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@) 2.1 {g05E X -1

75 (Judgement, assertion) [PFPL, 1]
4=, n nat N B A%
a=h nat anat. b natHaf=btg%F

< HEFE MM (Inference Rules)
1) 4w, a nat
zero nat succ(a) nat (1.2)
a = b nat
Zero = zero nat succ( ) — succ( ) nat
(1.4)
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((:?3) 2.1 HgE X -2

<+ A4 52 X (Inductive Definition)
>H—H K4 J1Jr G IR PN LE A,

J
< 5 (Derivations )

> —/ANB T i — AN B AR, 6 A2 (axioms )T
¥, ERTEWE.

> T R R A
ﬁU%Jljjk )a('ﬁiﬁﬁlﬂda vlaavkiﬁ‘ﬁﬁﬁ
i, B Vo Ve Rataise— RS
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@) 2.1 AgiE X -3

4

» £ 5 (Derivations )

L)

>'f§dﬁn ZeT0 nat A}%‘
succ(zero) nat

succ(succ(zero)) nat
succ(succ(succ(zero))) nat T

> E@IEF(f kA EME): NS (AN]). D%k
> @8 T® FTHE): &8> (LN >aE
—— B A7) 349
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((:?3) 2.1 AgiE X -4

< FNJF41(Rule Induction)

>
>

>
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P(J): ATHRPEKZTT TIH-FIZRLY.
1o R P H] T X TN Z T, WPXFATA =T 4369 B
TIRBRY,

s FHE—AA 1T
J

7ﬁ‘3 &"%P(Ja, s P(\Tk)a mj P(\T) === 93.@‘]“‘/}:
P(J,),... P(J,) ---)24AfRiX

VL B EiEHP(a nat)x i a natk .z, W
R ZEHH;

1) P(zero nat)

2) 1&i%P(a nat)m.L, M P(succ(a) nat)m i
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) 2.1 s

BTG E X (Tterated Induction Definitions)
PoANERE XA —ANPFREXZ L

Y[R3

a nat b list
nil list cons(a; b) list (1.8)

ZiE8P(a list)x A a listax, W) AZ4EHH:
1) P(nil list).

2) 183%P(b list)mz Ea nat, M P(cons(a;b) list)
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@) 2.1 e -6

< BRZ A E X (Simultaneous Induction
Definitions)

> RIEREXAANREANBE

a odd a_even
Zero even succ(a) even succ(a) odd
JEE L (1.9

Zi29AP(a even)*t Fif a evenss s vA % P(a odd)xf
);)1'750 oddmk =, W A ZE8f:

1) P(zero even)
2) $=%P(a odd), MP(succ(a) even)s i
3) 4=%P(a even), MP(succ(a) odd)sx
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@) 2.1 mae -7

< RN 2 X R
> VATFHLN 2 SUmik = sum(a, b, ¢)

b nat sum(a, b, c)
sum(zero, b, b) sum(succ(a), b, succ(c))

(1.10)

EIB(PFPL Theorem 1.4) : *}FFiAH #9a natf=b nat, #
ZE—#c natiEfFsum(a,b,c).
MERR: JEBAREH
— (Existence, A £ 1)4eFa nat#b nat, N4 #Ec natiEiF
sum(a,b,c).

— (Uniqueness,*E—MH)3=Xa nat, b nat, ¢ nat, ¢’ nat,

sum(a,b,c), sum(a,b,c’), Mc = ¢’ nat. U|

Yu Zhang, USTC Theory of Programming Languages - Judgements and Rules 9



) 2.1 e -8

(Existence, & fE 1t Y e % a natf=b nat, N4 fec natizid
sum(a,b,c).

BixP(a nat) &k =4 #: 4w&b natl].#F£c natitfFsum(a,b,c). I
ARAEALN (1.2))2449iE 842K a nat, NP(a nat):

1. iZ9AP(zero nat): f&RiXb natiF EitcHb, AN (1.10)TH#
sum(zero,b,c).

2. JEBAMR&P(a nat), M P(succ(a) nat): BPARiIX4eRb natl].FiEc
nati#Fsum(a,b,c), IIiEBAXEDb' natl A Ec' natiEfF
sum(succ(a),b,c’).
f&iZb' nat , HIAHMRIK, HEc natiEfFsum(a,b’,c). I
c'=succ(c), A AHN(1.10)7T#Fsum(succ(a),b’,c’).
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&%) 2.1 45 X -9

(Uniqueness,”t—M+)4=%a nat, b nat, ¢ nat, ¢’ nat,
sum(a,b,c), sum(a,b,c’), Mc = ¢’ nat.

ARIEALN (1.10))a 443iE8A 4= K sum(a,b,c), M=%
sum(a,b,c,), AR 4cq = c,.

1. /8i%ka=zeroHc, = b, xtbJathiEsteik
sum(zero,b,c,), Mc,&b.&H(PFPL Lemmal.1),#F
b=b nat.

2. 1Rika=succ(a’)Ec, = succ(c,’), HFsum(a',b,c,’).
xTbya 4hiE A =T 4542 Fsum(a,b,c,), Rlc, = succ(c,’)
nat, sum(a’,b,c,’) b. w5 E)athfRiXkc,' = ¢, nat,
#¥HC; = ¢, hat.
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) 2.1 e s-10

< RN 2 X R
> AT E Uik w72 sum(a, b, ¢)

b nat sum(a, b, c)
sum(zero, b, b, ) sum(succ(a), b, succ(c)) (1.10)

> xR (mode) : vAAniE BT Z A4

- #X(V,V,3): *FFHAMa natfFiA b nat, £ 4c natit
#Fsum(a,b,c).

— “feop—"(V,V, 3): 2t FHAMa natFFIA #9b nat, HAEE
—#)c natiEiFsum(a,b,c).  sumAE ARG AR

~ R AAENFE—" (V,V, 35 st FEiAa natfBiA 6
b nat, &% A& —¢%c natiEiFsum(a,b,c). sumZERH
LR PeEE 2

— R, SARERALENA BT HIAN, GEESRAKASEE.
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) 2.1 s x-11

< FHFLN 2 N R 2
> xR (mode) : vAAniE BT Z A4
— R AENAE—" (V,V,351): s FEHA M natFPTA 8
b nat, &% 5% —¢c natiEFsum(a,b,c). sumZHE R
LN (P SN
— M, DARENALEMA BT NN, FESASEMAEE.
BEBEHEERERNZE, 2RETIARIAEM, #lde,

— “eRAENFE"(V, ISV TFHA Ma natF A
¢ nat, &% HAE—#b natiEiFsum(a,b,c).
B RE i A —A (F5) SR, BPRE.
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@) 2.2 REW=-1

< HE W5 (Categorical judgements)
> X THRRT B ARG R T
& WS (Hypothetical judgements) [PFPL, 2]
> A —A~% % A 5] A4 R (consequent) g Bk
(hypotheses, assumptions),
> T35 4 (derivability)¥i 5 J - K

— M FLEN—HEXATH T OANE, ERTIHFHEZ
b, JTRKR AT, FELEMNE LY BRI T AHIT AT
AR K.

_#AREX: S-S d EK
TR B A Ji,- -, JJ, K
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(Effﬂ) 2.2 BEWiE-2

> 7 389 (derivability)®i s J - K
— A TREBFHARAF], U T KEAFKTH
[ 438,

>ARIEILN 5 TIE-F B 2 N BL AR T
%%J{ﬂ%%e%£$%m,M%%hww%%J

R B
2R Jy, e T, B J R, M AMBRJT A AN FE T A
#7737,

J%ﬁﬁ%w$ﬁix»AgA%$£mw H¥TA
R, TAHE
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(E‘cfﬂ) 2.2 BEWE-3

[PEPL, 2.1] Derivability judgements & Inference rules

Jl'jjk is derivable iff J,,---,J,FJ

Structural Properties

<+ Reflexivity For every judgement J, I'.J - J

** Weakening If '+ J,then ' K - J

< Exchange If I'y,J;,Jo,I9FJ,thenl'y,Js,J1, 9 J
< Contraction If ', J, J - K ,then I"'JF K

“ Transitivity If I', K - Jand '+ K, then ' J  y|
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((:?3) 2.2 REW=-4

> T % ¢ (admissibility)¥r s J = K
STFAZ AN E, WwBITAEANERHESE, MK TAM
MEFHETE.

[PFPL, 2.2] Admissibility judgements & Inference rules
J1:Jk s admissible iff Ji,o,dp = J

J
#ldm  succ(a) nat = a nat (2.9)
succ(a) nat (2.10)
anabl  eorizs taRR TS e
succ(a) nat I/ a nat (2.11)

TR E LR S THRFOH AR MR,
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i

(Esya) 2.2 RS W

AR E X

>H—8H4e T +-J, --- IT,FJ,
- (2.13)

0 SRR 28 px, AR T AN 2 BRE, T; AN &9
Fi AR e BRI .

> T S AL 3t 4 B BT A B AR, M
HL 2 469 (pure), TA¥E K/ LT a2k, B

| ST Y IR [P o /N
J

(2.14)
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i

(Esya) 2.2 RS W

< ZAFFAE X
> A BTA SoBPRH — AN RN 65 LT, #4FZ
FLI AR 4 2By £ F L% R 482 8] 551 (side condition)
B R R XA G HLR Z TS 25 49 (impure).
XA R fefea2 B LT L.
Iy FJ, - TT,FJ, S(I)
'eJ

S(D)A42k LT X E&gal &4

(2.15)
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) 2.2 prwz-7

o AP E X
> VAT PR SHAEAT £ )2 44 % X R 7T 3% %) (admissible):
'J TFK T,KFJ

r,Jr-J T,KFJ THJ

Y344 R 38
> AEASTHAAECG T T, PO J)
nEZFH—RN Ty -J, - IT,+FJ,
T J
SSIRAERR: 4R P(ITy F Ji),---,P(IT, - J,)
0 P J).

(2.16)
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245 (Parametric judgements) [PFPL, 3]
> SRR — 4R FRAAB Y Rt o3k
> #5428 X (derivation scheme): €232 A HHF
<+ 28 4t.(Parameterization)

PIRXR—ATRAOAEELS, TREAANBERALTH=.
BEAW T  X[TREIE ATMK TALHBREM.

> BHACH E RER GBS T (P 2 AT LA
st 2 )0 S HAIE T RIEFAEX V y 40K

> #l4e, x| x nat - succ(succ(x)) nat (3.1)
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[PFPL, 3.2] Structural Properties

“*Proliferation If X|7 andz ¢ x, then x, 2|7 .
“Swapping If X, 2, 12, 2|7 then X1, zy, 21, Xo|T
“»Duplication If X,z 2|7, then x z|7

“*Renaming If x z|7,,then x,y|J,, provided
that v ¢ X,

J]
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ﬁ%) 2.3 BHMME-3

< Z2H ka4 2 X (Parametric Inductive
Definitions)
> —Hde XG[ITE T o XX T E Ty g gy
XITFJ
éﬁ*iﬁtiﬂ)""ﬂﬂﬁi R x AN RS, X AHHN
AR G FT I BERS ¥ (fresh local parameters).
> Fr'eshness. BB AEE LB/ RSB RUBRE
ESLITET S
>R LT XD, FiNTRAARLET AL
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@) 2.3 BHLEE -4

< Z2H 4 IAY 5 X (Parametric Inductive

Definitions)
» Pure paremetric rule
X |Tq F Jy J X, |0 F Jn (3.6)
EE )k
> AERASS IR QXD - J,P(XITEJ)
W E Bt —HN XX T -y - XX,|TT, F J,

XD +HJ
S SRIEA 4R P(X XD - Jp), -, P(XX,TT, F J,)
n P(XITEJ).
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ﬁ% Homework

1. [PFPL, 1]

2. [PEPL, 1]
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1.9 Exercises 1.
1.9 Exercises 2.
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Thanks!
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