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Recap
. Lint,bool
« Grammar: type, term -—- synfactically valid
. Semantics: judgements, rules
« Dynamics
« Values
a val v
« Small-step semantics, sfructural)
1] &(D_S)
bt s(t) - s(t')
. Statics: Type system (typing rules)
i t: 1rft. (T-s)
5(t) : int

« interpreter.ml

Recap (con’t)

. Lint,bool

Alanguage is sound if satisfying two theorems:
. Progress:
if ¢ :7 then eithertval or 3¢ such that ¢t ¢’
» Preservation:
if t:zandt> t'then t': ¢
Prove the theorems by induction on the typing rules
« A~ (typed lambda calculus)
Type 7 == int | T, > 1,
Termtu=n|t +t, || A(z: 7).t |11,

Recap (cont)

Type r u=int|7, =1,

® E (typed Iambda CaICUIUS) Term t :=n |t +t, |&|Az:7)t"| 48,
» Values

e s
« Dynamics
K. Lo (SR (D-app,)
tt, - t't (Az: 7))t = [E, [ =]t
t >t tval ¢ t!

L__(D-add,)

— L * (D-add,)
t +t, >t +t,

t+t, >t +t

n, =n +n
— 17 (D-add,)
n, + n, = m,

Recap (con’t)

Type ru=int|7, =1,

. E (typed Iambda CaICUIUS) Term t :=n | t o+t |2 | Alz:e)t" |.t,
. Statics
I': typing context

FHt :int T+, :int
(T-n) - (T-add)
n :int Tt +t, :int

t:z, (T-fn)
Tt A(@.t 1T, T,

't :¢. >, T'Ht :7
1 1 2 2 1
T : (T-app)
t t 1,

Elimination rule

o TET(T_vm_) Introduction rule of function type
I'teo:7 of function type : P
Glnzesmie || (CEEIRES
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« The algebra (and calculus!) of algebraic data types



Algebraic Data Types

Type 7 u= |1, X1, product
|7, +7, sum

« Product types

« Sum types
. Term t == -+ | (¢,t,) pair
(variants) | t.d projection
|injt=das7 injection

| case t {@, ~ ¢, | @, ~ t,} case

Direction d ::= L | R left |right

Product Types: Examples

Az : intx int).z.L + =.R

Az : (int - int) x int).z.L z.R

(L(2,(3,4))) : intx (int x (int x int))

Product Types: Examples

M : intx int).e.L + @.R

. ERHC Xpairh A TTERM

Az : (int - int) x int)..L z.R

« BREC Bl AR — BB A R pair, DL
RNBH XA R

(L,(2,(3,4))) : intx (int x (int x int))

. Hpairsi=4nidl

Product Types: Semantics

« Statics
. T s¢ I'HL : ¢
« Introductionrule ~— ' ' 2
2. 081 . it t)=5 %%
. Elimination rules k)6 x5,

(T-pair)

l"--t:flxarz(T Ject L) r‘_t:lefE(T JectR)
——* 2 (T-project- ——— = (T-project-
FHéL:1 r 't t.R:f2 P
« Dynamics
it y tval t 1t t,val t,val :
; ———(D-paiy) ——— —  (D-pair, (D-pair, )
[tl'-tz)’_) (tl'tt) ! (tl?tg}H (tlet‘;)( P 2} (tl‘tzlval !
tit' . (t,t,) val . (t,t,)val )
—(D-proj,) —————(D-proj,) s (D-proj,)
td t'd (t,t,).L > t, (tpt,) R t,

Record Types: Syntactic Sugar

Type 7 = [ {l 17,0 27}
« Grammar 1T T
Termt::=---|(£l=t1?.,.?gk=tk)
|[tl, (1<12k)
. Statics

« Introduction rule
« Elimination rules

« Dynamics

Sum Types: Examples

(in) 1 = L as int+ (int —> int)) : int+ (int — int)

case (inj 1 = L as int+ (int — int)){z, ~ =, +1|@, ~ o, 2} > 1+1



Sum Types: Examples

(inj 1 = L as int+ (int — int)) : int+ (int —> int)

. BEFRCIERER— 1 sumE R ) E

case (inj 1 = L as int+ (int — int)){z, ~ 2, +1|z, ~ @, 2} > 1+1
. Fcasefi 7 Xfsumf{E /- &AL EE, HATR ARSI,
B o, o, + 1FH, 141

Sum Types: Statics

« Introduction rules
THi:q
'tinjt=Lasz +71,:7 +
Fit:z,
Ftinjt=Rast +7,:7,+7

(T-inject-L)
T,

2

(T-inject-R)

2

« Elimination rule

Fl—t:fl+rg r',ael:fl T F,aeg:fg—tg:f

T
Thcaset{z, ~t |@, ~1,}:7 (T-case)

Sum Types: Dynamics

tis t

o iNj D-inject
|nject injt=dasr|—)injt'=dasrl{ inject,)
t val D
_ (D-inject
in,]t=dnsrva.l( mjecg)
« Case

tt
case t {w, ~t | @, ~ t,} > case t' {w ~ ¢ |@, ~ tz}(
t val
case injt =Last {w ~ t |z, —~t,}>[t/a]
t val
case injt=Rast{z ~t |z, ~t}[t/] (D-case,)

2

D-case,)

(D-case,)

Type Algebra

. void and unit types

Type 7 = --- | void | unit

null : unit
Term ¢ ::= - | null voidB BB H{EH
« TRERIRR

| 7 x unit| =| 7 | | 7+ void| =| 7 |
# v=bool, & bool x unit [jTi(true, null). (false, null)
« Hgunit 258900 Apair , SRS IEARINFSMIE R
2% bool + void H A inj true = L as bool + void
inj false = L as bool + void

The algebra (and calculus!) of algebraic data types

Some Useful Sum Types

« Enumerate types

- Bl : $hehiieE

« K8 card £ unit+(unit+(unit+unit))
« GIAHZ, ({8 ) : hearts|spades | diamonds | clubs

hearts £ inj null = L as card

spades = inj (inj null = I as (unit+ (unit+unit))) = R as card

. EEA
casehenrtsascard{)ﬂf”g“t}:nﬁ*
case spades as card {f, | £, | £, | £} =1, *

Some Useful Sum Types

. Option types

. B option_ = unit+7
« SINFEA (fB) - null | just(M)

null = inj null = L as option_
just(M) £ inj M = R as option,, M :7

- HHEER
ifnull : option_ — (unit = p) = (7 = p) > p
ifoull  null {4 :unit.e, | Az :7.e,} > ¢
ifnull just(M) {4 :umit.e | Az:7.¢,} 1> [M [ zle,



Some Useful Sum Types

HR IR 1R—optionB R E X Z —
- BHE: FOOIEFY, FrANREESIAFEE), MRE
S| TR, ARSI ZE 5] R A % S5k
iR SR B AREHEHR?
— AR F R IRE AR IR E null : 7—bool
if null(e) then ...error...else ...ok ...
o ERZBHERERIE. FHE: 1)E> SR 2)8%
SRR R AT T HE AR
« fRYL: Foption, #iAEE N r AT ERR, HASE
HNrEBKE, RENT.
HEFEA ifnull, e {. unit. ...error...| At ...0k...}

Reduction Strategies

« BAEEX SR SRRES
o ANHERIRER: B PAEREREN TREHETA
4.
« HERRES: §—PRE-IMEEN TR
© JHTHURERESS: ATRUMESLNRAREER T AT
Fikx.
« BSERIAZ): A2
o AL RPN REF, ERAMER:
MBF(e)=e’, Mre—e.
o OR{ERE: evat, (c) {el if F(e,) is not defined

e, IfF(e)=¢ and eval (€e])=¢,

Reduction Strategies

« =R R

» B, Fe, —e,'He, ve,', N(x:0.e) e, LLIRL)RL

. [e) x] e;: BAERSNAL), BAERY, HBHERL. XFK
A, WA RAH
HePAE S Z R, HeRx{EREFAE T EL
/|\eg! Mﬁ'ﬁ%ﬂ‘]‘ﬂﬂ‘é’ﬂ%iﬁ??ﬁ(

s (xo.e) e : BYIALITFRESH, FRAERERH
e, TR, MOx:o.e) eI 2YVNRAARLKIL.
HeERMANSRPAER, WEABLHTELHEHL
e, M Ik

* (Mo .e)) ey: TEIR e, ATEE “RIL” B¥Ax:0.¢



