48)

4 12 1 (q-p—N/2 (n=g-p—1)/2
k11 1 (,'2_,12) ,:H [(nz)q P (1= r2)" 797" J

EIWEYEY k+1

where X is a constant.

Note that this asymptotic conditional density function does not depend
on pl,...,p%, the nonzero population coefficients, so that r2,...,r2 are
asymptotically sufficient for p?, ...,pi.
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COROLLARY 11.3.8. Assume that the conditions of Theorem 11.3.6
hold and put

n'/}(r} - p})
2p,(1-9})

(49) x,=nr? (for j=k+1,..p).

x, (for i=1,...,k)

Then the limiting joint density function of x,,...,x, as n — 00 is

k

(50) ,I=I| #(x): 22T [$(g— k)] T,-u[$(p — k)]

p
vr"""””exp( - 51 2 x/)

1=k+1

P P

_H x{a=p=0/2 I1 (x,—x,),
J=k+1 k+1
1<)

where ¢(-) denotes the standard normal density function.

This result, due originally to P. L. Hsu (1941b), can be proved by making
the change of variables (49) in (46) and letting n — cc. Note that this shows
that asymptotically the x,’s corresponding to distinct nonzero p,’s are
marginally standard normal, independent of all x, j+i, while the x,’s
corresponding to zero population canonical correlation coefficients are
non-normal and dependent, and their asymptotic distribution is the same as
the distribution of the latent roots of a ( p — k)X ( p — k) matrix having the
W,_«(q — k, I,_,) distribution.

It is interesting to look at the maximum likelihood estimates of the
population coefficients obtained from the marginal distribution of the
sample coefficients. The part of the joint density function of r,z,...,rp2
involving the population coefficients is, from Theorem 11.3.2,

14
(51) »= [ (1-p2)",F®(4n, in; 1q; P, R?),

called the marginal likelihood function. When the population coefficients
are all disinct and nonzero (1>p,> .- > p, >0), Theorem 11.3.5 (with
k = p) can be used to approximate L* for large n, giving

(52) L*~K-L L
142
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where

L= T [0-) 0= r0) 77,

L,= ﬁ [(l——,-‘p')(p+q+l)/2p('p—q)/2] ﬁ (P,z“p})ﬂ/z‘

=1 1<y

and K is a constant (depending on n,r},...,rl, but not on PP, and
hence irrelevant for likelihood purposes). The values of the p, which

maximize L, are
p‘,:r‘ (‘izlr--"p)v

i.e., the usual maximum likelihood estimates. The values of the p, which
maximize L,L, are

2 14 2

l~-r r B
(53) b=rn——--|p+a-2+r7+2(1-r%) 2 Sz [ton?)
$ f: 1 fi
VAL

(i=1,...,p).

These estimates utilize information from other sample coefficients, adjacent
ones having the most effect. It is natural to apply Fisher’s z transformation
in the canonical correlation case. Lawley (1959) noted that, as estimates of
the parameters §, =tanh™'p,, the statistics z, =tanh ™'z, fail to stabilize the
mean and variance to any marked extent. In fact z, has a bias term of order

n~'. The estimate

L
b

1+
(54) £,=tanh™'p, = Hog =5

i

fares much better. Substituting (53) for p, in (54) it is easily shown that

p 2

. 1 Y -
(55) zl=z,~2—"—r—i ptq—2+r2+2(1-r2) 3 2’ - | +0(n 2)

and using (34) and (35) the mean and variance of Z, are

(56) E(2)=4+0(n?)
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and
(57) Var(2) = +0(n™?).

Hence Fisher's z transformation applied to the maximum marginal likeli-
hood estimates p, not only stabilizes the variance to order n~' but also
provides a correction for bias.

11.3.6. Determining the Number of Useful Canonical Variables

In Section 11.2 we derived the likelihood ratio test of independence of two
sets of variables X and Y where X is p X! and Y is ¢ X1, p=<y, i.e, for
testing the null hypothesis that p,=---=p,=0 (Z,,=0). If this is
accepted there are clearly no useful canonical variables. If it is rejected it is
possible that p; >p, = - - - =p, =0 [rank (Z,,)=1], in which case only the
first canonical variables are useful. If this is tested and rejected, we can test
whether the smallest p —2 population canonical correlation coefficients are
zero, and so on. In practice, then, we test the sequence of null hypotheses

Hk:pk+l='”=pp=0

for k=0,1,...,p — 1. We saw in Section 11.2 that the likelihood ratio test of
Hy:p,= - =p, =0 is based on the statistic

wo= 11 (1-r2)

1=

where r},...,r2 (1>r}> .. >r?>0) are the squares of the sample canoni-
cal correlation coefficients and a test of asymptotic level a is to reject H,, if

(58) —[n=3(p+q+1)]log W, >¢/(a)

where c,(a) is the upper 100a% point of the x7 distribution, with /= pq.
Fujikoshi (1974a) has shown that the likelihood ratio test of H, rejects H,
for small values of the statistic

14
(59) W, = 13 (1-r2).

+1

The asymptotic distribution as n — ® of — n log W, is xZ, _ sy, - 1y When H,
is true. An improvement over — n log W, is the statistic —{n -~ i(p + ¢ +



568 Testing Independence Between k Sets of Variables and Canonical Correlation Analysis

])log W, suggested by Bartlett (1938, 1947). The multiplying factor here is
the same as that in (58) used for testing H;. A further refinement to the
multiplying factor was obtained by Lawley (1959) and Glynn and Muirhead
(1978). We will now indicate the approach taken by Glynn and Muirhead.

We noted in Corollary 11.3.7 that the asymptotic conditional density

function of r2,,...,r? given rf,...,rl is
(60)

4 /2 o (q=p-—-0/2 (n—gq-p-1/2
kI I (e2=n2)” 1l [(r2) (1=r2)m e

=k+1 1=k+1

where K is a constant. Put

T, =—logh,

so that the asymptotic distribution of nT, is X(zp'-k)(q' ) When H, is true.
The appropriate multiplier of 7, can be obtained by finding its expected
value, If we let E, denote expectation taken with respect to the conditional
distribution (60) of r, \,...,r}, given r2,...,r2, the following theorem gives
the asymptotic distribution of the likelihood ratio statistic and provides
additional information about the accuracy of the x* approximation.

THEOREM 11.3.9. When the null hypothesis H, is true the asymptotic
distribution of the statistic

K
Ly=—|n—k~4(p+q+1)+ 3 r?|logW,
=1
i X{p-syg-4) 8N
E(L)=(p—kNq—k)+O(n7?).

Proof. The conditional distribution (60) is the same as the distribution
given by (30) of Section 10.7.4, where we put
2

u,=r,

[ [ m=p, n=4q, ny,=n—¢.

The theorem now follows by making these substitutions in Theorem 10.7.5.
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It follows from Theorem 11.3.9 that if n is large an approximate test of
level a of H, is to reject H, if L, >c,(a), the upper 100a% point of the x?
distribution, with r =(p — k)(q ~ k).

It should be noted that this test, like the test of independence between
two sets of variables, is extremely sensitive to departures from normality. If
it is believed that the distribution being sampled is elliptical with longer tails
than the normal distribution, a much better procedure is to adjust the test
statistic for nonzero kurtosis. For work in this direction the interested
reader is referred to Muirhead and Waternaux (1980).

PROBLEMS

111, Let W be the statistic defined by (8) of Section 11.2 for testing
independence between & sets of variables. Show that when k =3, m, =m; =1
the null density function of W can be expressed for all m, in the form

_ I(4n)°
Sw(x)= F[%(n—m,)]l‘[{—(n—m,—l)]F(m, +1)

.x(n~m|—3)/2(l __x)'"l—‘/2

SF(mim; omi+L; 1—-x) (0<x<1).

[ Hint: With the help of the result of Problem 5.11(b) find the hth moment
of this density function and show that it agrees with the Ath moment of W
given in the proof of Theorem 11.2.4 (see Consul, 1967).]

11.2, Let X bep X1, Y begX! (p=q), and suppose that

a | a'f B B
X)|® @ LB B B[22
COV(Y)— ..... = S
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Find both the canonical correlation coefficients between X and Y and the
canonical variables.

113, Let p, be the maximum marginal likelihood estimates of the ith
population canonical correlation coefficient p,, i =1,...,p, given by (53) of
Section 11.3 (assuming 1>p,> .-+ >p >0). Putting 2, =tanh™'j,, show
that

E(2)=¢+0(n"?),  Var(3)=1+0(n"2),

where §, =tanh™'p,.

114, (a) Let M=(x,y;xE R",yE R",x#0,y#0,x'y=0}. If £ is an
m X m positive definite matrix with latent roots A;=--- =\ >0 and
associated latent vectors x,...,X,, XX, =1L i=L...,mxx =0 (i#)),
prove that

sup x'Ey — >‘| _ Am
X, YEM (x’Exy’Ey)'ﬂ Al +Am

and that
x'Zy A,

(x'Zxy’Sy)'? IRYE

when x=x, +x,, and y=x,—X,,,.
(b) Suppose Z is partitioned as
b pX
s=|Sm |2]’
2 Zp

where Z,, is p X p and 2,, is ¢ X g with p+ g =m. The largest canonical
correlation coefficient is

pr=supa’Z,B,
where the supremum is taken over all a€ R?, BE RY with a'2 a=1,
B’Z,,B=1. Show that

Al—.Am
AtHA

P =
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where A= - -« = A, >0 are the latent roots of 2.
(c) For the covariance matrix
p 0
1, P A ;
=\ . ,  P= . -0 (pxq),
P I .
9 0 P, -

SN

where 1=p, = - - =p, =0, show that the largest and smallest latent roots

are A, =1+ p, and A,, =1— p,. This shows that the inequality in (b) is sharp

(see Eaton, 1976).

11.5. Suppose that X (p X1) and Y (¢ X1) are jointly distributed with

p=gq, and let p,,...,p, be the population canonical correlation coefficients

(pIZ e pr)‘

(a) Suppose that r extra variables, given by the components of
Z(r X 1), are added to the g set, forming the vector Y*=(Y': Z’)’.
Leto,,...,0, (0, = -+ - =0,) be the population canonical corre-

lation coefficients between X and Y*. Show that

a,=p, (i=1,...,p).

(b) Suppose that the r extra variables in Z are added to the p set,
forming the vector X*=(X':Z')'. Assume p+r=gq. Let
dy,...,8,,, be the canonical correlation coefficients between X*

and Y. Show that
8zp, (i=1,...,p)

(see Chen, 1971). This shows that the addition of extra variables

to either set of variables can never decrease any of the canoncial

correlation coefficients.
11.6. Obtain Corollary 11.3.8 from Theorem 11.3.6.

11.7. Suppose that X,,...,X, is a random sample from the N,(p,Z)
distribution, where 2 =(g,;). Let R =(r;;) be the sample correlation matrix
formed from X,,...,X,. Show that the likelihood ratio statistic for testing
the null hypothesis H: 0,, =0 for all i # j against the alternative hypothesis

K:o0,;#0 for exactly one unspecified pair (i, j), is

- N/2

A= [1-(max|r, )]

Moran (1980).



Aspects of Multivariate Statistical Theory
i ROBB . MUIRHEAD
Copyright © 1982, 2005 by John Wiley & Sons, Inc.

APPENDIX
Some Matrix Theory

Al. INTRODUCTION

In this appendix we indicate the results in matrix theory that are needed in
the rest of the book. Many of the results should be familiar to the reader
already; the more basic of these are not proved here. Useful references for
matrix theory are Mirsky (1955), Bellman (1970), and Graybill (1969). Most
of the references to the appendix earlier in the text concern results involving
matrix factorizations; these arc proved here.

A2. DEFINITIONS

A pXgq matrix 4 is a rectangular array of real or complex numbers
a1y @ygy.0,dp,, Written as

q“,...,alq

A=| : ,

Apiseerlp,

so that a,, is the element in the ith row and jth column. Often A is written
as A =(a,,). We will assume throughout this appendix that the elements of a
matrix are real, although many of the results stated hold also for complex
matrices. If p=gq A is called a square matrix of order p. If g=1 A is a
column vector, and if p=1 A is a row vector. If a,;=0 for i=1,...,p,
Jj=1,...,q, A is called a zero matrix, written A =0, and if p=gq, a,, =1 for
i=1,..,panda;=0fori+# jthen A is called the identity matrix of order
p, written A=1I or A=1I,. The diagonal elements of a p X p matrix 4 are

a“, azz,...,app.

572
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The transpose of a p X ¢ matrix A, denoted by A’, is the ¢ X p matrix
obtained by interchanging the rows and columns of 4, i.e,, if 4=(a,,) then
A'=(a,,). If A is a square matrix of order p it is called symmetric if A= A’
and skew-symmetric if A=— A’. If A is skew-symmetric then its diagonal
elements are zero.

A p X p matrix A having the form

a” alz, caay a'p

0 azz, ey azp
A= : ,

0 0, s Ay,

so that all elements below the main diagonal are zero, is called upper-
trigngular. 1If all elements above the main diagonal are zero it is called
lower-triangular. Clearly, if 4 is upper-triangular then A’ is lower-triangular.
If 4 has the form

a, 0, ..., 0
0 ay, ... 0

0 0, P

so that all elements off the main diagonal are zero, it is called diagonal, and
is often written as

A=diag(a”,.‘.,app .
The sum of two p X ¢ matrices A and B is defined by
A+B=(a,l+b,j).

If Ais p X q and B is g X r (so that the number of columns of 4 is equal to
the number of rows of B) then the product of A and B is the p X r matrix

defined by

q
AB=( > a,kbkj).
k=1

The product of a matrix 4 by a scalar « is defined by

aA ’—‘(aau).
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The following properties are elementary, where, if products are involved, it
is assumed that these are defined:

A+(—1)A=0
(ABY=B'A’
(AY=4

(A+By=A'+ B
A(BC)=(AB)C
A(B+C)=AB+ AC
(A+ B)C=AC+ BC
Al= A.

A p X p matrix A is called orthogonal if AA'= 1, and idempotent if A>= A.
If A=(a,,) is a p X g matrix and we write

Ap=(a, ), i=1.. .,k j=1,..1
A,=(a,),i=1,.. .,k j=l+1,..,9
Ay=(a,),i=k+1,...,p;j=1,..1
Ap=(a,),i=k+1,..,p;j=1+1,...4

then A can be expressed as

A A
A ___[ 1 12]
Ay Ay

and is said to be partitioned into submatrices A, A,;, A, and A,,. Clearly
if B is a p X ¢ matrix partitioned similarly to 4 as

BZ[B., Blz],
BZI 822

where By, is k X/, By, is k X(q—1), By is (p— k)X [ and By, is (p— k)X
(g —1), then

A+ B= A, + By, A|2+B|2]

Ayt By Ayt By
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Also, if C is a ¢ X r matrix partitioned as

Cy, Cn]
C= R
[Czl sz

where C,;, is I Xm, Cyy is IX(r—m), Gy, is (g—1)Xm, and C,, is
(g — )X (r — m), then it is readily verified that

All ][Cll CIZ]_lAIICII+Al2C2I AIICI2+AI2C22
An

AC = .
Ay G O A G+ A0 AyCpy+ ARGy

A3. DETERMINANTS

The determinant of a square p X p matrix 4, denoted by det 4 or |A4|, is
defined by

det A= ana,hazh,...,am’
”

where Z, denotes the summation over all p! permutations 7 =(,...,j,) of
(1,...,p)and e, = +1 or —1 according as the permutation = is even or odd.
The following are elementary properties of determinants which follow
readily from the definition:

(i) If every element of a row (or column) of A4 is zero then det A =0.
(i) detA=det A'.

(iii) If all the elements in any row (or column) of A are multiplied by a
scalar a the determinant is multiplied by a.

(iv) det{ad)=a’det A.

(v) If Bis the matrix obtained from A by interchanging any two of its
rows (or columns), then det B = —det 4.

(vi) If two rows (or columns) of A are identical, then det 4=0.
(vil) If
by+ey byptey .. bte,
az' azz, ceey azp
a

pl apz, cney a”

so that every element in the first row of 4 is a sum of two scalars,
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then

by by, s by,

dyy azz, NS azp
det A =det| .
Ap Gprs > Gpp
Ch Gy e Gy
dy dy, .y 4y,
+det
Ay Gyyy  coen 4y,

A similar result holds for any row (or column). Hence if every
element in ith row (or column) of A is the sum of »n terms then
det A can be written as the sum of n determinants.

(viii) If B is the matrix obtained from A4 by adding to the elements of its
ith row (or column) a scalar multiple of the corresponding ele-
ments of another row (or column) then det B =det A.

The result given in the following theorem is extremely useful.
THEOREM A3l.l. If 4 and B are both p X p matrices then
det(AB)=(det A)(det B)
Proof. From the definition
P

det(A4B)= e, 11 ( é a;kbkj,)
,, =t

M

— ,.”,(Zfr..?,:e"('[j'am')(’ﬁ'bm)

ky »

if

§ detB(k,,...,k,,)( ﬁa,k,),

< =1
T ‘

M=

i

Ky

where B(k,,....kl,) denotes the p X p matrix whose ith row is the &k, th row
of B. By property (vi) det B(k,,...,k,)=0 if any two of the integers



Determinants 571

ky,...,k, are equal, and hence

P P P

det(4B)= S - S detB(k,,...,k,,)(Ha,k').
k=1 k=1 1=1
Kk %k,

By property (v) it follows that
det B(k,,....k,)=¢,det B,

where ¢, =+ or —1 according as the permutation a=(k,,...,k,) of
(1,...,p) is even or odd. Hence

p
det(AB)= 2%( HI a,-k,) -det B
=(det A)(det B).
A number of useful results are direct consequences of this theorem.
THEOREM A3.2. If 4,,...,4, are all p X p matrices then
det(A4,4,...4,)=(det 4,)(det 4,)...(det 4,).
This is easily proved by induction on n.
THEOREM A33. I Aisp X p, det(A44')=0.

This follows from Theorem A3.1 and property (ii).

THEOREM A34. If A, ispXp, A, is pXq, A, is ¢X p, and 4, is
q X g then

Ay Atz _ Ay 0 _
det[ 0 4, =det A, Ay =(det 4,,)(det 4,,).

Proof. 1t is easily shown that

d P det 4
t =
e 0 " et 22

anu

A A
del[ o g |=deta,.
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Then from Theorem A3.1,

A A 1 0 Ay Ay

det[ 0“ A”]:det[éJ y Jdel[ 0' I} =(det A,,)(det Ap,).
2 22 q

Similarly

A4, 0 ] [A,, 0] [ L, 0 ]
det =det det =(det A, )(det 4,,).
{AZI A22 0 lfl AZI A22 ( “)( 22)

THEOREM A3.5. 1 AispXgqand BisqX p then
det(1, + AB)=dei(I, + BA).

Proof. We can write

,btaB 4] [1, 4 [lp 0
0 I, -B I8 I
so that
I A
- [
n det(1, + AB)=det _ B IJ.
Similarly
[1,, A :[1,, OH 1, AJ
0 L+B4 | |B L||-B 1
so that
2 det (I, + B b4
+ =
(2) et(l, + BA)=det| ", it

Equating (1) and (2) gives the desired result.
Two additional results about determinants are used often.
m t

(ix) If T is m X m triangular (upper or lower) then det T=][" ¢,.
(x) If H is an orthogonal matrix then det H = %=1,
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A4. MINORS AND COFACTORS

If A=(a,,) is a p X p matrix the minor of the element a,, is the determinant

of the matrix M, , obtained from 4 by removing the ith row and jth column.
The cofactor of a,,, denoted by a;, is

a,=(~1)""det M,

It is proved in many matrix theory texts that det A4 is equal to the sum of the
products obtained by multiplying each element of a row (or column) by its
cofactor, i.e.,

detA= 3 a,a,, (i=1,..,p)

14
= Ealjalj (j:l""’p)'

A principal minor of A is the determinant of a matrix obtained from 4 by
removing certain rows and the same numbered columns of A. In general, if
A is a p X q matrix an r-square minor of A is a determinant of an r X r
matrix obtained from 4 by removing p-r rows and ¢-r columns.

A5. INVERSE OF A MATRIX

If A=(a,,)is p X p, with det A #0, 4 is called a nonsingular matrix. In this
case there is a unique matrix B such that 4B = I,. The i - jth element of B is
given by

[44

= %
b'f_detA ’

where a, is the cofactor of a,;. The matrix B is called the inverse of A and is
denoted by 4!, The following basic results hold:

(i) AA™'=A4"4=1.
(i) (A7'y=(4)"".
(ii) 1f 4 and C are nonsingular p X p matrices then (AC) '=C"'A7".
(iv) det(A4 " ")=(det A)"".
(v) If A is an orthogonal matrix, 4™ '= 4",
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(vi) If A=diag(ay,...,a,,) witha, #0(i=1,...,p) then A4~ ' =
diag(ay,',...,a,,).

(vii) If T'is an m X m upper-triangular nonsingular matrix then 77! is
upper-triangular and its diagonal elements are ¢, ', i=1,...,m.

The following result is occasionally useful,

THEOREM AS.1. Let A and B be nonsingular p X p and ¢ X ¢ matrices,
respectively, and let C be pX g and D be g X p. Put P= A+ CBD, Then

(1) P '=A""—A"\CB(B+ BDA"'CB) 'BDA"".

Proof. Premultiplying the right side of (1) by P gives
(A+CBD)[ A"~ 4-'CB(B+ BDA~'CB) "' BDA™]
=]—CB(B+BDA™'CB) 'BDA~'+ CBDA™'
~CBDA™'CB(B+ BDA™'CB) ™ 'BDA™"
=1+CB[B™'~(I+DA~'CB)(B+ BDA~'CB)"'| BDA™
=1+CB[B' -~ BB+ BDA™'CB)(B + BDA™'CB) '] BDA™!
::l’

completing the proof.

The next theorem gives the elements of the inverse of a partitioned
matrix 4 in terms of the submatrices of 4.

THEOREM A5.2. Let A be a p X p nonsingular matrix, and let B=A"",
Partition 4 and B as

All AIZ] [BII BIZ]
2 A= , B= ,
@ [Azl Ay B, By
where A4, and B, are k X k, A, and B,, are k X(p— k), A,, and B,, are

(p—k)Xk and Ay is (p—k)X(p—k); assume that 4,, and A,, are
nonsingular. Put

(3) A=Ay~ ApARid,,  Ap =Ayp— Ay A4,
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Then
B||:A|_|.Izy B22=A{21~I$ BIZZ—AI_.IIAIZAZ‘Z!I’

By =— Ap'dyAn,.

Proof. The equation AB = [ leads to the following equations:

(4) AyB, +A,By =1
(5) Ay By, + Ay By =0
(6) Ay By + Ay By =0
(7) AyBy+AyBy=1.

From (6) we have B,, = — Aj;'4,,B,, and substituting this in (4) gives
A, By — AAn'4, B, =1 so that By =A}',. From (5) we have B,, =
— A[,'A,, B,,, which when substituted in (7) gives 4, By — Ay Ay,'4,3 85,
= ] so that B,; = 4,,',.

The determinant of a partitioned matrix is given in the following theo-
rem.

THEOREM A5.3. Let 4 be partitioned as in (1) and let 4, , and 4,, |
be given by (3).

(a) [If A, is nonsingular then

(b) If A, is nonsingular then

det A=det 4, det 4,, .

Proof. ‘To prove (a) note that if

L - Alez_zl
0 Im-k

then
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(This was demonstrated in Theorem 1.2.10.) Hence

det(CAC’)=(det C)(det A)(det C')=det A =det 4, ,det 4,,,

where we have used Theorems A3.2 and A3.4, The proof of (6) is similar.

A6. RANK OF A MATRIX

If A is a nonzero p X q matrix it is said to have rank r, written rank(A4)=r,
if at least one of its r-square minors is different from zero while every
(r + 1}-square minor (if any) is zero. If A=0 it is said to have rank O.
Clearly if A is a nonsingular p X p matrix, rank(A4)=p. The following
properties can be readily established:

(i) rank(A)=rank(4’).
(i) If Ais p X q, rank(A)=min(p, q).
(iii) IfAispXq, BisqXr, then

rank( AB) <min[rank(4),rank(B)].
(iv) If A and B are p X q, then
rank( A + B)<rank(A)+rank(B).

(v) IfAispXp, BispXgq, CisqgXgq, and A and C are nonsingular,
then

rank( ABC)=rank(B).
(vi) IfAispXgqand Bis g Xrsuch that AB =0, then
rank( B)=<q —rank(4).

A7. LATENT ROOTS AND LATENT VECTORS
For a p X p matrix A the characteristic equation of A is given by
(1) det(4—A1,)=0.

The left side of (1) is a polynomial of degree p in A so that this equation has
exactly p roots, called the latent roots (or characteristic roots or eigenvalues)
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of A. These roots are not necessarily distinct and may be real, or complex,
or both. If A, is a latent root of 4 then

det(4—A,7)=0

so that A— A, is singular. Hence there is a nonzero vector x, such that
(A~ X, I)x, =0, called a latent vector (or characteristic vector or eigenvector)
of A corresponding to A,. The following three theorems summarize some
very basic results about latent roots and vectors.

THEOREM A7.l. If B=CAC™!, where )1, B and C are all p X p, then 4
and B have the same latent roots.

Proof.  Since
B— AN =CAC ' =AI=C(A-AI)C},
we have
det(B—AI)=detCdet(A—Al)detC™'=det(A~ A1)
so that 4 and B have the same characteristic equation,

THEOREM A7.2. If 4 is a real symmetric matrix then its latent roots are
all real.

Proof. Suppose that a+ if} is a complex latent root of 4, and put
B=[(a+iB)I — A)[(a—iB)I — A)=(al — 4)’ + B*I.

B is real, and singular because (a +i8)] — A is singular. Hence there is a
nonzero real vector x such that Bx=0 and consequently

0=x'Bx=x"(al — A)’x + B2x'x

=x"(al — A)'(al — A)x+ B2x'x.

Since x(al — A)(al~ A)x=0 and x’x>0 we must have 8 =0, which
means that no latent roots of A are complex.

THEOREM A7.3. 1If 4 is a real symmetric matrix and A, and A, are two
distinct latent roots of 4 then the corresponding latent vectors x, and x, are
orthogonal.
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Proof. Since

Ax,=Ax,,  Ax;=AX,,

it follows that

4 — ’ ’ p— ?
X\ Ax, =A XX, X Ax, =AXX,.

Hence (A, —A))x\x, =0, so that x\x, =0.
Some other properties of latent roots and vectors are now summarized.

U]
(i)

(iii)

(iv)

)
(vi)
(vii)

(viii)

(ix)

(x)

The latent roots of 4 and A’ are the same.

If A has latent roots Ay,...,A, then A—kl has latent roots
A —k,...,A, — k and kA has latent roots kA ,....kA .

If A=diag(ay,...,a,) then ay,...,a, are the latent roots of 4 and
the vectors (1,0,...,0), (0,1,...,0),...,(0,0,...,1) are associated
latent vectors.

If 4 and B are p X p and A is nonsingular then the latent roots of
AB and BA are the same.

If A,...,A, are the latent roots of the nonsingular matrix 4 then
Avl...,A, " are the latent roots of 47"

If A is an orthogonal matrix (AA’=1T) then all its latent roots
have absolute value 1.

If A is symmetric it is idempotent (42 = A) if and only if its latent
roots arc 0’s and 1’s.

If A4 is p X q the nonzero latent roots of A4’ and A’A are the same.
If T is triangular (upper or lower) then the latent roots of T are
the diagonal elements.

If 4 has a latent root A of multiplicity r there exist r orthogonal
latent vectors corresponding to A. The set of linear combinations
of these vectors is called the latent space corresponding to A. If A,
and A; are two different latent roots their corresponding latent
spaces are¢ orthogonal.

An expression for the characteristic polynomial p(A)=det(4 —Al,) can
be obtained in terms of the principal minors of 4. Let 4, , . bethe k Xk
matrix formed from A by deleting all but rows and columns numbered
f(s.nyiy, and define the kth trace of A as

tr,(A4)=2, <1 <iy..<iy s pdet L PR
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The first trace (k=1) is called the trace, denoted by tr(A), so that
tr(A)=E,’=,a,,. This function has the elementary properties that tr(A4)=
tr(A”) and if C is pXgq, D is g X p then tr(CD)=tr(DC). Note also
that tr,(A)=det(A). Using basic properties of determinants it can be
readily established that:
(xi) pA)=def(A—A)=Zf_o(~ M) tr,_(4)  [tro(A)=1].
Let A4 have latent roots Ay,...,A, so that

PR =P i (A-Ap
i =
Expanding this product gives

(xii) pAY=Zfoo = A h_s(Ayse,),
where r,(A,...,A,) denotes the jth elementary symmetric function

of Ay,...,A,, given by

r(Aerh,) = > A yeeA,
Isi<p<--- <,sp
Equating coefficients of A in (xi) and (xii) shows that

(xiii) 7 (Ay,... A, )= (A).
It is worth noting that p(A) can also be written as

p(A)=(—A)’det Adet(A~'—A""T)

=(—A)’det 4 é (—)\")ktrp_k(A"')
k=0

and equating coefficients of X here and in (xii) gives
(xiv) tr (47 Y=det 47 tr,_,(A).

A8. POSITIVE DEFINITE MATRICES

A p X p symmetric matrix A4 is called positive (negative) definite if x’Ax>0
(<0) for all vectors x#0; this is commonly expressed as 4 >0 (4 <0). It is
called positive (negative) semidefinite if x’Ax=0 (=<0) for all x#0, written
as A=0 (<0). It is called non-negative definite it A>0 or 4=0, i.e., if
x'Ax=0 for all x, and non-positive definite if A <0 or A =0,

We now summarize some well-known properties about positive definite

matrices.
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(i)
(i)
(iii)

(iv)
)

(vi)

(vii)
(viii)

(ix)

A is positive definite if and only if det 4, ,>0 for i=1,...,p,
where A4, , is the /i X matrix consisting of the first i/ rows and
columns of 4.

If A>0 then 47 '>0.

A symmetric matrix is positive definite (non-negative definite) if
and only if all of its latent roots are positive (non-negative).

For any matrix 8, BB'=0.

If A is non-negative definite then A is nonsingular if and only if
A>0,

IfA>0ispX pand Bis ¢ X p (¢= p)of rank r then BAB'>0 if
r=gqand BAB'=0 if r<q.

1f A>0,B8>0,A— B>0 then B~' — A~'>0 and det 4 >det B.
If A>0 and B >0 then det(A4 -+ B)=det A +det B.

If A>0 and
Ay An}
A= ,
[AZI An

where A, is a square matrix, then A,, >0 and A, — A,,4,,'4,,>0.

A9, SOME MATRIX FACTORIZATIONS

Before looking at matrix factorizations we recall the Gram-Schmidt ortho-
gonalization process which enables us to construct an orthonormal basis of
R™ given any other basis x,,X,,...,x,, of R™. We define

N=x
XX,
Xy = =
) /] 2 VY 1
A YiX;
:x ——-—-'-—— — s —
¥; 3 yzyzyz yyl)’l
ni—ly(x
— . i*m
YM m ,§| y'/y' yl’

and put z, =[1/(yy,)'/2ly,, with i =1,...,m. Then z,,...,2,, form an ortho-
normal basis for R™. Qur first matrix factorization utilizes this process.
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THEOREM A9.1. If A is a real m X m matrix with real latent roots then
there exists an orthogonal matrix H such that H'AH is an upper-triangular
matrix whose diagonal elements are the latent roots of 4.

Proof. Let A|,...,\,, be the latent roots of 4 and let x, be a latent
vector of A corresponding to A,. This is real since the latent roots are real.
Let x,,...,Xx,, be any other vectors such that x,,x,,...,x,, form a basis for
R™. Using the Gram-Schmidt orthogonalization process, construct from
X;s...+X,, an orthonormal basis given as the columns of the orthogonal
matrix H,, where the first column h, is proportional to x,, so that h, is also
a latent vector of A corresponding to A,. Then the first column of AH, is
Ah, = A h,, and hence the first column of H{AH, is A, H{h,. Since this is the
first column of A\ H H, = X\, 1,,, it is (A},0,...,0)". Hence

" )\I BI
HiaH =g .

where A, is (m —1)X(m —1). Since

det(A—AI)=(A, —A)det(4,—AI)

and A and H{AH, have the same latent roots, the latent roots of 4, are

Ao A,
Now, using a construction similar to that above, find an orthogonal
(m—1)X(m—1) matrix H, whose first column is a latent vector of A4,

corresponding to A,. Then

A, B
m@m=[z 1

0 4,

where A4, is (m —2)X(m —2) with latent roots A,,...,A,,.
Repeating this procedure an additional m —3 times we now define the
orthogonal matrix

m—2 0
(1) H= ”no H2”0 H3] [o H".ﬁ\]

and note that H'AH is upper-triangular with diagonal elements equal to
Ao

An immediate consequence of this theorem is given next.

m*
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THEOREM A9.2. If 4 is a real symmetric m X m matrix with latent roots
Als... A, there exists an orthogonal m X m matrix H such that

(2) H'AH= D=diag(A,,....A,).

If H=th,,...,h,] then h, is a latent vector of 4 corresponding to the latent
root A,. Moreover, if Aj,...,A,, are all distinct the representation (2) is
unique up to sign changes in the first row of H.

Proof. As in the proof of Theorem A9.1 there exists an orthogonal
m X m matrix H, such that

H{AH, A B,
“lo 4,

where A,,...,A,, are the latent roots of A4,. Since H{AH, is symmetric it
follows that B, =0. Similarly each B, in the proof of Theorem A9.1 is zero
(i=1,...,m—1), and hence the matrix H given by (1) satisfies H'AH =
diag(A,,...,A,,). Consequently, Ah, = A h, so that h, is a latent vector of A
corresponding to the latent root A,. Now suppose that we also have
Q'AQ=D for a orlhogonal matrix Q. Then PD=DP with P=Q'H. If
pP= (p,l) it follows that p, A, = p, A, and, since A, # A, p, = O for 1#/
Since P is orthogonal it must then have the form P =diag(+1, =1),

and H=QP.
THEOREM A9.3. If 4 is a non-negative definite m X m matrix then there
exists a non-negative definite m X m matrix, written as A4'/ 2, such that
A= AI/IAI/Z.

Proof. Let H be an orthogonal matrix such that H'AH = D, where
D =diag(},,...,A,,) with X,...,A,, being the latent roots of A. Since 4 is
non-negative definite, A, = 0 for i=1,...,m. Putting D'/?! =
diag(AY/2,...,N£?), we have D'/2D'/2 = p. Now define the matrix 4'/% by
A'/2=HD'?H’ Then A'/? is non-negative definite and

A4 = HDVH'HD"/?H'= HD'/?D"\/2}{'= HDH'= A

The term A'/? in Theorem A9.3 is called a non-negative definite square
root of A. If A is positive definite A'/? is positive definite and is called the
positive definite square root of 4.

THEOREM A9.4. If 4 is an m X m non-negative definite matrix of rank r
then:

(1) There exists an m X r matrix B of rank r such that A = BB’,
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(ii) There exists an m X m nonsingular matrix C such that

A=C[I’ O]C'.
0 0

Proof. As for statement (i), let D, =diag(A,,...,A,) where A},...,A, are
the nonzero latent roots of 4, and let A be an m X m orthogonal matrix
such that H’AH =diag(}A,,...,A,,0,...,0). Partition H as H=[H,: H,),
where H, is m X r and H, is m X(m — r); then

A= H[D' g]H'=[H,:H2][?)' g][zzl H,DH;

Putting D}/? =diag(A'/?,...,A/?), we then have
A= H Dl/2DI/2Hr BB'

where B= H,D}’? is m X r of rank r.

As for statement (ii), let C be an m X m nonsingular matrix whose first »
columns are the columns of the matrix B in (i). Then

o= e
¢ 0

The following theorem, from Vinograd (1950), is used often in the text.

THEOREM A9.5. Suppose that 4 and B are real matrices, where 4 is
k X m and B is k X n, with m <n. Then AA’= BB’ if and only if there exists
an m X n matrix H with HH'= I, such that AH = B.

Proof. First suppose there exists an m X n matrix H with HH'= I, such

that AH = B, Then BB’'= AHH'A’'= AA'.
Now suppose that AA’= BB’. Let C be a k X k nonsingular matrix such

that

AA'=BB'=C[I' O]C'
0 0

(Theorem A9.4), where rank (44’)=r. Now put D=C~'4, E=C"'B and
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partition these as

D= b,
= p.

g=|5
» - E-2

where D, is rXm, Dy is (k—r)Xm, E, is rXn, and E, is (k—r)Xn.
Then

E\E, E,E; . . [1 0]
EE'=|_"_ |=c'BB'C V="
[EZE,' E,E, 0 0

and

D\D{ D\D; - - [I O]
DD'= =C" Y4 C "=
[DzD; D, D, 0 0

which imply that £,E{=D,D;=1[, and D, =0, E, =0, so that

o=[2] e-[B)
ol 0

Now let E, be an (1 — r)X n matrix such that

E,
E,

is an n X n orthogonal matrix, and choose an (n — r)X m matrix D, and an
(n— r)X(n— m) matrix D, such that

D, D

~

is an n X n orthogonal matrix. Then

E=[I’ O]E‘
0 0

and

oaels o
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and hence
E=[D:0]D’E=[D:0]Q,

where Q = D’E is n X n orthogonal. Partitioning Q as

- H]
¢ [ pl
where His m % nand P is (n — m) x n, we then have HH' = I,, and
C 'B=E=DH=C"'AH
so that B = AH, completing the proof.

The next result is an immediate consequence of Theorem A9.5.

THEOREM A9.6. Let A be an nXm real matrix of rank m (n=m).
Then:

(i) A can be written as A= H,B, where H, is n X m with H{H =1,
and B is m X m positive definite.

(i) A can be written as
A= H[ {":l B,
Q
where H is n X n orthogonal and B is m X m positive definite.
Proof. As for statement (i), let B be the positive definite square root of
the positive definite matrix 4’4 (see Theorem A9.3), so that
A'A=B*=PB'B.

By Theorem A9.5 A can be written as 4= H,B, where H, is n X m with

HH =1,
As for statement (ii), let H, be the matrix in (i) such that 4= H,B and
choose an n X{(n — m) matrix H, so that H=[H: H,] is n X n orthogonal.

Then
1
A=H|B=H[ ,".']B.
0

We now turn to decompositions of positive definite matrices in terms of
triangular matrices.
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THEOREM A9.7. If A is an m X m positive definite matrix then there
exists a unique m X m upper-triangular matrix 7 with positive diagonal
elements such that A=T'T.,

Proof. An induction proof can easily be constructed. The stated result
holds trivially for m=1. Suppose the result holds for positive definite
matrices of size m — I, Partition the m X m matrix 4 as

il m]

!
a;; dy

where A,, is (m—1)X(m —1). By the induction hypothesis there exists a
unique (m — 1) X (mn — 1) upper-triangular matrix 7,, with positive diagonal
elements such that 4,, =T},T,,. Now suppose that

A= Ay Ay ~ T, o7, x -
a, ay X pllo oy
where x is (m—1)X1 and y€ R'. For this to hold we must have x=
(T,)" 'a,;, and then

Ty Tix
xT,,  x'x+y?

1)

2 wty — a? e - e at? -1
yi=an—xx=a,—a, T (T]) a,=ayn a4, 'a,.

Note that this is positive by (ix) of Section A8, and the unique y>0
satisfying this is y =(a,, —a\;4,;'a,,)"/2%

THEOREM A9.8. If A is an n X m real matrix of rank m (n=m) then A
can be uniquely written as 4 = H\T, where H, is n X m with H{H, = I, and
T is m X m upper-triangular with positive diagonai elements.

Proof. Since A’A is m X m positive definite it follows from Theorem
A9.7 that there exists a unique m X m upper-triangular matrix with positive
diagonal elements such that 4’4 =T"T. By Theorem A9.5 there exists an
n X m matrix H, with H{H, = [, such that A = H,T. Note that H, is unique
because T is unique and rank(7")=m.

THEOREM A9.9. If A is an m X m positive definite matrix and B is an
m X m symmetric matrix there exists an m X m nonsingular matrix L such
that A=LL' and B=LDL', where D=diag(d,,...,d,), with d,,....d,
being the latent roots of A~ 'B. If B is positive definite and d,,...,d,, are all
distinct, L is unique up to sign changes in the first row of L.

Proof. Let A'/? be the positive definite square root of A (seec Theorem
A9.3), so that A= 4'/?4'/2, By Theorem A9.2 there exists an mXm
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orthogonal matrix H such that A7 '/2BA~'/2 = HDH', where D=
diag(d,,...,d,,). Putting L = A'/2H, we now have LL'= A and B= LDL'.
Note that dl,.,.,dm are the latent roots of 47 'B.

Now suppose that B is positive definite and the d, are all distinct.
Assume that as well as A = LL’ and B = LDL’ we also have A = MM’ and
B=MDM’, where M is mXm nonsingular. Then (M7 'LYM™'L) =
MMM V= M"'"AM™"=M"'MM’M’~'= 1, so that the matrix Q=
ML is orthogonal and QD= DQ. If 0= =(q,,) we then have ¢, d,=gq, d,
so that ¢,, =0 for i # j. Since Q is orthogonal it must then have the form
0= dlag(+l =1,...,=1), and L = MQ.

THEOREM A9.10. If 4 is an m X n real matrix (m <n) there exist an
m X m orthogonal matrix H and an n X n orthogonal matrix Q such that
d, 0 -
HAg=| . 1 0],
0 d,:
where d, =0 for i =1,...,m and d},...,d?, are the latent roots of AA".

Proof. Let H be an orthogonal m X m matrix such that A4’= H'D*H,
where D?=diag(d},...,d2), with d2=0 for i=1,...,m because A4’ is
non-negative definite. Let D =diag(d,,...,d,,) with d,=0 for i=1,...,m;
then AA’=(H'D)H’'DY, and by Theorem A9.5 there exists an mXn
matrix Q, with Q,0; =1, such that A= H’'DQ,. Choose an (n—m}Xn
matrix O, so that the »n X n matrix

o-|

A=H'DQ,= H'[D:0]Q

is orthogonal; we now have

so that HAQ’=[D:0], and the proof is complete.

The final result given here is not a factorization theorem but gives a
representation for a proper orthogonal matrix H (i.e., det H=1) in terms of
a skew-symmetric matrix. The result is used in Theorem 9.5.2.

THEOREM A9.11. If H is a proper m X m orthogonal matrix (det H=1)
then there exists an m X m skew-symmetric U such that

H=exp(U)=I+U+ 2‘U +-3—TUJ
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Proof. Suppose H is a proper orthogonal matrix of odd size, say,
m =2k +1; it can then be expressed as

{cosﬂl ~siné, 0
0
siné, cos b, 0
cos &, —sin 8, 0 0
0
H=Q' sin#, cos 6, 00,

[~

0 cosd, —siné,
sinf, cos 8,
0 0 0 0 e 0 0 1

[=}

where Q is m X m orthogonal and — 7 <, =, with i=1,...,k (see, e.g.,
Bellman, 1970, p.65). (If m =2k, the last row and column are deleted.) Putting

0 -8 0 ]
6 0 0 0
0 -6, 0
& 0 0
0= o ,
0 -6, 0
6, 0
o 0 0 0 0o 0 0 |

we then have ©@ = exp(Q'HQ)=exp(U), where U = Q'HQ is skew-syminetric.



"$321STU | BYUIAWIONG Y1 Jo uorsstuiad puny am
Yim (pL61) S1aRQ PUB “(7L61) 397 "(6961) Bidnd) pue re[jid (B9961) jjoneyds wosj padepy axmosg
wop331j Jo $32133p 4wt U0 X 10§ A3

MBI (i +4—w)l —d —u] - s0) j2a3]

=D

pue ity 4w —d—u =y
IWOPAaLj Jo $2182p Joud = d — u wopaasy Jo sanTap sisapodAy = 4 ISIqeLIeA JO JAQUINU =y ‘2H,

S667°87 OLIT9T L9LE'ET 192017 vovs8l POSSET 099917 8TTOGI 061691 LESIPI ;X
0001 0001 0001 0001 0001 0001 0001 000F 0001 0001
0001 0001 0001 000F 0001 0001 0001 0001 000T 000 OZI
1001 1007 100t 1001 0001 0001 0001 000F 000t 0001 09
1001 1001 1001 1001 100 001 1001 1000 (0071 1001 OF
7001 2001 001 2001 z001 2001 ZoO1 o0t 1001 1001 oOf
Y001 001 €001 €001 €001 €001 TOOT 2000 2001 2001 6T
§001 SO0  S00T YOOl ¥OO'l P01 $001 €001 €001 €000 O
9001 9001 9001  SOOF SO0l SO01  POOL YOOI POOL €001 81
8001 L001  L00T  LOOT 900 9001 S001 SO0  S001 001 9
0101 0101 6001 8001 8001 LDl L0D1 9001 900t SO0t ¥
€101 7101 7101 HO1 0101 60011 6001 8001 8001 L0001 T
8101 L1001 9101 S10t  vi0l €101 Tl 1ol ot 0oL 0
WOl 1701 610 8I0L 101 91071 Si01 POl €101 TOL 6
9201 §T01 €01 7201 0Z0'] 6101 8101 LIl 9101 w101 8
£60°1 1601 6201 LZO1  ST0 STO'1 €201 1201 0Z0L 810N L
WO Ov01  LE0T SE0L  ZE0L 01 0E01  8TO1  9TOL €201 9
LSOF  ¥SOL 0601 90t  £vOl £901 Ip01 LEOT  SEOL  TEoH S
0801 901 001  S%0L 090l 7901 8501 €501  6%01  SKO1 ¥
€201 9T LOFL 660 1601 8601 7601 P8O LLOL 10T €
02T1  L0T1 88Ut wLE'L  6SHl 6Ll 8911 £SUT  ovit Tl ¢
0SSt #IST 91 Tl eLel 89vL  LEWL  PeEl  6SEl  TEl |
W
000 0100 SZ00 0500 0010 §000 0100 §T00 0500 0010 V
=4 £=4
£=w

€S 01 UOUIIG 338) ¢ Boj A7 — JO SapnudIsad
Jaddn Joy 2 10)3€) [ 4 IUSUEIS OLES POOYINY SH[IAA O} sjudunsnipe X 6AqEL

595



POSI'LE €S08°FVE VILSIE €698°87T 1686°6C €1087CE 6LLSOE v88Y'LT 8S66'HT 1LOETT '“1X
000'1 000°t 000°1 000'1 000°1 000't 0001 000’1 000°1 000t °°
000°t 000°t 0001 0001 000°1 000°1 000’1 0001 0001 000t otl
100°Y 100t 100°t 100! 1001 1001 100'1 100°t 1001 oot 09
€00t 200°1 [{LUR 200t 00l 0L 00’1 200! 001 w00t ov
Y00'1 Y00'1 ¥00't 700'1 ¥00°1 £00°1 £00'1 £00'1 €00'1 €001 Ot
L0 9500'1 901 900'1 00’1 S00'1 00’1 00’1 $00'1 Lal. U B 4
600’1 600°t 300°1 8001 L00°1 L00'1 LOO1 9001 9001 9001 oT
110°1 1ot 0101 600°1 600°1 600't 800°1 800°1 L00°1 ot 8l
101 t10'l [4{1R! o't 1101 110’1 o101 600'1 600°1 3001 91
L0t 9101 s10'1 viol yiol £10t (AL <ol o'l [ TUN S 41
o'l 120°1 001 6101 810°1 L10'1 L10t S1o'1 S10'1 viol
0£0't 870'1 LT0't 701 vZ0'l Y70t €701 12071 0z0't 6101 01
Se0'1 121181 [AS1 8 00’1 820°1 8¢0'1 Lot Sco'l $20'1 wol 6
(4,101 wo't 8¢0°t 90t €01 yeo'l £e0’l 0e0'1 670’1 Lol 8
S0t 0501 LYol bastl| I+0°1 wo'l oro’1 8€0'1 Seo't L0t L
990'1 £90°1 6501 950'1 SOt $50'1 1501 80’1 POl ot 9
980°1 801 LLO'T Lol 890°1 Lot 890°1 £90°1 650°1 3108 Y
6Lt el SOti°1 6601 760°1 660°1 v60'1 (301 801 %ol v
aLl'l L91°1 Serl 34 W SEl'l 0si't 'l e acrt £ B O 3
86¢C1 8T 651 |§7A! (44! 09271 Syl P AtANS 80C'1 tet't ¢
691 6¥9°1 9861 1133 (4141 €91 $8S°1 Lest I8%'1 133 2 B

A
$00°0 0100 §200 0500 0010 §00°0 0100 §200 0500 00l »
9=ud C=1
t=w

(pamiizuo)) 6 HqEL

596



597

S8SS'SY  86L6'TY IPIE6E ISIYIE  €961°¢E L0 iv TTE6'8E 68LY'SE 90LITE 1S196T “4X
0001 0001 000'1 000'1 0001 000°1 000'1 000°1 000'1 0001 >
100°1 000°1 000°1 0001 0001 0001 000'1 0001 000°t 00011 Ot
00! w00t 00’1 00'1 00t 001 1001 100°1 100°1 1001 09
$00'1 ¥00°1 y00'; 001 €001 £00°1 £00'1 €00l £00'1 €001 Op
L00°1 L00'1 9001 900'1 900°1 900’} SO0t SO0l S00'1 so0'1 Ot

101 o101 600°1 600°1 800°1 800°1 300'1 8001 L001 oo vT
o'l €10°1 t10'l (4L tigt 1o’y o't 010l 010t 600’1 0T
L10°1 9101 S10'1 viol ¥i0'1 14 LN €107l [ALLR! [4{1}| 1or 8i
0701 6101 810'1 810°1 L10°1 L0l 910l s10°1 yi0d viol 91
sTo'l o'l €701 'l 1201 10t 0201 610t 8101 Lot i
ol 1eol 6201 8201 920'1 Lol 920'1 ¥2o'1 €20t ol ¢
£l 01 6£0°1 LEO'T Se0'l 90’1 ceo'l £e0'l 1€0'1 670t Ol
0s0't P01 IOl €Ol iv0'1 o'l 01 8¢0'1 LEO'1 Pe0l 6
090°1 850'1 125 [408 1 6¥0'1 160°1 6v0'1 o'l 122 (8208 B
£L0'1 0Lo'1 990°1 £90°1 6501 901 0950°1 950l £50'1 050t L
160°1 L801 801 8L0°1 €L0'1 8LO1 SLO'L 0L0'l L9501 €01 9
Lt 4101 SOl 0011 601 [4) L60'1 160'1 930°t 1801 ¢
Lell os1'l 140 XS YA N 8¢l el ezl 9l 6ol't ¢
LTT'1 Nl 10771 06171 LLV'] rAVA| 61l 8L1'1 891°1 9l ¢
oLe’t ose't el 0t 08Tt ste'l L1£7] 6Tl wi't 1T T
9181 £9L°1 0691 434! ws'l 8SL'1 80L°1 o9l $8¢°1 6751 1

//AM
§00°0 o100 §20°0 0500 0010 €000  0Ol00 §700 0s0C o0l ®
8= L=+



OZLYES TT68°0S T6L6' OELL'EY 0Q9STOF VY6 67969 SyelEy EEIIOF TIPL9E “7X

000°1 000°1 000°1 000°1 0001 000t 0001 000°1 000'1 0001 o=
100°1 100°1 1001 100°1 1001 10071 1001 10071 100°1 1001 071
£00'1 £00°1 £00°1 200°1 200°1 7001 00’1 200°1 00t AL U S )
9001 900°1 §00'1 00°1 S00'1 S00't S00°t y00'1 +00'1 y00't o
0101 600°1 600'1 6001 800'1 800'1 800°1 800°1 LOO'{ Loo't ot
101 101 A LA cio't o't (408 ol 110’1 L0t 010l #¢
6101 61071 8101 L1011 910’1 9101 910’1 ¢10l viot vior o<
€20t ot 170°1 (74101 610°1 oot 6101 810°1 L1011 9101 8t
8701 L20't cTo'l vz0'l €01 ¥oo't €20l o'l [0t (0741 )8 S
0l £E0't 1£0°1 0£0'1 670°1 0£0°t 820°1 L2o’l 970l SToOl vl
13208 o'l o'l 8¢0'1 9¢0°t 8¢0'1 9€0°1 12108 £€0'l €01 T
LSO'Y 601 s0't 0501 Lol 050t P01 svo't POt Y01 0O
990°1 ¥90°1 190't 8601 ¢s0'L 850°1 950t £60°1 1s0°1 SPOl 6
8L0'1 Lol o'l 890°1 901 690°1 L90°1 £90°1 090'1 Lso'l 8
¥60'1 160'1 980'1 Z80°1 8L0'1 $80°1 080t 9L0°L o'l 8901 L
911’1 T 90Ul 101°1 S60°1 110101 6601 601 680°1 P80 9
Ll [$4W! €el'l LTt (74N [41 01 L'l 6111 el wort ¢
s6ll L8l AN L9t sl aLl’t 691°1 STl ost'l Iwi't ¢
LT 9Tt SYTl [AXA 81Tl 1STI orZl | 744 T 861't ¢
Sev'l eiv'l €8¢°1 65¢°t €eet 130,41 8¢t peel [EE'T el t
126’1 981 18L°1 9ILt 059°1 18’1 vig'l LeL'l 9L9'1 [41° 3 S
S
000 0100 §20°0 0500 0010 €000 0100 200 0500 01 »
ol=4 6=+
C=w

(pomumuo)) 6 AHqeL

598



599

TIBS'19 T619°8S €LEP'VPS 86605 TTITLY 8YOLS 9LLPS STLOS 0QOV'Ly SvLey X
000°1 0001 0001 0001 0001 0001 0001 0001 0001 0001 oo
100’1 100t 100°1 1001 100°1 100t 10071 1001 10071 1001 021
P00°1 00’1 $00'1 £00°1 £00'1 €00’ €001 €001 €001 €001 09
8001 8001 L00°1 L001 001 L0011 LOOTT 9001 %001 9001 OF
£10' (AR [AUA 1107} 1101 1ot 1101 010t 0101 6001 Of
6101 810'1 L1071 L101 9101 9101 9101 SI10T P10 PIOT T
$70°1 20’1 €201 ol 1ol ot ot 0To't 0ol el0l 0z
620°1 620°1 Leol 970°t §t0'1 970’1 STO1T  ¥YTO'L  £ETOY  TTOL  8I
$£0't peol P23 UR SR 4 U 0e0'1 1€01 0e0'1 6701 8T01  LTOT 91
er0'l ol oro'l 6£0°1 Le0] 6£0'1  LEOT  9E0°1  PEOT €201 ¥
#0°1 €60t 050t 80l WOl P01t P01 SPOL EPO1 1POL T
10t 690°1 9901 £90°1 090°1 P90l 7901 6501 9501  vSO'1 Ol
801 030'1 9L0'1 £Lol 690'1 yLOY  TLOT 8901 S90T T9OL 6
L60'1 £60'1 680°1 $80°1 180°1 L30T #80't 0801 LLO1 €01 8
Sty it 901t fot't L60'1 sOI'L 101y 960'T  Te0Y L8071 L
14081 9tl'l 6ci'l Y40 JARD 811 vail Lt THIL 9011 9
/AN oLt 1911 120! 1l O 91’ el ORIl £ ¢S
0eT1 1z 60T'1 6611 881°1 EITT  vOTET Tel'l €811 L'l ¥
61¢°1 90¢'1 L8T1 wuel 95T L6t ¥8T1 99T1  TST1  LETY €
S6v'1 (VA Lev't oyl 8¢e’l 99t Tl OIv'l SBEl 8SEl T
tl0T  6v6'l 0981 t6Lt S1L'1 696’1 LO6'1 1T81  ¥SLY S89L |
W
000 0100 ST00  0S00 0010 000 0100 STOO 0S00 0010 /

U=4

li=4



09€€'69 TI0T99 89LL19 OVZI'8S TO60PS 9LY'S9 STPTY OTI'8S TLSHS 09905 “IX

0001 000°1 000't 0001 0001 0001 000’1 0001 000t 0001 *
100°1 100°1 1001 (00°I 100°1 (o0t 1001 oot 1000 10071 OTH
S00°1 $00°t S00°1 $00°1 ¥00°1 P00l YOOt $0OL POOL POOTT 09
0101 010°L 600°1 600°1 600'1 6001 6001 8001 800t 800t OF
910'1 9i0'1 Sio'1 S10'1 ri10'1 i0T  vI01 €101 €101 TIOL Ot
£T0'1 €201 ol 120°1 0z0’t IT0°1  0Z0'L 6101 6101 8101 #T
1£0°1 0E0'1 620°1 870'1 L0l 801  LTOL  9T0L  STOl FTOT  OC
9e0'1 Sto'l peol £e0'l €01 €01 TE01  [EO'1 6T01  8TOL 8l
90l wo'l 1701 6£0°1 Le01 or0't  8€0'1  LEO'L  SEOT  vEO'L 91
£c0'l o't 6v0'l 8¥0'1 9ol 8P0'1  LPOL SYOT &0t 1POL v
990°1 y90°1 1950°1 6501 LSO'1 190°t  650°1 9501 #SO'L  TSOL T
$80°1 801 6L0°L 9L0'1 Lol 8L01  9L01  TLOL 6901 9901 Ol
6601 S60'1 160°1 880'1 v80°1 060'1 880°1 €801 0801 9L0t 6
sirt el 9011 ot Le0'l 9011 Toi't 8601 60t 6801 8
9et’l (410 ETAN 11y Sl 9zt et 9t vt st L
o1l 65171 (A3 940! 8Ll et spt't ovl't wert 8719
SOT'1 8611 881°1 6L1't [fAN! 61’1 811 wLUL  LOTT  8SI'T ¢
9Tl el ol 62Tl LIzl LTl 8Tt STTL PITT 0T ¥
19¢°1 el 9ze’l 60¢°1 Wil opEl  9ZEl  90ETl  16TT  VLT! ¢
6¥S°1 €S 98r’l 8ev'l Lv'l TS Leb1 T vl SOyl €
§60°C 970T 1€6't L$8'1 08L'l €C0T 8861 9681 vI8L OSLT |
X
§000 0100 §200 0500 0010 000 0100 <6700 0s00 OO0 »
vi=4 €l=4
g=w

(pammuo)) 6 2qEL

600



604

8896'9L 9TBYEL 9TTO69 8OLL'SY9 990609 PIEL LS669 O0IFS9 95919 SOS°LS me
0001 000'1 0001 0001 0001 0001 0001 0001 000t 0001 @
01 001 F<LARY w0l 00’1 7001 100t 1001 1001 1001 OTl
900t 900'1 9001 900'1 00l §00'l SO0l S00't  SQOL SO0t 09
ol Zi10’t 1101 1101 110°1 ot 1101 o101 0101 0101 or
0co'l 610°1 810°1 810’1 L10'] 10t L10't  L101 9101 9101 Of
870'1 L0l 9201 970’1 §C0’1 970’1  STO'l  $Z0'1 €20l TZOl T
LEO 9¢0'1 ce0'l vE0'1 [AX101 POl £€0'Y  TEOL  1E0T 0L0l OC
124081 13 4 R P01 6£0°1 8€0°1 ov0'l  6£0'1 LEOl  9E0'1  SEOT 81
S0l 160°1 690’1 LYol SYo'L 8p0'l  L¥O'1 SPOT EPOL IO 91
£90°1 1901 650'1 L§0'1 S0l 8601 9501 $S01  TSO1  OSOl b
8L0°1 9L0°1 Lol 0L0't L9091 o't 0LO'L L90°1 S90'1T T T
6601 L60'1 260'1 680°1 £80°1 €601 0601 9801 €801 6L0'1 O
SIIT i 9011 wrl 860°1 Lol €01’ 6601 S60'FT 1601 6
€El'l 6¢i’l [XAN 611t vitl vt ozt Stk oty soi't 8
LS FA | spl'l 6€1’l el v't Tl SEI'T Ot vl L
8811 410! vLLd 11 65Ul LLUT WLl e91'L 9sl't 61l 9
(A4 YTl ¢IT1 Tl g61°1 8IT1  1IT1 00T1  T61'l €811 ¢
9%6T'1 S8C'1 1L 8sT'l STl 087’1 0Tl 9sTt vl Tl ¢
oov'1 ¥8el 29¢°1 el el 18€°1  S9¢€'1  wpel LTE] 60€1 ¢
6651 1L8°1 F41N 106°1 6911 SLET  LpS'Y OIST  O8¥i  eovt'l T
961°C $60°C §66'1 916't SEE’l ¢EUT  190T 961 L88'1 8081 |

K
€000 0100 €200 0500 0010 S000 0100 0500 0500 0010 »
Ql=4 Cl=4



6106v8 8890718 O0T619L TESUTL 8TLILI LYL08 98CLL 919TL 69989 S6T¥9 ;X
000! 000'1 000'1 0001 000°1 0001 0001 0001 O000F 0001 >
200°1 00°1 001 200t 200°1 7OOl  TOOL  TOO'L TOOt TOOT Ot
L0t L0001 LO0'1 L00'1 9001 00T 9001 9001 9001 S00T 09
slo't vio'l y10°1 €101 £10'1 €101 £10°1 €101 ot Tiol oy
€0l €20l o'l 12071 120t oy ITor 0Tol 07Ot 6101 of
te0'l o'l 1€0°1 0£0°1 670'1 10t 0e0l 620't  8TO1  LZOT T
o'l o'l 1701 00’1 8e0'1 P01 Oob01l  BEQ'T LEO't  SE01 QT
1§0°1 0501 8P0'l 9v0°L sPO'l POl 901 $PO'1 €01 iP0L 8
[190°1 6501 LSOL §e0'l €50°1 9¢0'l SOt £SO'L IS0 601 91
eL0'l 101 890°1 990°1 90t 8901 990°l POt 1901 6501 ¥l
0601 L3801 ¥80°1 180°1 8L0°t ¥80°L T80T  6L0°1 9L01 €LOTL Tl
14081 L Lot} £01°1 6601 Lot yoUL 00Ut 9601 T6O'L 01
o't LTrt 1t Lirt Tt €Tt etl’l  PpIFL Ol SO1'L 6
Isi'l ori’l ori'l SEl'l 6cl’l wwl't set't Tel't LTt Tt o8
LLI't 1LY it Sl Iei’l ore It sl evt’t TRl L
S TAN vOC'L sel'l 8811 6Lt 00Tt eol't  wBUL LLI'L 6911 9
86Tl 6vTl 8€T'1 87Tl 81T YTl LeT STTL QITT 90Tt ¢
Lzet Sie’l 661 987’1 LTl TIet 00t €8T1 €Ll 6STY v
LEv'l o'l 96¢°1 LLEL LSEL 6yl TOVI  6LEl  19¢T  IvEl ¢
99l 919t SLSTT we'l 80671 €791 P6SL PSST TTSL 68YI T
SeCe 8S1T £50°T 12671 988'1 €0CT  KIT STOT w6l 1981 |

W
$00°0 0100 §20°0 0500 001°0 S000 0100 $T00 0S00 o00lQ w»
fi=4 Li=4
€=

(pamauo)) ¢ 31qe]

602



LIS6'16 V6LEBS 9IL6TER 61806L OL6EDL 9€T88 €ELP8 TSL6L ¥TISL OMOIL “iX
0001 000t 0001 000'1 0001 0001 000t 0001 0001 0001 ®
€001 001 w01 (44N 001 00l TO0'Y TOO'L 700t Tool ot
600°1 600°1 800°( 8001 800t 8001 800t 8001 LOOL LOOY 09
Lol L1011 910°l 910'1 SI0t 910’1 9101  SI01  SIOL viOl  oOb
LT0'1 Lol 970’1 ST0'1 yeo't STO'l STO'l  pTOL £TOl TTOL Of
6£0'1 8¢0°1 9¢0'l S0l pe0'l 9e0’l  SEO'T  PEOT  EEO1 TEOL  ¢C
0501 6v0'1 P01 9v0'1 o'l ot 90t vl R0 1P01L 0T
6501 LSOt ¢so't £60°1 o'l ¢SO0t $S0'1  TSOL 0SO'1 801 81
690°1 L90°1 S90'1 £90'1 190°1 €901 €901 1901  6S0°1 LSOl 9l
£80°1 180°1 8L0'1 SLO't L0l 8L0t 901 ELOT 1LOL B9OL i
(411 66071 S60°1 601 6801 9601 €601 0601 L801 801 Tl
8Zil STit oTl'l 9il't 430 iz It g1t 60171 sor'y ol
il wi'l 91’1 el Lzt gel'l el 6THT  PTI1 6111 6
8911 €91t LST1 16t1 13411 6l SSI't  spl'l  epll LETD 8
9611 061°1 a8l 9Lt 8911 981l I8I'1 €'t 91t 09t L
teT’l 9Tl Tl 80C'1 661°1 WL SITE S0t 861t 6811 9
£82°1 vLT 1971 1671 ol LT 9Ty 0sTY OvT'L ettt S
9ct’l el Lzel tiel 8671 ve't  oee’l  €I1ET 00€1  S8TL v
Tyl 139 A .14 A 80P°1 L8t} Pyl LEPE TIVDL E6ET1  TUET €
689°1 LS9l +¥i9'l 08¢l o'l 8991  LE€91  G6ST 191 9TSL T
L6TT NTT 901 170C (A1) L9TT 88T 080C 9661 6061 1

W
€000 0100 §700 0500 0010 §000 0100 ¢$T00 0500 oO0tQ »

ot=+ 6l=4

603



9EE'66 LSTIS6 68PE06 6¥96°S8 $S80TIS8 6956 010T6 0£898 6TST8 ShLLL “iX
0001 0001 00OL 0001 000 0001 00011 0001 000t 0001 o
000! €001 €00% £00°1 £00'L €00t €001 €001 TOON  Z0OL 0T
010't 0101 0101 6001 600t 6001 6001 6001 6001 8001 09
0z0'l 001 6101 8101 810'1 6101 8101 810t  LIOTL 9101 OF
1€0°1 €01  OE0T 6201 8201 6701 6701  8TOT  LTOY  9TO1  Of
! €901 P01l 001 6£0°1 W0l OP0l  6£0°T  8E0'T  9E0L ¥
LSO'1 950°1  vSO'1 750t 150°1 $SO'L €501 1SOL 6V01  SYOL  OC
$90'1 $90'1 £90'1 190t 6501 €901 1901 6501 LSOl SSO1 81
8L0 9L0°1 £L0°1 1L01 6901 FLOL  ZLOY 690 L901  S901 91
£60°1 1601 L8Ol 6801 <801 880°1 9801 €301 0801 LLOT #l
St ottt 901°1 €011 660°1 8011 SOL'T  101'f 8601 601 Tl
1574 WU 13 CEUL 6T YTl SEI't TEL LTt zTrl slrt ol
1911 LS 1S1°1 Wil wi't PSIL OSI'T #piTL eEl1 €SI 6
€811 O8L1 YA Lor’1 0911 9Lt TLU'L S99t eSSt £SIT 8
€171 60T1 00T €6l'l IS 0T 00T 6T ¥8U1  LLUT L
¥$T'1 Al 9€T’1 LT 81T1 ¢l 9Tl 9TTl  LIT1 80TT 9
LOE! L6T1T  ¥8T1 €LTL 192t $6T1 98TV €TV T 0sTL
¥8¢°1 L€t £5€°1 3¢l (44! OLE'l  LSEL  OvEl  STE'l OlEl ¥
4ty S8yl 6SY1  8EVI Syl 881 ObL w1 €Tl I0PT €
6Ll 9691 159°1 9191 8L6°1 60L'T  LLOT  E£91 8651 19S1 T
€6E€T  69TT  9S1'T 90T  sLe'l STET  €TT  IE1T T PS6T 1
N
000 0100 STO0  0S00  00l0 000 0100 §$T00 0S00 O00I0 »
NN”& —N”L
C=w

(pamao)) ¢ dqeL

604



8966'6T T995LE 9691PE POIY'IE OTIP'ET

0001

000}

0001

000°1

605

TLITYE 6666'1E PSYS8T T96T9T SIPSET “X

0001 0001 000} 000't 0001 0001
000°1 0001 0001 000'1 000°1 0001 0001 000't 0001 0001 0zl
100°1 100t 1001 1001 100°1 100°1 1001 100'1 100°1 1001 09
°00'1 001 00'1 2001 001 001 001 001 2001 1001 ot
Y001 00} Y00t £00'1 £00'1 £00'1 €001 t00'1 £00'1 w0l 0t
900°l 9001 S00°1 S00'1 S00°1 §00'1 P00’| $00°1 $00°1 L4 LUN B 74
800°1 800°1 L00'1 L00°1 L00'1 L001 900'1 9001 900°1 s00't 0T
0101 600°1 600'1 800°1 800°1 800°1 8001 LOO'1 LO0'1 900l 8t
10’1 ol 1101 0101 010°1 0101 600'1 600'1 800°1 8001 91
Sio’1 ¥i0’l yio'l €101 Zi0'l o'l o't 11071 01t olo0t ¥l
0co't 6101 810t L0l 9101 9101 S10°1 14l P01 €10t ¢l
920'1 20t o'l £T0'l 120°1 o 1201 6101 810'1 Lot ot
1£0°1 0t0'1 870t L7011 S0l 9¢0°1 ol £e0'l o'l 020t 6
8E0°L 9t0'1 peo’l (41001 0£0'1 e0'l 0£0'1 870'1 Lzo'l §C0'l 8
990’1 o'l o'l ool Le0’1 6£0'1 LEOL se0't £e0’l [£X B
650°1 9¢0'1 £60°1 050°1 AL U 050t P01 o'l wo'l 6801 9
LLOT vLO'L 690'1 §90'1 190°1 990°1 £90°1 860°1 SSO'1 isol ¢
90171 101°1 ¥60°1 680°1 £€80°1 60’1 88071 1801 9L0'1 101 ¢
86t ostt 6€1’l oEl’l YA 6€l't [4 AN il vitl (L1100 S
69C'1 1374 | 12X A 9171 661°\ 13 /A1 67’1 60T'1 v6l°1 8L’ €
[43 4 6861 otsl 14 SEvl 6861 0ss'1 ov'| 1sP'1 SOyt 1

A
000 0100 §T0'0 0500 0010 000 0100 §700 0500 0010 »
=4 =4
p=w



£€66°0S TBLLBY LO9¥VY TLEC'lY 6S16°LE S8CCSY  86L6THP  IVIEGE ISIPIE €961°€E “7X
0001 0001 000°1 000°1 0001 0001 000't 0001 000'1 0001 &=
000°1 000°t 000t 000°1 000'1 0001 000’1 000'1 000'1 000'1  oTl
00°1 w00l 00t 100°1 100°1 100°1 100°1 1001 100°1 00t 09
$00'1 £00't €001 €00t £00'1 €001 €00t £00'1 700t w0y o
9001 9200°1 S00'1 €001 S00°1 00’1 G00't $00°1 Y001 Y00'1  Of
600°1 800°1 8001 800°1 L00°1 LOO'L LOO'1 LO0'1 900'1 9200'1 T
1ol ol 110°1 110! 010’1 0101 01071 600'1 600'1 800t 0T
vig'! vig €10l €101 1ol clol ol o'l otot olg’r 8t
L10'1 L1011 9210'1 s10'l s10'1 10l o'l et €10l ol 91
o'l 1201 020’1 610't 810°1 8101 8101 Lol 9101 12100 S 41
870’1 LT0'l 9¢0°1 14| £20'1 o'l €201 1201 00’1 610t T
Leo'l 9¢e0'l re0l [AX1 0 1€0°1 ce0'l 0t0'! 6701 L0l 920’ 0l
o'l wo'l (12101 8¢0°1 9€0°1 LEOT 90’1 121001 [431 01 0e0l 6
¢0'1 0501 Lol o'l €0t o'l o'l o't 8¢0°1 9¢0't 8
£90°1 190°1 LSO'1 §S0'1 (410N se0'l 50t 6v0'l Ly0'l ol L
6L0'1 9L0'L 101 890°1 90'1 890°1 990'1 901 650°1 S0t 9
1011 L60'1 601 L3801 801 6801 ¢80°1 080°1 9L0L VAV S
9el’l ottt [44 0 9tl'l 601°1 ¥4 I siit so1't ot %01 ¢
Lel’l 8811 LIl oLl get't LLl 89U°1 LS171 40 sel'lt ¢
el U 181 €971 Wil g6T'l 6,71 L£Tl orct (444 S 4
SiLl L9991 1091 0sst Lev'i vl 8791 99571 LIS'T 99t 1
A
$00°0 0100 §200 0500 001°0 €000 0i00 §200 0s0°0 ol »
L=4 9=14
b= w

(pamamuo)) 6 34qeL

606



CIBS'19 T619'8S ELEVYYS ©86605 TTNTLY 182€°9S  8S8Y'ES vORY6Y €v6L9y L¥8STY “ X
000t 0001 0001 0001 000°1 000°1 0001 000°t 0001 000°1 o W
100°1 100’1 100°1 100°t 1001 100'1 100°1 0001 0001 0001 ozt
00’1 00’1 200°1 001 7001 001 001 001 001 <001 09
<001 00’1 S00'1 +00'1 001 P00'1 $00°1 Y001 P00'1 €001 or
800't 8001 800°1 Loo't Lot L00°1 L00’l L00°1 900'1 9001  0O¢
101 (41121 101 1101 01071 0101 010’1 0101 600'1 600'1 14
L1O'] 910'1 SI0Y Sto’l vio’! ri0'l viol tl0’! ({08 o (74
020’1 610'1 8101 810t L10°1 L10°1 9101 910’1 S10'1 vio'i 81
20l £€00'1 a0t 12071 0Z01 120°1 020’1 601°1 801°1 011 91
620°1 6701 LT0°1 920°1 s20'l 9201 20l £20°1 £20°1 1201 14!
LEO'L 9t0'1 veol £e0'1 (470N £e0'1 1€0°1 0t0'1 6701 Lot 4!
6v0°1 L0l SPO'l ev0’ 1#0'1 er0'l Iv0°1 6£0°1 8¢0°1 90l (1]
LSOl §S0'1 €501 0s0°1 8ol 050’1 3v0'l 9ol 0’1 wo'l 6
890°1 $90°1 901 090°1 LSO1 09%0°1 8501 €501 50t 0s0't 8
180°1 8L0°1 SLO'T 1L0°1 890°1 [4XL N1 0L0'1 990°1 €901 090°1 L
oor't 960°1 160°1 8801 €801 680°1 9801 180°1 8L0'1 vLO' 9
Lert (4401 Sit't o111 so1'l vitt 601°1 tot't 660°1 £60°1 S
L9l 19171 il il LEL A3 Wit LETL (U N €Tl v
9tT'1 9TT'1 ay 1021 6381°1 9Tl LoT'1 t6l'l €8l owrt €
€Le’l SSE'L 6CLt 60t°1 8871 8Pe'l (U] s0¢'1 98Tl 99’1 C
6L orL'l 6991 ¥Y19'1 LSS1 ¥SL'l YOL'L 9¢9°1 £86°1 8761 l

44
000 0100 §200 0500 0010 S000 0100 sz0'1 0501 0010 »
=4 g=4



€68°1L OIL'89 10TY9 IRP'09  69€9S 659L°99 LOG6YE9 LIPEGS S8SL'SS 050815 X

000'L 000't 0001 000'1 000'1 000'1 0001 0001 000°1 000'1 ®©
100°t 1001 100°t 100°1 1001 1001 100°1 100°] 100t 1001 ocl
€00'1 t00'1 £00°1 €00'1 €00t £00'1 €00t £00°1 £00'1 001 09
L00't Lo0'1 9001 900°1 900'1 9001 900'1 S00'1 00’1 S00'1 or
1ot 1101 010t 0101 010t 0101 600't 6001 600°t 8001 0t
910°l 910t Si0'l S10'1 riot ylot 14 (VN €101 t10'l ol ¥
o'l 120°1 070’1 020'1 6101 610°1 6101 810'1 LI0l 9101 0C
920’1 g0l Yo't £T0'l <0l €201 a0l 120°1 0z0'1 6101 8l
1£0°1 00’1 6201 870’1 Lot Lol 970't o't veo't £20'l 9l
8E0'1 LEO'] ¢ed'l ve0'l £e0'1 reo'l te0'l 1€0°1 0€0°1 670’1 ri
L0l 9Ol o'l (22001 1901 wo'l ivo'l 6t0’1 8£01 9¢0'1 4
7901 090°1 LSOl cs0'l €501 ¢co'1 ¥s0'1 160°1 6v0'1 o't 01
1L01 6901 990'1 901 1901 125 790°1 650°1 LSO'1 ¥sO't 6
¥80°1 1801 Lot SLO'L 1L0°1 9L0'1 €LO'L 0LO'L L90°1 ¥90°1 8
(L L60'1 601 680'1 $80°1 060°1 8801 £80'1 080°1 9ol L
'l sttt (4301 Lot €01l il Lort [{VW L60'1 €601 9
st Lyl ovr'i pet’l Lt 6Ll vel'l 8cl't [r4! 91t S
861°1 161°1 I8l gLt 1240 €811 9Ll'l 991l 6St°1 0st'l 14
vzl 9T1 wtl SET'L wl ISYAR Wil 0eT’l 1T 90T1 t
w1 ol pLE'L s€°1 0ee’l 86¢°1 6LE’] (4% EX 60¢°t <

- - - - - 878’1 vLLT 10L°1 ¥59°1 §8¢°1 l

A
S000 0100 §700 0500 0010 €000 0100 6200 0500 0010 »
11=4 0ol=4
P

(panuuo)) 6 3iqEL

608



609

10078 9198L OISEL T€869 TIVSY 8896'9L 9789'CL 977069 S8OLI'SY 990609 ;X
0001 000t 000t 0001 0001 0001 0001 0001 Q001 Q001 o
1001 1001 1001 ot 1001 10001 1001 1001 1001 1001 0Tl
YOO Y001 VOOT P00l 001 001 $O0T  ¥OOL €001 €001 Q9
6001 8001 8001 3001 8001 8001 8001  LOOT  LOO1  LOO1 OV
14 (U8 G 2 U WA 1 B €101 1ol €101 Tl Tor T 1ot o¢
0z0't  0T0'1 6101 6101 8101 8101 810t LIOT  LIOT 9101 T
Ll L1 90l sTOl IOl vTOL 01 €201 TTOL 1T01 OC
€01 1€01 0801 6201  820°1 6701 87Ol (01 901 STOT 81
801 LEOT 950! SEOL €£01 PEOl  £€01  TEOT  1€01  O€OL 91
YOl S0l w01 TWOL 10l oL Ip0L 6E0L  BEOL  LEOL  #i
8501 950t SO TSOL  0SO'1 €601 1SO1 Y01 L¥OL 901 Tl
SLO'l €01 00T L901 901 89071 9901 €901 190t 6501 Ol
980'1 €801 0801  LLOT  $LO'L 6L0T  9LOL  EL0T  OLOT 8901 6
001'l  L60T €601 0601 9801 760'1 6801  S80'1 T80T 6.0 8
811’1 Sl o1k %01l Toll 6011 901l I0I'l  L60'1 €601 L
V1L 61T TEUL  Lzil Tl rA3 08 I 74 I SN~ 4 B S 1 0 8 SN 4 § S S
LLrt Lve €9t LSt ostl oIt 6STL TSUL SHI'L 6El'l ¢
8Tl 0Tl 60T 00TT 06l €Ty s0T1  sel't 981l LLI1 ¥
o1€1  86T1 18Tl 89T ¥STI W6T1 08T1 ¥9THL TSTL 8ETL ¢
89l bl LIl €6£1  69¢€1 oL PTY1L 96€1 €€l 0SEL T
- - - - — c68'1 881  09L1  00Ll  8€91 1

4
S000 0100 ST00  0SOO0 0010 S000 0100  $200 0500 O0Ol0 ®

gl=4 U=4



TS6°'16 6L£88 86TE8 TB06L L6EPL LE66'98 VEISES [L9S8L £89bbL SBI669 “iX
0001 0001 0001 0001 0001 0001 0001 000'1 0001 000'1 &
1001 1001 100'1 1001 100t 1001 100°1 100'1 1001 1001 (74}
S00°'1 S00'1  S00'T SOOI SO0 ¢00'1 001 001 Y001 00’1 09
1101 110t 0101 010t 010l 010t 6001 600'1 6001 600°1 oy
LI0t L0 910l 9101 SIOL 910°L S10'1 ¢l vio'l riol ot
§C01  vZOL €701l €01 TTO'0 €201 o'l 1201 170t 0ot 174
€E0l  TEO'L 1£0'1 0€0'l  6C0'1 0£0'L 6701 870°1 LT0'1 970'1 0T
6801 8t0'l  9¢0'l SEQT  PEOL ¢eo'l veo'l €01 o'l 1£0°1 81
9ol YOI EPOL THOL OvO°l wo'l 1v0'1 6£0'1 8€0°1 LEO'1 9l
960’1t PvSO't  TSOL 10T 60l 150°1 0501 3400 o't SP0'1 14t
6901 L9071 901 €901 0901 901 901 650'1 850'1 o't Cl
880°1 ¢80°1 T80T 0801 LLOY 130t 6L0'1 9L0°'L €Ll 1L0°] 01
101'1 8601 601 1601 L8O'1 £60°1 160°1 L801 ¥80°L 180°1 6
9Ir’'lT €I’ e0OU't  SOU'T 10171 60171 oIl 101°1 L60'1 601 8
LET'T  €E1'L 8TI'L €T’ 8Il'L 8Tl 1 4% 6l SIl'1 oLr'l L
722 UR:TS O AR 3 O SRV -4 B S 64 A8 | 120! 6vi’l il LESUL 1€t 9
T g6l L8I'T 6Lt TLUl 681°1 €817t (TAN 891°1 9t1 S
9¢Tl  8PTL  9ET1  9TT1 91Tt et veCt [44A eI £07'1 v
el IEET €IEl 6671 871 LtE'l vie'l L6tT'l 8Tl 69C'1 13
Ler 881 9yl TEYl 9l 6811 L9v'1 9EYl (A EAt 88¢°1 [

- - - - - 956°1 9681 I8l 16471 989'1 [

W
€000 0100 <ST00 0500 0010 €000 0100 200 0500 00re »
Sl=4 pi=4
=W

(pammuo)) 6 3qeL

610



9LL'101 87086 689°T6 OST88 80€€8 18(8'96 8917't6 Ov00'88 €SL9°€8 L6S88L ™ X
000t 0001 00071 000t Q001 000'1 0001 0001 0001 000t
00l TOOL  TOO'L  TOO'l  Tool 001 001 00°1 00°1 1001 0TI
LOO'T 90071 9001 900t 900t 900°1 900°1 900} $00°1 SO0t 09
€10t elor ot Tiot  Tio'l Tiot <ol 1ot o'l ot ov
20t 0701 0To't 6101 61071 6101 6101 81071 81071 L1010t
0£0't 6201 8701  LZ01  9ZOH L20l L30'1 9701 6201 LZ<U8 B 4
6¢0'1 8801 LEOL  9EQ'T  SEOH 9¢0'1 St0't pe0'l £e0'l (4100 S 174
9Ol SPOT Ol TYOl OPO'l wo'l 101 oy0'l 8¢0°1 L0 81
P01 €S0t ISO'L  6¥TTT  8POI 0s0°t 6v0'l Lol 132001 o'l 91
901 €901 1901 6501 L§0'L 0901 860°1 950°1 §s0'l €50t ¥
0801 8LOT S0 £L01  0LO vLO'l £L0l 0L0°1 890°1 901 T
o't 8601 G601  T60'T 6801 v60°1 601 680°1 9801 €801 Ol
St Titr gor't SOt 101t 801°1 S0l 10111 860°1 P60l 6
€ert 6Tl vTIL O0TITL 9tt YA N Y4l Lt gt sort 8
Set'1 IS’ SsyI't OvITt SET o'l wl'l 9tl’l [43 0! e L
S8l 08I't  TLUL  991'L 091l vLll 691°1 gt LSt ost't 9
§TTl  8ITL 60T1  10T1 €61l e L0T1 861°1 061’1 [4:1 3 B
81 STt 1Tl TSTL ovTl oLet 19T1 6Vl 6£T'1 LY 4A BN
LLEL  89E1  wpt'l 6TE1l  tlE’L 09t°1 'l 6ct’l pig'l 66Tl ¢
166t LTS vov'l 89T Otb'l [eS°1 L0s°1 syt o'l 142 W4
- - — — - 0T 6v6l ¥98°1 66L'1 et 1
n
000 0100 STO0 0S00 0010 000 0100 ¢TO0G 0SO0 o0l »
Li=4 9i=4

611



S6v LIl €36°L0L 666'101 1SE°L6 991°T6 89901 91870l 1€SE°L6 €808T6 levLr8 71X

000t 0001 0001 0000 000t 000’1 000°1 000°1 000°1 0001 =
T00't  TO0'L  TOOL  ToOL  ToOl 001 001 00l 001 ot ot
800°L 80071 L0OL (00T LOO Loo'1 LO0'1 L00'1 LO01 9001t 09
1 LON SR (U B VR S A (R S AU LA1VA! P10l vio't tio't £t or
SOl vC0l £TOL €0l TTol €0l (440 ol 120t 0ot ot
SE0l  pEOTT £EOTL TEOL 120 ol [e0'1 0L0°1 0e0'l 6701 #C
POt Ot 0L Ol OP0'I wo'l 1901 o'l 6801 L0t 0C
€501 IS0l 050l 8vO'L  L¥O'Y 6v0'1 8v0'1 90l Syo'l wo'i 8l
901 1901 65Ol LSO SSO'L 8¢0'1 950°1 ¥s0'1 £50°1 IS0 91
pLOT  €L0'T  0LOTL  890'L 9901 690°1 890°1 $30°1 £90°1 190°1  #1
1601 60°1  930°t €801  080°% $80°1 €801 0801 8LOt st T
4 S SR 0 A St 8 S 1] B B (0 3 8011 sort 10Tt 8601 $60'l Ot
(U3 74 ) B <4 S B I A N A 40 [£4 0| 6Ll SU'l il Lot 6
6vt't syt Ovll sel't Otl'd 343! LEV] cell 8Chl XA T B
€T 691 TOIL LS ST vyt 0st’l vei'l ovi'i (24 1 S
0Tl 6611 16l't ¢8It 8LI'T s6l'l 6811 (4191 9Ll'l 6911 9
£1748 TR § 748 N Y Y SRR Y44 BN 4 k) LET'] 0eT’l 0Tl [4¥4! 12740 SN
OlE'l  00€1 LBT'1  9LTL  #9CH L6Tt L8T1 LTl yoT'l [474 S 4
80v'1  £6€71  E£LEl LSETT OFET T6t'1 SLEL 65¢°1 trel X458 Y
88¢°L  €9¢°1 6Tl TOSTT eV (VA Srel [FE! 1334 st T

_ - - — . S90°1 6661 16l tve'l et |

A
€000 0100 §TO0 000 0010 000 0l00 STO0 000 0010 ®
61=+ gl=4
p=w

(pamunuol) 6 34qelL

612



613

9CUITL LSOLIT THTIL S6€7901 086°001 1ZE9IL 6ZETIL 679901 6L8'101 T8LS'96 X
00011 0001 0001 0001 0001 000°1 0001 000'1 000t 0001 >
€00’ €00'1 €001  TOO'T ZOO1 2001 00l w00t 00t [40, 00 S i T4 |
600'1 6001 600t 8001 8001 800°1 800°1 800'1 800°1 80011 09
810’ 8101 L1011 LIO1T 9101 L10°1 9101 9101 9Ol st ov
8701 87Ol LTOL 9201 STO'L 90’1 970°1 YO LZO yoolr ot
POl 680'T  8tOl  LEOT 9£0°1 LEQ'] 9¢0'1 se0'l 121001 £E0t  $T
ol IS0l 6¥0'1 8¥OL 901 80’1 Lot 90l SOl 134V S 174
0901 6501 LSOL SSOT  $SO'L 950°1 §s0°1 £SOl 501 00’1 8l
0L01 69071 99071 S991 €901 990°t 901 7901 190°t 6501 91
v80'T  TROL  6L0°1  LLOl  SLOL 8L01 LLOT L0l Lol (UZUN . 4|
wort 6601 9601 P601  160°1 960°1 v60°1 160'1 8801 9801 Tt
vy vy oTre sy g 1z 811 PIT'L o1 orr ol
'l opl'l 9t TEVL LTNN LET'T tel’l 6C1'1 sl Izt 6
UL 09Ul SStL OST'L Spld st 139 01 Lyl 13401 1% B S
o6l 98It eLI't €LY L917] [£3 0 LLrt oLl 911 65t L
vzl 8ITL 01T €0T1 9611 SIT1 80T'1 1071 vol'l 8’1t 9
OLTl  TITT  TSTL  &¥T1 #ETL 65Tl (474 [ 74 3 X4 L (74 S
See’l  sTEl HIElL 661 LBTI XA £itl 661 88T'1 14 B 4
Lev'l Tyl 10T #8E1 L9ET] wy'l 80v'1 L3¢'] 1LE°] gse’l ¢
¥Z9'l 86ST1  T9SL  EESTl #0571 909°1 08¢°1 1349 81¢°1 88yl T
- — - - — 13404 s¥0T 125 $88°1 [45: S
‘K
€000 0100 $200 0500 0010 000 0100 200 0500 00t0 ®
17=4 0T=4



€16°STL  L9L'ITL 1¥8SI1 868011 TLESOL “:iX
000t 0001 00071 0001 000T
€001 €001 €00L €001 €001 OUl
0101 0101 600t 6001 6001 09
6101 6101 8101 8101  LIOT OF
00l 001 6201 8TO1 LTOL  Of
o'l WOl 0p01 6801 BEOL  ¥T

$S0'1 £50°1 S0l 150°1 6¥01 0T
£90'1 w01 0901 850°1 L0t 81
PLOL Lol 0L0'L 8901 9901 91
880°1 980°1 £80'1 180°1 6L01 ¥l
Lot o1t 10171 860'1 Se0't Tt

12 0Ll’l 9Zr'l el 61l't 01
1611 Lty wi'l 8et’l pel't 6
Lyl 8911 o1l Lstl ¢y 8
6611 vell L3171 18171 sLit L
1414 8Tl 61Tl (414! voct 9
18T°1 tLTT [4741 £ST1 13 44 QRN
Lye'l LECTT el ote’l 86Tl ¢
Isv't 9tv’l iyl Let’l 6LEl €
19’1 L4 LLS'L 4 s8It T
861°C 880°C P66°1 [44 ) L1 A S

W
€000 0ioo §7T00 0500 0010 /

=4
p=w

(pamamo)) 6 3AqEL

614



0TLYES TT68°0S TO6L69Y OELL'EY 09STOY

615

6LT6O IPIEPY SIVI0r STSYLE 9I8EPE “7X

000°1 000'1 000'1 0001 000't 000'! 0001 000'1 000°1 000t o
000'1 000t 000'1 0001 000°1 0001 0001 000°1 0001 000t Ott
00’1 100°1 1001 1001 100t [00'1 100°1 1001 10071 1001 09
€001 £€00'1 £00'1 €00t €001 £00'1 £00°1 2001 °00°1 00t oF
S00°1 00’1 S00°1 $00°1 00’1 S00'1 +00°1 ¥00'1 $00'1 Y001 Of
800°1 800'1 L00°1 L00'1 LOO'T LO0't L00't 900°1 900°1 9001 T
110'1 ot o101 0101 6001 600°1 6001 6001 800°1 8001 0T
€10l €10l [4LUN ot 1101 101 o1 0101 010’1 6001 81
910’1 910'1 S0l 10l yi0'l P10l ti0't €101 210} ot 91
020°1 610°1 6101 810°1 L10'1 L10'1 LIO'} 9101 S10't viot bl
970°1 7o'l vl £20'1 ol 0l [4LUR 020t 020t 810t T
ye0'l £e0'1 1¢0°1 0£0°1 620’1 0£0'1 620°1 L0t 970’1 sco'l 01
o'l 6£0°1 LEO'] SE0'1 el S€0'l ve0'l 0l 101 6201 6
80l o'l o'l o'l o0l 132081 170'1 6£0'1 Le0'1 se0'l 8
650°1 9¢0°§ €601 160°1 8¥0'1 2501 050’1 L0l SHO'1 wor L
£L0'1 0LOt 9901 £90°1 090t $90'1 €901 6S0'1 9¢0°1 €01 9
60’1 060'1 $80°1 180°1 LLot €80°1 1801 9L0'1 Lot 8901 ¢
Lt 1z it 8011 wlt 9Il'l ot tol'l 860°1 Wl v
£81°1 LI’ €91l pel't 12401 691°1 191°1 osi'l Wi A B S
00g°1 12 TN 971 SVl 877’1 £87°1 L9711 W'l 0ET'} 4 Fal B4
191 791 £95°1 risl Sov'l 6v9'1 Y091 1248 9611 3228 SE
K
§00°0 (U {ay §200 0500 0010 §000 0100 §T0°0 0500 olo »
9=4 C=d



6S9L°99 L069'E9 LIPEGS SBSL'SS 0S08°1¢ 8PLT09 ITYELS €£0TES 610860 885091 “/X
0001 0001 0001 0001 0001 0001 000’1 000t 0001 0001 >
1001 100'1 1001 1001 100t 00071 000°t 000°t 0001 0001 OT1
700’1 w00t 700t 00t o't 001 o't o'l wor oot 09
00t YOOl POOL  $OOL ¥00°1 ¥00'1 Y001 00 00’1 €001 OF
8001 L00°l LOOTT LOOTI 9001 900'1 9001 900t 9001  S00t Of
1101 1ot 0i0r o101 600'1 o0l 6001 6001 800'1 80011 ¢
SOl oL vl €10 A (I (AL £lol (41081 4L ot 0t
8101 Lol Lot 901 Sio'l S10°1 sioL viol il Elot 81
ol 120t 070t 61071 8101 6101 8101 Lt ot 9ot 9l
Lot 970t sTot IOl €201 €20'1 ol 1201 Izo'r 0701 ¢l
12108 €0l 1e0't 001 670'1 0t0’t 670°1 Lot 9ol st U
o'l er0l IOt 6£0°1 8¢01 6£0°'1 8€0't 9t0't SE0°t £eot 01
5ol 050’1 80l 901 0l 0t 0’1 ol M0l 8e01 6
190t 6501 9501  v€071 601 ysot ot 050l 80l 90l 8
€LOT 1ot 890t S90°1 901 990°1 €90°1 0901  8SOL S5Ol L
060°1 L801 £801  6L071 9L01 180°1 8L0°T  ¥LO ILOT 890t 9
vire  om't sort  ool't S60'1 yol'l 001°1 601 0601 9801 ¢
ISl svit LETT LENT 1740 6€1°1 €Ell 1S4 0 U7 O S 3 & B O
EITL wOT o eIl 1L 861°1 6311 L1 8t 8SI'T €
8ce’l 1zet 86C'1  08T'1 1971 61¢’l oLt 08T T9TL vt ¢
UL U9l LO9T 95571 S0S°1 $69°1 89l v8s°l SESTT #BPT 1
W
§000 Q100  SZTO0  0S00 0010 €000 0l00  ST00  0S00 0010 /
g=4d L=+
s=w

(pammuo)) 6 AqeL

616



617

006'6L 6€SI'9L ZOTVIL $POSLO 1L91€9  I991°€L 895669 TOIY'S9 795919 €505°LS ;X
0001 0001 0001 0001 0001 0001 0001 0001 000 0001
2001 TOOl 1001 1001 10071 1001 1001 100l 10001 10071 o2
€001 €001 €001 €001 €00 €001 001 TO0E  TOOl  TOOL 09
900t 9001 9001  SO0T SO0 S00T SOOI SO0E SO0l SOOT OF
0101 0101 6001 6001 6001 6001 8001 8001 800t 80071 Of
P10 IOl PO €101 €101 €101 IO Tl L0l 10T ¥
61001 6101 8101 8101  LIOT LIl L0 9101 SI0E SOl 0T
€201 WOl WOl 101 0201 001 0201 60Ul 8101 8101 8l
8201 LIO1 90l STOl  ¥TO'L VIOl b0l €01 WOl 1T01 91
pE0'l €601 TEOL  1E0T 601 0€0'1 6201 8ZOL  LTOL  9TO1  #I
€01 1P01  ov0l  8€0T  LEO 8601 LEOT  SEOL  ¥EO1 €601 T
$S01 501 1SOT  0SO'L  8¥O1 0501 SOl 9Ol vROlL  E£pOT O
P90l 791 6501 LSOT S5O0 8501 9501 €501 1S01  6bO1 6
SLOL £l OLO1 90T 90T 8901 9901 €901 0901 8501 8
6800 1801 €801 0801 9.0 1801 6L0F  SLO TLON 6901 L
6011 SOI'l 10Ut L6060 6601 9601 60T 8801 801 9
9€I'T  IEIT STl oTl't sy STl IRUL Sk oL sort s
J7A S B VAR <15 B K BT 2 YOIt 8SI'l O0SEl epll 9Ell ¥
Wl STl 1Tl HT1 66l 671 6171 90T1 96T S8I'1 €
LLET 651 PEET  SIET  S6T 8SET  ObEl  9IET 8671 S8LTI T
LT IRCL €S9 0091 Lks opLl  L691  0€91  8LSH 9TST |

A
S000 0100  $TO0  0S00 0010 S000 0100  ST00 0500 0010 ®

01=4 6=4



LIS616 t6LE88 LL6TES 6180°6L OLGEWL 6VL'S8  T6TTS  08CLL ILEEL  96L89 “7X

000F 0001 0001 0001 0001 0001 0007 0001 0001 0001
1001 10001 1007 1001 100 10071 1001 1001 100t 1001 0TI
Y001 YOOl P00l €001 €001 €001 €001 €001 €001 €001 09
800t 8001 L0l LOOT  LOO'I L0t LOOT 900 900 9001 O
€101 Tl Tl TIOL 1101 1ot 1o1T 1ol 0101 00T Of
81071 8101 LIOM LI 9101 9101 9101 S0l SIOT 0T #T
YOl vl €201 T2l 220l oL 1701 1201 001 6101 0T
6201 8T01  LTOT 9201 $T0I 9701 STOl  ¥0T €201 €20l 8l
pEOl  €€01 €Ol 1€01 O£ 1€01  0€01 6201  8COT  LZON 9l
WOl Ol 6601 BE0L  LEO 8€0'1  LEOL  SEOF  vEOL  €E01  pl
O IS0T 6W0T LT %O oL WOl WL 0T 0T T
(90T §901 €901 1901 8501 1901 6501 LSOl SSOT €501 Ol
LLOL SLOT TOT 00T L901 0L0T 8901 90T €901 19071 6
6801 L3801 Y30l 1801  8LOI 80T 0801  LLOL 0T 101 8
90I'l  €0I'l 6601  S60'1  T60' 8601  S60'1 16071 L8071  ¥ROL L
STl vTil LIl FIIL 0Ll 8lI't St ol S0l it 9
1 B S L o BT 8 B (2 B G A | UL Tl %Il 0Elt STl s
€0C1 961l 98Il 6LIT LT 061'l €81l HLI'T 91T 6SET ¥
SLTL ST ISTL  6€T1 XTI 091 0STL 9Tl ST €Tl €
SWi  9%€1  O0LEt 0sEl eTet 96€'1  8LE1  TSEl  €E€T Ul T
1IZ81  89L1  L691 €Vl L8S') — — - — - 1
K
$000 0100  SZO0  0S00 0010 $000 0100  STO0  0S00  00I0 ®
U=4 =1
§=w

(pomuuo)) 6 3q¢1

618



6vITPOl TSTY001 ZETO'S6 TIES06 OLTS'S8 SOU'86 TTYP6 LLI68 1T8¥8  €Lo6L X
0001 0001 0001 0001 000t 0001 000°1 0001 0001 0001 o
100°1 1001 100°1 100'1 1001 100°1 100°1 100°1 100°1 1001 0t
S00°1 S00°1 S00'1 $00'1 ¥00°1 ¥00°1 $00°1 $00°1 00’1 Y00'l 09
olo't o1o't 600°1 600°1 600°1 600'1 600'1 800°1 800°1 800'L OF
910’1 s1071 s10l v10'1 Pi0’l viol P10l ¢1o0'l €101 1A LR 13
ol ol 120°1 1201 0701 0701 020'1 610l 6101 8101 ¥C
0£0'1 6201 8201 L701 9701 L7201 920°1 970’1 STl ¥e0't 0T
se0’l Pe0l £e0'l €0l 1e0l [AYIN 1€0°1 0£0°l 620'1 8701 8l
1#0°1 ool 6£0°1 8t0°1 Le01 8£0°1 Leot 9¢0'1 se0'l £e0'l 91
0s0'1 6+0°1 LyO'l wo'l POl WOl POl 132001 w0l ool vl
901 090°1 8S0'1 Lsot SOl LSOt §s0'1 S0l [AX\ R 0501 Tl
6L0'1 Lol L0l Lol 690'1 £LO1 L0l 890°1 990°1 901 Ol
060°1 880'1 S80'l 801 6L0°1 £80°1 801 8L0L L0l tLOT 6
yo1'l oIl 8601 $60°1 1601 L60°1 $60°1 160°1 880°1 ¥80°1 8
(TAN! 611l Sl 1ri Lort vil'l 1nr ot €01°t 6601 L
vl 1348 LETT (41 ! vl LEUT gel’l 8Tl 1 XA si't 9
0811 /AN Lori 91°1 1390 691°1 1210 Lel'l 1st1 134 Y
8TT'1 17T 1Tl £0T'1 pPo1°1 SITH 80T'1 661°1 161°1 [4:10 S 4
SoOt'1 voT'1 6LT1 971 1274 0671 08¢l 9’1 £5T1 1wl ¢
16v°1 3341 Pov'l €8¢°1 19¢°1 133 4 viv'l L8¢e°1 L9t71 1149 B4
L98°1 £181 ovL'l £89°1 9791 — — - — - !

W
$00°0 0100  S700  0S00 0010 000 0100 00 0500 0010 @
pi=4 fi=4

619



11Z€911 88TETIT 9879901 S6L8°101 T8LS 96 98T 011 €6£901 6£8°001 L1796 19016 “7X
0001 0001 0001 000t 0001 0001 Q00T 000t 000T 0001
700’1 2001 001 TOO1 70Ol 7001 100°1 100'1 1001 1001 OTt
9001 9001 900't SO0’ S00'1 S001 SO0l SOOI $00'1 S00'T 09
1ot Tio't 1ot 1101 110t 1ot o1 0101 010l 0101 ov
6101 610°1 8101 8101 L10t LI LI0T 9101 9i0l Sio1 o¢
LI0'1 970’1 ¢TOL  sTOT 201 S0l Y0l €701 €20l TT0'L ¢T
SE0'1 ISY131 €601 £€01 TEON €601 TEOL €01 0£01 62071 0T
701 Ovo'l 6501 8£0'1 LEO'] 8601 LE0T1 9€0'1 SE0'1 €01 81
6v0'1 8v0't 901l SPO'L POl ShO'1 P01 £v0'l oL ov0't 91
6501 Lso't $SO1 ¥S01 TSO'L PSOL €501 10t 0s0'1 801 I
LT 0LO'E 8901 9901 #9011 L90T  S901 €901 1901 6s0'1 Tl
1601 6801 980°1 €801 180°1 S80°1 €801 0801 8L0'1 SLO'L O
YOu'l 101°1 8601 $60°1 160t L60'1 60t 1601 8801  S801 6
61t 9Il't Iy 6011 <11 TIUL 601t SOt Zoul 8601 8
6€11 9Ll €L L2t T 1553 G S A 0 S vl 3 G R Sttt L
Sol'l 1911 SSEL oSt il 9SI't TSIt 9ply it 91l 9
1071 s6l1 $81°1 181 #LIL o6l't  S8I'L LLI Ly v ¢
€51 S 7al | beTl  9TTl 91Tt ovTl  €£T1 €Tl Tl SoTL ¥
el £2€°1 LOEL ¥6TT 08T 0zeEl &0€T €671 1821 L9zt €
98%'1 91 LEY'L SlP't Tett 6L &bl 1wl 66€1 LLET 2
1161 $S8°1 o8Lt Lt £99'1 — — — — - 1
A
000  0l00 0500 00100 000 O0l00  ST00  0S00 0010 ®
9l =4 Si=4
W“E
(pamnuo)) 6 3qqel

620



621

686T°8T1 €911'PTL 6SELBIN €SPIEIT 0595 LOL STETTL 9ETBIL 6T TLSLOL 6L0TO1 ™)X
000°1 000°1 0001 0001 000t 0001 000’1 0001 0001 0001 =
7001 7001 700t 001 001 w00l 700°1 700'1 T00°1 2001 Ot
L00'} L00°1 LO0'1 L001 9001 900°1 900'1 900't 900't %001 @0
14 {18! o'l £10°1 €101 £101 €101 €101 't o'l ol oy
ol 0l 1201 120°1 00l 120°1 070’1 0z0'l 6101 6101 Ot
101 1£0'1 0£0'1 6701 820’1 670°1 670'1 8CO'1 L70'1 1741 B 74
170°1 oro't 6£0°1 8¢€0'1 Le0'1 8€0°1 LEO'L 9¢0°1 SEO'1 1£3U8 B 174
01 Lyl SHO'1 ol €0l 0l o'l wo'l 1701 (6208 T3
9501 (Y02 £50°1 7501 0501 501 150°1 0501 80’1 o'l 91
L90°1 990°1 ¥90°1 2901 0901 £90't 901 090'1 8601 950t ¥l
7801 080'1 8L01 901 £L0'1 LLO'1 SLO'L £LO1 1L01 6901 Tl
£01°1 101°1 860°1 $60°1 601 L60'1 S60'1 w0l 6801 980’1 0l
LTl 12801 o111 LoVl $01°1 oLl 8011 011 101°1 8601 6
vEL'L 1E1°1 74N (4! 6111 Lt 1740 6111 9l Tt 8
9¢1°1 [430 i wl'l LET] il il 6£1°1 vEl'l octt L
y81°1 6L1'L €Ll 091°1 ICIN SLT'L oLt Y1l 6st'l 3% B S
(444 91Tt 801 101 £61°1 rayA! 90Tl 861t l61°1 121 1 S Y
LLT1 89C°1 LST1 8yl 8¢€T'1 §9C'l LST1 9wl LET] JR4al B 4
09¢°1 0s€l €€l 0ze'l S0¢'l srel 9¢e’1 0ce'l LOt"1 11.T41 BN
6151 86¥ 't 89t°1 Sl Yo Al €05t &' A 133 A 1£¥°1 Loyt T
£56°1 $68°1 8181 8SLl 8691 — - - — - 1

W
€000 0100 §C00 000 0010 000 0100 §C00 0500 Q010 »

1= L=



$691°0¥1 L908'CET TI95°6C1 1TrevTl 086¥ 811 LYTPEl €L6'6T1 8S8'ETL TSL'BIL BEOEIT “/X
000'1 000t 000°1 000°t 000'1 000'1 000°t 000°1 000'1 000t *®
200'1 00’1 7001 00t 00l 00t 700°1 001 oot €00t ot
800°1 8001 800'1 800°1 8001 800'1 800'1 L00'1 LOO'1 oot 09
910’1 910t 9ol SI10'1 S10l GIo'l SOl Clo'l o'l viot or
970’1 o'l ST0'1 Yo'l yeo'l yao'l LZA N £70°1 [dV R oL og
9€0'1 9¢0'1 ISAR| yE0'l £e0’l veo'l £e0’l (4001 101 1¢01  ¥T
o'l WOl SYO'l o'l Evo'l o'l el wo'l Iy0'1 orolr  0o¢
S0l €501 [4tA 1601 6v0'1 160°1 050°1 601 o't o'l 81
¥90'1 £90°1 190t 650'1 8501 090'1 60’1 LS0'1 950°1 ¥s0'T 91
9Ol Lol wo't 1L0°1 690'1 o'l 0Lo’1 8901 990°1 $90'1 vl
60°1 160'1 830°1 980°L €301 L80°1 ¢80't £80'1 180°1 801 U
Sitt €It 601°1 901'l £ot’t 60t°'t Lot €011 101°1 60t 01
otl'l Lert 174 1 (74N 9l et (40 Lt it 1415 3 S
(340! Syl ivi’i LET'Y [A3 01 irtl 8ET'I pel'l 0E1'l gt 8
Ll 8911 [4'] 8 LSl [A W1 12'10 o9t'l 1220 osI't 1540 B A
0Tl Lé1'l 061°1 y81°l 8LT'I t6t't 881l 1811 aLl’l ottt 9
wil 9tT’1 Lzt 0Tl [4 A (A XA 91 [AYA (U ¥ 111748 BEENEN
00€°1 1671 6LT'1 oLt 6sC'1 88C'1 08T'1 89Tt 65C'1 (374 U 4
88¢°1 9LE’l 8671 She'l oee’l SLE'L £9¢°1 el CEEl 81¢1 £
161 8Tsl 86¥'1 vt 6¢t1 sesl (AL €8l (G Gt T
7661 £e6'l £58°1 £6L1 1EL°] — — - - - i
K
$00°0 0100 §¢00 0500 0010 §00°0 0100 §20°0 0§00 0010 »
0c=+1 6l=4
C=w

(pammuo)) 6 Aqel,

622



09£’69 T90T99 B9ILL'19 OVTI'8S TO060VS

000°t

0001

000°1

623

TISS19 T619'8S ECLEVYS $86670S TTITLy  “7X

000'1 0001 0001 000t 0001 000V 0001 x
100°1 1001 100°1 000'1 000°1 0001 0001 0001 0001 000°1 74|
00’1 001 00t w00l 00°1 001 2001 001 00°1 00°1 09
vo0'i $00°1 001 v00'1 v00'1 00’1 Y001 €00l t00'1 £€00'1 or
LO0'1 L00'1 L0071 9001 9001 9001 900°1 9001 9001 S00'1 ot
010’1 oto't 0101 600'1 6001 600°1 600'1 600°1 800°1 800°t 1£4
Y101 yiol €10t €101 clol ¢1ol ol cio’l 1101 1ot 0t
L10'l 9101 910'1 S10°1 yi01 Sto'l piol ¥io't £10l €10l 81
0201 0T0'1 6101 81071 8oLl 810°1 810°1 L10°1 90l Slo't 91
§co't POl €20l £20'1 ot (44101 ol 120'1 070°1 6101 141
[AXUN 1€0'1 0Ll 620t L0l 670'L 8201 970'1 S0l ¥o'l 4!
wo'l 101 6£0°1 LEO] 9¢0'1 8¢0°1 LEOL SE0'l $e0’l o'l ol
6+0'1 ol SH'l o'l wo't wo'l £p0'1 01 6t0'1 Lot 6
860°1 9s0°t £50°1 1501 6701 £50'1 1501 8v0'1 90l o'l 8
0L0'1 L90} 901 0901 6501 901 190°1 8601 950°1 £S0'l L
9801 £80°1 6L0°1 SLO'L Lol 6L0°1 9L0'1 Lol 690°1 990°1 9
6011 sor't 660°1 §60°1 060°1 101°1 L60°1 °60'1 880°1 £80°1 S
124! 8E1°1 1e1°1 1ZA ! s8It vel'l 611 (44 9’1 60171 14
£0T'1 voi'l [&:1 08 L1 911 ({31 £81°1 wl'l €901 esll £
wet 90l 1 2:141 9971 vl 01¢'l Tt [ANA IS LTt 4
889°1 wo'l 6L5°1 0£6°1 18¢'1 LL9] 1€9°1 89¢°1 0TSl VA 4! 1

Z
S000 0100 §T00 0500  00I0 §000 0100 §Z00 0S00 0010 ®
L=4 9=4

Q=1



9105'¥8 889018 1T619L TESITL 8TLYLY 8896'9L 9TB9EL 9TTO69 BOLI'SY 990609  “/X

0001 000'1 0001 000°1 0001 000't 000°1 000°t 000°1 000°1 x
00! 1001 100t 1001 100°1 100°1 100°1 1001 10071 1001 0Tt
£00°1 £00°{ £00'1 001 00’1 00t 001 00t 2001 00t 09
9001 S00'L 001 S00't 00’1 00t <00°! €001 ¥00'1 00’1 or
600'1 600'1 6001 80071 8001 8001 8001 8001 L00°1 L00'1 o€
€101 £10°1 €10l (410! it cio't o'l IO} 1101 010t ¥
310t Lol L1l 910t 910l 9101 slot Slg't viQ't LA LA 0C
120°1 00’1 070’1 6101 6101 6101 801t 8i0'1 L10't 9101 8l
0’1 ¥oo'l 70’1 €T0'1 o'l wo'l o'l 120°1 120°1 0co't 91
1€0°1 €01 60’1 8201 L2011 870°! LTO't 970t sT0'1 Yo'l 4!
Leg'l LEO'T 9¢0°1 SE0'l 0’1 9t0'1 SN £€0'1 [A10N [€0°1 Tl
150'1 0501 80’1 90’1 o'l WOl SHO'1 134001 o'l oot 01
650°1 860t S0l €S0l 150’1 $s0°1 o'l 050’1 P01 90’1 6
690'1 L1 §90'1 7901 090°1 £€90°1 090t 650°1 LSO'] psO'l 8
£80°1 080°1 Lol vLO'1 10l 9L0'1 vLO'T 0L0'1 890°1 901 L
101°1 8601 £60't 0601 980°t £60'1 060°1 980'1 780°1 6L0°1 9
9zt Tl 9l 41! L0t Lirt el 8011 1311 W 860°1 S
yoi’1 8CT°1 0sI'l il LET] I3 spl'l ort'l pEL] INA N 14
LTl 81T'1 SOC'1 9611 s8Il viz!l €Ozt oLl 121 pLUT £
0se’l (AX | et £6T°1 SLT 9¢e’l 61¢’1 L6T'1 6LT'1 1971 T
61L°L 1L9°1 09! 85S°1L 80571 £0L'1 959°1 651 ebel vor'1 I
K
<000 0100 §700 0500 0010 S000 o100 §200 0500 ooLo 0
6=4 g=d
Q=W

(panunuo)) 6 3MEL

624



9LY9'901 £918°T01 1£5¢°L6 €808°T6 OEvL'L8 LIS6'16 V6LESS 9L6TES 6I806L OL6EPL X
000'1 000°1 0001 000°1 000t 0001 0001 000°t 000°1 0001
1001 100°1 100'1 100°1 100°1 100°1 100°1 100°1 100°1 100t 02l
001 $00°{ $00'! $00'1 $00°1 £00°1 £00°1 £00°1 £00'1 00’1 09
800°1 800°1 8001 L00'1 LO0'1 900°1 900°1 900'1 900'1 %001 op
£10'1 ¢10°1 Tivl FALON o't 010’1 010t 010t 010’1 6001 Of
6101 8101 8101 Lol L1101 s10°1 10l vio't PLol 13 (¢ 28 B 74
§°0'1 Yool £20°1 £20'l ol 00’1 6101 6101 8101 8101 0T
6701 870'1 LZ0'1 Lol 970’1 £20°( €201 ol [Y4UR! 1°0'1 81
Se0'1 $e0'1 ££0°1 ol 1€01 870°1 L7011 970'1 970’1 STO'T 91
wo'l 0l ov0o'1 6£01 Le01 Peo'l re0l £e0'l o't [$21028 B 41
[AStR 1601 6%l 801 o'l ot wo'l 0t ool ge0l T
L90'1 $90'1 £90'1 150°1 6501 950°1 SY1)] £50°1 1S0°1 6v0'l 01
9Lo’t Lol o'l 001 L90'1 €90°1 £90°( 190°1 650°1 90l 6
680°1 980°1 €801 180°1 8LO°1 L0t PLO'] 1L0°t 8901 9901 8
oLl ot 860°1 $60°! 160°1 0601 L3801 ¥80'1 180°1 8L01 L
sTi'l (448! Lt et 601°1 6011 9011 ort L60°1 t60l 9
14701 ost't 12401 8El'l £ELl SEl'l 1E1°1 sl ol sirt ¢
Lel'l o61°1 [4:301 SLTL 9171 SLU'1 691°1 191°1 psi‘l A 2% BN 4
£9T'1 ssTi Wil eTi 1Tl 6LT’1 0tT’1 81Tl 80C'1 e’y ¢
S6£°1 8LE°1 1432 SeE’l 9Ie'l $9¢°1 sve'l see’l L0t71 887’1 ¢
Ll (44 §$9'1 S09°t 123! 9€EL’] L3891 £09'1 tLS1 £est 1
W
§000 0100 SO0 0500 0010 000 0100 ST00 0500 0010 »
ti=4 Ol=+4

625



66T8C1 9LI'PZI 9811 SPIElL  §95°LO1 €9T1°1T1 S9SOLIT €THT UL 8¥6E901 0086001 “3X
0001 000t 000t 000L 000! 0001 0001 0001 000T 00Dl >
001 2001 1001 100't 1001 1001 10071 1001 100! 1007 0Tt
S00'1 S0t SO0l SO0l S00't 00T SO0 S00L SO0l ¥0O1 09
1101 1ot 0wt 010l 010! 0101 0101 6001 6001 6001 OF
LIt L1001t Lt 910t 90t 9101 9101  SI101 IOl vIOL  OE
S0t ¥20'Y €Ol W0l T20'L €201 T 1201 120 0201 ¥T
Ol TEO'L €01 0£01 62011 0€01  6T01 801 8Z01  LZOl 0T
8€0°1  LEO'Y 9€0’l  SE0T  pE0L SE0T  PEOL €E0T  TEON 1€01 8t
SOl $HO'l WOl oL ovol P01 OOl 6011 SEO'T  LEQT 9L
SOl £50°1 101 QSO 8pO't 0SO'L 60T AP0 9Ol w01 ¥l
9901 ¥90't 901 1901 6501 1901 0901 8501 9SOl sso1 T
£80°1 1801 601 901  $LOY SLO'T 901 €01 1L01 69071 Ol
60t TEO'L  680°'T LSOl 801 880°1 9801 €301 1801 8LOL 6
601'T 9011 g0l 0011 L601 011 00I'T 9601 €601 0601 8
T4 SRR 74 08 TN 174 A8 SN ) B 08 S 4 1 B 611'T  LII'T T’ 601t SOl L
Isre Lt Wil Levy o Tert WL 66t EEIT 6TUL ST 9
13: 08 SR T M LT 9901 09t't pLIT 6911 TSI ISt ¢
0€Tl  £TTL HITT 90T 8el'l 6171 TITY €zl 96l't 8811 b
€0€1l  €6TL 6Tl 89T1 96T 16T1  18TL (9T1  95T1  wT1 ¢
oWl Tl Lefl  LLET  LSE STY1 LoV £8€1  €9€1 evEl €
— - — — - 9081 9SLT 8891  L£9L  s8st 1

4
000 O100 S§Z00 0S00 0010 000 0100 SZ00  0SO0 Q0lo »

SI=4 pl=4
o=

(pamumuo)) 6 34qeL

626



STVl pEIBEL BER'IEl #LSIZI 6497071 OEEY'SEL TIPIIEL 1000°ST1 60L8°611 LOCIPII X

000°1 000°1 0001 0001 000't 0001 0001 000°1 000'1 000t
001 00l 00't o'l 00t 00’1 001 001 00°1 wol ol
L00°1 9001 9001 900°1 9001 900°1 90G°1 900°1 900°1 S00'l 09
£10'1 €10’ o1 1ol (At 10’1 1ol 101 1ot 1ot ov
120°1 0201 020°1 610°1 6101 610°1 6101 810°1 8101 Lig’r  og
620°1 870'1 870t L20°1 970°1 Lol 970l YA §20°1 LCCUR B 74
80’1 L£0] 9¢0'1 SE0'l Pe0°l 6eot veo'l £eo’l £L0’1 ol 0T
o'l £v0l [44 8 1901 ool o'l oot 6£0°1 8¢0°1 TRY VN S
50’1 1601 6v0'1 80’1 LyO'l 801 Ly0'l 90’1 134001 tP0'1 91
790'1 190°1 650°1 Ls01 960'1 8501 9¢0°1 1340 £60°1 (408 SN 41
SLO'T ¥LO'l wo'l 0L0°1 8901 1L0°1 6901 L90°1 $90°1 €901 T
v60'1 60't 0601 L80°1 $80°1 680°1 L801 ¥80°1 801 6,01 Ol
LOT°1 s01°1 ior1 6601 9601 1011 6601 S60°1 £60°1 0601 6
14N \7a | 911°1 et 601°1 91i’l (A0 601°1 901°1 (2101 I B
(A4 6Ll vel’l oel't 9zl'l 1130 1ell Ll (Y4 611'1 L
8911 POl 8sl'l tot'l sri'l 6s11 sel'l ost'l 4N o't 9
wTl Lé1'l 061°1 811 LLL'T £61°1 881°1 181°1 SLI'1 891l ¢
1ST1 wi'l vell 9Tl 8171 Tl PET 1 {4A 9Tl 80Tl ¢
8cel Ll XV 16271 6LT1 91¢’l sot'1 16T°1 08’1 9Tt ¢
691 oSyl yev'l Yov'l £8¢°1 el 9tY'l Hir'l 16¢°1 oLelr T
— - - — — 198°1 68L°1 1Ll 899°L stol 1

$00°0 0100 ST00  0S00 0010 §000 0100 STO0  0S00 OOlC @
L1=4 9l =4

627



LEYOST  LEOTSL Ivb'SPl  1T6°6E1 6TLEE] v665°6v1 8860°SYl 9059861 69STEEL LLITLTl “2X

000°1 000'1 0001 000'1 0001 000'1 0001 000'1 0001 0001 X
00t 00'1 w00t 001 w00l 001 °00'1 001 00’1 w01 ot
8001 800°1 L00'1 LOoO't L00'1 Lo0'1 LOO'L 001 Lo0'L 9001 09
sio'l 101 ¢10'1 vio’l vio't yio’l 1ol €10l ¢10't 11008 S o
¥zt £20’l €70'1 [{i R o'l 20’1 (441} 1Z0°t 1201 0201 ot
133081 €£0'1 0! 101 0£0°1 1£0°1 1€0°1 0e0'1 6201 TAUN B 4
o'l 134001 01 1901 6£0'1 01 oro'l 6£0'1 3E0'1 Legr O¢
050l 601 Y01 o't 990’1 Ltyo't 90’1 sPo'l o'l evo'l 81
650t 850’1 9c0'1 §e0'L £60'1 §s0'1 145U £50°1 {s0'1 0s01 9t
0L0L 690’1 L90'1 90’1 £90°'1 990'1 ¢90°1 £90'1 190°1 0901 #1
€80°1 £€80°1 180°1 6L0'L Lol 080'1 6L0'1 90’1 Lol [4X0N A
0I'1 YOIl 101°1 8601 601 0011 860°1 S60°1 £60°1 060'T Ol
6ltl'l Lt ettt ottt ort ¢t 1t Lot soL't 101't 6
9El'l XN ] (TAN! 9ttt [44 1 611 Ll eTt’l 6111 18 1
LST] 120! 6vil 19481 orl'l oSt Wil wl'l 8€I'l eEl’l L
P8Il 0811 LIl 6911 Il 9Lt’l (/A I P11 191°1 oSt't 9
12Tl SITt 80T1 1021 S61'1 (4 rAn! 90T 661°1 t6l’l 98t ¢
LTl 9Tl esTl W'l LeT'l 9T 4YA bY /A LeT1 b T4 S 4
[As N Ivel 9z¢’l vie'l [oe't ove'l (T4 N clet €0e'l 06Tl ¢
Lé6¥'l LYl 554! (6341 80Pl 8yl 124! eVl AL A 96t T

- - - - — #L81 [44] oL 8691 wol 1

A
000 0100 €200 0s00 oot'0 $00°0 o100 ¢200 0s00 0010 »
6l=+4 gl=4
Q=W

(pamunuo)) 6 dqEL

628



629

T8YIE9L  TOS6'8ST PIITTST +LISOPL 9TET ORI  “ X
000'1 0001 000'1 0001 0001 ™
001 7001 700'1 001 001 ol
8001 8001 800 800'1 8001 09
910'1 9101 910’1 S10'1 slor op
9Z0'1 ST0'l S0’ vZ0'l €201 0¢
9€0'1 SE0't ¥EO'L £€0'1 €601 ¥T
901 SHO'l 01 €'t wol ot
£50'1 w$0'1 150'1 0s0't 60’1 81
901 1901 090’1 850'1 LSo1 9l
vL0'l €L0'1 1ol 6901 L9%01 ¥l
060'1 880'1 980'I v80'1 1801 Tl
1t 601°1 901l £01°1 101t ol
9z1't £l 611l 911y gL 6
340 orl'l 91’ 41! 8TIl 8
so1°1 191°1 9%1°1 434! Wit L
€611 881l 1! LLT'T iy 9
0€T1 vzl LIT'T 0171 €071 S
£87°1 SLT1 §9T'1 957’1 wrlr v
¢l £6€°1 LEE STl uer ¢
0is1 o6t'1 vor 1 bl (174728 B 4
906'1 €581 18L°1 Lt w1
W
§00'0 0100 §20°0 0s00 0010 ®

0C=4



8€66'98 PEISE8 TLI9S8L £89vvL G816°69 LOET8L S6L6L ITTOL 9BEE99 SLEOTY “7X

000°1 0001 0001 0001 0001 000°1 000°1 000°t 0001 0001 @
1001 100°1 100'1 100°1 100°1 1001 100°1 100°1 100°1 0o't  oct
£00'1 €001 <001 001 700'1 o'l 00°1 001 w0t WL 09
€001 §00°1 £00°1 SO0t $00°1 §00°1 S00't $00°1 y00'1 $00't  Or
6001 600't 800'1 800°1 800°1 800°1 800°1 L00°1 LO0'1 Loot o
€10l ot (41U Tio’l 1101 ol 1101 1ot oi10'1 110)8 S 74
Lol L10°1 AU 910t SOl 9101 S10°1 Sio'l vio't vior o2
00’1 0co't 6101 810°1 810°1 6101 810'1 AL Lol 9101 8l
o'l £20°1 £T0'l o'l 1201 o'l o'l 120°1 00’1 6101 91
6C0't 8701 870°1 L0l 970'1 8701 Lot 970°1 §T0'l 24V S 4
8¢0°1 LEOL €e0'l Peo't £E0'l §€0'1 o't €0l 1€0°1 otot T
6¥0't 80’1 90’ wo'l 134181 194101 o'l wo'l ir0'1 6£0't Ol
LSOl €S0t £c0't 1601 6+0°1 £sO't 150'1 6v0't o'l SOl 6
L90°1 $90°1 o0t 090'1 8601 w0l 0901 850°1 $s0°1 €501 8
080'1 LLO1 PLO'1 1L0°1 850°1 vL0l wo'l 6901 990°1 €901 L
LeQ't ¥60°1 0601 980°1 £80°1 160°1 8801 ¥80°t 180°1 Lt 9
1zl LIttt vl 8011 (21101 Pii’l [RRMN sob't ori 9601 ¢
8s1'l (A1 134 8! 6t1'1 ¢l ost't svi'l LETT (SN 174 S S 4
81T'1 01Tt 861°1 6811 6L1'Y 017’1 10Tt 631’1 0811 ory ¢
Leel 1cel 667°1 [4:741 1374 6CE’l 43! 0671 eLT 9Tt T
Y691 891 98¢l 8ES1 LA 689°1 Er9l 08¢°1 [439] vebl |
4
$000 0100 §T00 0500 001°0 $00°0 0100 §700 0500 goro »
g=4 L=4
L=Ww

(ponunuo)) 6 xqeL

630



631

0S1T°%01 OSTY'001 1€T0°S6 TIES06 1LTSS8 £6v9°S6 001076 967898 LBTST8 ¥SwLLL “7X
0001 0001 000’1 000'1 000'1 000'1 000'1 0001 000'1 0001 o
100°1 100'1 100°1 100°1 1001 1001 100’1 100°t 100'1 1001 otl
£00'1 £00'1 £00°1 €00°1 £00°1 €001 €00°1 £00°1 £00'1 €00l 09
Loo't LOO'L 9001 900'1 9001 9001 900°1 900'1 900°1 o0t ov
10’1 1ot oto’1 0101 ol01 ol0'l o101 6001 6001 6001 ot
910°1 S10°1 S10°l v10°1 vi0'1 vio'l viol g10°1 £10°1 12 (U8 S 4
170°! 070’1 070’1 6101 6101 6101 6101 810'1 8101 L1011 0T
¥eo'l 201 €201 €70l o'l €01 o'l 1201 120t oot 81
670°1 670’1 8c0°1 8701 920°1 Lot 9201 §e0'l §T0'l POl 91
9¢0'1 9e0’l $€0°1 veo'l o't €e0'l FAYUN €01 0e0'1 6201 #1
SHO'1 o'l wo'l w0l oro't 170’1 oro’l 6£0°1 8€0°1 9€0'l Tl
850°1 950'1 Ol £60'1 160°1 £50°1 (A0 0s0°1 8¥0'1 o1 ol
990°1 S90°1 901 090'1 8501 90t 090'1 850'1 9501 POl 6
LLo’1 SLO1 £LO] 0L0'1 890°1 Lol oLO'l £90°1 $90°1 €901 8
160°1 680'1 9801 £80°1 080°1 §80°1 £80°1 080°1 LL01 pLol L
o1l Lo eol’l 660'1 960°t €or’l 001°t 960'1 £60°1 6801 9
9l (43 L [44 LIt 6T11 YA oIl siIy orrn ¢
SLYY 691°t [N §61°1 3pl’l 9911 191°1 13901 A4 W o't ¢
8¢T'1 6CC1 LIT1 8071 Lot 8¢l 6171 LoT'1 861°1 88l €
65¢°1 we'l 0ze’l €01 131481 8pel 1€e'l 60t’1 [4. YA SLTL T
gl 999°1 091 LSS'1 6051 oLt 991 651 Lysi 66¥’1 1
Ul
§00°0 0100 §c00 0500 001°0 §000 0100 200 0500 0010 /
Ql=4 6=4



€9TIITL S9SOLIT €TYTLLL 8¥6£7901 0086°001 POLTIT 1LL°801 S8SI'E0L v8¥'86 OLTE6 "X

000t 000°1 000'1 000'1 0001 0001 000'1 000°1 000°( 0001
100°1 100't 100°1 100°1 1001 100°1 10071 100°1 100°1 1001 071
$00't ¥00'1 Y001 Y001 Y001 Y001 ¥00°1 Yo0't £00°1 00’1 09
6001 800°1 300°1 8001 8001 800t L00'1 LO0'1 L00°1 L00'1 OF
€101 t10'l €10l cio’l (41181 (4112 1ol [ALLE 11071 ot o¢
6101 6101 810°1 8101 Li0't LI0'1 L10°1 Lot 910°t 9101 +C
20’1 STo'l 0l Yo'l €701 €201 £e0’1 o'l 1701 120’1 02
0t0'1 620’1 8701 820'1 Leo'l Leol L2301 920°1 S0t yzo't 8t
SE0't Se0'l 1210081 £e0’l [AY1N 1 o't ceo'l 1€0°1 0e0’l 6C0'l 9t
34081 o't 10l 6£0'1 8£0°1 6€0°1 8e0'l LEOT 9¢0°l Se01 ¥l
£50't (43001 050'1 6¥0°1 L¥0'1 6¥0'1 8¥0'L WOl 19208 L0l Tl
L90°1 9901 ¥90°1 7901 0901 7901 19071 6501 Ls0'1 sso'l o1
Lol SLO'T £L0'1 oLo't 890°1 o't 0L0'1 L90'1 §90°1 €901 6
68071 L8071 ¥80°L 18071 6L0°1 £80°1 1801 8L0°L 9L0°1 €07 8
you’l ol 860'1 $60°1 760'1 860'1 601 60’1 6801 9801 L
sl [44u| LIt eill 6011 Si'l 12410 o1t 9011 wrr 9
133 I 401 13 4 Wt 8el'l £Ell Syi'l ori’l SEl'l oel’l 174 0 B
bol'l s8Il o8l’l ELTl 911 ¥8I°l 6L11 Lt Ul 1A% 3 B 4
6sT'1 05Tl 8ET'1 8T LIT! Tl 6£T1 LTt 81Tl LTt ¢
£8¢1 99¢°1 el 9zel 80¢°L et yee'l Tee't Siet L6ttt €
LeL't 0691 L7911 6L6°1 1€671 - — — - - 1
X
$00°0 001°0 €200 0500 0010 S000 0100 6200 0500 ot »
Cl=4 1=+«
L=

(panmunmo)y) ¢ qel,

632



TEO8'LEL LSLY'EEY 1T8TLTL LLOITTY £SIE911 16v'6T1 68TSTI I8T6LL 89THI1 199801 “7X

0001 0001 0001 0001 0001 000°( 000t 0001 000°I 0001
100°1 100t 100°1 100°1 100°1 100°1 100°1 100'1 100°1 100°1  Otl
S00'1 S00'1 $00'1 S00't S00'1 §00°1 001 $00°1 00’1 v00'L 09
0101 0101 010t 600'1 600°1 600°1 600°t 600°1 600'L 800't Ov
910°1 9101 S10t S101 S10°l S10°1 rig’l v10°1 P10°1 £10'1 ot
£20'1 o'l w0l 120°1 120°1 120'1 1701 070l 0ol 6101 ¥T
0£0°1 0£0'1 670°1 87Ol LTo'l 870’1 LZ0'1 9z0'1 970’1 $T01 0T
SE0'1 1210 £e0'l te0’l o'l [AX081 [4XIN! 1€0°1 0£0’l 6701 81
1v0°1 1701 6t0'1 6£0'1 Leo'l 8¢€0'1 8£0°1 9¢0'1 9t0't se0'1 91
0s0'1 6v0'1 Ly0'l 90’1 137001 WOl 1340 o'l £r0'l wo'l vl
190°1 090°1 850'1 LSOl S0l LSO'1 9¢0'1 ¥S0'1 £S0'1 1s0°1 €1
LLot 9L0'l £L0'1 1L0°1 690°1 o'l YALN 8901 990'1 ¥90°1 01
880°1 9801 £80°1 180°1 8L0°1 801 0801 8L0°1 9LO't £LO'l 6
1011 660°1 9601 £60°1 0601 S60'1 £60'1 060°1 L30'1 7801 8
8111 SIUL i 801°1 sot't Il 801°1 sor't cot't 860°1 L
orl'l Lell [41 0! YA £l el 6Cl’l vl ozt 9t 9
oLt 911 651t 1430 6v1°1 19171 LSl 1s1°1 il S A0 WY
¢1Tl LOT'Y 8611 wl'l 8171 £0T'1 Let’l 681°1 (410! SLUL ¢
1871 [4kal 65T'1 6vTl 8Tl oLt 1971 8vT'l 8Tl 8Tl ¢
80v'1 16¢°1 89¢°1 0se’l [§3 1 S6¢’l 8LE7] 96¢71 8£e’l (747 B4
£9L°1 SiLy (4341 $09°1 95671 - — - - — 1

W
$000 0100 200 0500 001°0 000 o100 §200 0500 0010 /
pl=4 gl=d

633



PreTyS1 69CL°6P1 1081°EPT STOL'LETL 9LSSIEL OLO9Y1 0T9'1¥I LYTSEl 816671 LveeTl “zX
000'1 000'1 000'1 0001 000°L 000t 0001 000'1 000'1 000’ ©°
200t 700°1 200°1 2001 o'l 700°1 001 2001 100°1 100°1 0TI
900'1 9001 900°1 9001 9001 900! S00°1 00’1 S00°'L co0't 09
[4 {18! Cio’l [ALUA 110t 1101 10’1 [ {08 1101 0101 010’1t Ov
610’1 6101 810’1 810°1 L10L 810’1 Li0l L10'1 910’1 9101 0f
Lot 970’1 9701 o'l 20’1 S0l ot yao'l €20l €201 T
Se0'1 vEO'L ¥e0'l €e0’l Teo'l 0l ceo’l 1€0°1 0€0'1 0£0'l OC
o't oot 6€0°1 8€0°'1 LEO'T 8€0°1 LEO'T 90’1 SE0'L ve0l 8l
890’1 o't 0’1 SOl o'l SyO'l o'l P01 o'l oot 9t
LSO'L 9501 S| €501 (431N} 12 LR £60°1 1S0°1 050t 8PO'l ¥l
0L0'l 6901 L90°1 $90°1 €901 9901 901 w0901 190°1 6501 T1
8801 980'1 £€80°1 1801 6L0°1 280°1 18071 8LO'T 90t yL0'T Ol
660°1 L60T 60’1 (£ 181 680°L 601 w601 6801 9801 ¥380°1 6
141! Iri SOI°'1 sor'lL wrt Lot So1°1 [A1] 8 660°1 9601 8
ZEL'L 6211 ITAN 1Zrl sil'l 174N (440} SiI't sirt ey L
et [A9 W1 LyI'l wli'l SEl'1 sPi'l 14490 6el'l sel’l 1e1't 9
L81] [4:301 /AN wri 91’1 6L1'1 yLI'] 8911 or1 Ler't ¢S
FAY A 9¢T1 LIT1 017’1 wt €Tl 9T1 80Tl 101 177 8 N 4
€0¢°1 £6T1 087’1 oLT1 8ST'1 w1 £8C'1 oLT'1 6ST'1 W1 €
vl SiF'l 6E°1 ELE] yeel o't 110, 1 08¢l 79¢°1 1323 B4
06L'1 L'l 8L9'L 6791 08s'1 — — - - — I

X
000 0100 $T00 000 0010 €000 0100 ST00 0500 0010 ®
I=4 Sl=4
L=

(panuntio)) 6 AL

634



17£9°0LY O1¥8°S91 pIT6'BST 6L61°€ST IHTL 9V 18y°791  008°LS1 ¢80°ISL 19¥'S¥l 6vl'6El ;X

000°t 000'1 00071 0001 000°1 0001 000'1 0001 0001 0001 oo
<00°! 00’1 00l 200°1 2001 001 00t T00'1 00t 2001 o%t
L001 L00t L00'1 LO0'1 Loo’1 Lo0’1 L00’1 9001 900°1 9001 09
vio'l vio't Yot £l tlo'l €101 t10°l t1o't ot Tt oy
o'l ol 120l 1201 0ol 1201 0701 0701 6101 6101 O¢
1e0'1 1£0°1 0£0'1 6701 870'1 6701 8701 8701 L7201 90l T
00’1 00l 6£0°1 8£0°1 L£01 8£0°1 Let 90! se0'1 pe0lt 0T
Lol WOl Sro'l o't 0l o'l £ro'l o'l 1v0°1 o0l 81
$sO'l o0l 50'1 1601 050°1 1501 050’1 6v0'1 8yl ot 91
$90°1 125Ul 901 190°1 650°1 190°1 090°1 850°1 LSO'1 9501t ¥i
6L0°1 LLOT SLO'I L0l TLo’l $LO’] £L0] 1L0°1 6901 901 T
860°1 960°1 £60°1 1601 680°1 t60't 160'1 880°1 980°1 ¥80't Ol
Tl 8011 SOt €011 001°1 sot'l tOl'l 00171 L60°1 601 6
9ti'l LA 0z1'l JARN yit'l 17A0 FAR N rill 1l 01T 8
wi'l il 8el'l vell 1€1°1 6¢l°l 9tl’l 1e0°1 8Tl vt L
1LY] L91°1 191°1 LST'l (498 e9l’l 651’1 1270 ost'l 134 3 S
vzt 661°1 61t L3811 18171 961°1 611 121 6L1°1 (LY €
[4Y 4 374 9tTl 8TT'1 44 Wil SETl 9tT 61Tl 1 Y .
pTel Sig’l 10€°1 06T'1 8LT1 vigl ¥0e'1 16T°1 08C'1 8971 €
Lsy'l (34 Sl 96¢'1 LLet svv'l Lev'l €0v'1 §8¢’1 142
918’1 89L°1 £0L'1 143 S09'1 - - - - - 1

24
$000 o100 €200 0500 0010 S00°0 0100 €200 0500 001 .y
§l=4 Ll=4

635



89¥R°981 €0¥8181 8LYITLL 0£19°891 0LT8191 SSL'SLL YSSELL 918991 S16091 €8THSI “7X

0001 000°1 000t 0001 0001 0001 0001 000t 0001 o't *
7001 00t 00t 200'1 2001 w00t 200°1 00! w01 w001 0Tl
8001 800°1 8001 800t 800°1 800°1 8001 L001 L00'1 ool 09
910°1 910l 910'1 c10°1 s10°1 SOl S10°t S0t vio't rior oy
920°l §T0'1 §Z0'l $2o’l vao'l yZo'l €0l €201 o't o'l ot
geol €0l Pe0'L £€0'1 €eo'l €e0’l €e0t e0'l 1e0'{ ot0't ¥T
ool SPo'1 o'l £90°1 o'l 134 UN1 wo'l 1701 001 6£0't OT
£50°1 50l 1s0°1 0501 80’1 0501 6v0'1 P01 Lr0'l Syo't 8l
2901 090°1 6501 850°1 9601 850°1 JASOR| 9501 ¥50'1 €501 9t
€L0'l Lol 0L0'1 890°1 L90°1 690°1 890°1 990°1 901 13 1 S 4
880°1 980°1 ¥80°1 8071 080°1 £80°1 801 080°1 3L0'L 9.0t T
601°1 Lol yoi'i o1t 660°1 €011 10t°1 660'1 9601 60’1 Ot
[44 1 ocinl L il i 2111 pitt IR 8011 SO’ 6
6€1°1 9tt’l TEI'L 6C11 sel'l 4% ¢ oet’l 9zl'l [Yau | 611’1l 8
6511 9¢s1l IS1°1 8pi't 1248 [A (34N el 3481 LET'L L
asl'l 811 9Ll Tt 91°l 8Ll /AN 6911 il 6S1't 9
ITTL 91T 60C'1 117481 %11 1A 80T'1 1071 S6l'l 6811 ¢
oLt £9T1 1274 STl 8eT'1 19771 14741 syl LETY 6t v
el Gee'l | YA ote’l 8671 seel sze'l et (LU 88C1 ¢
o'l (4 At 8¢yl 6Ll 66¢°1 691 139 A8 Lt 80’1 88¢1l €
tvg'l goL'l 8Ll 6L9°1 6091 - - - — - 1
A
000 0100 $T00 0500 001°0 €000 0100 €700 0500 0010 »
0C=4 6l=4
L=u

(pomuuo)) 6 AEL

636



637

188'96 6917€6 I1¥00'88 €SLYES 96588L 72X
0001 000 0001 000l 0001 ©
1007 1001 1001 1001 1001 OZ1
€001 €001 €001 €001 €00t 09
9001 9001 9001 S00T  S001  OF
0101 6001 6001 6001 6001 OF
viI0l #1011 €101 €100 T01 vC
8101 81071 8101 LIOT L1011 O
€201 ot ol 1201 o0zol  8I
L2001 9ZTOt 90l SOl £ 91
€01 LE0T 1601 001 801wl
1901 0pO1  6£01  8€O0T 980l Tl
TS0 ISOT 6MOT  8YOL  9b0L  Of
0901 6501 LSOl  SSOT €501 6
[L0T 6901 9901 #9011 1901 8
$80°1  T8O'L  8LO1 90t €01 L
0U1 6601 S601 1601 8801 9
9ZI'1  €ZI't  LITT €T 8011 §
€911 8SI'1  osI'l vl SEI'l ¥
YTl SIZL YOT1 Ssel'l s8Il €
el 9ZEl  SOET  88TL oLzl ¢
691 991 S8S1 €S l6pl 1

A
S000 0I00 STO0 0500 0010 ®

g§=4




TIZE911 88TEZI1 9879901 S6L8I01 T8LS96 9L¥9'901 €918°TO1 1€SE°L6 €808°C6 OfpLL8 X

000'1 0001 000°1 0001 0001 000'1 0001 0001 000°1 000t <=
100t 1001 1001 100°1 1001 (001 1001 100°1 1001 100t 021
$00°1 t00'1 €001 £00°1 £00'1 £00°( £00'1 £00'1 £00'1 €00t 09
L00'1 L00'L L00'1 L001 900°1 L00't 9001 9001 9001 900'l OF
1ot 110’1 [0l 1101 1ol HI0'] 01071 0101 010’1 oot o¢
L0l 9101 9011 901l s10l s10'l ci0'1 cl0'l 140 violt  #C
0l 0l 120°1 120°1 001 00’1 020’1 610°1 6101 8101 0T
9z0'1 9701 70t vl €'l veo't vao'l £€70'1 (4418 1701 81
[e0'l 0£0't 0£0°1 620'1 8701 620'1 80’1 LZ0'1 920t 920’1 91
8¢0't L£O'L 9t0'1 SE0'1 et SEO'l ve0'l €801 €0l [$108 B 4|
Lol MOl o'l o'l wo'l o't 131410 0 o'l ool 6£0't Tl
0901 6501 LSO'1 gc0'1 £S0'1 950'1 €S0t €501 1s0°1 6¥0'1 Ot
690°1 L90°1 §90°l £90'1 1907t ¥90°1 £90°1 190°1 650°1L LSOt 6
0801 8L0°1 SLO't €LO°1 oLo't SLO’1 eL0'l 0LO'1 890°1 9901 8
Y601 260°1 880°1 980°1 80°1 680°1 980°1 €801 0801 Lot L
eIl orrt 9l'l ot 860'1 LO1'L oIl 00t'! L6071 €601 9
6¢l’l SEl'L ocl’l st Tt [43 1 6ct’t ecl’t 6ll’t vt ¢
LL1'L i vor'l 8ci’l 1S1°1 OLT'l Sor'l LST] 111 wi't ¢
6€T'1 0Tl 6171 60T'1 00Tt €Tt faaan LT 0Tl el €
LSE1 vl 61€L €0t L 98C'1 6ve’l gec’l el $6T'1 XA S 4
8691 €SOt go6s'l s 1081 $69°'1 8991 L3851 [§ 451 151 2 S
K
§00°0 0100 §700 0500 0010 S000 0100 €700 0500 oolo »
ol=4 6=4
=

(pamupuo)) 6 4qeL

638



OEEP'SET TIPL'IET 1000°STI 60L8'611 LOEEPIT  €16'STL LOLITI I¥8SII 868011 ZLE'SOl “7X
000F 0001 0001  000L 0001 0001 0001 000T 0001 0001 o
1001 1001 1001 1001 1001 1001 1007 10T 100F 1001 0T
POl 00T H00L Y00 POOI Y001 POOL OOl YOOl POOT 09
6001 6001  S00T 8001 8001 8001 800t 8001 LOOI  LOOT O
PIOL  PIOT €101 €101 €101 €101 €101 TIOL  TIOL 7101 Of
0001 0201 6101 61071 8101 8101 8101 LION L0 LIOT 2
9201 901 S0l HZOL  $20'1 YO P20l €01 TO1 WOl 0T
1€01 0601 6201 6T071 8701 8201 8201 LZOT 9201 9201 81
90’1 901  SE01  BEOT  £€0°] PEOL €601 ZEO1 €01 OEOl 91
WOl 0l WOl WOl 6£0T WOl POl 6€0T 801 LEOL I
pSOT €601 1S0T  0SOT  6¥0'1 0501  6v01 SOl WOl SHOl Tl
8901 1901  S90T €901 1901 v901 €901 1901  6S0T  LSO'T Ol
801 90T BLOY TUOT  OLO'L €LOT TLOT 6901 L901  S90T 6
0601 8801  S80'1 €301 080’1 6801 €801 0801  8L01  SLO1 8
SOI'T €011 66011  L601 €607 001l L6071 P60l 1601 8801 L
AR I AW B TS R U SR TR 6111 91t TII'L  8OLT %011 9
€SI 6vIl eIl 6EI'T YEL] oIl Tl 9l TEl LTl S
€611 (811 0811 €LUT 9911 SSI't 6LUL  TLIT ST 6Stl ¥
971 STl 9€Tl 9Tl 91Tl Tl 6ETI  LZTL 8ITL 80T1 €
SLEL  6SET  SECT  ITEL OETL 99t 0SEl  8TEL  TUEL 6Tl T
€ILT 1991 8091  TIST 9ISt — — - ~ - 1

>~
$000 0100 SZO0  0S00 0010 §000 0100 ST00 0500 0010 P

=4 =4

639



PreTHST 69TL'6VT 1081°Ev1 SIOL'LET 9LSS 1E 168FPL  6SPOPL LII'bEL +088TI 8§8TTl “7X

0001 0001 0001 000t 0001 0001 0001 000t 000 0001
101 1001 1001 1001 10071 1000 1001 100F 1007 1001 Tl
001 SO0L  SO0T SO0l SOO'L S00T  SO0T SO0t OOl Y001 09
0101  OI0L 001  0I01 0101 0101 600L 6001  600'T 6001 OF
LIOE 9101 9101 9101 SIO0T SIOL S1I01 SI0T vIOl PO Of
€01 €01 ol ol 1T0l Wl 1ol 1701 0T0l 0T01 T
€01 OE0L 6201 62071 82071 8201 8TOT  LZO1  LTOT 9T0T OC
9801 SE01  pEOL  €E0T  TEOL €601 €601 TEOL  IE0T OOl 8l
WOl 0T ObOl  6€0TT  8€0 6€01  8€01  LEOT  9E0L  SEOT 91
10T 050l SpO'L W01 9bO FOL SMOL SKOL WO E0T b
901 1907 6501 LSOl 9501 850l LSO1  SSO'T  pSOL  TSOL €
8L0T 901 WOl TLOT  OLO'E €01  1L0T 6901  L90T 9901 Ol
8201 980T  v801 T80t 6LO1 €801 1801  6L01  LLOT 01 6
10T 6601 9601 €601 1601 96071 €601 0601 8801 80T 8
giUl  SIL It 801l sol'l HIT 6011 SOU'T  TOUL 66071 L
611 9EIT  IEUT LTI €Tl TEUL O 6TIT sTil Tt LIl 9
89U1 vl BSI'L €SI spll U1 91T ISUL 9l il §
01Tl ¥OTT 961l 681l T8Il 10zt 96t 88UT 1811 wIT b
SLTL  99TL  ¥STI Wl pETL 9971 LST1 ST SET1  SWI €
S6€1  6LET  LSET  IpEl  £TEl SREL 691 L¥ELl  IEEl  glfl ¢
€T 9891 9T91 1881 SES — — — - = 1
K
$000 0100 SO0 0500 0010 000 0100 $T00 0500 0010 ®
yl=4 £l=4
g=1w

(pamutjuod) 6 3qeL

640



SLS6TLL TEe1'891 L8OT191 LvOP GS1 €588°8P1 8v9°€91 0S6'8S1 LIZTST L9S9pL €ETOPT “7X

0001 0001 0001 0001 0001 000°1 0001 000°1 000°1 0001 =
T00'] 7001 001 7001 001 w00t o0l 7001 00°1 o't 0zl
900°1 900°t 900°1 9001 900°1 900°1 S00°1 S00'1 $00°1 s00'1 09
zio'l <ol il <io’l 1ot 1ot Lol Lot 1ol oo ov
6101 6101 6101 8101 810°1 810°1 810°1 LIOL Lol 9101 o¢
L0t Lzo'l 920°1 970°1 €201 S20'1 sT0'l $20'1 LZCUN LU B 4
S0l Se0'l PE0°1 £e0’l el ££0°1 ol Teo’l 1£0°1 0g0l 0z
190°1 0r0°1 6£0'1 8¢0°1 8¢0l 8¢0°1 8L0'1 LeQ'l 90’1 SE0't 8l
8v0'l o'l 90’1 P01 o0l 340! o'l £v0'l o'l 01 91
LeO'1 950°1 §s0'l Vool <501 501 £50°1 S0l 0501 6v0'1  vi
0Lo't 690°1 L1901 $90'1 $90°1 990°1 €901 £90'1 190°1 0901 T
L80°1 $80°1 £80°1 180°1 6L0'] w0l 180°1 8L0°1 9L0'1 Lot 01
6601 L60°1 $60'1 601 680°1 £60°1 160°1 680! L80°1 801 6
ti'l ott Lovl yor'l 101°1 Lot so1°1 101'1 6601 9601 8
otl'l it £Zl'l ozl LIty 174! Y4l L il [ 253 B2
13 B 6vi't Svi'l 3401 9el’l il 13401 8tl'l pel’l ocl't 9
€811 6LL] (YAN 891°1 (4101 L1l 1L 911 091°1 ssI't ¢
LTl Y44 AT 901 861’1 8iTt [AY AR L UA 86171 (LA I 4
o'l §8T'1 wrl £9T'1 [AYAN ¥8C1 SLTt £9C'1 £ST'1 13741 N 2
il 0or'1 8LE'] 19¢°1 tvel 90v'1 68€°1 89¢°1 16€°1 tEEt €
16L°1 90L'1 W9l 1091 $SS°1 — — — — — 1
W

S000 0100 §°00  0S00 0010 000 0100 §T00  0s00 0010 »

H=4 Sl=4

641



S8SY 161 0L6E'981 LEII'6LT IVO0'ELT BLEL99I 9TTT81 08TLLL SLI'OLL 9ITH9L 8ISLST “7X
000'1 000'1 000t 000°1 000'1 000°1 000'1 000'1 000'1 0001 >
w001 co0'l 200'1 o't <001 001 w00t 001 w00t w0t 0Tl
L00'1 L00°1 LOO'1 L0t L00°1 L00'1 L00'1 LO0'1 9001 9001 09
o'l 10’1 vio'l il tiol £10'l €101 €1l £10'1 ot oy
o'l o'l o'l 120'1 120°1 120°t 120°1 0co't 0zo't 6101 0
1€0°1 1801 0¢0't 620'1 620'1 670'1 620°1 820'1 LTo't A4V S 4
ool oro'l 6¢0'1 8¢0'1 LEO] 3¢0°1 L£0] 9e0°l 9¢0°1 ce0t  OC
o'l 90l 192081 o'l o'l o'l o'l wo't 01 oot 8l
SR veo'l 0’1 101 050’1 160°1 050’1 6v0'1 80t ot 9
S90°1 $90°1 901 190°1 6501 190°1 090t 8¢0'1 LSO1 90’ ¥l
8L0°1 LLO'L Lol L0l 1L0°1 PLO'L £L0't ILO'L 690°1 901 T
Le0'1 S60'1 t60'1 160'1 880°1 760'1 0601 880'1 930°1 ¥80't Ol
601°1 LOT'1 POL°L ot 660°1 yot'l oIl 6601 L60'1 60l 6
el (4 SII'L il Tl st 1 et ottt ort 8
13401 oril 9ttt 12 6Tt 9tl’l rell 0ttt LTAN et L
LSt] £91°1 8SI'1 pell os1l 091l 9¢stil 1stt A4N1 et 9
6611 vol'l 8811 e8tl LLvt 161l L8l 081l sLtt oL’ ¢
Wil 8¢T't 6Tl [A24 izl SeT'1 6Tl 1Tl vitl 121748 S 4
£1el o€l 16Tl I8C'1 oLT'l €0t 6Tl (4141 w'l 1971 ¢
Ley'l (17441 86¢°1 18¢°1 €9l - oIyt 88¢°1 1Le't (3390 4
ELL'] LzL't L99°1 1791 SLS'T - — - — - 1

/A
S00°0 oloo €200 0500 0010 S000 0100 §200 0500 o00l0 »
8l=4 Li=4
§=w

(pamauo)) 6 AqeL

642



686T'8T1 £911°vT1 6SE1°81L £SFI'ENL 0595°LO1 WTSLI YTISELT YE8L'LOT S600°E01 96L9°L6 “7X
000°1 000't 0001 0001 000t 000°t 0001 0001 000°1 0001
100°1 100°1 100°1 100°1 100°1 100°1 1001 100t 100°1 1001 o2l
y00°1 P00°1 $00°1 Y001 £00°1 €001 £00't £00°1 £t00°1 €001 09
800°1 8001 L00°1 L00°1 LOO} L00°1 L00'1 L00°1 00°1 001 o
£10'1 zio'l (4L (41081 110t clol 110’1 1101 110°1 o101 Ot
8101 81071 L1071 L1011 9101 L101 9101 910t S10°t 7 () B 74
LA €201 £20'] o'l 170°1 'l ol 170'1 070°1 0701 0t
870'1 Lot 920’1 9701 §T01 920°1 §T01 vzl vZo'l €201 8l
£E0’1 Teo'l [£0'1 0t0'1 001 1E0'1 0£0'1 620°1 820°1 Lot 91
or0°l 6£0'1 8¢0°1 Leo't 90l LEQ'L 9¢0'1 Seo'l 12X 12T B 4|
6v0°1 8P0'l o'l POl o'l o'l POl o't £r0’l o't T
£90'1 190°1 6S0°1 85071 9601 650°1 8601 950°1 S0l 50t 01
o'l 0L0'1 890°1 990°1 ¥90°1 8901 990°1 ¥o0'1 901 0%1 6
£80°1 180°1 8L0°1 9L0'1 eL0'l 6L0°1 Lot L0t o'l 6901 8
L6011 §60'1 60'1 680°1 980°1 £60°1 0601 L80°L ¥80°1 1801 L
gttt et 601°1 90t°1 ol Hri 801°1 o1l 101°1 L6019
tvi’l 6t1'1 EEll 6Cl’l el Ler1 el 8tl'l 114 I 611t ¢
I81°1 SL11 891°1 (410 1318 AN 691°1 ol 9s1°1 6ri't ¢
wi'l ¢ETl w1 11 r Al £0T'1 9Tl LTt 9Tl L0T'1 el ¢
LSEY we'l 1281 SOt'1 8871 tst'l LeE) Siel 66T'1 [£:14) B 4
069'1 S¥9°1 9861 443! 4 0691 P9l 68671 orst sev'l 1
w
§00°0 0100 §200 0500 0010 000 0100 §700 0500 0010 »
ol=+ 6=4

643



yo65°6v1 8860°SPI 9059°8E1 69ST°EEl 11T LTI L86'8EL THIPEL TTH8TL STTETL LovLll (X

000°I 000'1 0001 0001 000°1 0001 000'1 000°1 000t 0001 o™
100'1 1001 1001 1001 1001 100°t 1001 100'1 100°1 100°1 0Tl
001 ¢00'1 $00°1 Y00°( ¥00°I ¥00'1 ¥00't 001 00’1 Y00t 09
6001 600°1 600'1 6001 8001 800°1 800'1 800°( 800'1 8001 oY
SIO0L 101 vi0l 0t 1ot 14 (0N eio'l €10l 1ol [4 100 B3
1201 00’1 0701 610t 6101 610°1 6101 810'1 810'1 810t T
L7001 LTO'1 920°t 920't STl ¢z0'1 §T0'l o'l Yo'l L XN G174
o'l 1801 0£0°1 0£0°t 620'1 0£0'1 6C0't 8701 820°1 L2018t
8¢0'1 Le0'l 9¢0't ce0’!l Pe0’l se0'1 ¢t0’l ye0'l £e0'1 o't 9t
o't o'l 132001 wo'l o'l 132081 wo'l oro't 6£0't 8¢0'l Pl
9501 $SO'1 £60°1 [4S 1N 0s0'1 501 150'1 0s0'1 80’1 ot T
0L0'1 6901 L90°1 $90°1 £90°1 990°1 §90°1 £90°1 190°1 650't 0O
0801 8L0°1 9L0°1 vLO1 o't 9LO'1 yLO'L o'l 0L0°1 83901 6
601 0601 L8O'T $80°1 2801 L8Ot $80°1 £80°1 080°L 80t 8
Lor't oLt 10171 6601 $60°1 ol 0011 960" $60°1 160'1 L
L't yart ocl'l 9irt (AR [44 0 6111 il S0 rt 9
sSi'l ISU°1 svi'l 11481 9El'L shl'l il 6ell 1230 oel'l ¢
vel'l 8381°1 1811 SL't 891t L81°1 8l vt 8911 121 0 QI 4
9sT’1 LTl 9¢T'1 LT LT STl oFTl 67’1 6171 oIzt ¢
ILEL gee’l cee’l 6l€l (LU 1223 1 4 3 LTE't et veTt T
9691 591 143N 0581 0S| — — — — - {
/A
€000 0100 $T0°0 0500 0010 S00°0 0100 §T00 0500 0010 »
=4 =4
=W

(panunuo)) 6 Aqe],

644



1¥€9°0LT OIPR'SIL vT96'8ST 6L61°€ST 1HTL IV 9091 96y'SST  6T88FL OYT'EP! T869LI X

000°1 000'1 0001 0001 000°1 000°1 000! 0001 000°1 0001 =
T00°1 00°1 00t 1001 1001 100°1 1001 100°1 100°1 100°1 0Tl
$00°1 S00'1 S00°1 §00°1 S00°1 §00°1 $00'1 S00°1 S00°1 S00't 09
1101 1101 0101 0101 010°1 010t o1o’t 010l 6001 600t Ov
Lol L1101 9101 9101 910’1 9101 910t S10°1 S10°t S10'1 Ot
o'l Yo'l €20l £20'l o't o'l o'l 120t 120°1 1741 S 74
(43081 1€0°1 0t0’1 0e0y 6201 620'1 6701 870°1 870’1 Lot 0T
LEO'] 9¢L0’t §e0't E0'l £eo'l ¥e0'l $eo't g0l o't 1e0'1 81
0l wo'l 1%0°1 ool 6£0'1 ool ov0'1 60l 8¢L0°1 Lg0'l 91
15071 1601 6v0'1 8v0'l Lol 80l Lvo'l 90l SHO'1 wol vl
£90°1 w“0’t 0901 650°1 LSOl 650°1 850°L 9501 S6O'l Ps01 Tl
6L0'1 LLO'L SLO'L £LO'1 1L0°1 vLOl €£L0°1 [L0°1 690'1 £90°t 01
680°1 L80°1 $80°1 £80°1 0801 $80°1 €801 0801 8L0°1 9ol 6
w0l 0011 L60'1 r60°1 601 L601 $60°'1 60l 680°1 L8011 8
811l 9l [A3 0! 601°1 901°1 el ottt L01°1 vol't ot
6€1'l 9tl'l el 8Tl 4N el ottt 9cl'l [44 0! sIr'r 9
891°1 Por’l 8S1°L el 8Pi’l "l LSt el wil it ¢
802°1 €0T'1 s61'1 681°1 (&30 107t s6t’l 881°1 181°1 1A N 4
1Lt £9T°t 1§71 il [Ax4l £9T1 13YAl! 174! el | {44 Y
L8¢°1 ILE] 16¢°1 SEE’l 8¢l 6LE'L £9¢°1 tre'l 9te’! olIel ¢
80L°1 $99°1 L0991 £95°1 0l - - - - — 1

Ul
$000 0100 §700 0500 0010 $000 0100 §C00 0500 00l .o/
pl=4 €i=4

645



S8SPTI61 0e6€°981 LEIT6LI 1H00'EL] BIEI99I OLOIS1 8EL'9LL 950691 9II€9l Opb9st “;X

000°1 0001 000'1 0001 000't 000'1 000°1 000°1 000t 0001 oo
200°1 001 001 00°1 700'1 00’1 w001 001 o'l 00t 0T
900°t 900'1 9001 900°1 900'1 900'I 9001 900°1 900'1 00t 09
e10l 1ol ol Tio'l clol [Alia! [A{UA 1ot 1ot 1ot oy
0zo'l 0z0't 6101 6101 810’1 810°1 8101 8101 L0} LIl Of
8701 Leo'l L7o'l 9z0°1 970°1 9t0'l §70°1 S0l o'l veol T
9t0't se0't se0'l eo'l €€l ve0'l £e0't €0t o'l €01 0T
wo'l 0’1 ool 6£0'1 8¢0'1 6£0°1 8¢0'1 Le0'l LEO] 9¢0't 81
60’1 P01 Ly0't 901 Svo'l 90l 134001 wo'l o'l wot 91
8¢0°1 LSOl 950'I 125 £50°1 ¢so'l F50'1 r41 81 1601 0s0'1  #1
0L0'1 690°I L9001 990°1 ¥90'1 9901 $90'1 ¥90°L 01 1901 Ti
L30°1 980°1 €801 80'1 6L0'1 £80°1 180°1 6L0'1 LLo'1 SLOT Ot
660'1 L60't P60'1 601 6801 601 601 6380°1 L80] ¢80l 6
Tl o1t LO11 yor'l wrl Lotrt sol't (A1 660'1 L60'1 8
0€l'l Lzt €l ozr't LIl 174 1 s8Il SIVl e L
[0 8l il orll 9el’l Syl [4201 8tl'l Fel'l oel't 9
181°1 LLY'T L1t 91t 1911 vLI't oLtt o9t 091°1 15375 S
€CTl 81Tl (U4 £0C'l 9Ll 91T izt o't 96l1 681'l ¢
88T'1 6LT’1 L9T1 8¢T'1 8PT'1 6LT'1 1LTY 65T'1 05Tl oyt ¢
vl 68¢°1 89€°1 (A3 3! Seet - - 65¢°1 1340 9zel T
[445 6L9L [14A! 6LS°1 9ts'1 - — — — - i
A
S000 0100 STO0 0500 0010 000 0100 €700 0500 0010 »
9 =4 Sl=4
6=

(ponunuo)) 6 94qEL

646



647

8V6IST PIY'LYL LI6OP1 OSK'SEl S8C6TI  S691°0VI L9OS'SEI TIYS6TI ITHELTI 086p'81 ;X
0001 0001 0001 000l 0001 0001 0001  000T 0001 Q001
1000 1001 1001 1001 10071 1007 10001 1001 1001 1001 0TI
S00T  $00T POl MO0l P00 P00L  POOT VOOl POOT  HOOL 09
6001 6001 6001 80071 8001 8001 8001 8001 8001  S00L O
PIOE  #10T  PIOT €101 €101 €101 £10T €101 €101 THoL of
0C0'1 0701 0201 6101 6101 6101 6101 8101 8101  LIO1 T
LTOL 9201 901 STOL BT STO1  STOL PTOT  €TOT €201 0T
101 1€01 00l 6301  8T0 6701 6201 8201 LTOT  LTO1 81
LEOL 95071 SEO1  YEOL  pEO SE01  vEOl €01 TEOT  I€0T 91
WOl er0t WOl WO OOl WOL WOl Ol 6£01 8601 bl
$S01 SOl TSOT  ISOT  6b0'l 50T 1S01 60l 8pO'l  LpOT T
690°1 L90T  S90T 90T T90'L 9901 90T T 1901 6501 Ol
8L0°L  LLOT b0l TLOL  OLOY SLOT  €L0T WO 6901 901 6
0601 8801  S80'1 €801 18071 9801 8071  TSOL  6LO1  LLOT 8
SOI'l €01 6601  L601  p6OL 101t 6601 S60T €601 0601 L
STl Tl sl eIl Lt oziL LWL €Il ot 901t 9
TSUL O spl't Tt sEll €Nl YUY Pl LEIT EEUT STIT S
0611  S8I'l  LLIT LT SO S8l O8Il Tl 99IE 0911 ¥
IST1 €Tl 1§01 W1 €Tl 9Tl 8€Tl 9Tl LITL  80T1 €
—  evEl 6l €Il 96T 09cl  SpEl  vTel  80€l 16Tl ¢
— — — — — 981 191 ST OpS1  96vl |
K
S000 0100 §200  0S00 0010 §000 0100  SZO0 0500 OQOlO ®
=4 EY

Ql=w



89¥8°981€OP8I81 8LYIPLL 0E19°891 OLTB 191

T8YO'E91 TOS6'8ST ¥LITTSY ¥LISOPL 9ZET ORI “7X

0001 0001 D001 0001 00Ol 0001 0001 0001 00T 00Ol o
001 001 2001 TO0l  TOO'! 1007 1001 1001 1001 1001 OC
9001 9001 9001  S001 SO0l S001  S00t  S00T SO0 bOO1 09
ol 1o 1ol 1oL 0101 0I0L 0101 600t 6001 6001 O
8101 8101 L1001  LIOT 9107 SI0T SI0L SI0L S10T vIOT Oc
STOT STl pT0T  ¥01 €20 WOl 1201 1201 0201 0T01 T
€01 TEOL  I€01  I€01  OEO'] 601 8201 LTO1  LTOT 901 0T
8601 LEOT  9E01  SEOL  SEO'L €601 €601 TEOT  I€0L  OEOL sl
WOl €01 Ol GOl Ol 6601 6£0T  8E0L  LEOL  9E0L 91
€01 TSOL IS0 601 8¥O'l 0L 901 SHOT WOl V0L
POT €901 1901 0901 8501 8501 LSOl SSOL  ¥SOL TS0 T
0801 80T 90l  SLOT €40 WOl 1OT 6901 L9101 O
0601 6801 980t  ¥80'l T80l 901 1801 801 901 WOl 6
0T 10T 8601 9601 €601 v60'l 2600 0601  L801  S801 8
61T LINT €l HIFL Lobd 01l LOUL %011 101L 8601 L
Wil LEUT €€l 6Tl 9Tl O£t LTIl €T 6L ST 9
UL ¥OIT  eStL ySUTL  6bll LS ST svll epll 8ElT S
8071 €0T1  S6l't 681l T8I 911  O6l't €811  LLIT 0Ll ¥
6971 19T 0sTI WUl TECt LT 8Tl LETL ST 61T €
WEL LT el IEET SIET 69€'1  pSEl  pECL SISl 2061 ¢
0691 8991  £651  ISST 6051 ¥891 W91 S8SL  €vsl Q0S|
>~
S00C 0100  $Z00 0500 0010 $000 000  SZO0 0500 0010 ®
vi=4 =4
ol=w

(pomumuo)) 6 3qEL

648



649

S8SP'I61  0E6€981 LEIV'6Ll IVOO'ELE SIEI991 “7X
000°1 000'1 000'1 000'1 0001 o0
2001 (41101 001 700°1 100°1 ozl
900°1 §00°1 S00'1 S00°1 €00'1 09
[R{UR 1101 1ol oto't (11 {08} oY
Lol L10'1 LIO'1 910’1 9101 0¢
o'l a0l £20'1 £20°1 ot 144
[AYUN1 1£0'1 0t0'l 0e0°1 6201 174
LEO'L 9¢0'1 ce0l 0l e0'l 81
134101 wo'l 101 oro’L 6£0'1 91
150°1 050°1 60°1 80’1 Lyo'l 4
7901 190°1 090'1 860’1 LSO'1 4!
8L0'1 9ol vLO'1 o'l 1L0'} 01
880°1 980'1 ¥80°1 801 080°1 6
001°1 860'1 601 £60'1 160°1 8
9i1l vitl ot Lori o1l L
9tl'l £ET’l 6z1'l LA (44N 9
€911 091’1 1418 ost’l 1148 S
(LA Lel'1 0611 y81°1 Lt 14
9T $S$T1 3 (A4 | 14 YA ST 3
1LE'L 96¢°1 LEEL el 90¢£°1 4
1L9°1 0£9'1 9LS°1 9t51 S6v°1 |

K
€000 0100 6200 0500 0010 o
=4

N=w



Aspects of Multivariate Statistical Theory
i ROBB . MUIRHEAD
Copyright © 1982, 2005 by John Wiley & Sons, Inc.

Bibliography

Anderson, G. A. (1965). An asymptotic cxpansion for the distribution of the latent roots of the
estimated covariance watrix. Ann. Math. Statist., 36, 1153-1173.

Anderson, T. W. (1946). The noncentral Wishart distribution and certain problems of multi-
variate statistics. Amn. Math. Stauist., 17, 409-431,

Anderson, T. W. (1951). Esiimating linear restrictions on regression coefficients for multi-
variate normal distributions. Ann. Math. Statist,, 22, 327-351.

Anderson, T. W. (1958). An Introduction to Multivariate Statistical Analysis. John Wiley &
Sons, New York.

Anderson, T. W. (1963). Asympiotic theory for principal component analysis. Ann. Math.
Stanst,, 34, 122- 148,

Anderson, T. W., and Das Gupta, S. (1964). Monotonicity of the power functions and some
tests of independence between two sets of variates. Ann. Math. Staust., 35, 206~208.
Baranchik, A. J. (1973). Inadmissibility of maxinium likelihood estimators in some multiple

regression problems with three or more independent variables. 4nn. Stanst., 1, 312-321.
Bartlett, M. S. (1933). On the theory of statistical regression. Proc. R. Soc. Edinb., 53, 260-283.
Bartlett, M. S. (1937). Properties of sufficiency and statistical tests. Proc. R, Soc. Lond. A, 160,

268-282.

Bartlett, M. S. (1938). Further aspects of the theory of multiple regression Pro¢c Camb. Philos.

Soc , 34, 33-40.

Bartlett, M. S. (1947). Multivariate analysis. J. R. Stanst. Soc. (Suppl.), 9, 176-190.
Baruett, M. S. (1954). A note on multiplying factors for various x? approximations. J. R.

Stanst. Soc. Ser. B, 16, 296-298.

Bellman, R. (1970). /ntroduction to Mutrix Analysis, 2nd ed. McGraw-Hill, New York.
Berger, J. {1980a). A robust generalized Bayes estumator and confidence region for a multi-

variate normal mean. Aun. Staust., 8, 716-761
Berger, J. (1980b). Improving on inadmissible estimators i continuous cxponential families

with applications to simultaneous estimation of gamma scale parameters. Ann. Stanust., 8,

545-571.

Berger, )., Bock, M. E., Brown, L. D. Casella, G., and Gleser, L. (1977). Minimax estimation of

650



Biblhography 651

a normal mean vector for arbitrary quadratic loss and unknown covariance matrix. Ann.
Statist., S, 763-7171,

Bickel, P. 1., and Doksum, K. A. (1977). Mathemaucal Statstics: Basic Ideas and Selected
Topics. Holden-Day, San Francisco

Bishop, Y. M., Fienberg, S. E., and Holland, P. W. (1975). Discrete Multivariate Analysis:
Theory and Practice. M.1. T, Press, Cambridge, Mass.

Box. G. E. P. (1949) A general distribution theory for a class of likelihood criteria Biometrika,
36, 317-346.

Brandwein, A. R. C., and Strawderman, W E. (1978). Minimax estimation of location
parameters for spherically symmetric unimodal distributions under guadratic loss. Ann.
Statist., 6, 377-416.

Brandwein, A R C., and Strawderman, W. E. (1980). Minimax estimation of location
parameters for spherically symmetric distributions with concave loss. Amn. Stanst., 8,
279--284.

Brown, G. W. {1939). On the power of the I, test for equality of several variances. Ann. Math.
Staust., 16, 119-128.

Brown, L. D. (1966). On the admissibility of invariant estimators of one or more location
parameters. Ana. Math. Statist., 37, 1087-1135,

Brown, L D. (1980). Examples of Berger's phenomenon in the estimation of independent
normal means. Ann. Statist., 8, 572-585.

Cartan, E (1922) Legons sur les imvariants intégraux. Hermann, Paris.

Cartan, H. (1967). Formes différentnielles. Hermann, Paris.

Carter, E. M., and Srivastava, M. S. (1977). Monotonicity of the power functions of the
modificd likelihood ratio criterion for the homogeneity of variances and of the sphericity
test J. Multivariate Anal. 7, 229-233.

Chang, T. C., Krishnaiah, P. R, and Lee, J. C. (1977). Approximations to the distributions of
the likelthood ratio statistics for testing the hypotheses on covariance matrices and mean
vectors simultaneously. In Applications of Stansucs (P. R. Krishnaiah, ed ), 97-108.
North-Holland Pub., Amsterdam.

Chen, C. W. (1971). On some problems in canonical correlation analysis. Biometrika, S8,
399-400.

Chmielewski, M. A. (1981). Elliptically symmetric distributions: A review and bibhography.
Int. Statist. Rev.

Chou, R., and Muirhead, R. J. (1979). On some distribution problems in MANOVA and
discriminant analysis. J. Multivariate Anal., 9, 410-419,

Clem, D. S., Krishnaiah, P. R., and Waikar, V. B. (1973). Tables for the extreme roots of the
Wishart matrix. J. Statist. Comp. Simul., 2, 65-92.

Constantine, A. G. (1963). Some noncentral distribution problems in muitivariate analysis.
Ann. Math. Stanst., 34, 1270-1285.

Constantine, A G. (1966). The distribution ol Hotelling's generalized T2 Amn. Muth. Statist.,
37, 215-225.

Constantine, A. G., and Muirhead, R. J. (1972). Partial differential equations for hypergeomet-
ric functions of two argument matrices. J. Multivariate Anal., 3, 332--338

Constantine, A G., and Muirhead, R. J. (1976). Asymptotic expansions for distributions of
latent roots in multivariate analysis. J. Mulnvaniate Anal., 6, 369-391.

Consul, P. C. (1967). On the exact distributions of hkelihood ratio criteria for testing



652 Bibliography

independence of sets of variates under the null hypothesis. Ann. Math. Sianst., 38,
1160-1169.

Cook, M. B. (195]). Bivariate k-statistics and cumulants of their joint sampling distribution,
Biometrika, 38, 179-195.

Cramér, H. (1937). Random Variables and Probalulity Distributions. Cambridge Tracts, No. 36.
Cambridge University Press, London and New York.

Cramér, H. (1946). Mathematical Methods of Stausncs. Princeton University Press, Princeton,
N.J.

Das Gupta, S. (1969). Properties of power functions of some tests concerning dispersion
matrices of multivanate normal distributions. Ann, Math. Statist., 40, 697-701

Das Gupta, S. (1971). Non-singularity of the sample covariance matrix. Sankhya A, 33,
475-478.

Das Gupta, S., Anderson, T. W., and Mudholkar, G. S. (1964). Monotonicity of the power
functions of some tests of the multivariate linear hypothesis. Amn. Marth. Staust., 38,
200-205.

Das Gupta, S., and Giri, N. (1973). Properties of tests concerning covariance matrices of
normal distributions, Ann. Staist., 1, 12221224,

David, F. N. (1938). Tables of the Correlution Coefficient. Cambridge University Press, London
and New York.

Davis, A. W. (1968). A system of linear differential equations for the distribution of Hotelling’s
generalized 7. Ann. Math. Statist. 39, 815-832.

Davis, A. W. (1970). Exact distributions of Hotelling’s gencralized 7Ty Biometrika, 57,
187-191.

Davis, A. W. (1971). Percentile approximations for a class of likelihood ratio criteria,
Biometrika, 58, 349-356.

Davis, A. W. (1977). Asymptotic theory for principal component analysis: Non-normal case.
Austral. J. Statist., 19, 206-212,

Davis, A. W. (1979). On the differential equation for Meijer's G,{f',‘,) function, and further tables
of Wilks's likelihood ratio criterion. Biometrika, 66, 519-531,

Davis, A W. (1980). Further tabulation of Hotelling's gencralized T2, Commun. Statist.-
Simula. Computa., B9, 321-336.

Davis, A. W_, and Ficld, J. B. F. (1971). Tables of some multivariate test criteria. Tech. Rept.
No. 32, Division of Mathematical Statistics, C.5.1.R.0., Canberra, Australia.

Deemer, W. L., and Olkin, L. (1951). The Jacobians of certain matrix transformations uscful in
multivariate analysis. Biometrika, 38, 345-367.

Dempster, A. P. (1969). Elements of Continuous Multivariate Analysis. Addison-Wesley, Read-
ing, Mass.

Devlin, 8. J.,, Gnanadesikan, R., and Kettenring, J. R. (1976). Some multivariate applications of
elliptical distributions. In Essays in Probubility and Stanstics (S. lkeda, ed.), pp. 365-395.
Shinko Tsusho, Tokyo.

Dykstra, R. L. (1970). Establishing the positive definiteness of the sample covariance matrix.
Aun. Math. Stansi., 41, 2153-2154.

Eaton, M. L. (1972). Multivariate Statistical Analysis Institute of Mathematical Statistics,
University of Copenhagen.

Eaton, M. L. (1976). A maximization problem and its application to canonical correlation. J.
Multivariate Anal., 6, 422-425



Bibliography 653

Eaton, M. L. (1977) N-Dimensional versions of some symmetric univariate distributions. Tech.
Rept. No 288, University of Minnesota.

Eaton, M. L. (1981). On the projections of isotropic distributions. Ann. Staust., 9, 391-400.

Eaton, M. L., and Perlman, M. D. (1973). The non-singularity of generalized sample covariance
matrices. Amn. Stanst., 1, 710-717

Efron, B. (1969). Student’s t-test under symmetry conditions. J. Am. Statist. Assoc., 64,
1278-1302.

Efron, B, and Morris, C. (1973a). Stein’s estimation rule and its competitors: An empirical
Bayes approach. J Am. Statist. Assoc,, 68, 117-130.

Efron, B., and Morris, C. (1973b). Combining possibly related estimation problems. J. R.
Stanst. Soc. B, 35, 379-421.

Efron, B., and Morris, C (1975). Data analysis using Stein’s estimator and its generalizations.
J. Am. Satist. Assoc., 70, 311-319.

Efron. B., and Morris, C. (1976). Multivariate empirical Bayes and estimation of covariance
matrices. Amn. Staust., 4, 22-32.

Efron, B., and Morris, C. (1977). Stein's paradox in statistics. Sci. Am. 237, pp. 119-127.

Erdélyi, A., Magnus, W., Obcrhettinger, F., and Tricomi, F. G. (1953a). Higher Transcendental
Functions, Vol. | McGraw-Hill, New York.

Erdélyi, A., Magnus, W., Obergettinger, F., and Tricomi, F. G. (1953b). Higher Transcendental
Funcnons, Vol. 1. McGraw-Hill, New York.

Erdeélyi, A., Magnus, W., Oberhettinger, F., and Tricomi, F. G. (1954). Tables of Integral
Transforms, Vol, I McGraw-Hill, New York.

Farrell, R. H. (1976). Techmques of Mulnivariate Calculation. Springer, New York,

Feller, W. (1971) An Introduction to Probahlity Theory and Its Applcations, 2nd ed., Vol. I1.
John Wiley & Sons, New York.

Ferguson, T. S. (1967). Mathemaucal Staustics: A Deciston Theoretic Approach Academic
Press. New York

Fisher, R A (1915). Frequency distribution of the values of the correlation coefficient in
samples from an indefinitely large population. Biometrika, 10, 507-521.

Fisher, R. A. (1921). On the probable error of a coelficient of correlation deduced from a small
sample. Metron, t, 3-32.

Fisher, R. A {1928). The general sampling distribution of the multiple correlation coefficient.
Proc. R. Soc. Lond. A, 121, 654-673.

Fisher, R. A. (1936). The use of multiple measurement in taxonomic problems. Ann. Eugen. 7,
179-188.

Fisher, R A. (1939). The sampling distribution of some statistics obtained from non-linear
equations Ann. Eugen., 9, 238-249

Flanders, H. (1963). Differential Forms with Applications to the Physical Sciences. Academic
Press, New York

Fujikoshi, Y. (1968). Asymptotic expansion of the distribution of the generalized variance in
the non-central case. J. Sci. Hiroshima Unio. Ser. A-1, 32, 293-299.

Fujikoshi, Y. (1970). Asymptotic expansions of the distributions of test statistics in multivariate
analysis. J. Sai. Hiwroshima Unmv. Ser. A-1, 34, 73-144.

Fujikoshi, Y (1973). Asymptotic formulas for the distributions of three statistics for multi-
variate linear hypothesis. Ann. Inst. Statist. Math., 25, 423-437



654 Bibhography

Fujikoshi, Y. (1974a). The likelihood ratio tests for the dimensionality of regression coeffi-
cients J Multivariate Anal. 4, 327-340.

Fujikoshi, Y. (1974b). On the asymptotic non-null distributions of the LR criterion in a general
MANOVA. Canadian J. Statist., 2, 1-12.

Giagjar, A. V. (1967). Limiting distributions of certain transformations of multiple correlation
coefficient. Metron, 26, 189193,

Gayen, A. K (1951). The frequency distnibwion of the product-moment correlation cocfficient
in random samples of any size drawn [rom non-normal universes. Brometrika, 38,
219-247.

Ghosh, B. K. (1966). Asymptotic expansions {or the moments of the distribution of correlation
coefficient. Brometrika, 53, 258.

Giri, N. C. (1977). Multivariate Statistical Inference. Academic Press, New York.

Girshick, M. A. (1939). On the sampling theory of roots of determinantal equations. Ann.
Math. Staust., 10, 203-224.

Gleser, L. J. (1966). A note on the sphericity test. Ann. Marth. Statist., 37, 464-467.

Gleser, L. 1., and Olkin, I. (1970). Linear models in multivariate analysis. In Essaps in
Probability and Staustics (R. C. Bose, ed.), pp. 267-292. University of North Carolina
Press, Chapel Hill.

Glynn, W. J (1977). Asymplotic distributions of latent roots in canonical correlation analysis
and in discriminant analysis with applications to testing and cstimation. Ph.D. Thesis,
Yale University, New Haven, Conn.

Glynn, W. 1. (1980). Asymptotic representations of the densities of canonical correlations and
latent roots in MANOVA when the population parameters have arbitrary multiplicity.
Ann. Statist., 8, 9$58-976,

Glynn, W 1., and Muirhead, R. J. (1978). Inference in canonical correlation analysis. J.
Multoariate Anal., 8, 468-478.

CGinanadesikan, R. (1977). Statistical Data Analysis of Multivariate Observations. John Wiley &
Sons, New York.

Graybill, F. A. (1961). An Introduction to Linear Statistical Models, Vol. 1. McGraw-Hill, New
York.

Graybill, F. A. (1969). Introduction To Matrices With Applications In Statistics. Wadsworth,
Belmont, CA.

Gurland, J. (1968). A relatively simple form of the distribution of the multiple correlation
coefficient J. R. Statist. Soc. 8, 30, 276-283.

Haar, A. (1933). Der Massbegriff in der Theoric der kontinuierlichen Gruppen. Ann. Math.,
34, 147-169.

Haff, L. R. (1977). Minimax estimators for a multinormal precision matrix. J. Multivariate
Anal . 7, 374-385.

Haff, L. R. (1979). Estimation of the inverse covariance matrix; Random mixtures of the
inverse Wishart matrix and the identity. Ann. Statist., 7, 1264-1276.

Haff, L. R. (1980). Empirical Bayes estimation of the multivariate normal covariance matrix
Ann. Statist., 8, 586~597.

Halmos, P. R. (1950). Measure Theory. Van Nostrand Reinhold, New York.

Hanumara, R. C., and Thompson, W. A. (1968). Percentage points of the extreme roots of a
Wishart matrix. Biometriku, 55, 505-512.



Bibliography 655

Heck, D. L. (1960). Charts of some upper percentage points of the distribution of the largest
characteristic foot. Ann. Math. Statist., 31, 625-642.

Herz, C. S. (1955). Bessel functions of matrix argument. Ann. Math., 61, 474-523.

Hotelling, H. (1931). The generalization of Student’s ratio. Ann. Math. Staust., 2, 360-378,

Hotelling, H. (1933). Analysis of a complex of statistical variables into principal components. J.
Educ. Psychol., 24, 417-441, 498-520.

Hotelling, H. (1936). Relations between two sets of variates. Biometrika, 28, 321-377.
Hotelling, H. (1947). Multivariate quality control, illustrated by the air testing of sample
bombsights, Techmques of Statistical Analysis, pp. 111~184. McGraw-Hill, New York.
Hotelling, H. (1953). New light on the correlation coefficient and its transforms. J. R. Stat.

Soc. B., 18, 193-228.

Hsu, L. C. (1948). A theorem on the asymptotic behavior of a multiple integral. Duke Math. J.,
18, 623-632.

Hsu, P. L. (1939). On the distribution of the roots of certain determinantal equations. Ann.
Eugen., 9, 250-258.

Hsu, P. L. (1941a). On the limiting distribution of roots of a determinantal equation. J. Lond.
Math. Soc., 16, 183-194.

Hsu, P. L. (1941b). On the limiting distribution of the canonical correlations. Biometrika, 32,
38-45.

Hughes, D T, and Saw, J. G. (1972). Approximating the percentage points of Hotelling’s
generalized T statistic. Biometrika, 59, 224-226.

Ingham, A. E. (1933). An integral which occurs in statistics. Proc. Cambr. Philos. Soc., 29,
271-276.

Ito, K. (1956). Asymptotic formulae for the distribution of Hotelling’s generalized Tg statistic.
Ann. Math. Staust., 27, 1091-1105,

Tto, K. (1960). Asymptotic formulae for the distribution of Hotelling’s generalized 7; statistic.
II. Ann. Math. Statist., 31, 1148-1153.

James, A. T. (1954). Normal multivariate analysis and the orthogonal group. Ann. Math.
Staust., 28, 40-175.

James, A. T. (1960). The distribution of the latent roots of the covariance matrix. Ann. Math.
Staiist., 31, 151158,

James, A. T. (1961a). The distribution of noncentral means with known covariance. Ann. Math.
Stanst., 32, 874-882.

James, A. T. (196 |b). Zonal polynomials of the real positive definite symmetric matrices. Ann.
Math., 14, 456-469.

James, A. T. (1964). Distributions of matrix variates and latent roots derived from normal
samples. Ann. Math. Statist., 38, 475-501.

James, A. T. (1968). Calculation of zonal polynomial coefficients by use of the Laplace- Beltrami
operator. Amn. Math. Staust., 39, 1711-1718.

James, A. T. (1969). Test of equality of the latent roots of the covariance matrix. In
Multivariate Analysis (P. R. Krishnaiah, ed.), Vol. II, pp. 205-218. Academic Press, New
York.

James, A. T. (1973). The variance information manifold and the functions on it. In Multivariate
Analysis (P. R. Krishnaiah, ed.), Vol. II], pp. 157-169. Academic Press, New York.

James, A. T. (1976). Special functions of matrix and single argument in statistics. In Theory and



656 Bibliography

Applications of Special Functions (R. A. Askey, ed.), pp. 497-520. Academic Press, New
York.

James, W., and Stein, C. (1961). Estimation with quadratic loss. Proc. Fourth Berkeley Symp.
Math. Statist. Prob., Vol. 1, pp. 361.-379.

John, S (1971). Some optimal multivariate tests. Biometrika, 38, 123-127.

Iohn, S (1972). The distribution of a statistic uscd for testing sphericity of normal distribu-
tions. Biometrika, 39, 169-174.

lohnson, N. L., and Kotz, S. (1970). Continuous Univariate Distributions, Vol. 2. John Wiley &
Sons, New York.

Kagan, A., Linnik, Y. V., and Rao, C. R, (1972). Characterization Problems of Mathematical
Staustics. John Wiley & Sons, New York.

Kariya, T (1978). The general MANOVA problem. Ann. Statist., 6, 200-214.

Kariya, T. (1981). A robustness property of Hotelling's T2-test. Ann. Stanst., 9, 210-213.

Kariya, T., and Eaton, M, L. (1977). Robust tests for spherical symmetry. 4dnn. Swaust., S,
206-215.

Kates, L. K. (1980). Zonal polynomials. Ph.D. Thesis, Princeton University.

Kelker, D. (1970). Distribution theory of spherical distributions and a location-scale parameter
generalization. Sankhya A, 32, 419-430.

Kendall, M. G., and Stuart, A. (1969). The Advanced Theary of Statistics, Vol. 1. Macmillan
(Hafner Press), New York.

Khatri, C. G. (1959). On the mutual independence of certain statistics, Aan. Math. Statist., 30,
1258-1262.

Khatri, C. G. (1967). Some distribution problems associated with the characteristic roots of
8,557 Ann. Math. Statist., 38, 944948,

Khatn, C. G. (1972). On the exact finite series distribution of the smallest or the largest root of
matrices in three situations, J. Multivariate Anal. 2, 201207,

Khatn, C. G., and Pillai, K. C. §. (1968). On the noncentral distributions of two test criteria in
multivariate analysis of variance. Ann. Math. Starist., 39, 215-226.

Khatri, C. G., and Srivastava, M. S. (1971). On cxact non-null distributions of hikelihood ratio
criteria for sphericity test and equality of two covariance matrices. Sankhya 4,33, 201-206.

Khatri, C. (5., and Srivaslava, M S. (1974). Asymptotic cxpansions of the non-null distribu-
tions of likelihood ratio criteria for covariance matrices. Ann. Statist., 2, 109- 17,

Kiefer, J., and Schwartz, R. (1965). Admissible Bayes character of T*—and R*-and other
fully invariant tests for classical normal problems. Ann. Math. Stanst., 36, 747-760.
King, M L (1980). Robust tesis for spherical symmetry and their application to least squares

regression. Aun. Stanst., 8, 1265-1272,

Korin, B. P (1968). On the distribution of a statistic used for testing a covariance matrix.
Biometntka, 85, 171178

Krishnaiah, P. R, and Lee, J. C. (1979). Likelihood ratio tests for mean vectors and covariance
matrices. Tech. Rept. No. 79-4; Dept. of Mathematics and Statistics, University of
Pittsburgh.

Krishnaiah, P. R, and Schuurmann, F. I. (1974). On the evaluation of some distributions that
arnise in simultancous tests for the cquahity of the latent roots of the covariance matrix. J.
Multvariate Anal., 4, 265~282.

Kshirsagar, A. M. (1961). The noncentral multivariate beta distnbution. Ann. Math. Staust ,
32, 104-111).



Bibliography 657

Kshirsagar, A. M. (1972). Multivariate Analysis. Dekker, New York.

Lawley, D. N. (1938). A generalization of Fishec's z test. Bromerrika, 30, 180-187.

Lawley, D. N. (1956). Test of significance for the latent roots of covariance and correlation
matrices. Biometrika, 43, 128-136.

Lawley, D. N (1959). Tests of significance in canonical analysis. Biometrika, 46, 59-66

Lee, J. C., Chang, T. C., and Krishnaiah, P. R. (1977). Approximations 1o the distributions of
the likelihood ratio statistics for testing certain structures on the covariance matrices of
real multivariate normal populations. In Multiwariate Analysis, (P. R. Krishnaiah, Ed.),
Voal. 1V, pp. 105~118. North-Holland. Publ., Amsterdam.
Lee. Y. S. (1971a). Distribution of the canonical correlations and asymptotic expansions for
distributions of certain independence test statistics. Ann. Math. Staust., 42, 526-537.
Lee, Y. S. (1971b). Asymptotic formulae for the distribution of a multivariate test statistic:
power comparisons of certain multivariate tests. Brometrika, 58, 647-651.

Lee, Y. S (1972). Some results on the distribution of Wilks's likelihood ratio criterion.
Biometrika, 59, 649-664

Lehmann, E. L. (1959). Tesung Statistical Hypotheses. John Wiley & Sons, New York.

MacDuffee, C. C. (1943). Vectors and Matrices. Mathematical Association of America, Menasha,
Wisconsin,

Magnus, 1. R., and Neudecker, H. (1979). The commutation matrix: Some properties and
applications, Ann. Statist., 7, 381-394.

Mahalanobis, P. C. (1930). On the generalized distance in statistics. Proc. Natl. Inst. Soc. Indwa,
12, 49-55.

Mathai, A. M., and Saxena, R. K. (1978). The H-Function with Applicanons m Stavistics and
Other Disciplines. John Wiley & Sons, New York,

Mauchly, J. W. (1940). Significance test for sphericity of a normal n-variate distribution. Ann.
Math. Statist., 11, 204-209.

McLaren, M L. (1976). Coefficients of the zonal polynomials. Appl. Staust., 25, 82~-87.

Mikhail, N. N. (1965). A comparison of tests of the Wilks~Lawley hypothesis in multivariate
analysis Biometrika, 52, 149~ 156.

Mirsky, L. (1955). Introduction to Linear Algebra. Oxford University Press, London and New
York,

Mood, A. M. (1951). On the distribution of the characteristic roots of normal second-moment
matrices. Ann Math. Statist., 22, 266-213.

Moran, P. A. P. (1980). Testing the largest of a set of correlation coefficients. Austral. J.
Stanst., 22, 289-297.

Muirhead, R. J. (1970a). Partial differential equations for hypergeometric functions of matrix
argument. Ann. Math. Staunst., 41, 991-1001.

Muirhead, R. J. (1970b). Asymptotic distributions of some multivariate tests. Ann. Math.
Stauist., 41, 1002-1010.

Muirhead, R J. (1972a). On the test of independence between two sets of variates. Ann, Math.
Statist., 43, 1491-1497.

Muirhead. R J. (1972b). The asymptotic noncentral distribution of Hotelling's generalized 7.
Ann. Math. Sunst , 43, 1671-1677.

Muirhcad, R. J. {(1974). Powers of the largest latent root test of £=1. Comm. Stnsit, 3,
513-524.



658 Bibhography

Muirhead, R. J. (1978). Latent roots and matrix variates: A review of some asymptotic results,
Ann. Statist., 6, 5-33.

Muirhead, R. I, and Chikuse, Y. (1975a) Asymptotic expansions for the joint and marginal
distributions of the latent roots of the covariance matrix. Ann. Stanst., 3, 1011-1017.
Muirhead, R. J. and Chikuse, Y. (1975h). Approximations for the distributions of the extreme

latent roots of three matrices. Ann. Inst. Staust. Math., 27, 473478,

Muirhead, R. J., and Waternaux, C. M. (1980). Asymptotic distsibutions in canonical correla-
tion analysis and other multivariate procedures for nonnormal populations. Biometrika,
67, 31-43.

Nachbin, L. (1965). The Haar Integral. Van Nostrand-Reinhold, New York.

Nagao, H (1967). Monotonicity of the modified likelihood ratio test for a covariance matrix. J.
Sci. Hiroshima Univ. Ser. A-1, 31, 147-150.

Nagao, H. (1970). Asymptotic expansions of some test critcria for homogeneity of variances
and covariance matrices from normal populations. J. Sci. Hiroshima Univ. Ser. A-1, 34,
153-247.

Nagao, H. (1972). Non-null distributions of the likelihood ratio criteria for independence and
equality of mean vectors and covariance matrices. Ann. Inst. Stanst. Math., 24, 67-79.

Nagao, H (1973a). On some test criteria for covariance matrix. Ann. Statist. 1, 700-709.

Nagao, H. (1973b). Asymptotic expansions of the distributions of Bartlett's test and sphericity
test under the local alternatives. Ann. Inst. Statist. Math., 25, 407-422,

Nagao, H. (1974). Asymptotic non-null distributions of 1wo lest criteria for equality of
covariance matrices under local alternatives. Ann. Inst. Statist. Math., 26, 395-402.

Nagarsenker, B. N. and Pillai, K. C. S. (1973a). The distribution of the sphericity test criterion.
J. Multivaniate Anal. 3, 226-235.

Nagarsenker, B. N., and Pillai, K. C. S. (1973b). Distribution of the likelihood ratio criterion
for testing a hypothesis specifying a covariance matrix. Brometrika, 60, 359-394,

Nagarsenker, B. N., and Pillai, K. C. 8. (1974). Distribution of the likelihood ratio criterion for
testing = Zg, p = pg. J. Multi. Analysis, 4, 114-122,

Narain, R. D. (1950). On the completely unbiased character of tests of independence in
multivariate normal systems. Ann. Math. Staust., 21, 293-298,

Neudecker, H. (1969). Some theorems on matrix differentiation with special reference to
Kronecker matrix products. J. Am. Statist. Assoc., 64, 953-963.

Ogasawara, T., and Takahashi, M. (1951). Independence of quadratic forms in normal system,
J. Sci. Hiroshima Unversity, 185, 1-9,

Olkin, 1. (1953). Note on the Jacobians of certain matrix transformations useful in multivariate
analysis. Biometrika, 40, 43-46.

Olkin, 1, and Pratt, J. W. (1958). Unbiased estimation of certain correlation coelficients. Ann,
Math. Statist., 29, 201-21).

Olkin, I, and Roy S. N. (1954). On multivariate distribution theory. Ann. Math. Staust., 25,
329-339.

Olkin, ., and Rubin, H. (1964). Multivariate beta distributions and independence properties of
the Wishart distribution. Ann. Math. Stunst., 35, 261-269.

Olkin, L., and Selliah, J. B. (1977). Estimating covariances in a multivariate normal distribution.
In Stansncal Decision Theory and Related Topics (S. S. Gupta and D. S. Moore, eds.) Vol.
1L, pp. 313-326. Academic Press, New York.



Bibliography 659

Parkhurst, A. M., and James, A. T. (1974). Zonal polynomials of order | through 12, In
Selected Tables in Muathematical Statistics (H. L. Harter and D. B Owen, eds.), pp.
199-388. American Mathematical Society, Providence, R.I.

Perlman, M. D. (1980). Unbiasedness of the likelihood ratio tests for equality of several
covariance matrices and equality of several multivariate normal populations. Ann. Statist.,
8, 247-263.

Perlman, M. D., and Olkin, 1. (1980). Unbiasedness of invariant tests for MANOVA and other
multivariate problems. Ann. Statist., 8, 1326-1341.

Pillai, K C. S. (1955). Some new test criteria in multivariate analysis. Ann. Math. Stanst , 26,
117-121.

Pillai, K. C. S. (1956). Some results useful in multivariate analysis. Ann. Math. Stanst., 27,
1106-1114.

Pillai, K. C. S. (1964). On the distribution of the largest of seven roots of a matrix in
multivariate analysis. Biometrika, 51, 270-275.

Pillai, K. C. S. (1965). On the distribution of the largest characteristic root of a matrix in
multivariate analysis. Biometrika, 52, 405-414.

Pillai, K. C. S. (1967). On the distribution of the largest root of a matrix in multivariate
analysis Ann. Math Statist., 38, 616-617.

Pillai, K. C. S. (1976). Distribution of characteristic roots in multivariate analysis. Part 1; Null
distributions. Can. J Statist., 4, 157-184.

Pillai, K. C. S. (1977). Distributions of characteristic roots in multivariate analysis. Part 2:
Non-null distributions. Can. J. Staust., 8, 1-62.

Pillai, K. C. S., and Bantegui, C. G. (1959). On the distribution of the largest of six roots of a
matrix in multivariate analysis. Biometrika, 46, 237-240.

Pillai, K. C. S., and Gupta, A. K. (1969). On the exact distribution of Wilks's criterion.
Biometrika, 56, 109-118.

Pillai, K. C. S, and Jayachandran, K. (1967). Power comparisons of tests of two multivariate
hypotheses based on four criteria. Biometrika, 54, 195-210.

Pillai, K. C. S, and Jayachandran, K. (1968). Power comparisons of tests of equality of two
covariance matrices based on four criteria. Biometrika, 55, 335-342.

Pillai, K. C. S., and Jouris, G. M. (1969). On the moments of elementary symmetric functions
of the roots of two matrices. Ann. Inst. Statist. Marh., 21, 309-320.

Pillai, K. C. S., and Nagarsenker, B. N. (1972). On the distributions of a class of statistics in
multivariate analysis. J. Multivariate Anal., 2, 96-114.

Pillai, K. C. S., and Sampson, P. (1959). On Hotelling’s gencralization of T2, Biometrika, 46,
160-168.

Pitman, E. J. G. (I937).' Significance tests which may be applied to samples from any
population. II. The correlation coefficient test. J. Roy. Statist. Sec. (Suppl.), 4, 225.

Pitman, E. J. G. (1939). Tests of hypotheses concerning location and scale parameters.
Biometrika, 31, 200-215.

Potthoff, R. F., and Roy, S. N. (1964). A generalized multivariate analysis of variance model
useful especially for growth curve problems. Biometrika, 51, 313-326.

Rainville, E. D. (1960). Special Functions. Macmillan, New York.

Rao, C. R. (1951). An asymptotic expansion of the distribution of Wilks' A-criterion. Bufl. Inst.
Int. Statist. 33, Pt. 11, 177-180.



660 Bibliography

Rao. C. R. (1973). Linear Staustical Inference and Its Apphcations, 2nd ed. John Wiley & Sons,
New York.

Roussas, G. G (1973). A First Course in Mathematical Statisncs. Addison-Wesley, Reading,
Mass

Roy, S. N. (1939). p-Statistics or some generalization in analysis of variance appropriate to
multivariate problems. Sankhya, 4, 381-396.

Roy. S. N. (1953). On a heuristic method of test construction and 1ts use in multivariate
analysis. Ann. Math. Statist., 24, 220-238.

Roy, S. N (1957). Seme Aspects of Multwanate Analysis. John Wiley & Sons, New York.

Saw. I. G (1977). Zonal polynomials: An alternative approach. J. Multvariate Anal., 7,
461-467.

Schatzoff, M (1966a). Exact distributions of Wilks' likelihood ratio criterion. Biometrika, 53,
347-358.

Schatzoff, M. (1966b). Sensitivity comparisons among tests of the general lincar hypothesis. J.
Am. Staust. Assoc., 61, 415-435.

Searle, S. R. (1971). Linear Models John Wiley & Sons, New York.

Seber, G. A F (1977). Linear Regression Analysis. John Wiley & Sons, New York.

Siegel, C. L (1935). Uber die analytische theorie der quadratischen formen. Ann. Math., 36,
527-606.

Simaika, J. B. (1941) On an optimum property of two important statistical tests. Biometrika,
32, 70-80.

Siotani, M. (1957). Note on the utilization of the generalized student ratio in the analysis of
variance or dispersion. Amn. Inst. Stat. Math., 9, 157-171.

Siotani, M. (1971). An asymptotic expansion of the non-null distribution of Hotelling's
generalized T-statistics. Ann. Marh. Staust., 42, 560571,

Srivastava, M. S., and Khatri, C G. (1979) An Introduction to Multivariare Statistics. North-
Holland Publ, Amsierdam.

Stein, C (1956a). Inadmissibility of the usual estimator for the mean of a multivariate normal
distribution. In Proceedings of the Third Berkeley Symposium on Mathematical Statstics
and Probability, Yol. 1, pp. 197-206. University of Califorma Press, Berkeley.

Stein, C. (1956b). The admissibility of Hotelling's T-test. Ann. Math. Staust., 27, 616-623.

Stein, C (1969). Multivariate analysis. I. (Notes prepared by M. L. Eaton.) Stanford University
Tech. Repl. No. 42, Stanford, CA.

Sternberg, S. (1964). Lectures on Differential Geometry. Prentice-Hall, Englewood Cliffs, N.J.

Styan, G. P. H (1970). Notes on the distribution of quadratic forms in singular normal
variables. Biometrika, 57, 567-572.

Subrahmaniam, K. (1975). On the asymptotic distributions of some statistics used for testing
Z,=Z, Ann. Statist., 3, 916-925.

Sugiura, N. (1969a). Asymptotic non-null distributions of the likelihood ratio criteria for
covariance maltrix under local alternatives. Mimeo Ser. No. 609, Institute of Statistics,
University of North Carolina, Chapel Hill.

Sugiura, N (1969b). Asymptotic expansions of the distributions of the likelihood ratio criteria
for covariance matrix. Ann. Math. Statist., 40, 2051-2063,

Sugiura, N, (1972a). Asymptotic solutions of the hypergeometric function [/, of matrix
argument, useful in multivariate analysis Ann Inst. Statist. Math., 24, 517-524.



Bibliography 661

Sugiura, N. (1972b). Locally best invariant test for sphericity and the Jimiting distributions.
Ann. Math. Statist., 43, 1312-1316,

Sugiura, N. (1973a). Further asymptotic formulas for the non-null distributions of three
statistics for multivariate linear hypothesis. Ann. Inst. Statist. Math., 285, 153-163.

Sugiura, N. (1973b). Derivatives of the characteristic root of a symmetric or Hermitian matrix
with two applications in multivariate analysis. Comm. Statist., 1, 393-417.

Sugiura, N. (1974). Asymptotic formulas for hypergeometric function , F; of matrix argument,
useful in multivariate analysis. Ann. Inst. Staust. Math., 26, 117-125.

Sugiura, N., and Fujikoshi, Y. (1969). Asymptotic expansions of the non-null distributions of
the likelihood ratio criteria for multivariate linear hypothesis and independence. Ann.
Math. Stanst., 40, 942-952.

Sugiura, N., and Nagao, H. (1968). Unbiasedness of some test criteria for the equality of one or
two covariance matrices. Ann. Math. Stanst., 39, 1686-1692,

Sugiura, N., and Nagao, H. (1972). Asymptotic expansion of the distribution of the generalized
variance for noncentral Wishart matrix, when € =0O(n). Ann. Inst. Statist. Math., 13,
469-475.

Sugiyama, T. (1970). Joint distribution of the extreme roots of a covariance matrix. 4nn. Math.
Statist., 41, 655-657.

Sugivama, T (1972). Percentile points of the largest latent root of a matrix and power
calculations for testing £ = /. J. Jupan. Stanst. Soc. 3, 1-8.

Thompson, W. A. (1962). Estimation of dispersion parameters. J. Res. Natl. Bur Standards
Sec. B, 66, 161164

Vinograd, B (1950). Canonical positive definite matrices under internal lincar transformation.
Proc. Am Math. Soc., 1, 159-161.

Waikar, V. B., and Schuurmann, F. J. (1973). Exact joint density of the largest and smallest
roots of the Wishart and MANOVA matrices. Unlitas Math., 4, 253-260.

Waternaux, C. M. (1976). Asymptotic distribution of the sample roots for a nonnormat
population, Biometrika, 63, 639-645.

Watson, G. S. (1964). A note on maximum likelihood. Sunkhya, 26A, 303-304.

Weibull, M. (1953). The distribution of r- and F-statistics and of correlation and regression
coefficients in stratified samples from normal populations with different means. Skand.
Aktuartendskr. (Suppl.), 36, 1-106.

Wigsman, R. A. (1957). Random orthogonal transformations and their use in some classical
distribution problems in multivariate analysis. Ann. Math. Statist.. 28, 415-423

Wilks, S. S. (1932) Certain gencralizations in the analysis of variance. Brometrika, 24, 471-494,

Wilks, S. S. (1935). On the independence of k sets of normally distributed statistical variables.
Econometrika, 3, 309-326.

Wishart, J. (1928). The generalized product moment distribution in samples from a normal
multivariate population. Biometrika, 20A, 32-43,



Index

Admissible estimate, 122
Affine group, 217
Asymptotic covariance matrix for sample
covariance matrix, 19, 20, 42, 90,
91,113
Asymptotic distributions:
canonical correlation coefficients,
563-565
correlation coefficient, 157-160
determinant of noncentral Wishart matrix,
517,518
Fisher's z, 159, 160, 185
generalized variance, 102, 103, 517,
518
latent root:
in MANOVA, 497, 498
of sample covariance matrix, 116,
402,403,424
latent vectors of sample covariance
matrix, 405
likelihood ratio statistics, 304-307
multiple correlation coefficient, 179-185
sample covariance matrix, 19, 42, 43, 90,
91
sample mean vector, 1§
scatter coefficient, 151
trace of noncentral Wishart matrix,
518
T3 statistic, 477
'V statistic, 479, 480
see also specific testing methods
Asymptotic expansion of gamma function,
102, 305
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Bartlett decomposition:
noncentral Wishart matrix, 448
Wishart matrix, 99
Behrens-Fisher problem, 220,
221
Bernoulli polynomial, 305
Beta distribution, see Multivariate beta
distribution

Canonical correlation coefficients:
determining number of useful canonical
variable, 567-569
distribution of largest coefficient, 560,
562
distributions:
asymptotic, 563-565
conditional, 564
joint, 557, 559
Fisher’s z, 566, 567
likelihood function, 565, 566
moments, 556
population, 531, 550
sample, 531, 555
sufficiency, 564
Canonical variables:
determining number of useful canonical
variables, 567-569
optimality property, §52
population, 550
sample, §55
Central limit theorem, 15
Characteristic functions:
elliptical distribution, 34
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multivariate normal distribution,
5
noncentral Wishart distribution, 444
trace of noncentral Wishart matrix,
518
trace of Wishart matrix, 115
Wishart distribution, 87
Characteristic roots, see Latent roots of
a matrix
Characteristic vectors, see Latent vectors of
a matrix
Characterizations of normal distribution,
14, 35, 36
Classification and discrimination:
Anderson’s classification statistic,
507
classifying into one of p normal popula-
tions, 504
classifying into one of two normal popula-
tions, 505-507
determining number of useful discrimi-
nant functions, 490, 491, 499-504
discriminant function, 489
discriminating between p normal
populations, 488-492
errors of misclassification, 508, 506
Fisher's discriminant function, 505
Mahalanobis distance between two
populations, 506
principal discriminant function, 489
subsidiary discriminant functions,
489
Commutation matrix, 90
Compound normal distribution, 33
Conditional distribution:
elliptical, 36
Haar invariant, 107
latent roots, 403, 498
normal, 12
Wishart, 93
Confluent hypergeometric function, 264,
472
Congruence transformation, 239
Contaminated normal distribution,
33
Convergence in probability, 18
Correlation coefficient:
asy mptotic distributions, 157-160
canonical, see Canonical correlation
coefficents

confidence intervals, 163, 164
distribution:
in genera} for normal sample,
151-155
in independence case, 146, 147
Fisher’s z, 159, 160
geometrical interpretation, 147
invariance, 200, 204, 206
likelihood ratio test, 160, 189, 190
maximum likelihood estimate, 144
minimum variance unbiased estimate,
157
moments, 148, 155-157
multiple, see Multiple correlation
coefficient
population, 144
sample, 144
testing hypotheses, 160-164
uniformly most powerful invariant test,
161-163, 206
Correlation matrix:
asymptotic distribution of scatter
coefficient, 151
distribution in independence case,
148
population, 34
sample, 148
scatter coefficient, 150
Coset space, 198
Covariance, 2, 3
Covariance matrix:
asymptotic distribution, 19, 42, 43,
113
decision-theoretic cstimation, 128-136
definition, 2
distribution, 80, 86
elliptical distribution, 34
generalized variance, 100
inadmissibility of sample, 129, 135
latent roots, see Principal components
maximum likelihood estimate, 83
normal distribution, §
positive definiteness of sample, 82, 83
sample, 16, 80
sufficiency, 83
tests of hypothwcses, see specific testing
methods
unbiasedness, 16
Cumulants:
definition, 40, 41



elliptical distribution, 41
kurtosis, 41

normal distribution, 41
skewness, 41

Density function, see Distributions
Determinant of a matrix, $75
Determinant of Wishart or covariance
matrix, see Generalized variance
Differential, 51
form on positive definite matrices,
239
of a matrix, 56
operator, 228, 240, 266, 267, 278
Direct product of matrices, see Kronecker
product of matrices
Discriminant analysis, see Classification
and discrimination
Discriminant function, see Classification
and discrimination
Distance between two populations, 506
Distributions:
asymptotic, see Asymptotic distributions
canonical correlation coefficients, 557,
559
compound normal, 33
contaminated normal, 33, 49
correlation coefficient, 145-147
ell ptical, 34
extreme latent roots of sample covariance
(Wishart) matrix, 421,423
generalized variance, 100
Haar invariant, 72
inverted Wishart, 97, 113, 114
largest canonical correlation
coefficient, 560, 562
largest latent root in MANOVA, 481,
483
latent roots:
of A, A}, where A, A, are
independent Wishart matrices,
312,313
in MANOVA, 449455
likelihood ratio statistics, see specific
testing methods
multiple correlation coefficient, 167-179
multivariate beta, 108-112
multivariate normal, S
multivariate ¢, 33, 48, 49
noncentral chi-squared, 22-24
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noncentral F, 24-26
noncentral Wishart, 441449
radius of spherical distribution, 37
sample covariance matrix, 80, 82, 86
sample mean, 14
singular normal, 9
spherical, 32
studentized Wishart, 451,452
trace of Wishart matrix, 107, 115, 339
T? statistic, 98, 211
T3 statistic, 468, 471
uniform on unit sphere, 37
V statistic, 479
Wishart, 82, 85-108
Duplication formula for gamma function,
154

Eigenfunction of a differential operator,
228
Eigenvalue:
of a differential operator, 228
vector of a matrix, see Latent roots of
a matrix; Latent vectors of a matrix
Elementary symmetric functions, 247
Ellipsoid of constant density, 10, 11,
43
Elliptical distribution:
characteristic function, 34
conditional distribution, 36
correlation matrix, 34
covariance matrix, 34
cumulants, 41
definition, 34
density function, 34
distribution of normal likelihood ratio
statistics for elliptical samples, 331,
352, 365, 547
kurtosis, 41
marginal distributions, 34
mean vector, 34
properties, 3440
skewness, 41
Ellipticity statistic, 108, 336
Equivalence under a group, 197
Euler relation, 156, 265
Exterior differential form, 54
Exterior product, §2

Fisher's z:
asymptotic distributions, 159, 160, 185
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canonical correlation coefficients, 566,
567

correlation coefficient, 159, 160

moments, 190

multiple correlation coefficient, 185

usc in testing problems, 163, 187

Gamma function:
asymptotic expansion, 102, 305
duplication formula, 154
multivariate, 61-63
Gaussian hypergeometric function, 20,
264
Generalized binomial coefficient, 267,
268
Generalized binomial expansion, 267
Generalized hypergeometric coefficient,
247,248
Generalized hypergeometric function,
20. See also Hypergeometric
function
Generalized inverse of a matrix, 12
Generalized Laguerre polynomials:
bound, 466
definition, 282
generating functions, 283, 290
Laplace transform, 282
orthogonality with respect to Wishart
distribution, 285
uses in distribution theory, 468, 481,
561
Generalized MANOVA (GMANGQVA),
520-525
Generalized T?, see 77 test
Generalized T3, see Multivariate linear
model
Generalized variance:
asymptotic distribution, 102, 103,517,
518
decision-theoretic estimation, 143
definition, 100
distribution, 100
formed from noncentral Wishart matrix,
447
moments, 101, 447
General lincar group, 200
General lincar hypothesis, 432-434. See
aiso Multivariate lincar model
General linear model, see Multivariate
linear model

GMANOVA, see Generalized MANOVA
Grassmann manifold, 219, 220

Group representation, 245

Group of transformations, 197

Growth curves model, 520

Haar jnvariant measure, 72, 107
Higher weight, see Monomial
Homogeneous polynomial, 228
Homogeneous space, 198
Hotelling-Lawley T3, see Multivariate
linear model
Hotelling’s 72, see T? test
Hypergeometric coefficient, 247, 248
Hypergeometric function:
asymptotic behavior, 392, 398,493,
563
classical, 20
integrals, 21, 22, 151, 260, 261, 262,
264
inversc Laplace transforms, 261
Laplace transforms, 260
matrix argument, 258,472
partinl differential equations, 271-281,
473
two matrices, 259

Idempotent matrix, 574
Inadmissibility:
sample covariance matrix, 129, 135
sample mean vector, 123
unbiased estimate of precision matrix,
140
Inadmissible estimate, 122
Independence:
normal variables, 8
sample mean vector and covariance
matrix, 80

tests, see Correlation cocfficient; Multiple

correlation coefficient; Testing
independence of & sets of variables
Invariance:

of family of distributions,
201

invariant estimate, 129, 130

invariant function under a group of
transformations, 197

invarjant test, 205

maximal invariant, 197

of testing problem, 204



uniformly most powerful invariant test,
197, 205
uses of, see Canonical correlation
coefficients; Correlation coefficient;
Multivariate linear model, 77 test;
specific testing methods
Invariant differential form, 68, 69
Invariant measure:
orthogonal group, 68, 69
Stiefel manifold, 70
Invariant subspace, 245
Invariant test, 208
Inverse:
Laplace transform, 252, 253
of matrix, §79
Inverted Wishart distribution, 97
Irreducible subspace, 245
Isotropy subgroup, 198

Jacobian of transformation, 50-67
differential, 51, 56
exterior differential form, 54
exterior product, 52
linear differentijal form, 51
James-Stein estimate of mean vector,
123-128

Kernel of a matrix, 11

Kronecker product of matrices, 73-76
Kummer relation, 265

Kurtosis, 41

Laguerre polynomial, see Generalized
Laguerre polynomials
Laplace-Beltrami operator, 246
Laplace’s method for integrals, 116, 391,
392
Laplace transform, 252, 253
Largest root, see Multivariate linear
model
Latent root distributions, see Asymptotic
distributions; Distributions
Latent roots of a matrix, 5§82
Latent vectors:
of a matrix, 583
of a Wishart matrix, see Asymptotic
distributions; Principal
components
Lawley-Hotelling T3 statistic, see
Multivariate linear model
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Lexicographical ordering of partitions,
227
Likelihood function:
canonical correlation coefficients,
565,566
correlation coefficient, 190
latent roots of covariance matrix,
404
marginal, 190
parameters of normal distribution,
83
Likelihood ratio test:
asymptotic distribution, 304-307
see also Correlation coefficient;
Multiple correlation coefficient;
Multivariate linear model; 77 test;
specific testing methods
Linear combination of normal variables,
5,6,14
Linear hypothesis, see General linear
hypothesis
Linear model, see Multivariate linear model
Locally best invariant test, 353, 366
Loss function, 122

Mahalanobis distance, 506
MANOVA, see Multivariate linear model
Marginal distribution:
elliptical, 34
noncentral Wishart, 519
normal, 7
Wishart, 92
Matrix:
characteristic equation, 582
characteristic polynomial, 582, 584
cofactor, 579
commutation, 90, 113
determinant, 575
diagonal, §73
direct product, 73
factorization theorems, §86-593
idempotent, 574
identity, 572
inverse, 579
kernel, 11
Kronecker product, 73
latent root, 5§82
latent space, 584
latent vector, 583
minor, 579
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negative definite, 585
negative semidefinite, 585
non-negative definite, 3, 585
non-positive definite, 585
nonsingular, 579

null space, 11
orthogonal, 574
partitioned, 574

positive definite, 3, 585
pasitive semidefinite, 585
principal minor, 579
product, 573

range, 11

rank, §82
skew-symmetric, 573
square, $72

square root, S88

sum, 573

symmetric, §73

trace, 584, 585
transpose, 573

triangular, 5§73

vec, 17,74, 76

Minimax estimate:

covariance matrix, 133
mean vector, 127
precision matrix, 141

Moments:

canonical correlation coefficients,
556
correlation coefficient, 148, 156-157
elliptical distribution, 34, 41
latent roots of sample covariance matiix,
388
multiple correlation coefficient, 171,
177-179
noncentral Wishart distribution, 436,
518
normal distribution, §, 41
T3 statistic, 520
Wishart distribution, 90
see also specific testing methods
Monomial:
higher weight ordering, 227
symmetric function, 230
Monotonicity of power functions, see

Power function
Multiple correlation coefficient:

Maximum likelihood estimates, see Correla-
tion coefficient; Covariance matrix;

Mean vector; Multiple correlation

coefficient; Regression coefficients

Mean vector:

asymptotic distribution, 15

confidence region, 215, 216, 220

decision-theoretic estimation, 122-128,
141, 142

definition, 2

distribution, 14, 80

elliptical distribution, 34

inadmissibility, 123

James-Stein estimate, 123-128

maximum likelihood estimate,
83

normal distribution, §

sample, 14

sufficiency, 83

test of hypothesis, when covarlance
matrix is known, 27

testing equality of several mean vectors,
540-542

tests of hypotheses, when covariance
matrix is unknown, see T? test

unbiasedness, 15, 80

Mellin transform, 302

approximation to distribution,
177
asymptotic distributions, 179-185
confidence intervals, 187
distribution:
in general for normal sample,
171-179
in independence case, 167-171
Fisher’s z, 185
geometrical interpretation, 170
invariance, 206-211
likelihood ratio test, 186, 193
maximum likelihood estimate, 167
minimum variance unbiased estimate,
179
moments, 171, 177-179
population, 164-167
sample, 167
testing hypotheses, 185-187
uniformly most powerful invariant test,
210

Multiple discriminamt analysis, see

Classification and discrimination

Muttivariate Behrens-Fisher problem,

220, 221



Multivariate beta distribution, 108-112
decomposition into beta distributions,
110,119
definition, 110
density function, 109
distribution of latent roots, 112
Multivariate central limit theorem, 15
Multivariate cumulants, 40-42
Multivariate gamma function, 61-63
Multivariate linear model, 429-507
asymptotic distributions of latent roots,
497,498
canonical form, 433-434
conditional distribution of latent roots,
498
discriminant analysis, see Classification
and discrimination
distribution:
of latent roots, 449455
of maximum likelihood estimates,
431
general lincar hypothesis, 432-434
invariance, 436-439
largest root, 481-484
approximation to distribution,
483
distribution, 481, 483
likelihood ratio statistic, 439
asymptotic non-null distributions,
460-465
asymptotic null distribution, 459
moments, 455,487
null distribution, 457, 458, 519
percentage points, 595-649
maximum likelihood estimates, 430
multivariate analysis of variance
(MANOVA), 435,436
power comparisons, 484, 485
regression coefficients, 430
single classification mode}, 432, 485-
487
sufficiency, 430, 498
T3 statistic, 466-478
asymptotic null distribution, 477
distribution, 468,471
Laplace transform of null density
function, 474
moments, 520
unbiasedness, 485
V statistic, 479, 480
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asymptotic null distribution, 479,
480
Laplace transform of null density
function, 479
Multivariate normal distribution:
bivariate, 10, 11
characteristic function, 5
characterizations, 14, 35, 36
conditional distributions, 12, 13
cumulants, 41
decision-theoretic estimatjon of
parameters, 121-141
definition, §
density function, 9
independence in marginal distributions,
8
{inear combinations of independent
normal variables, 6, 14
linear transformations of normal
variables, 6
marginal distribution, 7
maxjimum likelihood estimation of
parameters, 83
properties, 5-14
random sample, 14, 80
singular, 9
Multivariate ¢ distribution, 33, 48, 49

Noncentral chi-squared distribution, 22-24,
45,46
Noncentral F distribution, 24-26, 46
Noncentral Wishart distribution, 441449
asymptotic distributions:
of determinant, 517, 518
of trace, 518
Bartlett decomposition, 448
characteristic function, 444
definition, 441443
density function, 442
distribution of latent roots, 518
marginal distribution, 5§19
moments, 436, 518
of determinant, 447
properties, 442-449
Non-negative definite matrix, 3, 585
Non-positive definite matrix, 585
Nonsingular matrix, 579
Normal distribution, see Multivariate
normal distribution
Null space of matrix, 11
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333
tests of general linear hypothesis, 484,
485
tests of independence, 548
Power functjon:
monotonicity, 338, 358, 531
sphericity test, 344

One-way analysis of variance, see unbiasedness of tests, see Multivariate
Single classification model linear model; specific testing methods
Orbit, 197 T? test for mean, 99
Orthogonal group: Precision matrix:
definition, 67 inad missibility of unbiased estimate, 140
invariant measure, 68 unbiased estimate, 136
volume, 69, 71 Principal axes of eflipsoids of constant
Orthogonal matrix, $74 density, 43
Principal components, 380-425
Partial correlation coefficient, 187- approximatioas for distributions of
189 extreme latent roots of sample
distribution, 188 covariance matrix, 424
maximum likelihood estimate, asymptotic distribution:
188 of latent roots of sample covariance
population, 188 matrix, 116, 402, 403, 424
sample, 188 of latent vectors of sample covariance
testing hypotheses, 188, 189 matrix, 405
Partitioned matrix, 574 asymptotic sufficiency of sample roots,
Partition of positive integer, 227 403
Pillai’s V statistic, see Multivariate linear bias correction for sample roots, 405
model canditional distributions of latent roots,
Positive definite matrix, 3, 85 403
Positive semj-definite matrix, 585 determining number of useful principal
Power comparisons: components, 406,415
tests of equality of covariance matrices, distribution:

of extreme latent roots of sample
covariance matrix, 421,423
of latent roots of sample covariance
matrix, 106, 107, 388, 389
of latent vectors of sample covariance
matrix, 107
inference problems, 405419

test: likelihood function, 404
that correlation coefficient is zero, likelihood ratio test of equality of
160, 161 subset of latent roots of

that covariance matsix equals a specified
matrix, 362

for equality of several normal popula-
tions, 368

for equality of two covariance matrices,
316

of general linear hypothesis, 460

covariance matrix, 406, 407
maximum likelihood estimates, 384,
388
moments of latent roots of sample
covariance matrix, 388
optimal variance property, 381, 382
population, 381

of independence between two sets of sample, 384

variables, 531, 542 testing a specified value for a principal
for mean when covariance matrix is component, 417419

known, 27 variances of principal components,
that multiple correlation caefficient is 381

zero, 186
of specified values for mean vector and
covariance matrix, 373

Probability measure:
on orthogonal group, 72
on Stiefel manifold, 72



Quadratic forms:
distributions, 26-32
independence, 47
involving noncentral Wishart matrix,
447
involving Wishart matrix, 93, 96

Range of a matrix, 11
Rank of a matrix, 582
_Regression coefficients, 13, 429, 430

distribution, 431
inference, see Multivariate linear model
maximum likelihood estimation, 430
sufficiency, 430

Regression function, 13, 165

Risk function, 122

Roy'’s largest root, see Multivariate linear

model

Samples from a multivariate normal dis-
tribution, 79-85
Scatter coefficient, 150, 151
Single classification model, 432, 485-
487
between-classes matrix, 486
discriminant analysis, see Classification
and discrimination
MANOVA table, 487
testing equality of several mean vectors
when common covariance matrix is
unknown, 487
within-classes matrix, 486
Singular normal distribution, 9
Skewness, 41
Skew-symmetric matrix, 5§73
Spherical distribution:
definition, 32
distribution:
of radjus and angles, 36, 37
of ¢ statistic for spherically distributed
sample, 40
generation, 33
see also Elliptical distribution
Sphericity test, 333-353
ellipticity statistic, 336
likelihood ratio statistic, 334
asymptotic non-null distributions,
344-351
asymptotic null distribution for
elliptical sample, 351, 352
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asymptotic null distribution for normal
sample, 344
invariance, 334
moments, 341, 342
percentage points, 345, 346
unbiasedness, 336
other test statistics, 353
locally best invariant test, 353
Square root of matrix, §88
Stiefe! manifold:
definition, 67
invariant measure, 70
volume, 70
Studentized Wishart distribution, 451, 452
Sufficiency:
asymptotic sufficiency of latent roots,
403,498, 564
maximum likelihood estimates in
MANOVA, 430
sample mean vector and covariance
matrix, 83
Surface area:
orthogonat group, 68, 71
Stiefel manifold, 70
unit sphere, 72
Symmetric matrix, 573
Symmetric polynomial, 228

Testing covariance matrix equals specified
matrix, 353-366,423
likelihood ratio statistic, 355
biasedness, 357
invariance, 354
modified likelihood ratio statistic,
357
asymptotic non-null distributions,
362-364
asymptotic null distribution for
elliptical sample, 364, 365
asymptotic null distribution for normal
sample, 359
moments, 358
monotonicity of power function,
358
percentage points, 360, 361
unbiasedness, 358
other test statistics, 365,423
locally best invariant test, 366
Testing covariance matrix is proportional to
specified matrix, see Sphericity test
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Testing equality of r covariance matrices,
291-333
distribution of latent roots of A, A,
312,313
likelihood ratio test, 292
biasedness, 298
invariance when r = 2, 293-296
modified likelihood ratio test, 298
asymptotic non-null distributions when
r=2,316-329
asymptotic null distribution for
elliptical samples, 329-331
asymptotic null distribution for normal
samples, 309
central moments, 302
noncentral moments whenr = 2, 315
percentage points, 310, 311
unbiasedness, 299
other test statistics, 331, 332
power comparisons, 333
Testing equality of several mean vectors,
see Single classification model
Testing equality of several normal popula-
tions, 507-517
likelihood ratjo statistic, 508, 509
asymptotic non-null distribution, 517
asymptotic null distribution, 513
moments, 510, 511
percentage points, 514, 515
unbiasedness, 510
Testing independence of k sets of variables,
526-548
likelihood ratio statistic, 527
asymptotic non-null distributions when
k=2,542-546
asymptotic null distribution for
elliptical samples, 547
asymptotic null distribution for normat
samples, 536
canonical correlation cocfficients,
531
central moments, $32
invariance, 529-531
noncentral moments when k = 2,
539
nul} distribution, 533, 534
percentage points, §36-538
unbiasedness, 531
other test statistics, 548
power comparisons, 548

Testing number of useful canonical vari-
ables, see Canonical correlation coef-
ficients

Testing number of useful discriminant
functions, see Classification and
discrimination

Testing number of useful principal com-
ponents, see Principal components

Testing specified values for mean vector and
covariance matrix, 366-376

likelihood ratio statistic, 366
asymptotic non-null distributions, 373-

376

asymptotic null distribution, 370
invariance, 366
moments, 369, 370
percentage points, 371, 372
unbiasedness, 367

Tests of hypotheses, see Canonical cor-
relation cocfficients; Correlation
caefficient; Classification and dis-
crimination; Fisher'sz; General
linear hypothesis; Mean vector; Multi-
variate linear model; Partial correla-
tion coefficient; Principal components;
T? test; specific testing me thods

Total variability, 383

Trace of matrix, 584, 585

asymptotic distributions of trace of non-
central Wishart matrix, 518

distribution of trace of Wishart matrix,
107,115

Transitive action of a group, 198

Triangular matrix, 573

T? test:

confidence regions, 215, 216, 220
distribution, 98, 211
invariance, 213-215, 217, 218
liketihood ratio tests, 212, 218, 222
robustness property, 219
testing that components of mean vector
are all equal, 222
testing equality of two means:
when covariance matrices are uncqual,
220, 221
when common covariance matrix is
unknown, 216-218, 220
testing hypothescs about mean vector
when covariance matrix is unknown,
99, 212-215



testing that linear functions of com-
ponents of mean vector are zero,
218

uniformly most powerful invarjant tests,
215, 218

Uniform distribution:
on cllipsoid, 48, 49
on unit sphere, 37, 38

Vec of a matrix, 17, 74, 76
Vinograd's theorem, 589
Volume:
orthogonal group, 69, 71
Stiefel manifold, 70
V Statistic, see Multivariate linear
mode!

Wishart distribution:
asymptotic distribution, 90,
91
Bartlett decompasition, 99
characteristic function, 87
conditional distributions, 93
definitian, 82, 87
density function, 62, 85
distribution:
of extreme latent roots, 421, 423
of latent roots, 106, 107, 115, 388,
389
of latent vectors, 107
of trace, 107, 339
generalized variance, 100-103
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independence of marginal distributions,
92

inverted, 97

latent roots, 103

marginal distribution, 92

moments, 90, 112, 113

noncentral, see Noncentral Wishart
distributijon

properties, 87-108

quadratic forms, 93, 96

z, see Fisher’s z
Zonal polynomials, 227-258
algorithm, 229-236
average over orthogonal group, 243
construction, 229-236
definition, 227, 228, 237
expectation:
with respect to Beta distribution, 255
with respect to Wishart distribution,
251
group representation genesis, 244-246
identity matrix, 237
integrals, 243, 248-258
Laplace-Beltrami operator, 246
Laplace transform, 253
partial differential equation, 229
properties, 236-258
recurrence relation for coefficients, 234
tables, 237, 238
use:
in hypergeometric functions, 258
in Laguerre polynomials, 282





