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Abstract. We survey the recent progress on volume preserving curvature flow and its appli-
cation in the proof of geometric inequalities.

1. Introduction

The classical isoperimetric inequality in Euclidean space states that for any bounded domain
Ω in Rn+1, there holds

|∂Ω| ≥ ω
1

n+1
n (n+ 1)

n
n+1 |Ω|

n
n+1 , (1.1)

where ωn denotes area of the n-dimensional unit sphere Sn. The equality holds in (1.1) if
and only if Ω is an Euclidean ball. There exists a generalization of the above isoperimetric
inequality, the so-called Alexandrov-Fenchel inequalities: For smooth convex hypersurface M in
Rn+1 enclosing a bounded domain Ω, we define the k-th quermassintegral of M by

Vk(M) =

∫
M
Ek−1dµ, k = 1, · · · , n. V0(M) = (n+ 1)Vol(Ω)

where Ek−1 is the (k − 1)-th mean curvature of M , defined as (k − 1)-th elementary symmetric
function of principal curvatures. In 1937, Alexandrov [1, 2] proved the following inequalities
relating the quermassintegrals

Vk(M)n+1−` ≥ ωk−`n V`(M)n+1−k, 0 ≤ ` < k ≤ n. (1.2)

Moreover, the equality holds in (1.2) if and only if M is a sphere.

Recently, the isoperimetric inequality (1.1) and Alexandrov-Fenchel inequalities (1.2) have
been reproved using the method of geometric flows, and have also been extended to a broad class
of domains in Euclidean space and other ambient spaces. See [10,26,27,30,31,35,38,41,47,55,56]
and references therein. In this survey article, we mainly focus on the volume preserving flows of
closed hypersurfaces and applications in the proof of geometric inequalities.

The volume preserving mean curvature flow in Rn+1 was introduced by Huisken [32] in 1987.
Let X0 : Mn → Rn+1 be a smooth hypersurface in the Euclidean space with unit outward
normal ν. The volume preserving mean curvature flow is a family of smooth immersions X :
Mn × [0, T )→ Rn+1 satisfying 

∂

∂t
X(x, t) = (φ(t)−H)ν(x, t),

X(·, 0) = X0(·),
(1.3)
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where H denotes the mean curvature of the evolving hypersurface Mt = X(M, t), and the global
term φ(t) is chosen to preserve the volume of the enclosed domain Ωt. By the variation equation
of the enclosed volume, we have

0 =
d

dt
|Ωt| =

∫
Mt

(φ(t)−H) dµt =⇒ φ(t) = |Mt|−1

∫
Mt

Hdµt = H̄.

The theorem proved by Huisken states as follows:

Theorem 1.1 ([32]). If M0 is a smooth, closed and convex hypersurface in Rn+1, then the
smooth solution Mt = X(M, t) of the volume preserving mean curvature flow (1.3) exists for all
time t ∈ [0,∞), and Mt converges smoothly to a round sphere enclosing the same volume as M0.

The volume preserving flow is useful in proving geometric inequalities. Along the flow (1.3),
we know that the enclosed volume is a constant. We can also calculate the variation of the area
of the evolving hypersurface Mt:

d

dt
|Mt| =

∫
Mt

(
H̄ −H

)
Hdµt = −

∫
Mt

(
H − H̄

)2
dµt ≤ 0.

This means that |Mt| is strictly decreasing unless Mt is a round sphere. Applying the conver-
gence result in Theorem 1.1, we can compare the enclosed volume and the area of the initial
hypersurface with the values of the limit sphere:

|Ω0| =
ωn
n+ 1

rn+1, |M0| ≥ ωnr
n,

where r denotes the radius of the limit sphere of the flow (1.3). This implies that Ω0 satisfies
the inequality (1.1). Therefore, the volume preserving mean curvature flow provides a simple
proof of the isoperimetric inequality for smooth convex domains in Euclidean space.

The rest of the paper is organized as follows: In §2, we will review the preliminaries on
convex geometry, including the definition of quermassintegrals, Alexandrov-Fenchel inequalities,
curvature measures in Euclidean space, and the hyperbolic analogue of quermassintegrals. We
also recall some properties of smooth symmetric functions.

In §3, we first describe the result by McCoy [41, 42] on quermassintegral preserving flow and
its application in the proof of the Alexandrov-Fenchel inequalities (1.2) for smooth convex bodies
in Euclidean space. Then we describe the recent work on volume preserving flow by high powers
of curvature and non-homogeneous function of curvatures, obtained by Sinestrari [45], Bertini
and Sinestrari [19] and the authors [15].

In §4, we first describe the volume preserving mean curvature flow for h-convex hypersurfaces
in hyperbolic space by Cabezas-Rivas and Miquel [21]; then we describe the result by Wang and
Xia [55] on quermassintegral preserving flow in hyperbolic space and the hyperbolic Alexandrov-
Fenchel inequalities for smooth h-convex hypersurfaces; The rest of this section is devoted to
describe the result by the authors on quermassintegral preserving flow by positive powers of a
large class of speed functions [16], and the result on volume preserving flow for hypersurfaces in
hyperbolic space with positive intrinsic sectional curvatures [10] (with Xuzhong Chen).

In the last section, we discuss the result obtained by the authors with Xuzhong Chen [10]
on a new family of quermassintegrals in hyperbolic space: we review some more geometry on
h-convex hypersurfaces, and describe the volume preserving flow by function of shifted principal
curvatures. As an application, we obtained a family of new sharp inequalities relating these
newly defined quermassintegrals.
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2. Preliminaries

In this section, we collect some preliminaries on convex geometry, including the definition
of quermassintegrals, the classical Alexandrov-Fenchel inequalities, curvature measures in Eu-
clidean space, and the hyperbolic analogue of quermassintegrals. We also include the properties
on symmetric functions that we will use in this paper. The readers can refer to [7,48,50,52] for
details.

2.1. Quermassintegrals in Euclidean space. Let Ω1, · · · ,Ωn+1 be convex bodies in Rn+1.
Here by convex body we mean compact geodesically convex subset of Rn+1 with non-empty
interior. We define the Minkowski sum

∑n+1
i=1 εiΩi as the set of points of the form

∑n+1
i=1 εixi,

where xi ∈ Ωi. Then the volume of this sum is a polynomial of degree n + 1 in εi, whose
coefficients are defined as the mixed volumes of Ω1, · · · ,Ωn+1:

V [Ω1, · · · ,Ωn+1] =
1

n!

∂n+1

∂ε1 · · · ∂εn+1
Vol

(
n+1∑
i=1

εiΩi

)
. (2.1)

The mixed volume V is totally symmetric, invariant under translations in Ωi, and is monotone
with respect to each Ωi in the sense that if Ω1, · · · ,Ωn+1 and Ω̃1, · · · , Ω̃n+1 are convex bodies
with Ωi ⊂ Ω̃i, then

V [Ω1, · · · ,Ωn+1] ≤ V [Ω̃1, · · · , Ω̃n+1].

The mixed volumes also satisfy the following Alexandrov-Fenchel inequalities1 [1, 2]

V [Ω1,Ω1,Ω3, · · · ]V [Ω2,Ω2,Ω3, · · · ] ≤ V [Ω1,Ω2,Ω3, · · · ]2 (2.2)

for any convex bodies Ω1, · · · ,Ωn+1.

For any convex body Ω in Rn+1, the quermassintegral Vk(Ω) is defined as the following mixed
volume of Ω with the unit Euclidean ball B:

Vk(Ω) = V [Ω, · · · ,Ω︸ ︷︷ ︸
n+1−k

, B, · · · , B︸ ︷︷ ︸
k

].

In particular, V0(Ω) = (n + 1)Vol(Ω) and V(n+1)(Ω) = (n + 1)Vol(B) = ωn. Equivalently, by
(2.1) Vk appear as the coefficients of the Steiner formula:

Vol(Ωρ) =
1

n+ 1

n+1∑
k=0

(
n+ 1

k

)
ρkVk(Ω), (2.3)

which expresses the volume of the parallel set Ωρ = Ω + ρB = {x ∈ Rn+1, d(x,Ω) ≤ ρ} of Ω as
a polynomial of degree n+ 1 in the parameter ρ. As a special case of the inequality (2.2), there
holds

V n+1−`
k (Ω) ≥ ωk−`n V n+1−k

` (Ω), 0 ≤ ` < k ≤ n (2.4)

for any convex body Ω ∈ Rn+1. Moreover, the equality holds in (2.4) if and only if Ω is a ball.

If the convex body Ω is smooth, then the quermassintegrals of Ω are related to the curvature
integral over the boundary of Ω by the formula

Vk(Ω) =

∫
∂Ω
Ek−1dµ, k = 1, · · · , n+ 1,

1The proof of (2.2) was first presented by Alexandrov in [1]. He also gave a second proof in [2]. It has become
customary to talk of the ‘Alexandrov-Fenchel’ inequality, because Fenchel [25] also stated the inequality and
sketched a proof.
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where Ek is the k-th mean curvature of ∂Ω defined as the normalized k-th elementary symmetric
functions of the principal curvatures (κ1, · · · , κn) of ∂Ω:

Ek =

(
n

k

)−1 ∑
1≤i1<···<ik≤n

κi1 · · ·κik , k = 1, · · · , n, E0 = 1.

Clearly, E1 = H/n and En = K are the (normalized) mean curvature and Gauss curvature
of Mt respectively. The quermassintegrals for smooth convex bodies satisfy the following nice
variational property

Lemma 2.1 ([44]). Let X : Mn × [0, T )→ Rn+1 be a family of smooth immersions satisfying

∂

∂t
X = fν,

then the quermassintegrals of the domain Ωt enclosed by Mt = X(M, t) satisfy

d

dt
Vk(Ωt) = (n+ 1− k)

∫
Mt

fEkdµt, k = 0, 1, · · · , n. (2.5)

2.2. Curvature measures. The quermassintegrals provide the global information of a convex
body. We now recall the definition of the curvature measures, which provide the local information
of a convex body. Given a convex body Ω in Rn+1, ρ > 0 and any Borel set β ∈ B(Rn+1), we
consider the following local parallel set

Aρ(Ω, β) := {x ∈ Rn+1 : 0 < d(Ω, x) ≤ ρ, p(Ω, x) ∈ β}
which is the set of all points x ∈ Rn+1 such that the distance d(Ω, x) ≤ ρ and the nearest point
p(Ω, x) belongs to β. The volume of Aρ(Ω, β) is a polynomial of degree n+ 1 in the parameter
ρ (see [52, §4.2]):

Hn+1(Aρ(Ω, β)) =
1

n+ 1

n∑
k=0

(
n+ 1

k

)
ρkCk(Ω, β) (2.6)

for β ∈ B(Rn+1) and ρ > 0. The equation (2.6) can be viewed as a localized version of the Steiner
formula (2.3). The coefficients C0(Ω, ·), · · · , Cn(Ω, ·) of (2.6) are called the curvature measures
of the convex body Ω, which are Borel measures on Rn+1. A special one is C1 which satisfies
C1(Ω, β) = Hn(β ∩ ∂Ω) for β ∈ B(Rn+1). An important property of the curvature measures
is that they are weakly continuous with respect to Hausdorff distance, which is equivalent to∫
fdCk(Ω) = limi→∞

∫
fdCk(Ωi) whenever f is a bounded continuous function on Rn+1 and

dH(Ωi,Ω)→ 0.

The following theorem was proved by Schneider [51] in 1979 (see also Theorem 8.5.7 in [52]),
and can be viewed as a generalization of the classical Alexandrov Theorem in differential geom-
etry.

Theorem 2.2 ([51]). Let k ∈ {2, · · · , n} and Ω be a convex body with nonempty interior. If
there exists a positive constant c such that

Ck(Ω, β) = c C1(Ω, β) (2.7)

holds for any Borel set β ∈ B(Rn+1), then Ω is a ball.

If Ω is a smooth convex body, then the curvature measures can be given as the following
integrals

Ck(Ω, β) =

∫
β∩∂Ω

Ek−1(κ)dHn, k = 1, · · · , n (2.8)
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for any Borel set β ∈ B(Rn+1). The equation (2.7) for a smooth convex body Ω is equivalent
to that Ek−1 is a constant on the boundary ∂Ω, which implies that Ω is an Euclidean ball by
classical Alexandrov theorem.

2.3. Quermassintegrals in hyperbolic space. In hyperbolic space Hn+1, there are analogues
Wk of the quermassintegrals, which can be defined as the measure of the set of totally geodesic k-
dimensional submanifolds which intersect the hypersurface. For a convex domain Ω in hyperbolic
space, these are defined as follows (see [48,50]):2

Wk(Ω) =
ωk−1 · · ·ω0

ωn−1 · · ·ωn−k

∫
Lk
χ(Lk ∩ Ω)dLk, k = 1, · · · , n, (2.9)

where Lk is the space of k-dimensional totally geodesic subspaces Lk in Hn+1 and ωn denotes
the area of n-dimensional unit sphere in Euclidean space. The function χ is defined to be 1 if
Lk ∩ Ω 6= ∅ and to be 0 otherwise. Furthermore, we set W0(Ω) = |Ω| and Wn+1(Ω) = |Bn+1| =
ωn/(n+ 1). If the boundary of Ω is smooth, the quermassintegrals are related to the curvature
integrals Vk(Ω) =

∫
∂ΩEk−1(κ)dµ by the following equations (see [48]):

Vk+1(Ω) = (n− k)Wk+1(Ω) + kWk−1(Ω), k = 1, · · · , n− 1 (2.10)

V1(Ω) = nW1(Ω) = |∂Ω|. (2.11)

Vn+1(Ω) = ωn + nWn−1(Ω) (2.12)

Similar with the Euclidean case, the quermassintegrals of smooth convex domains in hyper-
bolic space also satisfy the following nice variational property, which was established by Wang
and Xia [55].

Lemma 2.3 ([55]). Suppose X : Mn×[0, T )→ Hn+1 is a family of smooth immersions satisfying

∂

∂t
X = fν,

then the quermassintegrals of the domain Ωt enclosed by Mt = X(M, t) satisfies

d

dt
Wk(Ωt) =

∫
Mt

fEkdµt. (2.13)

The proof of (2.13) follows by calculating the variation equations of curvature integrals Vk,
and then applying induction to the equations (2.10) –(2.12)

2.4. Properties of symmetric functions. For a smooth symmetric function F (A) = f(κ(A)),
where A = (Aij) ∈ Sym(n) is symmetric matrix and κ(A) = (κ1, · · · , κn) gives the eigenvalues

of A, we denote by Ḟ ij and F̈ ij,kl the first and second derivatives of F with respect to the
components of its argument. We also use the notation ḟ i(κ) and f̈ ij(κ) for the first and the
second derivatives of f with respect to κ. At any diagonal A with distinct eigenvalues κ = κ(A),
the first derivatives of F satisfy

Ḟ ij(A) = ḟ i(κ)δij

and the second derivative of F in direction B ∈ Sym(n) is given in terms of ḟ and f̈ by (see e.g.
[4]):

F̈ ij,kl(A)BijBkl =
∑
i,j

f̈ ij(κ)BiiBjj + 2
∑
i>j

ḟ i(κ)− ḟ j(κ)

κi − κj
B2
ij . (2.14)

This formula makes sense as a limit in the case of any repeated values of κi.

2Note that the definition (2.9) is different with the definition given in [48] by a constant multiple n+1−k
n+1

.
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In this paper, the speed of the flow is chosen as a smooth symmetric function F = F (W) of
the Weingarten matrix (plus a global term to control the enclosed volume), which is equivalent
to that F = f(κ) is a smooth symmetric function of the principal curvatures. We assume that
F is strictly increasing in its argument so that the flow is parabolic. We also assume that F
is normalized such that F (I) = f(1, · · · , 1) = 1, where I is the identity matrix. To control
the curvature and study the long time behavior of the flow, we usually need to assume some
concavity of f . We say that f is concave if its Hessian is non-positive definite. Denote

Γ+ = {x = (x1, · · · , xn) ∈ Rn : xi > 0, i = 1, · · · , n}.
the positive cone in Rn.

Lemma 2.4 ([4,14]). If f is concave on Γ+, then (ḟk− ḟ l)(κk−κl) ≤ 0 for k 6= l, and
∑
ḟ i ≥ 1.

The examples of concave symmetric function include: (i). E
1/k
k ; (ii). (Ek/E`)

1/(k−`) with

k > `; and (iii). the power means Hr = ( 1
n

∑n
i=1 κ

r
i )

1/r with r ≤ 1. Taking convex combinations
or geometric means of the above concave examples can produce more concave examples.

We say that f is inverse-concave, if the dual function

f∗(x1, · · · , xn) = f(x−1
1 , · · · , x−1

n )−1

is concave. Note that the dual function f∗ is only defined on Γ+. We include the properties of
inverse-concave function in the following lemma.

Lemma 2.5 ([14,16]). (i) If f is inverse-concave, then

n∑
k,l=1

f̈klykyl + 2
n∑
k=1

ḟk

κk
y2
k ≥ 2f−1

(
n∑
k=1

ḟkyk

)2

(2.15)

for any y = (y1, · · · , yn) ∈ Rn, and

ḟk − ḟ `

κk − κ`
+
ḟk

κ`
+
ḟ `

κk
≥ 0, ∀ k 6= `. (2.16)

(ii) If f = f(κ1, · · · , κn) is inverse-concave, then
∑n

i=1 ḟ
iκ2
i ≥ f2 and

(
ḟkκ2

k − ḟ `κ2
`

)
(κk −

κ`) ≤ 0 for any k 6= `.

The examples (i). E
1/k
k ; (ii). (Ek/E`)

1/(k−`) with k > `; and (iii). the power means Hr with
r ≥ −1 are smooth inverse-concave symmetric functions. Also, taking convex combinations or
geometric means of the inverse-concave examples can produce more inverse-concave examples.

3. Volume preserving flow in Euclidean space

In this section, we describe the results on volume preserving flow in Euclidean space.

3.1. Quermassintegral preserving flow and its application. Based on the variation e-
quation (2.5) of the quermasssintegrals, McCoy [41] introduced the following quermassintegral
preserving curvature flow, which is a smooth family of immersions X : Mn × [0, T ) → Rn+1

satisfying
∂

∂t
X(x, t) = (φ(t)− F (x, t))ν(x, t), (3.1)

where F (x, t) = F (W(x, t)) is a smooth, symmetric, increasing and homogeneous of degree one

function of the Weingarten matrixW = (hji ) of the evolving hypersurface Mt. The function φ(t)
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in (3.1) is chosen to keep the `-th quermassintegral of the enclosed domain Ωt a constant. By
the variation equation (2.5) of V`,

0 =
d

dt
V`(Ωt) = (n+ 1− `)

∫
Mt

(φ(t)− F )E`dµt

=⇒ φ(t) =

(∫
Mt

E`dµt

)−1 ∫
Mt

FE`dµt. (3.2)

McCoy proved the following theorem:

Theorem 3.1 (McCoy [41, 42]). Let n ≥ 2 and X0 : Mn → Rn+1 be a smooth embedding such
that M0 = X0(M) is a smooth closed and strictly convex hypersurface in Rn+1. If F = F (W) =
f(κ) is a smooth, symmetric, increasing and homogeneous of degree one function, and either

(i) f is concave and f approaches zero on the boundary of the positive cone Γ+, or
(ii) f is concave and inverse-concave, or
(iii) f is inverse-concave and its dual function f∗ approaches zero on the boundary of positive

cone Γ+, or
(iv) n = 2,

then the flow (3.1) with the global term φ(t) given by (3.2) has a smooth solution Mt for all time
t ∈ [0,∞), and Mt is strictly convex for any t > 0 and converges smoothly and exponentially to
a sphere that has the same value of V` as the initial hypersurface M0 as t→∞.

One of the key ingredients in the proof of Theorem 3.1 given in [41, 42] is the curvature
pinching estimate: The ratio of the largest principal curvature κn to the smallest one κ1 can be
controlled by its initial value, i.e., there exists a universal constant C such that

κn ≤ Cκ1

holds on Mt for all t > 0. This follows from applying parabolic maximum principle to suit-
ably chosen test functions. The curvature pinching estimate for the corresponding contracting
curvature flow (i.e., φ(t) = 0) has previously been established by the first author [4, 7, 8]. The
curvature pinching has the consequence that the outer radius ρ+(t) and inner radius ρ−(t) of
the enclosed domains Ωt satisfy

ρ+(t) ≤ Cρ−(t),

by a result of the first author [4]. Since the `-th quermassintegral V` of Ωt is fixed and V`
is monotone with respect to the inclusion of convex bodies, we obtain a good control on the
geometry of Ωt in the sense that

1/C ≤ ρ−(t) ≤ ρ+(t) ≤ C

for some constant C > 0. The upper bound of the speed function F can be obtained using a
technique of Tso [53]. The curvature pinching makes the flow uniformly parabolic, so we can
apply the Harnack estimate ([36]) for uniformly parabolic equation to the evolution equation of F
to deduce the lower bound on F . This together with the curvature pinching implies the uniform

bounds on the principal curvatures κi and the Weingarten matrix (hji ). This is equivalent to the
C2 estimate of the evolving hypersurfaces. The C2,α estimate follows from the result of the first
author [6] for case (iv), and Krylov-Safonov’s result [36, 54] for remaining cases. The parabolic
Schauder theory [37] then implies the Ck,α estimates for all k > 2. It follows that the solution
continues to exist for all time. The convergence to a sphere of the flow follows from the fact
that the curvature pinching is strictly improving unless the hypersurface is totally umbilical (by
strong maximum principle).
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Theorem 3.1 has important application: choosing speed function of the flow (3.1) as

F =

(
Ek
E`

) 1
k−`

, 0 ≤ ` < k ≤ n,

which is concave and inverse-concave in the principal curvatures. In this case,

φ(t) =

(∫
Mt

E`dµt

)−1 ∫
Mt

(
Ek
E`

) 1
k−`

E`dµt

such that V`(Ωt) remains to be a constant. It can be computed that

1

n+ 1− k
d

dt
Vk(Ωt) =

∫
Mt

(
φ(t)−

(
Ek
E`

) 1
k−`
)
Ekdµt

=

(∫
Mt

E`dµt

)−1 ∫
Mt

(
Ek
E`

) 1
k−`

E`dµt

∫
Mt

Ekdµt

−
∫
Mt

(
Ek
E`

) 1
k−`

Ekdµt

=− 1

2

(∫
Mt

E`dµt

)−1 ∫
Mt

∫
Mt

E`(x)E`(y)

(
Ek(x)

E`(x)
− Ek(y)

E`(y)

)
×

((
Ek
E`

) 1
k−`

(x)−
(
Ek
E`

) 1
k−`

(y)

)
dµt(x)dµt(y) ≤ 0.

Applying Theorem 3.1, we have

V`(Ω0) = V`(Br∞) =

∫
Br∞

Ek−1 = ωnr
n+1−`
∞

Vk(Ω0) ≥ Vk(Br∞) = ωnr
n+1−k
∞ .

This provides a new proof for the Alexandrov-Fenchel inequalities (2.4) for smooth strictly
convex domains in Euclidean space.

3.2. Volume preserving flow by high powers of curvature. In §3.1, the speed functions
are homogeneous of degree one functions of the principal curvatures. The key ingredient to treat
the flows by homogeneous degree one curvature functions is the pointwise curvature pinching
estimates. When the degree of homogeneity of the speed is not equal to 1, the evolution equations
for curvature pinching become more complicated and involve some additional terms whose sign
depends on the degree of homogeneity. In this subsection, we discuss the case the speed functions
are given by higher homogeneous functions.

For contraction flows (with φ(t) = 0) it was observed that if the speed function has degree
of homogeneity α > 1, sufficiently strong curvature ratio bounds are preserved along the flow
[3, 13, 20, 46]. This is also true for the constrained flows with α > 1, allowing such flows to
be understood provided one can overcome the degeneracy which arises when the speed becomes
small: If one can show that solutions remain smooth, with uniform estimates as time approaches
infinity, then the curvature pinching estimate implies that the limit must be a sphere. Several
techniques have been used to handle this degeneracy: For constrained flows by powers of the
k-th mean curvature Ek, Cabezas-Rivas and Sinestrari [22] observed that (once the curvature
pinching estimate is established) the evolution equation for Ek has the structure of a porous
medium equation, and in particular estimates for porous medium equations [23] imply that Ek
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is Hölder continuous (estimates of this kind had been employed previously for contraction flows
by powers of mean curvature by Schulze [46] and for powers of scalar curvature by Alessandroni
and Sinestrari [3]). This allows the proof of convergence to a sphere to be completed. McCoy
[42, Section 6] also showed that with sufficiently strong curvature ratio bounds on the initial
hypersurface, the convergence result can be established for α > 1 for a much wider class of
speeds, by using spherical barriers and an adaptation of an estimate of Smoczyk [49] to derive a
lower speed bound (here the argument uses the fact that hypersurfaces with a strong curvature
ratio bound are close to spheres, in order to make the spherical barriers effective). This removes
the need for porous medium estimates, but requires stronger curvature pinching assumptions.

It seems to be true, however, that curvature pinching estimates are less decisive for constrained
flows than they are for the corresponding contraction flows: The first author treated anisotropic
analogues of the volume-preserving mean curvature flow [5], and proved that solutions converge
to the Wulff shape corresponding to the anisotropy, despite the fact that no curvature pinching
estimate could be obtained. Instead, the convergence argument was based on an improving
isoperimetric ratio (and the fact that a bound on isoperimetric ratio for a convex hypersurface
implies bounds on the ratio of diameter to inradius). The improving isoperimetric ratio was also
used by Sinestrari [45] to prove the convergence of the volume-preserving and area-preserving
flows by powers of mean curvature.

Theorem 3.2 ([45]). Let X0 : Mn → Rn+1 be a smooth, closed and strictly convex hypersurface
in Rn+1. Then for any α > 0, the volume (resp. area) preserving flow

∂

∂t
X(x, t) = (φ(t)−Hα) ν(x, t) (3.3)

by powers of mean curvature has a smooth strictly convex solution Mt for all time t ∈ [0,∞),
and Mt converges smoothly as t→∞ to a sphere that encloses the same volume (resp. has the
same area ) as M0.

The convergence result in Theorem 3.2 holds for arbitrary powers α > 0, and no initial
curvature pinching condition is required. The isoperimetric bounds are used to deduce bounds
above on diameter and below on inradius, and the porous medium estimates of [23] are applied
to give Hölder continuity of the mean curvature. From this it is possible to deduce that the
solution remains regular and converges to a smooth limit which has constant mean curvature
and is therefore a sphere.

In [15] we treated the volume preserving flow by powers of k-th mean curvature Ek, k ∈
{1, · · · , n}, and proved the following result.

Theorem 3.3 ([15]). Let X0 : Mn → Rn+1 be a smooth embedding such that M0 = X0(M) =
∂Ω0 is a closed strictly convex hypersurface in Rn+1. For any α > 0 and k ∈ {1, · · · , n}, the
volume preserving flow

∂

∂t
X(x, t) =

(
φ(t)− Eα/kk

)
ν(x, t), (3.4)

has a smooth strictly convex solution Mt = ∂Ωt for all time t ∈ [0,∞), and Mt converges
smoothly as t→∞ to a sphere that encloses the same volume as M0.

In the proof of Theorem 3.3, the monotonicity of a certain isoperimetric ratio is used to control
the geometry of the evolving hypersurfaces: For any k ∈ {1, · · · , n} and any α > 0, we show
that the k-th quermassintegral Vk(Ωt) is non-increasing. This implies a time-independent bound
on diameter and a time-independent lower bound on inradius, and these allow us to derive an
upper bound on Ek using the method of Tso [53]. This is sufficient for us to deduce that the
solution exists and remains smooth and strictly convex for all positive times.
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However, without a curvature ratio bound, the flow for k > 1 can no longer be written as
a porous medium equation with uniformly elliptic coefficients, and so this route to regularity
(used in [45]) cannot be used. To overcome this difficulty, we introduced some new ideas and
used some machinery from the theory of convex bodies: By the estimate on the outer-radius
of Ωt, the Blaschke selection theorem (see Theorem 1.8.7 of [52]) implies that there exists a

subsequence of time ti such that Ωti converges to a limiting convex body Ω̂ in Hausdorff sense

as ti → ∞. We then deduce from the evolution of Vk that Ω̂ satisfies Ck+1(Ω̂, .) = c C1(Ω̂, .)

where c =
Vk+1(Ω̂)

V1(Ω̂)
: The weak continuity of the curvature measures implies that for any bounded

continuous f on Rn+1, there hold
∫
fdCk+1(Ωti) converges to

∫
fdCk+1(Ω̂), and

∫
fdC1(Ωti)

converges to
∫
fdC1(Ω̂), as i→∞. Since Ωti is smooth and uniformly convex, we have for any

bounded continuous f∣∣∣∣ ∫ fdCk+1(Ωti)− c
∫
fdC1(Ωti)

∣∣∣∣ =

∣∣∣∣∣
∫
Mti

fEkdHn −
∫
Mti

fcdHn
∣∣∣∣∣

≤ sup |f |
∫
Mti

|Ek − c|dHn

≤ sup |f |
∫
Mti

|Ek − Ēk|dHn

+ sup |f |Vn(Ωti)

(
Vk+1(Ωti)

V1(Ωti)
− Vk+1(Ω̂)

V1(Ω̂)

)
.

The left-hand side converges to
∣∣∣∫ fdCk+1(Ω̂)− c

∫
fdC1(Ω̂)

∣∣∣ by the weak continuity of the cur-

vature measures, while the first term on the right-hand side converges to zero by the evo-
lution of Vk(Ωt), and the second does also by the Hausdorff convergence of Ωti . It follows

that
∫
fdCk+1(Ω̂) = c

∫
fdC1(Ω̂) for all bounded continuous functions f , and therefore that

Ck+1(Ω̂, .) = c C1(Ω̂, .).

Applying Theorem 2.2, we conclude that Ω̂ is a ball. Using the monotonicity of the isoperimet-
ric ratio again and the Alexandrov reflection argument, we concluded the Hausdorff convergence
of the whole family Ωt to a ball. This allows us to adapt an idea of Smoczyk [49, Proposition
4] (see also [14, 42]) to prove a uniform positive lower bound on Ek. Then applying maximum
principle to the evolution equation of the Weingarten matrix, we obtained a time-independent
positive lower bound on the principal curvatures. The uniformly parabolicity of the flow and
the smooth convergence of the flow follows by a standard argument.

Remark 3.4. In fact, we can allow φ(t) to preserve a general monotone function of Vk(Ωt) and
V0(Ωt). For convenience we define the k-radius rk(Ω) by

rk(Ω) =

(
Vk(Ω)

Vk(B)

) 1
n+1−k

= ω
1

n+1−k
n Vk(Ω)

1
n+1−k , k = 0, · · · , n.

Consider a general smooth function G : {(a, b) : a ≥ b > 0} → R+ which is non-decreasing
in each argument and has non-vanishing derivative at each point. We choose the global term
φ(t) in the flow (3.4) to keep the function G(rk(Ωt), r0(Ωt)) constant in t. Then it can be
checked that V0(Ωt) is non-decreasing in time and Vk(Ωt) is non-increasing. This also implies
the monotonicity decreasing of the isoperimetric ratio.
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Remark 3.5. We note that if ` 6= 0, we can only prove the convergence of the following flow

∂

∂t
X(x, t) =

(
φ(t)−

(
Ek
E`

) α
k−`
)
ν(x, t), 1 ≤ ` < k ≤ n

for the case α = 1 as in [41]. In fact, for any other α, there are smooth, uniformly convex initial
hypersurfaces which evolve to become non-smooth before they shrink to points [14].

Remark 3.6. Recently, with Yitao Lei and Changwei Xiong, the authors [12] developed the
theory of anisotropic curvature measures, which is anisotropic analogue of the theory described
in §2.2. This was also applied to study the volume preserving flow in Rn+1 by anisotropic
curvatures.

3.3. Volume preserving non-homogeneous curvature flow. Bertini and Sinestrari [19]
have considered flows by very general non-homogeneous increasing functions of the mean cur-
vature, preserving either the enclosed volume or the n-dimensional area of the evolving hyper-
surfaces. Our methods in the proof of Theorem 3.3 allow a similar result for constrained flows
by non-homogeneous increasing functions of the k-th mean curvature Ek:

Theorem 3.7 ([15,19]). Let µ : R+ → R+ be a smooth function with µ′(z) > 0 for z > 0, and
with limz→0 µ(z) = 0 and limz→∞ µ(z) = ∞. Suppose further that µ(ξ−1) is a convex function

of ξ (equivalently, µ′′(z) + 2
zµ
′(z) ≥ 0 for all z > 0), and such that limx→∞

µ′(x)x2

µ(x) = ∞, while
zµ′(z)
µ(z) = O(1) as z → 0. Then the flow

∂X

∂t
(x, t) =

(
φ(t)− µ(E

1
k
k (x, t))

)
ν(x, t) (3.5)

with φ(t) chosen to keep G(rk(Ωt), r0(Ωt)) fixed, has a smooth solution for any smooth, strictly
convex initial embedding X0, which exists for all positive times and converges smoothly as t→∞
to a limiting embedding X∞ with image equal to a sphere Snr̄ (p) for some p ∈ Rn+1, where
G(r̄, r̄) = G(rk(Ω0), r0(Ω0)).

Again, the isoperimetric ratio bound plays a crucial role in controlling the geometry. As in
the homogeneous case, the enclosed volume V0(Ωt) is non-decreasing and the quermassintegral
Vk(Ωt) is non-increasing. This gives an upper bound on diameter and a lower bound on inradius.
An upper bound on Ek follows by the technique of Tso, provided that limz→∞ µ

′(z)z2/µ(z) =∞.
The argument to preserve convexity of the evolving hypersurface also applies, provided we
assume that µ(ξ−1) is a convex function of ξ for ξ > 0 (equivalently zµ′′(z) + 2µ′(z) ≥ 0 for all
z > 0). The Hausdorff convergence argument in the homogeneous case applies without change.
The idea of Smoczyk to prove the lower bound on Ek also holds provided that we assume that
zµ′(z)/µ(z) is bounded as z → 0, and this also suffices for the uniform lower bound on principal
curvatures. As before, the flow is then uniformly parabolic, and higher regularity and smooth
convergence follow. We note that in the mean curvature case, Bertini and Sinestrari [19] derived
the lower bound on the speed directly from the maximum principle, making the remaining
analysis much easier.

Theorem 3.7 can be regarded as a generalization of Theorem 3.2 and Theorem 3.3, where the
case µ(z) = zα with α > 0 was considered. More examples of µ satisfying the assumption of
Theorem 3.7 include the linear combination of powers

µ(z) =
m∑
i=1

aiz
bi , ai, bi > 0,

µ(z) = log(1 + z), and µ(z) = ez − 1.
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4. Volume preserving flow in hyperbolic space

It would be interesting to extend the study of the volume preserving flow to the hyperbolic
space Hn+1. However, there is a difficulty in the study of curvature flows in hyperbolic space:
the convexity of the hypersurface is in general not preserved along the flow. The difficulty arises

in the evolution of Weingarten matrix (hji ), which now has terms arising from the background
geometry:

∂

∂t
hji = Ḟ kl∇k∇lhji + F̈ (∇ih,∇jh)− φ

(
hki h

j
k − δij

)
+ Ḟ klhpkhplh

j
i + Ḟ klgklh

j
i − 2δijF. (4.1)

The −2δijF term in (4.1) is fatal here, and means that convexity is not preserved in general.
So we have to impose a stronger condition. A natural convexity in hyperbolic space is the
horospherical convexity: A hypersurface in Hn+1 is called horospherically convex (or, h-convex)
if all principal curvatures of the hypersurface are greater than 1.

In 2007, Cabezas-Rivas and Miquel [21] initiated the study of volume preserving mean curva-
ture flow in hyperbolic space and proved that if the initial hypersurface is horospherical convex,
then the flow exists for all time and converges smoothly to a geodesic sphere. The h-convexity
of the hypersurface is preserved along the flow: when F = H, from the equation (4.1) we derive

that the shifted Weingarten matrix Sji = hji − δ
j
i satisfies

∂

∂t
Sji = ∆Sji − φ

(
Ski S

j
k + Sji

)
+ (|A|2 + n)Sji

+ (|A|2 + n− 2H)δji (4.2)

The second line of (4.2) is non-negative since |A|2 + n − 2H ≥ (H − n)2/n ≥ 0. Applying
Hamilton’s [33] tensor maximum principle to (4.2) implies that the h-convexity (equivalent to the

positivity of Sji ) is preserved along the flow. A remarkable property of a h-convex hypersurface
is that the outer radius of the enclosed domain is controlled by its inner radius (see [17, 43]):
Precisely, the outer radius ρ+(Ω) and inner radius ρ−(Ω) of any h-convex domain Ω must satisfy

ρ+ ≤ C(ρ− + ρ
1/2
− ) (4.3)

for some universal constant C. This together with the preservation of the enclosed volume
implies that the geometry (shape) of the evolving hypersurface is uniformly controlled along the
flow.

4.1. Alexandrov-Fenchel type inequalities in hyperbolic space. As in Euclidean space,
it is expected that the volume preserving flow is useful to prove geometric inequalities on hy-
persurfaces in hyperbolic space. Makowski [43] studied the flow for h-convex hypersurfaces in
hyperbolic space with speed given by a class of homogeneous of degree one function of the princi-
pal curvatures plus a global term such that the curvature integral V` of the evolving hypersurface
remains constant. It was proved that the flow converges to a geodesic sphere if either the speed
function is convex, or is concave and inverse-concave. However, this convergence result is not
able to prove the geometric inequalities relating the curvature integrals. In [55], Wang and Xia
improved Makowski’s result by choosing the global term to preserve certain quermassintegral W`.
The analysis of the flow is similar between two kinds of flows. However, by preserving quermass-
integrals makes it possible to prove new geometric inequalities relating the quermassintegrals of
h-convex surfaces. Precisely, the flow in [55] has the following form:

∂

∂t
X(x, t) = (φ(t)− F (x, t))ν(x, t), (4.4)



VOLUME PRESERVING FLOW 13

where F (W) is a homogeneous of degree one function, and is concave and inverse-concave in

W = (hji ). The constraint term φ(t) is chosen to preserved the `-th quermassintegral W`(Ωt):
By (2.13), φ(t) should be defined as

φ(t) =

(∫
Mt

E`dµt

)−1 ∫
Mt

E`Fdµt.

Assuming that the initial hypersurface M0 is h-convex, the h-convexity of the evolving hyper-
surfaces Mt for t > 0 can be proved by either the tensor maximum principle or by constant rank
theorem. Then the geometry of the evolving hypersurface is controlled by the preservation of
W` and the inequality (4.3). The smooth convergence of the flow to a geodesic sphere follows
from the improvement in time of the curvature pinching.

To apply the convergence result to prove the geometric inequality involving the quermassin-
tegrals, Wang and Xia calculated the evolution equation of the quermassintegral Wk(Ωt) along
the flow (see (2.13)) and observed that it has the same form with the evolution of the quermass-
integral in Euclidean space. By choosing

F =

(
Ek
E`

) 1
k−`

, 0 ≤ ` < k ≤ n

as in McCoy’s paper [41] in the Euclidean case, they showed that Wk(Ωt) is non-increasing in
time. This implies the following Alexandrov-Fenchel type inequalities in Hn+1:

Theorem 4.1 ([55]). For any smooth h-convex domain Ω in Hn+1, there holds

Wk(Ω) ≥ fk ◦ f−1
` (W`(Ω)) (4.5)

for any 0 ≤ ` < k ≤ n, with equality if and only if Ω is a geodesic ball, where fk : R+ → R+ is
an increasing function defined by fk(r) = Wk(B(r)), the k-th quermassintegral of the geodesic
ball of radius r, and f−1

` is the inverse function of f`.

The inequality (4.5) implies the following inequality∫
∂Ω
Ekdµ ≥ |∂Ω|

(
1 +

(
|∂Ω|
ωn

)−2/n
)k/2

(4.6)

for smooth h-convex domains, which compares the curvature integral and the boundary area.
Note that the inequality (4.6) with k = 2 was proved earlier by the second author with Li and
Xiong [38] for star-shaped and two-convex domains using the inverse curvature flow in hyperbolic
space. For the other even k, the inequality (4.6) was also proved for smooth h-convex domains
using the inverse curvature flow by Ge, Wang and Wu [31].

4.2. Quermassintegral preserving flows in Hn+1. The speed functions in the flow studied
by Makowski [43], and Wang and Xia [55] are homogeneous of degree one function of the principal
curvatures. In this subsection, we describe the result on flows by high powers of curvature. First,
Bertini and Pipoli [18] recently extended the result by Cabezas-Rivas and Miquel [21] to volume
preserving non-homogeneous mean curvature flow. In particular, their result includes the flow
with velocity given by arbitrary positive powers of mean curvature. By assuming that the initial
hypersurface is sufficiently pinched, Guo, Li and Wu [29] proved the convergence of the volume
preserving flow by powers of Ek, k = 1, · · · , n, using a similar argument as in [22].

In [16], we considered the quermassintegral preserving flow in Hn+1 with the speed given by
arbitrary positive powers of a large class of speed functions. As before, we assume the h-convexity
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on the initial hypersurface. We consider the smooth family of immersions X : Mn × [0, T ) →
Hn+1 satisfying

∂

∂t
X(x, t) = (φ(t)− Fα(W))ν(x, t), α > 0, (4.7)

where F (W) = f(κ(W)) is a smooth, symmetric, increasing and homogeneous of degree one
function of the Weingarten matrix W (resp. the principal curvatures) of Mt. We define the
function φ(t) in (4.7) by

φ(t) =

(∫
Mt

E`dµt

)−1 ∫
Mt

E`F
αdµt, ` = 0, 1, · · · , n, (4.8)

so that the quermassintegral W`(Ωt) of Ωt remains constant along the flow. In [16], we proved
the following convergence result:

Theorem 4.2 ([16]). Let X0 : Mn → Hn+1 be a smooth embedding such that M0 = X0(M) is a
closed h-convex hypersurface in Hn+1. Assume that f is inverse-concave and the dual function
f∗ approaches zero on the boundary of Γ+. Then for any power α > 0, the flow (4.7) with global
term φ(t) given by (4.8) has a smooth h-convex solution Mt for all time t ∈ [0,∞), and Mt

converges smoothly and exponentially to a geodesic sphere that has the same value of W` as M0

as t→∞.

Some important examples of functions satisfying the assumption of Theorem 4.2 include: (i).

f = E
1/k
k for all k = 1, · · · , n; (ii) the power-means Hr for all r > 0; and (iii) any function of

the form Eσ1 g
1−σ where 0 < σ < 1 and g ∈ C∞(Rn) is homogeneous degree one, normalised,

increasing in each argument, and inverse-concave.

As the first step to proof Theorem 4.2, we proved that the h-convexity of the evolving hy-
persurface is preserved along the flow (4.7) for any positive power α, provided that the speed
function f is inverse-concave with respect to κ. To show this, we apply the tensor maximum
principle proved by the first named author in [7] (which generalized Hamilton’s [33] theorem)
to the evolution equation of the shifted Weingarten matrix S = W − I. The h-convexity is
equivalent to S ≥ 0. Along the flow (4.7), the tensor S evolves by

∂

∂t
Sji = αFα−1Ḟ kl∇k∇lSji + αFα−1F̈ kl,pq∇ihkl∇jhpq + α(α− 1)Fα−2∇iF∇jF

+ αFα−1Ḟ kl(hrkhrl + gkl)S
j
i + ((1− α)Fα − φ(t))(Ski S

j
k + 2Sji )

+ αFα−1Ḟ kl(hrkhrl + gkl − 2hkl)δ
j
i . (4.9)

At any point (x, t) ∈M × [0, T ) where S attains the null vector e1, the zero order terms of (4.9)

are equal to αfα−1
∑

i ḟ
i(κi − 1)2 ≥ 0. The gradient terms of (4.9) satisfy

Q1 :=αFα−1F̈ kl,pq∇1hkl∇1hpq + α(α− 1)Fα−2(∇1F )2

+ 2αFα−1 sup
Λ
Ḟ kl

(
2Λpk∇lS1p − ΛpkΛ

q
l Spq

)
=αfα−1

(
f̈kl∇1hkk∇1hll + (α− 1)f−1(∇1F )2

+ 2
∑
k>l

ḟk − ḟ l

κk − κl
(∇1hkl)

2 + 2
∑

k>1,l>1

ḟk

κl − 1
(∇1hkl)

2

)
≥ 0

where the second equality is due to the formula (2.14), and in the last inequality we used
the properties (2.15)-(2.16) for inverse-concave function f . Then applying the tensor maximum
principle in [7] and an argument using strong maximum principle, we conclude that Mt is strictly
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h-convex for t > 0. Note that the above argument holds for any function φ(t) as we didn’t use
the expression (4.8) for φ(t). In particular, by letting φ(t) = 0 we see that the h-convexity is
preserved along the contracting curvature flow by powers of inverse concave speed function.

As we mentioned before, a remarkable feature of an h-convex domain is that its outer radius
is comparable to its inner radius. Then the preservation of W`(Ωt) along the flow and the
monotonicity of W` with respect to the inclusion of convex sets can be used to control the
geometry of Ωt. The upper bound on the speed function follows by using a technique of Tso
[53]. By the assumption that f∗ approaches zero on the boundary of Γ+ and the upper bound
on F , we derive a uniform upper bound on the principal curvatures. This together with the
h-convexity makes the evolution equation uniformly parabolic.

To obtain the higher regularity estimate, we write the flow as a scalar parabolic partial
differential equation which is concave with respect to the second spatial derivatives, so that the
theory of Krylov-Safonov [36, 54] can be applied. The usual radial graphical expression is not
workable here, as for α > 1 the equation is not concave. Our idea is by projecting the evolving
hypersurfaces into the unit ball in Rn+1 via the Klein model of the hyperbolic space and using
the Gauss map parametrization of the resulting convex images.

In previous work, the convergence of solutions as t→∞ was deduced using either the mono-
tonicity of curvature pinching ratios [21, 22, 32, 39–43,55] or of isoperimetric ratios [5, 15, 18, 19,
45]. In our situation for general F and α, neither of these arguments is available. Instead, we
applied the Alexandrov reflection method and showed that the Alexandrov-reflection profile is
strictly monotone unless the hypersurface is reflection symmetric. This can be used to prove
that the hypersurfaces approach a geodesic sphere as t→∞.

Finally, we remark that a result similar to Theorem 4.2 is also true for quermassintegral
preserving flow with speed given by a non-homogeneous function µ(f) of the function f satisfying
the assumption of Theorem 4.2, comparing the result in Theorem 3.7 in Euclidean case.

4.3. Weakening the h-convexity. The h-convex condition is convenient for the analysis but
very strong geometrically: For example, the only non-compact h-convex hypersurface is a horo-
sphere. We would like to weaken this assumption to something more closely analogous to
convexity in the Euclidean case. With Xuzhong Chen, the first author [9] previously showed
that mean curvature flow in hyperbolic space preserves the condition of positive intrinsic Ricci
curvature. Unfortunately this is not preserved by the expansion term φ(t)ν in our flows, so we
cannot prove any result with this condition. However we were able to prove that ‘positive intrin-
sic sectional curvature’ is a good curvature condition that can be preserved along a large class
of volume preserving flow in hyperbolic space. We will describe this result in this subsection.

We still consider the following flow in the hyperbolic space Hn+1:

∂

∂t
X(x, t) = (φ(t)− Fα(W))ν(x, t), α > 0, (4.10)

where F is a smooth, symmetric, strictly increasing and homogeneous of degree one function of
the Weingarten matrixW of Mt. As before, we can write F (W) = f(κ) as a symmetric function
of the eigenvalues of W. We assume that f satisfies the following assumption:

Assumption 4.3. Suppose f is a smooth symmetric function defined on the positive cone Γ+,
and satisfies

(i) f is positive, strictly increasing, homogeneous of degree one and is normalized such that
f(1, · · · , 1) = 1;
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(ii) For any i 6= j,

(
∂f

∂κi
κi −

∂f

∂κj
κj)(κi − κj) ≥ 0. (4.11)

(iii) For all (y1, · · · , yn) ∈ Rn,∑
i,j

∂2 log f

∂κi∂κj
yiyj +

n∑
i=1

1

κi

∂ log f

∂κi
y2
i ≥ 0. (4.12)

Examples satisfying Assumption 4.3 include E
1/k
k and power means Hr with r > 0 (see, e.g.,

[28]). The inequalities (4.11) and (4.12) are equivalent to the statement that logF is a convex
function of the components of logW, which is the map with the same eigenvectors as W and
eigenvalues log κi. Moreover, if f1 and f2 are two symmetric functions satisfying (4.11) and
(4.12), then the function fα1 with α > 0 and the product f1f2 also satisfy (4.11) and (4.12).

A hypersurface in hyperbolic space has positive intrinsic sectional curvatures if the principal
curvatures κiκj > 1 for all i 6= j. With Xuzhong Chen, we [10] proved that the ‘positivity of
sectional curvatures’ is preserved by a large class of curvature flows in hyperbolic space.

Theorem 4.4 ([10]). If the initial hypersurface M0 has positive sectional curvature, then along
the flow (4.10) in Hn+1 with f satisfying Assumption 4.3 and any power α > 0 the evolving
hypersurface Mt has positive sectional curvature for t > 0.

The sectional curvature defines a smooth function on the Grassmannian bundle of two-
dimensional subspaces of TM . For convenience we lift this to a function on the orthonormal
frame bundle O(M) over M : Given a point x ∈M and t ≥ 0, and a frame O = {e1, · · · , en} for
TxM which is orthonormal with respect to g(x, t), we define

G(x, t,O) = h(x,t)(e1, e1)h(x,t)(e2, e2)− h(x,t)(e1, e2)2 − 1.

In order to show that the positivity of sectional curvatures are preserved, we apply the maximum
principle to the evolution of G. We consider a point (x0, t0) and a frame O0 = {ē1, · · · , ēn} at
which a new minimum of the function G is attained, so that we have

G(x, t,O) ≥ G(x0, t0,O0)

for all x ∈ M and all t ∈ [0, t0], and all O ∈ F (M)(x,t). For fixed time t0, let γ be any geodesic
of g(t0) in M with γ(0) = x0, and define a frame O(s) = (e1(s), · · · , en(s)) at γ(s) by taking
ei(0) = ēi for each i, and ∇sei(s) = Γijej(s) for some constant antisymmetric matrix Γ. Then
O(s) remains orthonormal along γ(s). Since G has a minimum at (x0, t0,O0), for any choice of
Γ we have

d

ds
G(x(s), t0,O(s))

∣∣∣
s=0

= 0, (4.13)

and

d2

ds2
G(x(s), t0,O(s))

∣∣∣
s=0

≥ 0. (4.14)

For fixed point x0 ∈ M , the frame O(t) for Tx0M defined by d
dtei(t) = (Fα − φ)W(ei) remains

orthonormal with respect to g(x0, t) if ei(t0) = ēi for each i. Then we can compute the time

derivative of G using the evolution equation of W = (hji ):

∂

∂t

∣∣∣∣
t=t0

G(x0, t,O(t)) = κ1
∂

∂t
h2

2 + κ2
∂

∂t
h1

1.
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Finally, using the assumptions (4.11) - (4.12) on F and equations coming from (4.13)–(4.14) and
by a rather delicate computation, we can derive that ∂

∂tG ≥ −CG at a spatial minimum point.

The maximum principle implies that G ≥ e−Ct inft=0G > 0 under the flow. Notice that the
constant C here is not universal and may depend on the time interval we are considering. In
fact, we can consider any finite time interval [0, t1] with t1 < T , the above estimate ∂

∂tG ≥ −CG
holds for t ∈ [0, t1] with C depending on t1. This is enough for our purpose to show G > 0 for
any t > 0. The above argument is related to that used by the first author to prove a generalised
tensor maximum principle in [7, Theorem 3.2], but cannot be deduced directly from that result.
The argument combines the ideas of the generalised tensor maximum principle with those of
vector bundle maximum principles for reaction-diffusion equations [11,34].

We remark that the flow (4.10) with

F =

(
Ek
E`

) 1
k−`

, 1 ≤ ` < k ≤ n

and any power α > 0 does not preserve positive sectional curvatures: Counterexamples can be
produced in the spirit of the constructions in [14, Sections 4–5].

Theorem 4.5 ([10]). Let X0 : Mn → Hn+1 be a smooth embedding such that M0 = X0(M) is
a closed hypersurface in Hn+1 (n ≥ 2) with positive sectional curvature. Assume that f satisfies
Assumption 4.3, and either

(i) f∗ vanishes on the boundary of Γ+, and

lim
x→0+

f(x,
1

x
, · · · , 1

x
) = +∞, (4.15)

and α > 0, or
(ii) n = 2, f = (κ1κ2)1/2 and α ∈ [1/2, 2].

Then the volume preserving flow (4.10) has a smooth solution Mt for all time t ∈ [0,∞), and
Mt converges smoothly and exponentially to a geodesic sphere enclosing the same volume as M0

as t→∞.

Remark 4.6. Examples of function f satisfying Assumption 4.3 and the condition (i) of Theorem

4.5 include: a). n ≥ 2, f = Hr with r > 0; b). n ≥ 3, f = E
1/k
k with k = 1, · · · , n; and c).

n = 2, f = (κ1 + κ2)/2.

To prove Theorem 4.5, we first need to control the shape of the evolving domains Ωt. All
the previous papers [16, 18, 21, 43, 55] on constrained curvature flows in hyperbolic space focus
on h-convex domains, which have the property (4.3). However, no such property is known for
hypersurfaces with positive sectional curvature. Our idea to overcome this obstacle is to use an
Alexandrov reflection argument to bound the diameter of the domain Ωt enclosed by the flow
hypersurface Mt. Then we project the domain Ωt to the unit ball in Euclidean space Rn+1 via
the Klein model of the hyperbolic space. The upper bound on the diameter of Ωt implies that
this map has bounded distortion. This together with the preservation of the volume of Ωt gives
a uniform lower bound on the inner radius of Ωt.

The regularity estimate of Ωt follows from standard techniques: The upper bound on the speed
function follows from an adaptation of Tso’s technique provided that f satisfies Assumption 4.3,
where the positivity of sectional curvatures of Mt will be used to estimate the zero order terms
of the evolution equation of the auxiliary function. To prove the uniform estimate on the
principal curvatures: In the case (i) of Theorem 4.5, this follows from the upper bound of f
together with the positivity of sectional curvatures. In the case (ii) of Theorem 4.5, the estimate
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1 ≤ κ1κ2 = f(κ)2 ≤ C does not prevent κ2 from going to infinity. Instead, we proved the
estimate on the pinching ratio κ2/κ1 for α ∈ [1/2, 2].

As an application of Theorem 4.5, we see that the h-convexity assumption for inequality (4.5)
can be replaced by the weaker assumption of positive sectional curvature in the case ` = 0 and
1 ≤ k ≤ n.

Corollary 4.7 ([10]). Let M = ∂Ω be a smooth closed hypersurface in Hn+1 which has positive
sectional curvature and encloses a smooth bounded domain Ω. Then for any n ≥ 2 and k =
1, · · · , n, we have

Wk(Ω) ≥ fk ◦ f−1
0 (W0(Ω)),

where fk : R+ → R+ is an increasing function defined by fk(r) = Wk(B(r)), the k-th quermass-
integral of the geodesic ball of radius r. Moreover, equality holds if and only if Ω is a geodesic
ball.

Remark 4.8. Using the similar argument, Hu and Li [35] proved that ‘positive intrinsic sectional
curvature’ is preserved along the inverse mean curvature flow. Then they proved that the
inequality (4.6) with even k holds for hypersurfaces in hyperbolic space with positive intrinsic
sectional curvature.

5. New inequalities relating quermassintegrals

In [10], with Xuzhong Chen we introduced a new family of modified quermassintegrals for a
h-convex domain Ω in hyperbolic space:

W̃k(Ω) :=

k∑
i=0

(−1)k−i
(
k

i

)
Wi(Ω), k = 0, · · · , n, (5.1)

which are natural under the condition of h-convexity. These are also characterised by their
variation equations: Suppose Ωt is a family of smooth domains whose boundaries Mt evolve in
the normal direction with speed f , then by the definition (5.1) and the variation equation (2.13)
for the quermassintegral Wk we have

d

dt
W̃k(Ωt) =

∫
Mt

fẼkdµt, (5.2)

where Ẽk = Ek(λ) is the k-th elementary symmetric function of the ‘shifted’ principal curvatures
λi = κi − 1 > 0. If we define the modified curvature integrals

Ṽn−k(Ω) =

∫
∂Ω
Ek(λ)dµ, k = 0, 1, · · · , n,

then by a direct calculation using (2.10) – (2.12), we have the following formula relating Ṽn−k(Ω)

and W̃k(Ω):

Ṽn−k = (n− k)W̃k+1 + (n− 2k)W̃k, k = 0, · · · , n− 1 (5.3)

Ṽ0 = ωn − nW̃n. (5.4)

Equation (5.4) implies that W̃n ≤ ωn/n. Applying an induction argument to (5.3) implies that

W̃k(Ω) is uniformly bounded from above for k > n/2.

The modified quermassintegrals defined in (5.1) satisfy the following property:
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Proposition 5.1 ([10]). The modified quermassintegral W̃k is monotone with respect to inclusion

for h-convex domains: That is, if Ω0 and Ω1 are h-convex domains with Ω0 ⊂ Ω1, then W̃k(Ω0) ≤
W̃k(Ω1).

This property is not obvious from the definition (5.1). To prove this, we investigated some
further properties of h-convex domains in hyperbolic space Hn+1.

5.1. Geometry of h-convex domains. Recall that for each z ∈ Sn there is a one-parameter
family of horospheres touching the sphere at infinity at z. The horospheres in hyperbolic space
are the submanifolds with constant principal curvatures equal to 1 everywhere. If we identify
Hn+1 with the future time-like hyperboloid in Minkowski space Rn+1,1, then the condition of
constant principal curvatures equal to 1 implies that the null vector z̄ := X − ν is constant on
the hypersurface, since we have W = I, and hence

Dv z̄ = Dv(X − ν) = DX((I−W)(v)) = 0

for all tangent vectors v. Then we observe that X · z̄ = X · (X − ν) = −1, from which
it follows that the horosphere is the intersection of the null hyperplane {X : X · z̄ = −1}
with the hyperboloid Hn+1. The horospheres are therefore in one-to-one correspondence with
points z̄ in the future null cone, which are given by {z̄ = λ(z, 1) : z ∈ Sn, λ > 0}, and
there is a one-parameter family of these for each z ∈ Sn. For convenience we parametrise
these by their signed geodesic distance s from the ‘north pole’ N = (0, 1) ∈ Hn+1, satisfying
−1 = λ(cosh(s)N + sinh(s)(z, 0)) · (z, 1) = −λes. It follows that λ = e−s. Thus we denote by
Hz(s) the horosphere {X ∈ Hn+1 : X · (z, 1) = −es}. The interior region (called a horo-ball) is
denoted by

Bz(s) = {X ∈ Hn+1 : 0 > X · (z, 1) > −es}.
The horospherical support function u of a h-convex hypersurface M = ∂Ω in hyperbolic space
is then defined as the function on Sn

u(z) = inf{s : Ω ⊂ Bz(s)} = sup{log(−〈X, (z, 1)〉) : X ∈M}.

The support function u completely determines M : The enclosed region Ω is given by Ω =⋂
z∈Sn Bz(u(z)). If M is h-convex, then for each z ∈ Sn there is a unique point of M in the

boundary of the supporting horo-ball Bz(u(z)), which we label as X̄(z). In [10] the authors with
Xuzhong Chen recovered X̄(z) in terms of u as follows:

X̄(z) =
(
−∇̄u, 0

)
+

1

2
(eu|∇̄u|2 + e−u)(z, 1) +

1

2
eu(−z, 1), (5.5)

where ∇̄u is the gradient vector of u on Sn with respect to the standard metric ḡ. We also
calculated the shifted Weingarten matrix W − I in terms of u and its derivatives:

(W − I)pjApk = e−uḡjk, (5.6)

where

Ajk = ∇̄j∇̄keu −
1

2
eu|∇̄u|2ḡjk + sinhuḡjk. (5.7)

It follows that the map X̄ defined in (5.5) in terms of a smooth function u is an embedding of
an h-convex hypersurface if and only if the matrix Ajk is positive definite. If we write ϕ = eu,
then

Aij = ∇̄j∇̄kϕ−
|∇̄ϕ|2

2ϕ
ḡij +

ϕ− ϕ−1

2
ḡij . (5.8)
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Proof of Proposition 5.1. Using this characterization of h-convex domains, for any two h-convex
domains Ω0 and Ω1 with Ω0 ⊂ Ω1 we can find a foliation of h-convex domains Ωs which is
expanding from Ω0 to Ω1: Let u0 and u1 be support functions of h-convex hypersurfaces, with
u0(z) ≤ u1(z) for all z ∈ Sn. Define us(z) = log((1− s)eu0(z) + seu1(z)) for each s ∈ [0, 1]. It can
be computed that

Aij [us] ≥ (1− s)Aij [u0] + sAij [u1] > 0.

Then us(z) is the support function of an h-convex hypersurface Ms for each s ∈ [0, 1], and
∂sus(z) ≥ 0. It follows that

d

ds
W̃k(Ωs) =

∫
∂Ωs

∂us
∂s

Ẽk dHn ≥ 0

and therefore W̃k(Ω1) ≥ W̃k(Ω0). This gives the proof of Proposition 5.1. �

5.2. New inequalities. Motivated from the variation equation (5.2) for W̃k and the formula
(5.6), we introduced the following flow

∂

∂t
X(x, t) = (φ(t)− F (W − I))ν(x, t), (5.9)

in [10] for smooth and strictly h-convex hypersurfaces in hyperbolic space, where F is a smooth,
symmetric, strictly increasing and homogeneous of degree one function of the shifted Weingarten
matrix W − I. Equivalently, we can write F (W − I) = f(λ), where λ = (λi) denotes the shifted

principal curvatures of Mt. We choose the global term φ(t) in (5.9) to preserve W̃`(Ωt). With
Xuzhong Chen, we proved the following result:

Theorem 5.2 ([10]). Let n ≥ 2 and X0 : Mn → Hn+1 be a smooth embedding such that
M0 = X0(M) is a smooth closed and strictly h-convex hypersurface in Hn+1. If f is a smooth,
symmetric, strictly increasing and homogeneous of degree one function, and either

(i) f is concave and f approaches zero on the boundary of the positive cone Γ+, or
(ii) f is concave and inverse concave, or
(iii) f is inverse concave and its dual function f∗ approaches zero on the boundary of positive

cone Γ+, or
(iv) n = 2,

then the flow (5.9) has a smooth solution Mt for all time t ∈ [0,∞), and Mt is strictly h-convex
for any t > 0 and converges smoothly and exponentially to a geodesic sphere that has the same

value of W̃` as the initial hypersurface M0 as t→∞.

Note that the speed function f of the flow (5.9) in Theorem 5.2 is not a homogeneous function
of the principal curvatures κi and there are essential differences in the analysis compared with
the previously mentioned work in §4. The key step is to derive the pinching estimate for the
shifted principal curvatures, using some similar argument as in [4,7,8] for the curvature pinching
estimate for contracting curvature flow in Euclidean space.

The result in Theorem 5.2 is useful in the study of the geometry of hypersurfaces. For
example, if M is a smooth, closed and strictly h-convex hypersurface in hyperbolic space with
shifted principal curvatures satisfying f(λ) = C for some constant C > 0, where f satisfies the
condition in Theorem 5.2, then M is stationary along the flow (5.9). The convergence result in
Theorem 5.2 implies that M is a geodesic sphere. Moreover, by choosing

F =

(
Ek(λ)

E`(λ)

) 1
k−`

, 0 ≤ ` < k ≤ n (5.10)



VOLUME PRESERVING FLOW 21

in the flow (5.9), Theorem 5.2 implies the following geometric inequalities:

Corollary 5.3 ([10]). Let M = ∂Ω be a smooth, closed and strictly h-convex hypersurface in
Hn+1. Then for any 0 ≤ ` < k ≤ n, there holds

W̃k(Ω) ≥ f̃k ◦ f̃−1
` (W̃`(Ω)), (5.11)

with equality holding if and only if Ω is a geodesic ball. Here the function f̃k : R+ → R+ is

defined by f̃k(r) = W̃k(B(r)), which is an increasing function by Proposition 5.1. f̃−1
` is the

inverse function of f̃`.

Remark 5.4. We remark that the inequalities (5.11) are new and can be viewed as an improve-
ment of the inequalities (4.5).

5.3. Conformal deformation. Finally, we mention an interesting connection (closely related
to the results of [24]) between flows of strictly h-convex hypersurfaces in hyperbolic space by
functions of principal curvatures, and conformal flows of conformally flat metrics on Sn. This
allows us to translate some of our results to convergence theorems for metric flows, and our
isoperimetric inequalities to corresponding results for conformally flat metrics.

Recall that isometries of Hn+1 induce Möbius transformations of the sphere at infinity: If L ∈
O+(n+ 1, 1), the corresponding transformation ρL of Sn is defined by L(z, 1) = λ(ρL(z), 1) for
some λ > 0. If M is a strictly h-convex hypersurface with support function u, then ρ∗L(e−2uL ḡ) =
e−2uḡ, where uL is the support function of L(M). That is, the Möbius transformation ρL is an
isometry from the metric e−2uḡ to the metric e−2uL ḡ. This implies that isometry invariants of
M are Möbius invariants of g̃ = e−2uḡ, and vice versa. In particular, Riemannian invariants of
g̃ give isometry invariants of M .

Explicitly, we found that for n > 2 the Schouten tensor

S̃ij =
1

n− 2

(
R̃ij −

R̃

2(n− 1)
g̃ij

)
of the metric g̃ = e−2uḡ on Sn is given by

S̃ij =
1

2
ḡij + ∇̄i∇̄ju+ uiuj −

1

2
|∇̄u|2ḡij

= e−uAij +
1

2
g̃ij ,

where the matrix Aij is given by (5.7). In particular, the eigenvalues of S̃ij (with respect to
g̃ij) are 1

2 + 1
λi

, where λi = κi − 1. This connection between the Schouten tensor of g̃ and the
shifted Weingarten map of the hypersurface leads to a coincidence between the corresponding
evolution equations: If a family of h-convex hypersurfaces Mt = X(M, t) evolve according to a
curvature-driven evolution equation of the form

∂

∂t
X = (φ(t)− F (W − I, t))ν

then the support function u of Mt satisfies a parabolic equation

∂

∂t
u = φ(t)− e−uF ((Aij)

−1)

on the sphere Sn. It follows that the metric g̃ satisfies S̃ > 1
2 g̃, and evolves according to the

parabolic conformal flow

∂

∂t
g̃ = 2

(
F ((S̃ − 1

2
g̃)−1, t)− φ(t)

)
g̃.
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In particular the convergence theorems for hypersurface flows correspond to convergence theo-
rems for the corresponding conformal flows, and the resulting geometric inequalities for hyper-
surface imply corresponding geometric inequalities for the metric g̃.
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[23] Emmanuele DiBenedetto and Avner Friedman, Hölder estimates for nonlinear degenerate parabolic systems,

J. Reine Angew. Math. 357 (1985), 1–22.
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