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 Structural dynamics

 Convenient for proving properties of languages, e.g. safety

 Less convenient as a guide for implementation

 Search transition：does not spell out how to find, 

 Traverse to fine 𝑒1 and then reconstruct the expression plus(𝑒1
′ ; 𝑒2)

 Make the process explicit by 

introducing control stack and define abstract machine
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Why Introducing Abstract Machine



在实现时，会更愿意用某种机制来记录“当前位于表达式哪儿”，

这样在执行简化后可以从所记录的位置“恢复”。

——可以通过“控制栈”(跟踪记录指令步的上下文)来达到。

利用控制栈，转换规则无须任何前提，即每一规则都是公理！

在实现时，就无须对表达式进行遍历或重构。

真实机器和抽象机

 动态语义说明：

如果对实现所需的机制(如控制栈等)揭示得越多，则越接近真实机器。

 抽象机的定义：从语言的结构语义开始，逐步引入实现所需的多种机制，向汇编级描述

发展，所得到的描述即是特定的抽象机。

 动态语义描述越接近真实机器，则它越“具体”，而越不“抽象”。

 抽象和具体之间没有明显的分界线,而与实现细节被揭示的程度有关。

张昱: Control Flow 4

Control Stack



 State 𝑠: control stack 𝑘 and closed expression 𝑒

 evaluation state 𝑘 ⊳ 𝑒, evaluate 𝑒 on stack 𝑘

 return state 𝑘 ⊲ 𝑒, 𝑒 val, evaluate 𝑘 on closed value 𝑒

Control stack

 Record the current location of evaluation, and context

 Explicitly record pending computations

 Frames of the K, “−”represents current location of evaluation
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Abstract Machine K for PCF

s(−) frame ifz{𝑒0; 𝑥. 𝑒1}(−) frame ap (−; 𝑒2) frame
(28.2)

𝜀 stack

𝑓 frame 𝑘 stack

𝑘; 𝑓 stack (28.1)



 Eager semantics for successor

Rules for case analysis

 Functions evaluated by-name, general recursion
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Dynamics of K

𝑘 ⊳ 𝑧 ↦ 𝑘 ⊲ 𝑧 𝑘 ⊳ s 𝑒 ↦ 𝑘; s(−) ⊳ 𝑒 𝑘; s(−) ⊲ 𝑒 ↦ 𝑘 ⊲ s(𝑒)
(28.3)

𝑘 ⊳ ifz 𝑒0; 𝑥. 𝑒1 𝑒 ↦ 𝑘; ifz 𝑒0; 𝑥. 𝑒1 − ⊳ 𝑒

𝑘; ifz 𝑒0; 𝑥. 𝑒1 − ⊲ 𝑧 ↦ 𝑘 ⊳ 𝑒0

𝑘; ifz 𝑒0; 𝑥. 𝑒1 − ⊲ s 𝑒 ↦ 𝑘 ⊳ [𝑒/𝑥]𝑒1

(28.4)

𝑘 ⊳ lam 𝜏 𝑥. 𝑒 ↦ 𝑘 ⊲ lam 𝜏 𝑥. 𝑒 𝑘 ⊳ ap 𝑒1; 𝑒2 ↦ 𝑘; ap −; 𝑒2 ⊳ 𝑒1

𝑘; ap −; 𝑒2 ⊲ lam 𝜏 𝑥. 𝑒 ↦ 𝑘 ⊳ [𝑒2/𝑥] 𝑒

𝑘 ⊳ fix 𝜏 𝑥. 𝑒 ↦ 𝑘 ⊳ [fix 𝜏 𝑥. 𝑒 /𝑥] 𝑒



 Initial and final state of K

 Safety

 New typing judgement 𝑘 ⊲: 𝜏 , 𝑘 expects a value of type 𝜏

 Auxiliary judgement 𝑓: 𝜏 ⇝ 𝜏′: frame 𝑓 transforms a value of type 𝜏 to a value of type 𝜏′
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Dynamics of K

𝜀 ⊳ 𝑒 initial

𝑒 val

𝜀 ⊲ 𝑒 final (28.6)

𝜀 ⊲: 𝜏

𝑘 ⊲: 𝜏′ 𝑓: 𝜏 ⇝ 𝜏′

𝑘; 𝑓 ⊲: 𝜏 (28.6)



Rules for auxiliary judgement 𝑓: 𝜏 ⇝ 𝜏′

 States of PCF are well-formed if 𝑘 and 𝑒 match

 Safety

 If 𝑠 ok and 𝑠 ↦ 𝑠′, then 𝑠′ ok

 If 𝑠 ok, then either 𝑠 final or there exists 𝑠′such that 𝑠 ↦ 𝑠′
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Safety of K

s(−): nat ⇝ nat

𝑒0: 𝜏 𝑥: nat ⊢ 𝑒1: 𝜏

ifz 𝑒0; 𝑥. 𝑒1 − : nat ⇝ 𝜏

𝑒2: 𝜏

ap −; 𝑒2 : parr(𝜏2; 𝜏) ⇝ 𝜏

(28.8)

𝑘 ⊲: 𝜏 𝑒: 𝜏

𝑘 ⊳ 𝑒 ok

𝑘 ⊲: 𝜏 𝑒: 𝜏 𝑒 val

𝑘 ⊲ 𝑒 ok (28.9)



Does K implement PCF correctly? 

The answer can be derived from the following facts

 Completeness

If 𝑒 ↦∗ 𝑒′, where 𝑒′ val then ε ⊳ 𝑒 ↦∗ ε ⊲ 𝑒′

 Proof by induction on the definition of multi-step transition

 If 𝑒 val, then ε ⊳ 𝑒 ↦∗ ε ⊲ 𝑒 (induction on the structure of 𝑒 )

 If 𝑒 ↦∗ 𝑒′, then, for every 𝑣 val, if ε ⊳ 𝑒′ ↦∗ ε ⊲ 𝑣, then ε ⊳ 𝑒 ↦∗ ε ⊲ 𝑣

 Soundness

If ε ⊳ 𝑒 ↦∗ ε ⊲ 𝑒′, then 𝑒 ↦∗ 𝑒′ with 𝑒′ val
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Correctness of K



Exceptions
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 Failures: with no associated data

 Exceptions: with associated data

 FPCF: enrich PCF with a failure

 Syntax

 Statics
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Failures and Exceptions



 FPCF

 Dynamics: using a techniqure called stack unwinding 

 Failure state: 𝑘
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Failures: FPCF

当对catch求值时，会在控制
栈中安置一个失败处理器

当对fail求值时，会出栈直至遇到最近的外层失
败处理器来展开控制栈，将控制传给该处理器

在当前控制栈上下文下对处理器求值，
故处理器中的失败可以进一步向上传播



 XPCF

 Syntax

 Statics:   𝜏exn type of exception values
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Exceptions: XPCF



 XPCF

 Dynamics
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Exceptions: XPCF
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