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Various polymorphisms

Polymorphic types: V(t.1)

B Procedural abstraction

Data abstraction: existential types 3(t. 1)

B Abstract data types, Generic abstractions

Overloading and type classes

Subtyping
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Static polymorphism: binding at compile-time
Parametric polymorphism (B#{%%)
B polymorphism (FPL), templates, generics (OO)

Ad-hoc polymorphism
B Overloading: function or operator overloading

B Coercion: implicit type conversion

Dynamic polymorphism: binding at run-time

Subtyping (inclusion) polymorphism

B inheritance, virtual function

Yu Zhang: Polymorphisms
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o)) (Parametric) Polymorphism FEBZLK 2

Example: identity function
B write different function for different type:

Az :int).x A(x:int - int).x
B Butin OCaml, we can write the function:
let id = fun X -> X id : 'a->'a where 'ais type variable

B Typed lambda calculus
O For any type a, A(x:a).x Aa) A(x: a)x

[0 Type application: (A(a) }\(x: a)x)[int]
—lint/a] (A(x: a)x)= A(x:int)x

Features
B Single algorithm may be given many types

B Type variable may be replaced by any type

Yu Zhang: Polymorphisms 5
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Polymorphism occurs frequently in data structures

type 'a tree = Node of 'a tree * 'a * 'a tree | Leaf << 'a tree is a ]
et x : int list = [1; 2] in polymorphic type

ety : string list = ["a"; "b"] in
et z : int tree = Node (Leaf, 3, Node(Leaf, 2, Leaf))

B (reeis not atype but atype constructor:
takes a type as input and returns a type
Ll int tree
[ string tree
I (int * string) tree
O ...

Yu Zhang: Polymorphisms 6



’ﬁké‘&'q{“

i 3
(o] =
% o}
T =
S

9F

A
S ©
“0ce and T

System F Formal Semantics ¢RBEZLELE G
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System F - Syntax

e T 2= ¢ t variable
arr(Ty; 7o) T1 = To function
allitr) Y(t.7T) polymorphic
Exp e i T T
lam{7}(xz.e) X(x:7)e abstraction
ap(e;;es) e1(es) application
Lam(Z.€) A(t) e type abstraction
App{T}(e) e|7] type application

Statics

A contains type variables and I"' contains term variables

Yu Zhang: Polymorphisms 7
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System F Formal Semantics ¢RBEZLELE G
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Syntax Typ © = | t]| V(t.7)

_ Exp e = | Alt)e]| e[t
Statics: | ]
Well-formed types A, t type | T type

A, t type ¢ type A V(t.T) type
Typing rules of terms
Attype 'Fe:t ATFeV(t.T) AF Ttype
AT + A(t)e:V(t.7) AT + e[t]: [t/t] T’

Lemma (Substitution)

W If Attype F 7' type, and A + T type, then A + [t/t]7’ type
WM IfAttypete':7',and A + T type , then A [t/t][" + [t/t]e’: [t/t]T
BIfAl,x:tr+e:7,and AT - e:7,then AT + [e/x]e": T

Yu Zhang: Polymorphisms 8
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Formal Semantics AKX F X ER
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Syniax Exp & = -1 A el
Statics
Dynamics
e e
A(t)e val e[t] » e'[1] (A(t)e)[t] » [t/t]e

Lemma (Canonical Forms)
If e:7 and e val

mift=1 -1, thene=Ax:1))e, With x: 7y F e,: 1,

B Ifr=Vv(1), thene = A(t) e’ with ttypee: 1T

Theorem (Safety)

B Preservation: Ife:tand e » e, then e’:t

B Progress: If e: 1, then either e val or there exists e’ such that e - ¢’

Yu Zhang: Polymorphisms 9
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y) Example ¥EAZLLEXS

Polymorphic composition function

Polymorphic composition function type

Yu Zhang: Polymorphisms 10
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Polymorphic composition function

At AE)AE)A(f ty = t3)A(g:ty = t)A(x:ty) f(g(x))

Polymorphic composition function type

V(t1.V(t2.V(ts. (L, = t3) = (11 = ty) =t > t3)))
= V(t;. V(t2. V(t3. (t; = t3) = (t1 2 L) = (t1 > t3))))

Yu Zhang: Polymorphisms 11
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Data Abstraction AKX FEER
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Interface

B A contract between the client and the implementor

Implementations

B Satisfy the contract
B One implementation can be replaced by another without affecting the behavior
of the client
Data abstraction is formalized by
extending System F with existential types

B Interfaces: existential types that provide a collection of operations acting on
abstract type

B Implementations: packages, the introduction form of existential types

Yu Zhang: Polymorphisms 12
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Different implementations of Counter

module IntCounter = struct let ctr ; IntCounter.t = IntCounter.make 3 in

type t = int _ _
let make (n : int) : t = n let ctr : IntCounter.t = IntCounter.incr ctr 5 in
letincr (ctr:t) (n:int) :t=ctr+n assert((IntCounter.get ctr) = 8);
let get (ctr: t) : int = ctr assert(ctr = 8)
end
IntCounter.t = int
module RecordCounter = struct make: int - int
typet = { x: int } incr:int — int — int
let make (n :int) 1t ={x =n} get: int - int
letincr (ctr: t) (n:int) : t = {x =ctrnx + n} RecorderCounter.t={x:int}
let get (ctr: t) : int = ctr.x make: int - {x:int}
end incr:{x:int} - int - {x:int}

get:{x:int}—- int

Yu Zhang: Polymorphisms 13



Iﬂké‘&q}“

® <
(=} -4
S S
O
A

Modules in OCaml

FRAZLE*X S

University of Science and Technology of China

Oré;

\
s S
e, o
“Ice and T

Interfaces

B module signature

module type Counter =

sig

type t
val make : int -> t

valincr: t->int->t
val get : t -> int
end

Implementations

B modules

module IntCounter : Counter = struct
type t = int
let make (n:int) :t=n
let incr (ctr: t) (n :int) : t
let get (ctr : t) : int = ctr
end

ctr + n

module RecordCounter : Counter= struct
typet = { x:int }
let make (n :int) : t={x =n}
letincr (ctr: t) (n:int) : t = {x = ctrnx + n}
let get (ctr : t) : int = ctr.x

end

Yu Zhang: Polymorphisms 14
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Interfaces

B module signature

module type Counter = sig
type t
val make : int -> t
val incr : t-> int -> t
val get : t -> int

end

Implementations

B modules

module IntCounter : Counter= struct
type t = int
let make (n :int) : t=n
letincr (ctr: t) (n:int) : t=ctr+ n
let get (ctr : t) : int = ctr

end

let ctr : Counter.t = IntCounter.make 3 in
let ctr : Counter.t = IntCounter.incr ctr 5 in

assert((IntCounter.get ctr) = 8);
assert(ctr = 8) ‘=mPg

Yu Zhang: Polymorphisms 15
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IntCounter can be represented as
pack int with
(make & A(n:int)n,incr < A(c:int) A(n:int)c + n, get & A(c:int)c)
as 3t.(make < int — t,incr @ t — int — t,get & t — int)
packing of a “package” --introduction form

Package

B Implementation: the second term in the curly braces
(make & A(n:int)n,incr < A(c:int) A(n:int)c + n,get & A(c:int)c)
M |nterface: the type after as keyword

Jt. (make < int — t,incr © t — int - t,get © t — int)

B Abstracted type: the first term in the curly braces, i.e. int

Yu Zhang: Polymorphisms 16
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) Unpacking: eliminating a package ¥EAZEL*XS

Unpack: enable a client to use a package

open
(pack int with

(make & A(n:int)n,incr < A(c:int) A(n:int)c + n, get © A(c:int)c)
as 3t. (make < int — t,incr © t — int - t,get © t — int))
astwithx:t

in letc:t = x.make 3 inletc:t =x.incrc3in x.getc

opene;astwithx:tine,

T ey, BHFRFMUINGE R, RHSEIE R, PMEER ) i ey 8

let ctr : IntCounter.t = IntCounter.make 3 in
let ctr : IntCounter.t = IntCounter.incr ctr 5 in
IntCounter.get ctr

Yu Zhang: Polymorphisms 17
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Syntax
Typ t ::= some(r.7) 3(z.7) interface
Exp e = pack{t.t}{p}(e) pack pwitheas d(z.7) implementation

open{t.t}{p}(e;t, x.ex) openejastwithx:tine, client

pack p with e as 3(t.7)
EFRRER p ML WedT i 2 3t ) — M, RIS

opene;astwithx:tine,
FTH—" ey, BHRRBHINtGE R, HHLLIL 2,
PIMEAESS ™ S e A

Yu Zhang: Polymorphisms 18
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Syntax some(t.7) 3(t.7)

pack{t.t}{p}(e) pack p with e as 3(t.7)
Statics open{t.TH{1,}(eq; t; x. e5) opene;ast withx:tine,
Well-formed types A, t type + T type

AF some(t.T) type

Typing rules of terms

u AF p type A, ttype - ttype Al Fe:[p/t]T
AT F pack{t.t}{p}(e): some(t.T)

ATFeg:some(t.t) Attype [Lx:ThFey:1, AF T, type
AT + open{t.TH{t,}(e; t; x.€5): T

T, BclientfCIBAY LSRR

Yu Zhang: Polymorphisms 19
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Syn tax some(t. 1) 3(t.T)
pack{t.t}{p}(e) pack p with e as 3(t.7)
Statics open{t.TH{1,}(eq; t; x. e5) opene;ast withx:tine,
Dynamics le val]
pack{t.t}{p}(e) val
e e
pack{t.t}{p}(e) — pack{t.t}{p}(e")
e; — e
open{t.tH{r,}(eq; t; x.e;) = openit.t {1} (e; t; x. e3)
le val]

open{t. T}{7, j(packit. t}{pi(e); t; x.e2) = [p, e/t x]e;

Yu Zhang: Polymorphisms 20
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‘ y) *Definability of Existential Types tYRAEA S

g

=

SINFEXRBENEE: MNBIEMRAITE

FERBARISEE (2RRE) BX

BT oclientRAB e, RAEZTEAE X ALK S IRHK
open{t.TH{t,}(ey; t; x. €3)

AT Fe:some(t.t) Attype ILx:thFe,:it, AFT,type
AT + open{t.TH{1,}(es; t; x.e5): T,

O e;:3(t.7) &—-package (FLAKSZIL), e,:1,&clientfChy
O ClientfUSA i F22RANV (.1 - 1) MEZREEL ¢ AR HIE © F, HEAS NI, T

B AERAR - ANSHHKREA
3(t.7) =Vu.vV(t.T > u) > u)

Yu Zhang: Polymorphisms 21
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‘ y) *Definability of Existential Types tYRAEA S

FEXBAHIERE (£2REH) BX

B GAERRAR - ANASER[RFEEAI(t.7) =Vw.V(t.T>u) > u

pack p with e as 3(t. D)MHBATA@IA(x: V(t. T = w))x[p](e)

MY R p RIS RIS A S AR

ZBREE L e 5 R 2R u M clientfChS x B, H RRBR p LWl ¢, PRSI efRIB R H A (x[p]) .

o open ejast with x:7in e, FHH T e[ ](A(DA(x: T) e3)
¥clientfCrY e, FTRER— N 2SR V(.1 - u),
B AAERTI g R (AIv(w.v(t.t —» w) » w) FH u ) SEZFME T,
FH¥e [t,] MHB|ZEclientfe)y e, &
e A N—"-packil, Bl A—ZEmRE
ANw)A(x:V(t.T = w))x[p](e)

Yu Zhang: Polymorphisms 22
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Quantification over types

_ Not sufficient to model
B V(t.7) models generics E) many programming situations

: of practical interest.
B J(t.7) models abstraction P

Examples (not just type quantification)
B Abstract families of types

O e.g.7 list An infinite collection types sharing a common collection of operations on them

B [nterrelated abstract types

] e.g. a type of trees whose nodes have a forest of child
and a type of forests whose elements are trees

Yu Zhang: Polymorphisms 23
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‘ *Constructors and Kinds FRABZLLX S

Quantification over kinds, than just types, e.g. over

B type constructors: functions mapping types to types
B type structures: tuples of types

Kinds: classifying constructors

B Static layer: use kinds to classify constructors
B Dynamic layer: use types to classify expressions(terms)
The two-layer architecture models phase distinction.

[ Constructors are the static data of the language.

[0 Expressions (terms) are the dynamic data of the language.

Yu Zhang: Polymorphisms 24
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% Fp, A77»% Grammar ¥RHZLLAXS

Kind & == Type T types
Unit 1 nullary product
Prod(ki;ko) K1 X ko binary product
Arr(Ki;K2) K1 — Ko function

Con ¢ = w u variable
arr —% function constructor
all{x} Vi universal quantifier
some{ } A existential quantifier
proj[ll(¢) e-1 first projection
projlr](¢) e¢-r second projection
app(ci;ca)  c|es]  application
unit () null tuple

pair(ci;cs) (ep,c0) pair
lam(u.c) \(u)c abstraction

Yu Zhang: Polymorphisms 25
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‘ y) *Constructors and Kinds +FRB2LLXS

More details are not discussed In this course.

But if you are interest, you need further learn to understand.:

B More judgements specifying static semantics of constructors and kinds

[0 Constructor / type /expression formation

B Rules for constructor formation

B Substitution lemma
H ...

Yu Zhang: Polymorphisms 26
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‘ *Modularity FHB2ELXG

References: [PFPL Chapters 42-44]

Syntax is divided into more levels

B Expressions classified by types
B Constructors classified by kinds

B Modules classified by signatures

Yu Zhang: Polymorphisms 27
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Summary: Generic Abstractions FEB2LLE g
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Parameterize modules by types

Create general implementations

B Can be instantiated in many ways

Language examples

B Ada generic packages
B C++templates, e.g. C++ Standard Template Library(STL)

B ML functors
H ...

Yu Zhang: Polymorphisms 28



FRAZLE*X S

University of Science and Technology of China

THANKS
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