PRIME DECOMPOSITIONS IN DEDEKIND DOMAINS

YONG-QI LIANG

1. EXTENSION OF DEDEKIND DOMAINS

Lemma 1.1. Let R be a Noetherian one dimensional domain with fractional
field K, S be the integral closure of R in K. Then for any nonzero ideal a of
R, S/aS is a finitely generated R-module.

Proof. See Prof. Y.Tian’s lecture notes. (|

Proposition 1.2. Let R be a Dedekind domain with fractional field K, L/ K
be finite extension of fields, S be the integral closure of R in L, then S is
Dedekind domain.

Proof. See Prof. Y.Tian’s lecture notes. O

Remark 1.3. In [2], another proof of this proposition is given by discussing
purely inseparable extension. For example the integral closure of F,[t] in

F,({/t) is F,[¥/t] which is Dedekind domain.

Corollary 1.4. If L/K is separable, b is an ideal of S, then b ~ R" 1 @ a
as R-module with a nonzero ideal of R. Moreover if CI(K) is trivial, then
b~ R"™ (i.e. Integral basis theorem holds for L/K ).

Proof. We have shown that S is a finitely generated R-module, so is b since
R is Noetherian. By the structure theorem of finitely generated modules over
Dedekind domain, we only need to show that b is of “rank” n = [L : K].
Choose 0 # x1 € b, and let {x1,--- ,x,} be basis of L over K. Then for i > 2,
x; = l;xy € b with [; € L, there exists a; € R such that a;l; is integral over

R, hence in S, then a;x; = a;l;x1 € b, {x1,a2x9,- -+ ,apzy} is also a basis of
L over K, hence b is of “rank” n as R-module. (a much simpler proof: take
a € I then aS C I, so I must be of “rank” n.) O

Ezample 1.5. We consider the quadratic number field Q(v/d)/Q (with d square-
free) and S be the ring of integers of Q(v/d), then S = Z[a] = Z & Za where

Vd , if d =2,3(mod4),
= Vdn g

Ye= , if d = 1(mod4)

since in each case « is integral over Z. Conversely, let 3 € S, then 8 = u+vv/d
with u,v € Q. If v =0, § = u € Q is integral over Z, which implies v € Z and
B € Z[a]. If v # 0, the minimal polynomial of 3 over Q is 2% + ax + b with

In fact, it is easy to see that S D Z[a]
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a,b € Z, then v+ vvd = 3 = -5 * %\/a2 — 4b, therefore (*) a? — 4b = td
with t € Z. If d = 1(mod4), u,v € Z3, B € Z[a], S = Z[a]. If d = 2, 3(mod4),
we have 2 | a by (*), hence u,v € Z and S = Z[a/].

27

Ezample 1.6. Cyclotomic field Q({,) with ¢, =e™n
[Q(¢n) : Q] = ¢(n), the ring of integers of Q((y,) is Z[(y), for details see [3].

2. PRIME DECOMPOSITION

Theorem 2.1. Let S/R be a finite extension of Dedekind domains with frac-
el €g

tional fields L/K, p be nonzero prime ideal of R, writing pS = PT* --- Py
with e; > 1, f; = [S/PBi : R/p], then Y 9_ eifi =[L: K|.

Proof. We have S/pS = S/P -+ PBy? ~ S/P* x -+ x S/Py’. Consider S/Pe,
f=1[S/B: R/p], B"/P"+! is a S/P-vector space, there is no ideal between P’
and P, so PB'/PH! has no proper submodule, hence dimg P’/ P = 1,
dimp B /P = f. 0 CPel/PeC PP C - CP/PCC F/Pis a

chain of R/p-vector spaces with % ~ P /PiL therefore dimp oS/ =

ef, dimp,S/BT - By =D eifi
S is a finitely generated R-module and S is torsion-free for S C L, so by
the structure theorem S = Rz & --- & Rxp—1 @ azx,, with a an ideal of R, by
tensor-ing with K we obtain n = [L : K]. Now pS = px1 D - ®pxy—1 D pazy,,
S/pS ~ (R/p)" ' @ a/pa ~ (R/p)" as R/p-vector space, dimp,S/pS = n.
Therefore [L: K] =n=>)_e;f;.
O

Remark 2.2. In deed, we just dealt with the fibre of the point p, hence the
problem is local. We can treat it “near” p, that is localization at p, this process
will not change e and f, and we can proof the theorem by using the structure
theorem of finitely generated modules over P.I.D instead of that over Dedekind
domain.

Theorem 2.3. Let S/R be a finite extension of Dedekind domains with frac-
tional fields L/ K. If L = K(«) with a € S, whose minimal polynomial over K
is F(X) € R[X], and p is a nonzero prime ideal of R. Assume that pSNR[a] =
pRla]. F(X) = Fi(X)® - Fy(X)% in R/p[X] where F;(X) € R[X] is monic
such that Fy(X) € R[X] is irreducible. Set f; = degF; and B; = (p, Fi(a)),
then pS = P --- Py’ with f; = [S/Pi : R/p].

Proof. Denote R/p by k. Note that R[X]/(F) ~ R|a], tensor with k = R/p,
we obtain k[X]/(F) ~ R/p ®r R[a] ~ R[a]/p[a] = R[a]/pS N R[a].

We observe that the kernel of R[a] — S/pS is pS N Rla] = pR[a], hence
induces an injection R[a|/pR[a] — S/pS, we claim that it is an isomorphism.
In deed, dimpg;,S/pS = [L : K] by the previous theorem. Note that R[a] C L
is a finitely generated torsion-free R-module, the structure theorem of finitely
generated modules over Dedekind domain implies R[a] ~ a121 @ -+ @ a,zp,
with a; ideals of R, n = [K(«) : K| = [L : K|. Rla]/pRla] ~ a1/pa; &
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@ ay/pa, ~ R/p@®---® R/p hence is of dimension n as R/p-vector space.
R[a]/pR[a] — S/pS must be surjective, hence isomorphic. So we obtain

¢ k[X]/(F) — S/pS;G + (F) — G(a) + pS as ring isomorphism.

{maximal ideal of S that divides pS}<1:—1>{maXimal ideal of S containing
pS }<£>{maximal ideal of S/pS }g{maximal ideal of k[X]/(F )}ﬁ{maximal
ideal of k[X] containing (F)}&{irreducible polynomial of k£[X] that divides
F}, this is just F; AL (Fi(a),p) = PB; by the definition of ¢. So we have
pS =Pl ...pls.

Note that F' = F{' - F,% F{' - Fy? = 0in k[X]/(F),s0pS = P - Py’ =
0 in S/pS, so P - P! C pS = LU ---&Bff, hence e; > t; by localiz-
ing S at ;. Conversely, pS = Pt - tgg, that is P - tgg =01in S/pS
so F’f1~-F;g = 0 in K[X]/(F), F | Ffl---thg, hence e; < t;. Therefore
pgzspil... ;g_

At last, we have to show that f; = [S/P; : R/p]. Consider 7 : R[X] —
S/Bi; G — G(a) + B, (p, Fi) C kerm for P; = (Fi(a),p), this induces 7 :
R[X]/(p, F;) — S/%Pi, and R[X| — k[X] — Ek[X]/(F};) induces isomorphism
R[X]/(p,F;) = k[X]/(F}), therefore R/p = k — k[X] — k[X]/(F;) — S/
is a field extension. f/ = [S/P; : R/p] > [k[X]/(F;) : R/p] = degF; = f;, but

we always have ) fie; = [L : K] = degF = degF = ) e;f;, hence f; = fj,
fi =[S/PBi : R/p]. (a much simpler proof: ¢ : k[X]/(F) — S/pS is a k-algebra
isomorphism with F, <=5 (Fi(a),p) = Pi, hence the degree of residue field at
corresponding closed points are the same, i.e. f; = f/.)

(|

Remark 2.4.

(1)We define I = {f € S | S C R[a]} to be the conductor, it is the
maximum ideal of S contained in R]a]. The geometric condition I 4 pS =
S implies pS N R[a] = pR[a]. In deed, I + pS = S implies I + pR[a] =
R[ca](otherwise I + pR[a] € m maximal ideal in R[a], then I C mS and
pS C mS with mS # S since S is integral over R[a] and going-up theorem,
this leads to a contradiction), then pS N Rla] = (I + pR[a])(pS N R[a]) C
I(pS N Rla]) + pRla] C IpS + pR[a] C pl 4+ pRla] C pR[a] (remember that
I C Rla]).

(2)In number theory, for R = Z, L/Q number field, S = Op, integral closure
of Z in L and p prime number in Z. If p 1 [S : Z[a]], then pS N Z[a] = pZ|a].
In general pS N Zla| 2 pZla], and [pS N Z[a] : pZ[a]] divides [pS : pZ[a]] =
[S : Z[a]] and [Z]a] : pZ[a]] = some power of p, hence [pS N Z[a] : pZ[a]] = 1.

(3)Dedekind showed that there exist some ring of integers O such that for
some p one cannot find « satisfying p | [O : Z[a]].

Ezxample 2.5. Consider the prime decomposition of quadratic fields. For Q(\/&)
Z[Vd] , if d=2,3(mod4),

ith d - know that § =
wi square-free we know tha { Z[@] , if d = 1(mod4)
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1)d = 2,3(mo we choose v = with minimal polynomial z* —d. Con-
(1)d (mod4), we ch V/d with mi 1 poly 122—d. C

. : d)? if p=2
der 22—d = 0(modp), if (¢) = 1 th S:{ (p.c+Vd?
e (modp). 15 p (pc+Vd)(p,c—Vd) , ifp#2

with d = ¢(modp), if (%) = —1, then pS is still a prime ideal, if p | d, then
pS = (p,Vad)*.
(2)d = 1(mod4), we can also choose a = v/d, in this case [S : Z[V/d]] = 2.

(bc+Vd)(p.c—vd) , if(H)=1
If p#£2,pS= b hd=c? :
p#2p3 { still prime , if (%) =-1 with d = c*(modp)
If p = 2, we should choose a = \/552+1, consider % — z + % = 0(mod2)

d = 1(mod8) <= 2% —z + %d = (z — 1)z(mod2); d = 5(mod8) <= x> — x +

1-d - . (V) (p,Vd—1) , ifd=1(mods)
1+ (mod2) is irreducible. pS = { still prime . if d = 5(modS)

Ezxample 2.6.
Z[(s) = Z[(5 — 1] is the ring of integers of Q((s), the minimal polynomial

of (5 — 1 is o* + 523 + 1022 + 10z + 5, hence 5Z[(5] = (5,5 — 1)%, in general,
PZ[¢) = (p, Cp — 1)P~1 for prime number p.

Ezample 2.7 (Eisenstein extension).

Let R be a Dedekind domain, p be a nonzero prime ideal of R, for a € R
we define ordy(a) = ordy(aR).

First we note that

(*) if a1 + -+ ax = 0 with a; € R then the minimum value of ordy(a;)
must be attained for at least two i’s.

Now assume that R is a Dedekind domain with fractional field K, f =
X" +a; X" !+ ... +a, € R[X] is an Eisenstein polynomial for p nonzero
ideal of R(i.e. ordy(a;) > 1, ordp(an) = 1). Let a be a root of f, S be
integral closure of R in K(«). Then a € S and pS = PP - - P;* with
e<[K(a): K]|=m<n.

0 =a"+aa™ 1+ +ay,
ordgp(a™) = nordyp(a)
ordgp(a;a™") > (n—i)ordp(a) +e, (1 <i<n)
ordyp(a,) =e

By (*), we have ordgp(a™) > 1, ordgp(a) > 1. Again by (*), the minimum
value must be e and ordgp(a™) = e < m < n. Hence ordp(a) = 1,n =m =e,
and pS = P° since m =ef + e fi + - + e fi. ordp(a) =1 also implies that
(b, @) = pS+ aS =P+ PP - P =P

Conversely, assume [K : L] = m, S is the integral closure of R in L, p is a
nonzero ideal of R, pS = P™,a € S and ordgp(a) = 1. Let f = X" +a; X" 1+
.-+ a, € R[X] be the minimal polynomial of o over K, son < [L: K] =m
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0 =a"+aa™ '+ +a,
ordgp(a™) = nordp(a) =n<m
ordg(a;a"")  =n—i+ ordyp(a;)) =n— i+ mordy(a;), (1 <i<n)
ordgp(a,) = mordy(ay)

Note that m > n,1 < i < n,ordqg(aia"*i) cannot equal to each other for
different i (**). (*) implies ordgp(a,) > 0, then ordy(a,) > 1, ordg(a,) > m.
If ordy(an) > 1 we obtain a contradiction by (*) and (**), so ordy(a,) = 1.
Similarly, m > n also implies contradiction, so m = n. Hence the minimum
value must be m, ordy(a;) > 0,(1 < i < n), f is Eisenstein polynomial, and
[K(a): K]=n=m=[L:K],L=K(a).

Remark 2.8. In the example above, it is not necessary that S = R|q], if so the
decomposition of p follows directly from the previous theorem. For example,

Q(v5)/Q, Z[X5) 2 Z[v/5] 2 Z with a = V/5.
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