Reduction strategies

* Normal-order reduction: choose the left-most,
outer-most redex first

More on Lambda Calculus AR IR 1) Nkl Fodelaw

S ALV find normal form if exists

» Applicative-order reduction: choose the left-
most, inner-most redex first

(hu. v v) ((Ax. x x)(Ax. x x))
— (Au. Av. v) ((Ax. x x)(Ax. x x))

Non-terminating reduction Reduction strategies — examples
ok ) (e Normal-order Applicative-order
— (Ax. x x) (Ax. X X) (Ax.  (x x)) (Ax. f (xx)) (x. xx) ((y. v) (Az. 2)) (Ax. xx) ((1y. v) (22. 2))
- . — £ ((Ax. f (xx)) (Ax. f (xx))) = ((hy. y) (hz. 7)) ((Ay. ) (Az. 2)) — (Ax. xx) (hz. 2)

5 .. — (hz. z) ((Ay. y) (Rz. Z)) — (hz.z) (Ahz. 2)
(Ax. xxy) (Ax. xxy) = (w.y) (hz.2) — ALz
= (Ax. xxy) (Ax. xxy)y > ALz

Term may have both terminating and

- . Reduction strategies — examples
non-terminating reduction sequences
Applicative-order may not be as efficient as normal-order
when the argument is not used.

(Au. Av. v) ((Ax. x x)(Ax. x x))

—>Avv Normal-order Applicative-order
(?LU. AV, V) ((7\_){ X X)(?\.X. X X)) (Ax. p) ((Ly. y) (Az.2)) I:).,X.-p} “"V y) (Az.2))
s (. A v) (o x X)(Ax. x X)) EL ” E"" b



Reduction strategies Programming in A-calculus

* Similar to (but subtly different from) * Encoding Boolean values and operators
evaluation strategies in language theories
y arguments are not —True = 7&)(. ?LV X
— Call-by-name (like normal-order) evaluated, but —palse = B by SR

directly substituted
into function body

— Call-by-need (“memorized version” of call-by-name)

= ALGOL 60

— True False True

—not = Ab. b False True -y e

* Haskell, R, ... called “lazy evaluation”

not False
— False False True
— True

— Call-by-value (like applicative-order)

*G.. called “eager evaluation”™

Main points till now Programming in A-calculus
* Syntax: notation for defining functions * Encoding Boolean values and operators
— “Pure”: without adding any additional syntax —True = Ax. Ay. X
(Terms) M,N = x | Ax. M | MN —False = Ax. Ay.y

and True b
—* True b False
—=b

* Semantics (reduction rules) —not = Ab. b False True
. M)N — [N/xIM  (B) —and = Ab.Ab". b b’ False
and False b

—* False b False
— False

* Next: programming in “pure” A-calculus
— Encoding data and operators

Programming in A-calculus Programming in A-calculus
* Encoding Boolean values and operators * Encoding Boolean values and operators
—True = AX. Ay. X —True = AX. Ay. X
—False = Ax. Ay.y —False = Ax. Ay.y

—not = Ab. b False True
—and = Ab. Ab’. b b’ False
—or = Ab. Ab’. b True b’

or True b
—*True True b
— True

or False b
—* False True b
—b



Programming in A-calculus Programming in A-calculus

* Encoding Boolean values and operators * Church numerals
—True = AX. Ay. X —0 =AM Ax.x (the same as False!)
—False = Ax. Ay.y -1 =M Axfx
—not = Ab. b False True -2 =AM Ax.f(fx) succn
—and = Ab. Ab’. b b’ False —n = M Ax. fx By it s
—or = Ab. Ab". b True b’ —succ = An.Af Ax. f(nfx) | = Af Ax. f(f"x)

= Af Ax. flx
=n+l

—ifbthenMelseN = bMN

Not unique encoding

Programming in A-calculus Programming in A-calculus
* Encoding Boolean values and operators ¢ Church numerals
—True = AX. Ay. X —0 = Af. Ax. X
—False = Ax. Ay.y -1 =AM Axfx

—not = Ab. b False True
—and = Ab. Ab’. b b’ False
—or = Ab. Ab". b True b’
—ifbthenMelseN = bM N
—not’ = Ab. Ax. Ay. by x

]
1]

Af. Ax. f (fx)

= Af Ax. fox

—succ = An. Af. Ax. f(nfx)
—succ’= An. Af. Ax.nf(fx)

not’ True
— AX. Ay. True y x
— AX. Ly. y = False

1=

not’ False
— AX. Ly. False y x
— AX. Ay. x =True

Programming in A-calculus Programming in A-calculus

e Church numerals e Church numerals

—0 =AM Ax.x (the same as False!) —0 = Af Ax. x ijif:_%y_g[hz_ -

—1 = A Ax. fx —1 = Af Ax.fx e “:’y‘ﬁ:’;}’;’ (hz.y) x
—2 = M. Ax. f(fx) —2 = M f(fx) > hx. Ay, x=True

—n = Af Ax. fx —n = A Ax. fx iszero 1

—dx. hy. 1 bz y)x

= . hy. (Af dx. fx) (Az. y) x
— Ax. Ay, (Ao (Az. y) %) x

— A Ay ((Rz.y) %)

— Ax. Ly. y = False

—succ = An. Af. Ax. f(nfx)
—iszero= An. Ax. Ay.n (Az.y) x

iszero (succ n) —* False /




Programming in A-calculus

e Church numerals

—0 =AM Ax. x
—1=A2Ax.fx
—2 = MM f(fx)
—n = Af. Ax. fPx

—succ = An. Af Ax. f(nfx)
—iszero= An. Ax. Ay. n (Az. y) x
—add= An.Am. Af. Ax. nf (mfx)
—mult= An.Am. Af.nmf

Programming in A-calculus

Booleans
Natural numbers
Pairs

Lists

Trees

Recursive functions

Read supplementary materials on course website



