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Laplace B 1-3F



Laplace spectrum

S-SR (Vibrating membrane) BHNLFE 2 = flz, y, ) W B
2R . R
ﬁ = Af:z @ + 673/2
& Az, y, 1) = u(z, y)h(t), 152N =S E TR 5 2
Au= —Xu, R'(t) = —\h(t)

N EE: v e Dirichlet 15 444 uloq = 0.



% Q C R?, &My Dirichlet {1 Laplace &1

—Au= A\u
ulpg = 0.
AR 42 1A
SP(Q) :={0<Xg <A < < Ap---}

Fr MLaplace 1% (Laplace spectrum).

: Laplace 572 AFAE— S B HUKAHIE(ELZ 19 LBy g —
ANEE A, EHE 20 the g AR D AR BN A R



Bil-r
[ #: (Disk) D fY Laplace 5T H Bessel A E S A H . J

B BRI (2,y) = (1,0), = rcos 0,y = rsin0, FERALIRR

T,

_ -1 -
A= U+ 7 op+ 7 2090




B ou= R(r)O(0),

rR" + rR' + AR e

Au=—-dlu= 7 +@ 0

PR+ rR + (PA—n?)R =0, Bessel }f&
fi#hy R(r) = Ju(v/Ar), FiE Dirichlet 15414

ulf=1y = 0= Jo(VX) = 0.
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Plot of Bessel function of the first kind, J,(x), &1
for integer orders a =0, 1, 2

W p(m, n) J& Bessel AL J, 15 m D=L, W
A=p(m,n)? € Sp(D), H.n=0 BEHHN 1, n> 1 BEHH 2.



Inverse spectral problem

“ La Physique ne nous donne pas seulement ’'occassion de
résoudre des problemes...,elle ous fait presentir la solution.”
H.Poincaré

1910 Gottingen, H.A.Lorentz

Old and New Problems Physics

”It is hear that arises the mathematical problem to prove
that the number of sufficiently high overtones which lies
between v and v + dv is independent of the shape of the

enclosure and is simply proportional to its volume.”



Inverse spectral problem

Lorentz fEAH: ok e iR

Q
N(\) := Zm‘%’x, A — 00

An<A
XH N ZFrA/NT A IFHEER L, [Q 2R K Q 1T
B, ~ 4

lim M = @

A—oo A 21

il Herman Weyl ] Hilbert fJFR4r 7 F2HEE (theory of integral
equations) k.



Inverse spectral problem

1966 M.Kac The American Mathematical Monthly, Vol. 73, No.
4, Part 2: Papers in Analysis (Apr.,1966), pp. 1-23

Can one hear the shape of a drum?

Ui

R K s A A FIBER IR, BRI AT

Sp(21) = Sp(22) implies Q5 = Qo  up to isometry?




Inverse spectral problem

Kac

QR —API X3 Laplace 1A (Disk) B9—f¢, NE
el .

#% & Laplace .11 Heat trace

h(t) := trace(e”?) = Z e M= Z e Ant
AESP(2) n=0

e w(t) = [w(z, z, t)de, H u(z,y, ) RRHEE Ou = Au
A



Inverse spectral problem

1. IR R 2 S AL i (spectral invariants):
h(t) ~ > at™ 2t 0
=0

B a2, i — AR, Hh
ag = (4m)~1;

1
a = 1(4@_1/2589

2. ARG
4m|Q| < I?

=7 AL HALY KR R



Inverse spectral problem

1990 C.Gordon; D.Webb , American Scientist, 84 (January—
February): 46-55

You can’t hear the shape of a drum!

"~

U RTE A S B2 AR, AEEHT



Inverse spectral problem

FA TR R XAk (A5 I EBREIAAE, RIRAFIE T 255 !

EX (E#ETE spectrally determinancy)

ARk Q € R? FEXIZE M B 3% e v
(spectrally determined), QI XHT &

Y M Sp) = Sp(Q)

A Q' FHFEAT QU ) .




Inverse spectral problem

TP (H.Zelditch, Annals, 09)
—NEA (generic) . Zo XIFRHY. fHTHY IR R X H
HA 1

1. fEMTIE (Analytic): %(E B 25 H DX 00 A DA b 4 Pt
W) (JEB) Taylor I, APk a] DAMERE SRy ids A 4

St Taylor FEIFULEL




1.
2. XFREE (Symmetric): 1 4E Schrodinger 8T S i ), A ME
"

3. JWAME (Generic): MMM ARRILYE, JELH, etc.
Generic: "typical property”:
3.1 MEEE: JLPALAL AT
3.2 hfh: TIPS, SOE—fRAY, ATECNITARAR RS BT
(Gs ).
e.g. A generic real number is irrational.
A generic matrix is invertible.



Related Inverse spectral problem

W& B IE
(M, g) J (%) Riemann JiJE, i g nlE L
Laplace-Bertrami 5.1

1 <9 . b
Ag=—= > —d"Vl]gd+-
TV ”Z::l O O;

:/H\:EP 9ij = 9(8(114 aiz])v [g”] 7\% [gq] E"Jiﬁ%ﬁlﬁ, !g| = d@t(gij).
Sp(Ag) &1 REME—Hfi = g (up to isometry)?

EP (Otal,Annals 90)
A1 i R 2 THITE W) 25 o 1o B A R 1




H VR A
BEE VS ET1% Sp(Hy) M kgl V7
Spec: (M, g, V) — Sp(Hp)
e 1-1 1?7
(

2
B! (Guillemin,Uribe,Math.Res.Lett. 07) J

B M= R", FHRE VIR RxiFreg, A (Efh) JERIHE,
W E IR Sp(Hy) ME— Do LR V.




FHOE I i ) 8t

KT REFRE
—4E Schrodinger 2.1 V € L'[0, L], Hill 5%
y' + V(z)y =y

1. FEWRE R & 5 ph%L V: Dirichlet M{HISHE V)
Fourier FF1) cos #4y, Neumann JH{HRER & H sin 34>

2. AR ARG, HEXTRME V(L - 2) = V(o) KifE V;
Borg (1946), Levinson (1949)and Marchenko (1955)...



Spectral rigidity

H—J7H, WERR RIS AR, WA F A 2 1
SRS

£ (i%MIPE Spectral rigidity)
—ANKdEg Q € R? AEXIZE M b HA NI (spectrally rigid),
WREAE M AT LI SFREEAS (isospectral
deformation), H[I:

 (Qosit 1 Q fE M B —E CL OGN, st
Qo = Q, SP(Qt) = SP(Q), iy (Qt)t %%Eﬁﬁ]*@ﬁ% (isometric
family) .,




Spectral rigidity

X O St X,
Osgood,Phillips and Sarnak 88,89
SR IAETE C° N RER.

Sarnak i

— A IS LA S ARG (isolated) X,

Ferihvd, B O P KA A JRiERIE (local spectral
rigidity).



KEEMHER 25



Length spectrum

X Q C R?, @ LHK JFE Length Spectrum
L) = {FraM (5B) MHLRKEE} U Nl

Eiﬂ%gﬁﬁﬁ‘iﬂlﬂi&%’%: TEDIH N R B, TR B 4T
5t

fa:0Qx (—m,m) — 00X (—m,m)
(z,9) = (4,9)
A = R

L(9) = [BERBSHAFTE B B U Neo,



Billiards

S (FIE e k)

FATFR—A KAk Q© € R? £EXIHIE M BAT Bl i e ok
(dynamically spectrally determined), 5 Q ¥rZERA A M= T,
& M PR IZK ISR TR

v

S (1R )
—NXIE Q C R? R MO EBAT B 2 R
(dynamically spectrally rigid), WIS EAE M F¥%A I FLH AR

K JEEEAS (isospectral deformation),




Quantumn and classical mechanics

RTE 253 Hy2

Laplace %7 K



K —AEA R (generic) HifE (s ILil)

Laplace 3T &k 2 K,

1. BJeihZ e Colin de Verdiere (73) , Duistermaat
and Guillemin (75) and Chazarain (73)

2. X Andersson-Melrose (77), V. Guillemin and R.
B. Melrose (79)



# & Laplace 5.1 wave trace:
wo(t) := Tr(e_it‘/z) = Z exp(—it\/xj)

Aj€SP(Q)

EP (Andersson—Melrose,77)
X RE I B TP IR, A0 Poisson JCA ¢

sing suppwq(t) C ££(2) U {0}.

ot sing suppwa(t) FrR wa () A BREHI ARG S




V. Guillemin and R. B. Melrose (79)
XF—ANEA (generic) B4 X,

sing supp wq(t)) = £L£(Q2) U {0}.

Feoalry, HAEZ I H Laplace 57 iE -

wa(t) = () + > en(h)

LEL(Q)

Hrpr sing supp eg = {0}, sing supp ef, = {L}.

eo(t) ~ > djt+i0)~*H

J=0

FH A} 2, F heat trace 1 REL {aj}32 RAEEENH.



eL(t) = aL7_1(t— L+ iO)_l +

1
_ o O w Ny #
ar,—1 = Z Aoy, —1 = Z ? (_1) Lw |I— diw(le/g

Ly=L Ly=L

S HURSH A KR L R BIEHRA, 0w HEBIEL Maslov
P, N RRBREL, L R B MR B

vE CSEAE”: L Poincare MU 2 ARRILI), RIFE—S &
we O W ¢ JAHEAL, [1— dff(w)] #0, etc.



Inverse spectral problem

S (A
How much (local) geometry can be attracted from the

spectral invariants?

— R SR
1. B X —FRY|iE AR & (spectral invariants): heat trace, wave
trace, zeta function;
2. HULMIMEEN ) RE A sk TR FiR A &
Laplacian spectrum ”sees” periodic orbits / broken
geodesics

3. HLAAR B A E X




Billiards

FERAL (Billiards) e kg i G.D.Birkhoff $2 i i94E 430 75
ARG AL,

“445'—1\3'3_ E2 0B L, AR T LG 5 m T JU-F AR R
T, RERFEST S ELHR LI, J

A.B.Katok “Billiard table as a mathematician’s playground”

“mathematicians play by launching billiard balls on tables
of various forms and observe(and also try to predict)what
happens...various questions, conjectures, methods of
solution,etc. in the theory of dynamical systems are “tested” on
various types of billiard problems.”




ANFZER Rk R 458
1. R FY Elliptic : SEHrmy. X,
2. $i¥1) parabolic : ZHTEIXI,
3. X hyperbolic: Bunimovich stadium



Dynamical systems

| 4

>

21 )1 7%t (Dynamical system) = BFFE— ARG ] 3
AEFE

EIET AW, Hor IR & RepFoT A R R E B 1Y)
WHT,

H. Poincaré “New Methods of Celestial Mechanics” (1892—
1899)

=% WA M (phase space), i £ = R,N (time),
HALIEE T (law of evolution):

T"-M— M, z— Tz TT=ToT*

e.g. 2/(t) = v(x(t)), ¢'(z) is the solution with initial
position x



JAIE B FEAE T
i (Birkhoff)

B QC R? P X, WX AR w = p/ge QN (0,1/2],
p,q HE, FAEZLPIK ULR) AR w e R
B (BIEN g SEA5E piR).




max 2-orbit min-max 2-orbit

L RKIE: XFRIE N ¢ 2 BUH Kk
2. /MR HL:

“vary the polygon of maximum length continuously,
without changing the order of its vertices and diminishing
the perimeter as little as possible, so as finally to advance
the vertices cyclically”



AR MR AR A R Bl B

JEFTH K, Q, WA FE 00 MK S5
71 [0,0oe] = R?, s+ y(s)
MR FAE R R R B
L(s, &) = [[7(s) = v(5) e
FIBABRIRIT £ (5,c080) — (&', cos0') HYLE ST (generating

function), Efl
{%ﬁ(s ,8) = —cosb

gSLl(s §) = cost



E:
019 =1l _ ) =a(s) ()

O 1)
8= (e sy = ), Bhs LA Q 9158 ¢ B0, K
2 q
L(s) := Y _ L(si, siy1)
=1
518

ZIE s = (51, ,8¢=s1) N ¢AWPEYM HALY s 2 L(s)
E"J”ﬁﬁﬂﬁa Le. 881L(§) = O) 1= ]-7 4

WEBA: 04, L(S) = 02 L(si—1, 8i) + 01 L(s4, siv1) = 0, BIFE s A AS
AT A n



B B - billiard
1. JfERIR S
f:(s,0)— (s+2R0,0)
2. AR %L

s—§

L(s,§) = 2Rsin( R )

3. MTALEIEHEL v/ g FAAE—RAIIH, HKER
2Rsin(2)),

£(Disk) = N{27R} U {q(stin(%”)}



Bk (integrability)

1. AHZ3[A] (phase space) AL Cy, = {(5,0)|0 = 00} 7
W (foliated) ; FEBRMLSS f FRAITER A 2R R IER-
B R, % R=1/2r, Gy, = S' =R/Z,

0
ﬂ090:51—>5’1, st 54 2
T

E X EEEL (rotation number) :

0
w(fley,) =~
L1 w A, e F Y

1.2 w HIHEE, F—FEEE ¢ PR%, (EhbE transitive,
i ergodic)



1.

2. ARSI Coy TERE AP —AF 2K po = Rcos by
O = A Bk AN R Lt Zeict S Je
BRI 5 ILHIY).

% X (caustic)

W Q@ P BRI, BN caustic Z4F Q K
f—2c Ct ek T, MEASAESAERILS R, 4R T ARSI
A& U2 G AR 5 A




1. PYBYZR[A)f1) caustics FIAH A3 [A] AN AR {2 X B o

S

Fig. 3.3. A
I

2. HERBRGY f AT T HOEH S, fir:T - T, X
JREHEHL w.



String construction: {FZ5— GBI XKk, R DATE T AN
Bl A castic [FCR, PRIDMEE SR



Whispering Gallery

Specular reflection

b

Multiple reflection paths of the whispering gallery




FRic K % (Marked Length spectrum):

M@(%) = max{JEFEHCH p/q TR BIELK )

ML(Q) = {mg(g), /g€ QN (0,1/2]}

L PRCREAZRA—ZERIEAZE: L(Q) = L(Q2) A—7E
BEAfEH ML(Q1) = ML(Q2);

2. fEHESIEAET, A KREEEAZ R IE AL &
A L(Q) = L(Q),0 <t <1 A MEH ML(Qy) = ML(Q); (L(Q)
A ARG FUE, h Sard 5IBE, £(Q) EEMLE.)



PRIt RS AT Aubry-Mather 31811 Mather #z/NEI1E F R &L
Ba A *: '
D b
Py o
Bal q) qM al q)

Main Principle A~ d#MEA Bo i+ 475092, #aARiT
K09 R T2 (marked length spectral invariants).




Bil-f-: 8 )& _E) billiard
ME(%) = 2Rsin(mp/q)

B(w) = —2Rsin(rw).
B'(0) = —27R = ~lop

B'(w) = —2rRcosmw = —|Ty|

Horr Ty, | Ml ECh w 1 caustic IKFE.

H: (J.Mather) 8 £ p/q AW 4 HACSFEAE— SR p/q 1)
JESHEAR A AE f 2R /caustic.



B Q &R EE K,

B(w )——Eagw—i—mw + O(w ) w—0

He C= f(fm p~2/3(s)ds, p Fith %% (Siburg Thm. 3.2.5),

H B 45— bR A

1. BAE 0 &S i, B8'(0) = —laq.
2. —f3(1/2) = diam(Q);

3. O= (ffzm —2/3( )ds)_l



Lazutkin coordinates

TE XK A, Sk R AN E RS (nearly intergrable):

1. Lazutkin AEFRAEHR (s,0) — (2, 9),

r= C/ p2B3(d)ds,  y=4CpV3(s) sing
0

Hott p(s) Sy 00 iR, C=([y p=2/3)71,

2. fE Lazutkin AAFR T, PHBRBAGITELR {y =0} (54,
w—0) MEERILIERE (GERR) F78¢

fr(my) = (@+y+ 00P),y+ Oyh), y—0



$A5 [ F TR A S 0 0 R B #h R M, J

TR FISEHAAL 1 = [0 pm2/3(s)ds SIRIi R K2
FRic i A AS &

(5) 2 00 FE s AV I S fhir e, lEX
% = P(S)o 2 x(0) = p(s), M

‘/ZE)Q p_2/3(8)d8 _ /27r Y(0)do < (/2Tr X)1/3(/27r )2/3 (fag)l/s'@ﬂ)w?’.

0 0 0 0

Hor < %5 Holder AEE3, = JRA72 HALY x WAL, MM Q J& 5L

=
:



Marvizi—-Melrose spectral invariants

1. HOK (p, g) FIMIELKIE Lse 6F g — oo (OMREAMIE:

maaj - p
Ly = —qﬁ ~=q) 2k+ o BRI (0) (%)
k= 0 q

[e.e]
=:plog + Y _ cprg ¥, q— 0
k=1

2. Marvizi-Melrose WERH T RT3 5 (p, q) #iA,
q— 00 JOL. HAIETL, YIRS, B R
TR K

Lp,q ~ ploq + Z okt ", g o0
k=1

Hrr {e g}i>1 RN Marvizi-Melrose 3545 &,



1. Marvizi-Melrose A5 {1 p}i>1 2SR AR5
R IR AN S O SR 2 TR 4, BN
f Pj(pvp(l)a e ap(k))dso

2. BRI, cin = £687(0) = 18, Mg 0= ([ p7%3) 7 Bi
V= N ]

A5 L AEPTR AL AR Rk P R 5 T .

3. (L.Buhovsky, Kaloshin 18) Marvizi-Melrose } /A28 A&
—TETER IS AL & AFAE AR R Y XA A [ 1Y)

Marvizi-Melrose 35445,



Other invariants :Lyapounov exponents

(G.Huang,V.Kaloshin,A.Sorrentino, Duke 17) XA 1Y
(generic) FEIE A& M) F-H DI, H (OBl ) *ﬁﬁ)ﬁ,ﬁﬁﬁﬁtﬂ/ﬂ
Lyapounov $8% (df! MFHIEE) RARCHEAL &



Spectral rigidity in smooth case

EP (De Simoi, Kaloshin, Wei Annals 07)

—A CH(k > 8) i, HA Zo XIFRMERY I IR DXL ] 2 DX 3
B B A NI

> ST R SEH ;
> T ERTRRE ;
> EFESE |lve — voller <0



B RO KR ML(2), ¢> 2.

B ()<<t A QWRRHEEAE, - 4 09, SHUL,
V= (8) = 7(s) + 7n(s) N(s)

Hooft N(s) FORAMERL, n(s) HIMER_ LR AN
57 = m(}}) = max Lo(st, - 5) g3 2

N Qr XKL, MISEE A1

1

9
Z n 81119 (1)

k=0

Horlr (s5(7), 04(7) j=y AHRITH 1%L



EXTCGT/MEASE T (infinitesimal deformation operator) :

Ta :C"(SY) = R™®
ni= (Lg(n)))q

DU 9 4 P ST Al oy
UMERT To, RERIYS, ie. Tg,'(0) = {0}



X AR

1. B8 n AT HUEKEL, Fourier BBIF n(s) = Y, mwcos 27s;
2. FERHL TR (I ) = 0.

BF: (AKH 1) BRI (8= L+ 5 ok = Tyl
WIS NEAERT Th:
B e, = cos2mkx, k> 2,

cos27r sm gsin(r/q), k=g
0, k#gq

H

q—

=0
Bim RE RN

T= (:qufl(ek))q,k = (ngq(ek)%k) =]+ .-

SHRAE A A BB OTERL, FIEE Tp A Fhs

.



I [5 :

1. ¢> N 38y Kitf, 1 Lazutkin 245 (2, y) T, PUBRH AT
AT (WA

k 1
_ 0 —2 k _ —3
z];—a:q-f-zl-i-O(q ) Y=, 0T g oo

2. q< Nk, J RIS I — EE BT -
3. &l | T — Tl < 6.



Ellipse

G B L ) SRR SRR AE 43 =T« A IR I £ SR
Fy,Fy

1. S AN SRS LR 0E, BRSO SR akst 27 it
F1F27

2. gt — N EUE, RO — A
3. Rt FiFy MHLEKIEAN LT FFy.







AR

1. [ RME 4R AT (globally integrable) i[5k
(Bialy).

2. WEIE R R (convex caustics by confocal ellipses do not
foliated the whold domain, the segment between two foci is
left out)

& X: a domain is called intergrable if the union of all smooth
convex caustics has nonempty interior.

Birkhoff conjecture: & % H AR Z 5084 (B2R) T #89 R 3K ]




EH (Local Birkhoff conjecture,Avila,
Sorrentino,Kaloshin, Annals 16)

Q2 CF PR (rationally integrable) fit ™% N X, BJJ%f
TAER ¢ > 2, FAERERECH 1/q 1) caustic, HXF R YAZS H 2k
HBESEECH 1/ q BRI AL, #5 Q Hal/NEL DR BgIE , e
SEA R o

v

iR
IINES DI R BAT Bl T I




WEsE I

T8 (H.Hezari,H.Zelditch 18)
/NS FE PR R ' T DO b B A S v

Ve RHBAEREE, (b, RHEAIEH .

1. FUFEZ/INES U R A [5] Z5 1 10) DX I s 230 10 X e - 1)) heat
trave [T I 44 G AAS & (il R R E RS %0 5
2. XTI R I -

2.1 WDAMKIERS £(Q) B L£1,4(9);
2.2 L4,4(Q) C sing suppwa(t)






FHSE ) 137 3k

1. Laplace B {51 :

> M.Kac, 1966, Can you hear the shape of a drum?

» C.Gordon;D.Webb,1990, You can’t hear the shape of drum!

» H.Zelditch, 2015, Survey on the inverse spectral problem.
2. Bk, KN -

» K.F.Siburg, The Principle of Least Action in Geometry and

Dynamics (Book, Chapter 3).
» S.Tabachnikov, Geometry and Billiards. (Book)
» A.B.Katok,Billiard table as a mathematician’s playground.
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