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— PP R] B FE S L{num, str}

ik

EVEN AR [PFPL, 5,6]
HAKRTEY: [PFPL, 7]

% 1EYE [PEPL, 8]
rraiE X [PFPL, 9]
sN#&1E X [PFPL, 10,12]
3.7 FAMHES [PFPL, 11,13]
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“ L{num, str}
> XFFAEORK LN ARFIARBIAR T & LegR £

A
> G —F g AR BN R ARG B — AR
FHET M

< B&E7E (Concrete Syntax) [PFPL, 7]

>R ERERXERTRFFAEN—FFER (BERA LI AR
BN)

> 8 E A A T A LR = Uk
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< % EV%(Abstract Syntax) [PFPL, 8]

> B TRIE T RREM AR LEM
e.g. #Fi&EM(abstract syntax tree, AST), F 4%
Z Af(abstact binding tree, ABT)

* EEN % (Syntactic Objects) [PFPL, 5,6]
> FAE, L5, AST, ...

717 (Parsing)
> A AR R A R R AR
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< 5 ATE X (Static Semantics) [PFPL, 9]
>\ —2 R R R T AN R, A ER R4,
<+ B X (Dynamic Semantics) [PFPL, 10,12]
> R A AR - Sl PAT
> R 7 ik

— #4135 X (Structural semantics) [PFPL, 10]
= _ETFX3E 3 (Contextual semantics)

— R A#3& XL (Evaluation semantics), [PFPL, 12]
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ﬁ}) 3.2 HIEXNR

3.2.1 FF5MFFRrE [PEPL, 5.15.2]
3.2.2 #hZEEM [PEPL, 5.3]
3.2.3 THRIEMW [PEPL, 6]




) 3.2.1 memrmE-1

< FF5(symbols): /. &4, REFF.
> Wi E
T Sym : X2 AN
r#Y, £ x sym By sym, xfyRREQFT
“ FLF#(strings): T/ 2L, BREFF.
> F¥& & (alphabet)). : —HFHFGEAE.
> Wi E
c char : cE—/NF&.
M Fsstr: £ ERXFHE, AT EHE L
> Fcchar X F s str
(5.1)
Y. F e str Y. Fc-s str
—NFRHERRLENFHFI, TERETFT.
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gy==!

o PR R R E
» To show P s whenever s str, it is enough to show

1)P ¢, and
2) if P sand c sym, then P(c - s)
o R
> BiE 51 s2 = sstr: sRFHAFEs fas,EIHERE F .
> 2405 3L
: S] S2 = S 5.2
e's = s (c-s81)"s9 = ¢-s (-2)

W E BEA AN (V,V,3)
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) 3.2.2 mempm-1

* S ETEM Abstract Syntax Tree(AST) [PFPL, 5.3]

> an ordered tree in which certain symbols (operators) label the
hodes

> Each operator is assigned an arity (number of children )
< Operator signature, Q

> R—F4e ar(o) = n#y¥is, Lo sym. n nat
WwRQOFar(o) =n#®QFar(o) =n'> M n=n'nat.

> )AL E L
A ar(o) =n
QO+ ar(o) =zero a1 ast --- ap,ast (5 3)
o() ast olai, --,ay,) ast
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) 3.2.2 mmimmm-2

< ZEM AN R B (Principle of Structural Induction)

» To show P(a ast), it is enough to show that P is
closed under Rules (5.3). That is,
if QF ar(o) =n , then we are to show that
if P(ay ast),---, P(a, ast)
then P(o(ai,---,a,) ast)
> Bldm, AST &R (BT 34X A (v, 3))8 248 3L

hgt(al) = ]’Ll T hgt(an) = hn max(hl, R ]’Ln) = h
hgt(o(ay, - -,ay,)) = succ(h)

(5.4)
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) 3.2.2 mmimmm-3

B 5 #(Variables and Substitution)

> Variables are represented by names, and are
given meaning by substitution.

>ABIR X = xq ast,- -+, x, ast RS E
{x1,- -,z }|x1 ast, -+, x, ast (z1 sym, -, x, sym)FZ—

BIR P B, a#HXRT © ¢ {x1,-, 2, )}
>BrE X aast@ A THLL AL 2 XL

X,x ast - x ast

QFar(o)=n Xtajast --- XFa,ast (5.5)
X Fo(ay, - -,a,) ast
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((:5(3) 3.2.2 iREEWN -4

< ZAE 5 #(Variables and Substitution)

> JAPJEIE: To show P(X | a ast), it is enough to
show

1) P(X,x ast - x ast).

2) If QFar(o) =n, and if
P(X Fay ast),---,P(X F a, ast)

then P(X F o(ay,---,a,) ast).

X P8 BB SRR TR, BANREH  LHAST.
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) 3.2.2 mimmmp-s

TENHT
> BB X F [a/z]b = c: cRAaRBDF IxPTIFHLER
- REEX X,z astt [a/z]z = a (5.6q)
Xz ast.y jji /Ty =y (5.6b)
Xbfofal = oo XF[a/alba=cn (5 g0

X Fla/x]lo(by,---,by) =o0(c1, -, cn)
> Theorem 5.1 20X X F g ast X,z ast - b ast(z#X)
W B —ANE—cEIFX - [a/2]b = cHL X + ¢ ast
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) 3.2.2 mzmmp-e

HERA(Theorem 5.1) :
BELETXX, xast ExtbdtfT4EH))344:

1. §F X,z ast b ast, '§ZIEHGFAEE—HclEF:
X Fla/z]x = c
% AN (5.6a), BtFcHaR AL HbE.
2. WwE X z ast,y ast (z#X), W HHR(5.6b), &#F
CHYRIA AT
3. %&b =o0(by, -,b,), MEHEFHKRE, HFEE—H
(S XFla/zlby =c1,---, X F la/x]b, = cp

HHN(5.6¢c), cREI o(ci, -, cn)
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&%} 3.2.3 MBHEM-1

FFIEEN: RBRT BENEREH
Fh &G A (Abstract binding trees, ABT): 3#4n 7 42 (binding)F=4£
JA 3R (scope) A4S .
% ABT
> ABT: extends AST with an abstractor
> Abstractor x.a: ¥ X & x 91 2|ABT a, a #RA R 2 694E A 3K,
ZH RO T EXIEAN A & XL
> arity of an operator
- RARBKHFRAT (N1, 1), KRFEKOMK, n &
T HINREP Y R EE 44 H (valence).
— e.g. let x be expl in exp2 ar(let)=(0,1)
//exp2 has a variable named x.

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 15



&%} 3.2.3 BTN -2

let; a be 3 in let, c be 2 in a+c ar(let)=(0,1)

let,
Q is the bound variable

let
/ Q: IS the bound variable
/ N\

> operator signhature Q
— A PRt F 4 ar(o) = (ng, -+ -, ng) H9BFE
> Q& E’aﬂﬁ(well-formed)ABTda%“‘&FUUFi%‘%ﬁ%‘i‘%ii
{:cl, . xptz1 abt’, -z abt’ Fa abtn

) R 8 f HEE
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©) 3.2.3 mzsmen-3

..?I‘...: :|;J.I..-

> B abty)agh g L

X, z|A, z abt’ - z abt’ (6.1a)
ar (O) = (nla T T?/k)
X|AF a; abt™ -+ X|AF ap abt™*
X|AFo(ay, ---, ai) abt’ (6.1b)

X,z'|A 2" abt’ F [2 < 2]a abt™  (z' ¢ X)
X|AF z.a abt" ™! (6.1c)

X, 2| A2 abt’ [ o zla abt” (2 ¢ X) R TAXBHaP
AR B ZXPTIFHERARTG 4.
M xX|AF z.a abt™, PPl Tx.atist T AZRHH
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ﬁ%} 3.2.3 B TH -4

b AVEE )R

To show that P(X|AF a abt”) whenever X| Al a abt”
it suffices to show the following:

1) P(x,z|A, z abt’ F 2 abt?) .

2) For any operator, o, of arity (m;, ... ,m,), if
P(X|AF ap abt™), .- P(X|AF ai abt"™")

then P(X|AF o(ai,---,a;) abt?)
3) If P(X,a2'|A 2" abt’ F [2" < 2]a abt”) for
Some/any v ¢ X, then P(X|AF z.a abt”“),
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) 3.2.3 maman-s

..-?.'.I'-..: :|;J.I..

> 4], abt#jsize sHABFE |a abt"| = s B X
— R, REAABETHE

21 abt’| =1,---, |z abt’| = 1+ |a abt"| = s
B A T ALY 4952 XL
S, |z abt’| =1+ |z abt’| =1 (6.2a)
Stlay abt™|=s; -+ Skla, abt""|=s, s=s1+---+s,+1
SFlolar, -, am) abt’]| = s
S, |z’ abt’| = 1F |[z/ < z]a abt™| = s (6.2¢)

St |z.aabt"™| =s5+1

Theorem 6.1.8/4 B tjabth "E—4size.
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©) 3.2.3 mzmen-6

n E":-..: I-".J.l..

< Apartness judgement: A+ z#a abt” (Al aabt")

the abt a does not involve the variable x except possibly as
a bound variable.

THY
Rules AF z#y abt? (6.30)
At z#a; abt™ -+ AF x#ai abt™*
A z#o(ay,- -, ay) abt’ (6.3b)
A,y abt’ F z#a abt™ (6.3c)

Al z#y.a abt™ !

> x is free in an abt,a, written © € a abt, iff it is not the
case that z+#a abt .
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©) 3.2.3 meuen-7

n E":-..: I-".J.l..

» Renaming of Bound Variables (o.-equivalence)
M /A~abtRo-FHe, HEMLEECNREHRE EFWLRIR LA REF
28 Aba=,babt"
Rules

Az abt’ 2z =, z abt’ (6.4a)

At a; =, by abt oo X ap =, br Oajbt (6.4b)
X Folay, --,ar) =4 o(by,---,bx) abt

A,z abt’ F [z « z]a =4 [z < y]b abt” (6.4¢c)
AF z.a =, y.b abt" ™! .

> Theorem 6.3.0-F4 2 f R . *HAReGFfEi% 84 .
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) 3.2.3 wmopen-a

< Substitution:
Rk AF— A abtd —/~ 8 B R ZW A B ABHEA H —4-abt
At la/x]b = c abt"
Rules

AF [a/z]z = a abt’ (6.50)
THY

AF [a/z]y =y abt’ (6.5b)

At la/x]by = ¢y abt™ -+ Xt [a/x]bp = cx abt™*
X [(I/IE]O(bl,"',bk) 20(613"',Ck) abto (6.5C)

Ay abt’ b [a/z)([y < ylb) = abt"  y#A o #x
Al [a/z]y.b =y .b abt” (6.5d)

> g (6.5d), A y.ly — Y| =,y
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&%} 3.2.3 MBRLPEM -9

*+ Substitution
Theorem 6.4.

1.Tf AF aabt’and A,z abt’ - b abt™ , then there
exists At c abt” such that A+ |a/x|b = c abt”,

2.If Al a abt”, AF [a/z]b = c abt" and
At la/z]b = abt" ,then AF c=, ¢ abt",

GEER: 1. 5t A 2 abt’ b abt™  JagyiEnf
2. X At [a/x]b = c abt"f A} [a/x]b = ¢ abt”
BA S5 )A4H4ERR .,
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) 3.2.3 msan-10

..?I‘...: :|;J.I..-

*+ Substitution
Theorem 6.5.

If Aa=,d abt’, A,z abt’ b=,V abt" ,
A la/z]b=cabt” and Al [d'/x]b) = abt™
then AFc=, ¢ abt™,

Proof. By rule induction on A,z abt’ - b =, b’ abt”

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics

24



©) 3.2.3 memen-11

..?I‘...: :|;J.I..-

FABIX T A ¥ 5 % Fabt o-FH, WIHEF o9 mAN
T VA 8] B A (x#A):

A,z abt’ F a abt”
AF z.a abt"! (6.6)
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(E:a) 3.3 E{fiE%(Concrete Syntax)

> a means of representing expressions as strings
( written on a page or entered using a keyboard)

> usually designed to enhance readability and to
eliminate ambiquity.

3.3.1 Lexical Structure

3.3.2 Context-Free Grammars
3.3.3 Grammatical Structure
3.3.4 Ambiguity

3.3.5 Informal Conventions

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 26



(Esa) 3.3.1 Lexical Structure-1

“»Lexical analysis ( lexing )
» characters = symbols (tokens)

— white space (spaces, tabs, newlines, comments, ...)
-- discarded by the lexical analyzer

< Lexical structure of L£{num, str}

[tem itm = kwd |id | num | lit | spl
Keyword kwd 1= 1l-e-t-€|b-e-€|i-n-€
[dentifier id == ltr(ltr | dig)®

MNumeral num = digdig”

Literal it = qum(ltr | dig)"qum

Special spl == +|*|"|(C|)]|

Letter tr == a|b]...

Digit dig == 0]1

Yu Zhang, USTC Ql.lDl’E'! qum . " 57



@331 Lexical Structure-2

el g 5

<» Rules for translating lexical items into tokens

Yu Zhang, USTC

S str

ID|s] tok

n nat

NUM|n| tok

S str
LIT[S] tok

LET tok

BE tok

IN tok

Theory of Programming Languages - L{num, str} Operational Semantics

ADD tok

MUL tok

CAT tok

VB tok

LP tok

RP tok

(7.1)

28



(Esa) 3.3.1 Lexical Structure-3

“»Judgements for lexical analysis
» s np < ¢ tokstr ~ Scan input

> s itm «+— ¢ tok Scan an item

> s kwd «— ¢ tok Scan a keyword

> s id «— t tok Scan an identifier
> s num «— { tok Scan a humber

> s spl «— 1 tok Scan a symbol

> s lit «+— ¢ tok Scan a string literal
> s whs Skip white space

e.g. let a be 34 in a*12
be itm «— BE tok a id «—— IDla| tok

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics
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(Esa) 3.3.1 Lexical Structure-4

“*Rules for lexical analysis =inp — ¢ tokstr

s =51 82 s3str sy whs szitm ——{ tok s3inp «—— ts tokstr
sinp —— t - ts tokstr

s kwd —— f tok s id —— t tok s num —— | tok
s itm —— f tok s itm —— f tok s itm —— f tok

s it —— t tok SSP"—"fE{}k g —1]1-&-t-f£str
sitm «—— ttok  sijtm—— ftok s kwd — LET tok

s—=b-e-gstr s —=1-n-¢£str
s kwd —— BE tok s kwd —— IN tok

s =851 s2str spltr s> lord
| , (7.2)
s id —— ID[s] tok

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 30




(Esa) 3.3.1 Lexical Structure-5

“*Rules for lexical analysis(cont'd)

s =51 systr sy dig sy dgs s nume—— n nat
s num —— NUM[n] tok

s =81 8 szstr spqum sy lord  s3 qum

s lit —— LIT[s,] tok
§ = + - £ str S = * - £ str s ="-€str
s spl —— ADD tok s spl —— MUL tok s spl «—— CAT tok
s= (-estr § = ) -gstr S = -&str
s spl —— LP tok s spl —— RP tok s spl —— VE tok

(7.2)

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics
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“Fiyaat

“+e.g. a*12

* Str

ﬁ?) 3.3.1 Lexical Structure-6

1 dig 2dgs 12 num <— 12 nat

12 num <— NUM|[12] tok

12 itm <— NUM

.12-

tok

a str_a ltr * spl «— MUL tok
a id «— ID[a] tok  * itm «—— MUL tok

12 inp <— NUM[12] tokstr

a itm «—— ID[a] tok

%12 inp <— MUL - NUM[12] tokstr

a * 12 inp <— ID[a| - MUL - NUM|12] tokstr

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics
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(E%) 3.3.2 Context-Free Grammars-1

<+ Components of a Grammar
> tokens, or terminals,
> syntactic classes, or non-terminals,
> rules, or productions,
~-Aiz o,
A: non-terminal,
a: a string of terminals and non-terminals

—~Au=oy || a, (compound production)

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 33



(Esa) 3.3.2 Context-Free Grammars-2

% Context-free Grammar

> It determines a simultaneous inductive definition of its
syntactic classes

> Regard each non-terminal, A, as a judgement, s A, over
strings of terminals.

> To each production, A ::= 51 Ay so---5, Ay 5,41 (7.3)
we associate a rule:

S A - s A,

; ; 7.4
S1 81 82 -Sp S, Spnt1 A (7.4)
and it can be rewritten as follows:
/ !/ ~ | ~ A~ Y BN
s A1 -+ s, An s=581"87"82" ---5," 8, Sn+1
s 4 (7.5)

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics



fisya) 3.3.3 Grammatical Structure-1

< 6rammatical Structure of L{num, str}

Expression  exp == num|lit|id | LPexpRP | expADDexp |
expMUL exp | exp CATexp | VBexp VB |
LET id BEexp IN exp

Number num = NUM[n]  (n nat)
String it == LIT[s]  (sstr
[dentifier id = 1ID[s] S str|

» String: let a be 3 in a*12
> tokstr: LET ID[a] BE NUM[3] IN ID[a] MUL NUM[12]

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 35



@333 Grammatical Structure-2

..-?.'.I'-..: I-I‘.J.l..

“*Rules for interpreting a grammar

S num 51 eXp S2 exp S exp
S €Xp s1 ADD s5 exp VB s VB exp

s lit S1 €Xp S2 exXp S exp

S exp s1 MUL s9 exp LP s RP exp

s id S1 €Xp S exp s str s str

S exp sy CAT sy exp  LIT|s| lit ID(s| id

s1id s9 exp s3 exp n nat
LET s; BE s9 IN exp NUM[n| num (7.6)
s = 81 MUL s9 str s;1 exp S2 exp (7.7)

S exp

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 36



(E?B) 3.3.4 Ambiguity

** Principal goal of concrete syntax design: readability,
eliminate ambiguity

<> Example: 1 + 2*3
NUM[1] ADD NUM[2] MUL NUM[3]

< Ambiguity is a purely syntactic property of grammars.

< Grammatical structure of L{num str} (eliminate

ambiguity)

Factor fct == num|lit|id | LP prgRP

Term trm = fct| fctMUL trm | VB fct VB
Expression exp = trm | trm ADDexp | trm CAT exp
Program prg = exp|LETidBEtrm INprg

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 37



f;‘%) 3.3.5 Informal Conventions

..-?.'.I'-..: I-I‘.J.l..

»The concrete syntax of L{num str}

Expr

e =mn|"s" |s|ejtes|eixer|e1 “en| |e| | let xbeey ines

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 38



(E:B) 3.4 Abstract Syntax

> expose the hierarchical and binding structure of

the language
> eliminate ambiquity
3.4.1 Abstract Syntax Trees
3.4.2 Parsing Into Abstract Syntax Trees
3.4.3 Parsing Into Abstract Binding Trees

3.4.4 Informal Conventions

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics
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((:5(3) 3.4.1 Abstract Syntax Trees-1

Concrete Syntax Token String Abstract Syntax
n NUMInN] num[n]
s LIT[s] str(s]
S ID[s] Id[s]
e,+e, e, ADD e, plus(e,; e,)
e,*e, e, MUL e, times(e;; €,)
e, e, e, CATe, cat(e,; e,)
le| VB e VB len(e)
letsbee;ine, LET ID[s] BE e, IN e, let[s](e;; e,)
(e) LPeRP e

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 40



ﬁ%} 3.4.1 Abstract Syntax Trees-2

n E":-..: I-".J.l..

“» Arities to operators( AST of L{num, str}):

ar(num[n]) = 0 (n nat) ar(plus) = 2
ar(str[s]) = 0 (s str) ar(times) = 2
ar(id[s]) = 0 (s str) ar(cat) = 2

ar(len) = 1 ar(let[s]) = 2

»Inductive definition of the abstract syntax

n nat a1 ast  ag ast a _ast
num|n| ast plus(ai;as) ast len(a) ast

S str a1 ast ao ast sstr ay ast a9 ast
str(s| ast times(aj;as) ast let[s|(a1;az) ast
S str a1 ast  ao ast
id[s] ast cat(ai;as) ast (8.1)

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 41



(%3) 3.4.2 Parsing Into ASTs-1

n E"-I-..: I-".J.l..

» Parsing: translation from concrete to abstract syntax
» Parsing judgements for £{num, str}

S prg <« a ast Parse as a program

S exXp «— a ast Parse as an expression
s trm «—— a ast Parse as a term
s fct «+—— a ast Parse as a factor

s num <« a ast Parse as a number
s lit «+—— a ast Parse as a literal

s id «—— a ast Parse as a identifier
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(%‘3) 3.4.2 Parsing Into ASTs-2

..?I‘... : :|;J..I..-

% Inductive definition

Factor fct == num |lit|id | LP prgRP
n nat S str
NUM|n| num <— num|n| ast LIT|s| lit «— str|s]| ast
s str S num <— a ast
ID|s| id <— id|s] ast s fct «<— a ast
s lit —— g ast s 1d <— a ast s prg <— a ast
s fct «— a ast s fct «+—— a ast LP s RP fct «+— a ast
Term trm = fct | fctMULtrm | VB fct VB
s fct «+—— a ast s1 fct +—— a7 ast s trm <— ao ast
s trm +— a ast s1 MULssy trm <— times(aq;as) ast

s fct «<— a ast
VB s VB trm <— len(a) ast

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics
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@ 3.4.2 Parsing Into ASTs-3

..?I‘...: :|;J.I..-

<*Inductive definition (cont'd)

Expression exp = 1trm | trmADDexp | trm CAT exp
s trm <— a ast S1 trm <— a1 ast So exXp <— a9 ast
s exp <— a ast s1 ADD s exp <— plus(ai;as) ast

S1 trm <— a1 ast So exXp <— a9 ast

s1 CAT so exp <— cat(aj;as) ast

Program prg = exp |LETid BEexp INprg
S exp <— a ast

S prg <— a ast

s1 fct «+— id[s| ast sy exp <—> a9 ast  s3 prg <— ag ast
LET s; BE so IN s3 prg <— let|s|(asz;a3) ast

(8.2)

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 4



(%3) 3.4.2 Parsing Into ASTs-4

“»Concrete Syntax
let a be 3 in a * 12

tokstr
LET ID[a] BE NUM[3] IN ID[a] MUL NUM[12]

prg

—id exp prg,exp,trm
trm fct,id trm,fct,num
fct

“AST num
let[a] ( numl[3]; times (id[a]; num[12] ) ) ast
2
2
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ﬁ%} 3.4.2 Parsing Into ASTs-5

*» Theorem 8.1

If s prg —— a ast, then s prg and a ast,

...... (A7 87 Z Parsing judgementsA EAldg 4 /R)
JERA: AR (8.2))3 4AERA .
“*»Theorem 8.2

If s prg, then there is a unique a such that s prg —— a ast

...... (A7 87 Z Parsing judgementsA £l a4 /7))
SHTBE EAAEX (V, J!)
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Why introduce ABT ?

manage the binding and scope of variables in a
let expression

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics
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((:5(3) 3.4.3 Parsing Into ABTs-1

Concrete Syntax Token String Abstract Syntax
n NUMInN] num[n]
g LIT[s] str(s]
S ID[s] Id[s]
e,+e, e, ADD e, plus(e,; e,)
e,*e, e, MUL ¢, times(e;; €,)
e,e, e, CATe, cat(e,; e,)
le| VB e VB len(e)
letsbee, ine, LET ID[s] BEe; INe, let(e; x.e,)
(e) LPeRP e
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) 3.4.3 Parsing Into ABTs-2

»Goal: manage the binding and scope of
variables in a let expression

< Arities to oper‘aTOi”S (ABT of L{num str} ):

ar(num[n]) = () ar(plus) = (0,0)
ar(str[s]) = () ar(times) = (0,0)
ar(cat) = (0,0) ar(len) = (0)

ar(let) = (0,1)

> Identifiers: not as operators, but as variables.
*Revised parsing judgements for £{num, str}

s prg «—— a abt
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(E'a) 3.4.3 Parsing Into ABTs-3

63T 5 69 A7 B = T vA A 5L (8. 1) KAty —EHLN &
Z 3, XEEHLN R F AR E L, H PN B AT
ReFast AR R B A o THXIB S B =

ID|s1]| id «— x7 abt,---,ID|s,] id +— z, abt - s prg <— a abt
EF A REXMAMEEL.
BT 2 RIS AT IR T T A R &, CHBR
T HEH B RER:

[', ID[s] id «— x abt - ID|s] id <— z abt
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((:5(3) 3.4.3 Parsing Into ABTs-4

Eotlet R E XA, AP RFEEEZNGLIKL
%, 2 FIBIRISE, RIBREZAFRS Fatat B8

REXNMHRIEX A
d%m@ [' 59 exp < aq abt
I',s1 1d <— x abt - s3 prg <— ag abt (8.3a)

[' - LET s; BE so IN s3 prg <— let(ao; x.a3) abt

B SR A Eletx & X ZAFIRA G Eletw A X
HHR ARG —H, R—idtE RAHEE, dexlf
x2. HFBRTEZHHME, FERSIEZTHEX]RX2
KL F B|s3%F EIagid.

) FBIR T SRR FATIRAE ) AL
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) 3.4.3 Parsing Into ABTs-5

ek ik RREY AT ZRIDTATIRAT S LA 6
T ¥, A EIF L 4FRF 4 shadowingr %
ST EETAE: BRENE
I' - s prg «— a abt

AR EE B 5
s prg «— a abt |o]

E7 kk i
ﬁ%imﬁ AR, W RRAERIR T HATIR I 69 18 XL
THSRGEE:
o symtab well-formed symbol table
= o[ID[s] — x] add new association

o(ID[s]) = = lookup identifier
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(Esa) 3.4.3 Parsing Into ABTs-6

AT a#rlet R A X EHN :
d > x [0]D s exp «— ay abt [o]
o =o[s; — x| s3prg<— az abt [o'] (8.4)
LET s1 BE so IN s3 prg <— let(ao; x.a3) abt |o]

iﬁ%ﬂﬂ5(8.30)% [gglj,(j-_%: %‘ﬁiﬁi\%ﬁﬁ%ﬁ

B S bSR3 I — B MTAFIRAT AN, R RRRER T
Wr S 8 B ROM:

ID|s| id «— z |o]

o maps the identifier ID[s] to the variable x.
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f;‘cﬁ) 3.4.3 Parsing Into ABTs-7

“»Concrete Syntax
let a be 3 in a % (1 + 2)

tokstr

LET ID[a] BE NUM[3] IN ID[a] MUL LP NUM[1] ADD
NUM[2] RP

“AST
let [a] ( num[3]; times (id[a]; plus ( num[1]; num[2] ) ) ) ast
% ABT
let( num[3]; x.times (id[a]; plus ( num[1]; num|[2] ) ) ) abt
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(Esa) 3.4.3 Syntactic Conventions

»The abstract syntax of L{num str}

Type 7 =
num | str

Expr e =
x | num|n| | str|s] | plus(ei;es) |
times(e;es) | cat(er;es) | len(e) |
let(eq;x.e0)

T type: 7 is a well-formed type Qiype

e exp : e is a well-formed expression Qesp

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics
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f;%) 3.5 Static Semantics

> Consist of a collection of rules for imposing
constraints on the formation of programs, called a
type system.

> the type of a phrase predicts the form of its value

> well-typed: A phrase is constructed consistently
with these predictions.
ill-typed
r:nat =+ 3 well-typed = +" 123"ill-typed
3.5.1 Static Semantics of L{num,str}

3.5.2 Structural Properties
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ﬁ%} 3.5.1 Static Semantics of L{num, str} -1

<» Judgement
e: 7, where e expand ztype.

Parametric hypothetical judgements X'|I" ¢ : 7

X : a finite set of variables, & & 4 %
[' : a typing context (x: 7,z € x)

» Typing Rules

e:7hHx:7T

[t strls] : str

[' - num(n| : num

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics

(9.1a)

(9.1b)
(9.1¢)
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ﬁ%) 3.5.1 Static Semantics of L{num, str} -2

“Fiyaat

“»Typing Rules
I'Fey:num I'F ey :num (9.1d)

[' - plus(eg;ez) : num

I'Fey:num I'F ey :num

'+ times(ej;es) : num (5.1e)
I'Fey:str TI'Fey:str
[' cat(eg,eq) : str (3.1f)
CXREETH, #

e, X, NE I'+e:str (9 1 )
it o-SERe, [' len(e) : num -+9

\Ep%xjﬁg I'Fe;: T I''e:mFey: T

171 IT1 e 1T
’ (9.1h)

I' = let(el,x.eg) )
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f;%) 3.5.1 Static Semantics of L{num, str} -3

“*Lemma 9.1 (Unicity for Typing).

For every typing context T and expression e, there
exists at most one t such that I'-e: 7.

“*Lemma 9.2 (Inversion for Typing).
Suppose that I'He: 7.
l.ife=x,then I'2x:7 .
2.if e = num[n], then 7= num.
3.if e = str[s], then 7= str.

4. if e = plus(e;. e,) or e = times(e;; e,), then 7= num,
['Feg:num and T+ ey :num .
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@ 3.5.1 Static Semantics of L{num, str} -4

..-?.'.I'-..: I-I‘.J.l..

“+e.g.Lemma
let ( str[l], x.cat(str[123], x) ) :str

' str(123] :str T,z :strb o:str
[k str[l]: str ['a:str b cat(str[123];a) : str
I'F let(str|l]; z.cat(str[123];xz) : str

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics
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(Esa) 3.5.2 Structural Properties-1

HAE LA T W5 A S BART B R ST
“*Lemma 9.3 (proliferation)
If T+ ¢ : 7/, then for any x#I' and any 7 type ,
Ce:7He 7.
*Lemma 9.4 (substitution)

If 'e:7He:7 and I'Fe:7
then I'+ [e/x|e’ : 77,
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(Esa) 3.5.2 Structural Properties-2

“*Lemma 9.3 (proliferation)
If '€ : 7/, then for any x#I' and any T type
Cx:7ke 7.
Proof

By induction on the derivationof I',z: 7+ ¢ : 7

Suppose ¢’ = let(ey, z.e2), where 271 and z#x

By induction we have

(Al z:7Fe 1,

B, x:7,z:11 Fey: 7,

from which the result follows by Rule (©/9.1h).

Other cases....
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(Esa) 3.5.2 Structural Properties-3

“*Lemma 9.4 (substitution)
If 'z:7Fe :7" and '+ e: 7,
then I' - [e/xz]e’ : 7.
Proof
By inductionon T".z : 7 ¢’ : 7/
Suppose €' = let(e, z.ez), where 2z#1',z#x and z#e€
By induction we have
(A) ' le/zley : 7y,
(B I'z:7m Fle/xzleg : 7'
Since z#e, we havele/z|let(er, z.e2) = let(le/z]er, z.le/T]ez)
It follows by Rule (©/9.1h) that I't- [e/z]let(ey, z.69) : T
Other cases....
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(Esa) 3.5.2 Structural Properties-4

“*Lemma 9.5 (descomposition)

If 'k |e/x]e’ : 7" then there exists a unique
type 7 suchthat I'Fe:7, Iz :7F e : 7.

Proof

Directly from the unicity of types (Lemma 9.1)

since T is the unique type for e in the composite
expression [e/x]e’.

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics
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f;%) 3.6 Dynamic Semantics

> Specify how programs are to be executed.
> Methods for specifying dynamic semantics

— Structural semantics: small-step OS.
= Contextual semantics

— Evaluation semantics: big-step OS
= Environment semantics, cost semantics

3.6.1 Transition Systems [PFPL, 4]

3.6.2 Structural semantics [PFPL, 10]
3.6.3 Contextual semantics [PFPL, 10]
3.6.4 Evaluation semantics [PFPL, 12]

3.6.5 Environment semantics and Cost semantics

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics
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(Effa) 3.6.1 Transition Systems-1

“* Transition system

S: a set of states that are related by a transition
judgement,

An transition system is specified by the judgements

s state, s final, s initial, s+ s

> A state s is stuck, if there isno s’ € S such
thats — s’.

All final states are stuck, but not all stuck states
heed be finall
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(E_a) 3.6.1 Transition Systems-2

“* Transition Sequence: a sequence of states
S0, Sn such that S0 initial and s; — Si41, 0<1<n

A transition sequence is
> maximal: iff s, >
> complete: iff s, v~ and s, final

» deterministic: iff for every state s there exists at
most one state s' such that s — s’, otherwise
it is non-deterministic.
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(Effa) 3.6.1 Transition Systems-3

‘»Iterated Transition
s —"* s'i is the reflexive, transitive closure of s+ s’

Rules S Io* g (4.10)
S ,i H*SS,IT) S (4.1b)

Principle of rule induction

To show that P(s,s’) holds whenever s —* ¢/,
it is enough to show:

1) P(s,s)
2)if s+— s’ and P(s's"), then P(s, s").
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(%3) 3.6.1 Transition Systems-4

“»Iterated Transition
s —" s": n-times iterated transition judgement, n >0
s 10 o (4.2q)

/ /

n 1
S H— S S — S
S n+1 S” (4-2b)

Theorem 4.1

For all states sand s, s +—* s’ iff s —* s for
some k£ > 0,

| s:indicate there exists somes’ final such that s —* s’
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(Esa) 3.6.2 Structural semantics-1

< Structural semantics of £{num, str}

> a transition system whose states are closed
expressions.

> Every closed expression is an initial state
» The final states are the closed values, as defined by

num|n| val str(s] val (10.1)
“»Transition judgement c— ¢
Rule R e L (10.2a)

plus(num|n];num[ns|) — numn|

e1 — e}
plus(ei;es) — plus(el, es)
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(%3)362 Structural semantics-2

..-?.'.I'-..: I-I‘.J.l..

*Rule

/instruction
transitions
(10.2a, d, Q)
Primitive

steps of

\evaluation/
/

search
transitions
Determine the
evaluation

\__ order

Yu Zhang, USTC

e; val  eg > €
plus(ei;es) — plus(er;es)

$1 89 = S str N
cat(strlsi];str(ss]) — str|s

e — €]
cat(ey;ex) — cat(e];es)

e1 val  eg > €}
cat(er;es) — cat(e,e))

ey val
let(ey;x.e2) — |e1/x]es

/

let(er;x.ea) — let(e];z.e2)

Theory of Programming Languages - L{num, str} Operational Semantics

(10.2c)
(10.2d)
(10.2e)
(10.2f)
(10.2g)

(10.2h)

71



(Esa) 3.6.2 Structural semantics-3

“»Derivation sequence:

width: the number of steps in the sequence
let(plus(num|l|; num|2|), z.plus(plus(x; num|3]); num/4]))
—  let(num|3]; z.plus(plus(x;num|3|); num|4]))
—  plus(plus(num[3]; num[3]); num|4])
—  plus(num[6]; num[4])
—  num[10]

depth: the derivation tree for each step
e.g. the third transition is

plus(num|3|; num|3|) — num|6] (10.2a)

plus(plus(num|3]; num(3]); num[4]) — plus(num|6]; num|4))

(10.20)
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(ES(B) 3.6.2 Structural semantics-4

“*Principle of rule induction

To show P(e, €') holds whenevere — ¢’ it is sufficient
to show that P is closed under the rules defining
the transition judgement.

“*Lemma 10.1 (evaluation of exp.s is deterministic)
If e—~ e’ and e+ €’ , then e is e" .

Proof. By simultaneous induction on the two
premises using Rules (10.2).
Only one rule applies for a given e.
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((;5(3) 3.6.3 Contextual semantics-1

» Contextual semantics:variant of structural semantics

> isolate instruction steps as instruction transition
judgements €1 ~> €2
m + n = p nat

Tos (aunlr]; maal]) ~ maap]  (10-30)
cat(sirllistell) = stefu]  (10.3b)
€1 val (IOBC)

1et(€1;$.€2) > [61/$]€2
redax: LHS of each intruction; contractum: RHS

> formalize the process of locating the next
instruction using an evaluation context.
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(ES(B) 3.6.3 Contextual semantics-2

Evaluation Context Judgement

£ ectxt : determines the location of the next
instruction to execute in a larger expression.

© :"hole”, the position of the next instruction step

e.g. o can be one of the following forms
plus(num[nl]; num[n2])
cat(str[sl]; str[s2])
let(el; x.e2), where el val
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(Esﬁ) 3.6.3 Contextual semantics-3

Evaluation Context Judgement

Rules o ectxt
It means the next instruction may occur “here”, i.e.
&1 ectxt e; val &9 ectxt
plus(&y;eq) ectxt plus(e;; &s) ectxt
&1 ectxt e; val &9 ectxt
cat(&q;eq) ectxt cat(&1;eq) ectxt
£ ectxt (10.4)

let(&1;x.e0) ectxt

The remaining rules correspond one-for-one to the search
rules of the structural semantics.
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(ES(B) 3.6.3 Contextual semantics-4

“ Evaluation Context

> a template instantiated by replacing the hole with
an instruction to be executed.

Judgement ¢’ = E&{e}
e’ is the result of filling the hole in & with e.

€1 = 51{6}
(10.5) e = ofe} cat(er;es) = cat(&1;e0){e}
€1 = 51{@} €1 val €1 — 52{6}

plus(ei;es) = plus(&y;es)fe} cat(ei; e2) = cat(er; E2){e}

e1 val e = E{e} e1 = E1{e}

plus(ei;es) = plus(er; &){e}  let(er;x.ex) = let(&y;x.eax){e}
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(ES(B) 3.6.3 Contextual semantics-4

» Dynamic semantics for L{num str}

e=CElegt eg~~ey € =E{ey}
e e

(10.6)

A transition from e to e' consists of

1. decomposing e into an evaluation context and an
instruction,

2. execution of that instruction, and

3. replacing the instruction by the result of its
execution in the same spot within e to obtain e'.
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(Esa) 3.6.3 Contextual semantics-5

The structural and contextual semantics define
the same transition relation.

Theorem 10.2. ¢ —, ¢ if, and only if, e—c €

e =E{ep} eoweo e’ = E{ey} (10.6)
e e

eo ~ €

Eleo} — E{e}) (10.7)
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(Esﬁ) 3.6.4 Evaluation semantics-1

<*Evaluation semantics(ES): a relation between
a phrase and its value.

*»Evaluation judgement e | v
specify the value v of a closed expression e

e1 | num[ni] es |} numns] ny 4+ ng = n nat

num|n| |} num|n| plus(ei; e) || num|n]

e1 |} strlsi] es | strsy] s17s9 = s str
str(s| || str|s| cat(er;es) I str[s]

er dv1  |vi/xles J v
: 1et1(61;x.162) lfvg : (12.1)
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(Esa) 3.6.4 Evaluation semantics-2

» Principle of rule induction

To show P(e, v) holds, it is enough to show that P is closed
under the rules defining the evaluation judgement.

1. Show that P(num[n], num[n]) .

2. Show that P(str[s], str[s]).

3. Show that P(plus(e;; e,), num[n]), assuming n; + n, = n nat,
P(e;, num[n,]) and P(e,, num[n,]).

4. Show that P(cat(e;; e,), str[s]), assuming s;”s, = s str,
P(e,, str[s;]) and P(e,, str[s,]).

5. Show that P(let(e;; x.e,), v,) , assuming P(e,, v;) and
P([vi/Xx]e,, v,).

Lemma 12.1 If € || v, then v val.

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics
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(Esa) 3.6.4 Evaluation semantics-3

Theorem 12.2 For all closed expressions e and
valuesv, e—*v iff ellv.

Lemma 12.3 If ¢ v, then e —* v .

Proof. By induction on the definition of the
evaluation judgement.

Suppose: plus(ej;es) | num[n] by the rule (12.1).
By induction, e1 —" num[n| and ez —" num|ns)

plus(e;es) —*  plus(num|nil;es)
—*  plus(num|[nq|; num{ns|)
—  num[ni + ng]
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((:5(3) 3.6.4 Evaluation semantics-4

Lemma 12.4 Ife— e’and € | v, thene | v

Proof. By induction on the definition of the
transition judgement.
Suppose: plus(ep;es) — plus(e];es)where e — €}
by the rule ( ©/10.2).

Suppose further:plus(ej;ez) || num|n| so that
e} | num[ni] and ez | num[ns] and n1 + ne = n nat

By induction, e1 | num[n:| and hence
plus(ei;ez) || num|n|
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f;%) 3.6.5 Environment S. and Cost S.-1

** Environment semantics

» Substitution: replace let-bound variables by their
bindings during evaluation.
Maintain the invariant that only closed expressions
are ever considered

In practice, we do not perform substitution

> record the bindings of variables in some sort of
data structure

> environment £: set of hypotheses of the
form z |l v, x is a variable, v is a value
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(ES(B) 3.6.5 Environment S. and Cost S.-2

» Environment semantics
Judgement Erelw
£ ian env. governing some finite set of variables
Rules

E,xyvkFa v

Et e ynumng] EF ey |} num[ns]
E F plus(er;es) | num{ng + ns

EF e Ustrsi] EF es | nunfsy) (12.2)

EF cat(er;es) || str(s; s3]

EFei vy Exlv ey v
EFlet(er;x.en) | vo
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((:5(3) 3.6.5 Environment S. and Cost S.-3

+*Cost semantics

> SS provides time complexity for program,but ES
does not provide such a direct notion of complexity

Judgement : ¢ |l" v , e evaluates to v in n steps

Rules num(n] 9 num{n] str[s] |V str(s]

e1 4" num[n;] ey 4% num|ns]

) 45T numlng + o] (12.3)
e1 4" str[s;] ey 2 str[sy]

) llkl_i_k?i_l StI‘[Sl -+ 82]

e *1 vy /x]esq %2 o,
let(ey;z.e2) JFathatl g
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{2 INTE

T e

S FEF
let a be 3+3 in let b be 4 in a+b
105 &5
LET ID[a] BE NUM[3] ADD NUM[3] IN LET ID[b] BE
NUM][4] IN 1D[a] ADD ID[b]

AL _ﬁﬁﬂﬂ%{%ﬂi%ﬂ]‘ (ABT)

Factor fct == num|lit|id | LP prgRP

Term trm = fct | fctMULtrm | VB fct VB
Expression exp = trm | trm ADDexp | trm CAT exp
Program prg = exp|LETidBEtrm INprg
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..-?.'.I'-..: :|;J.I..

| ) —Awr-siremasT

LET ID[a] BE NUM[3] ADD NUM[3] IN LET_ID[b] BE NUM][4] IN ID[a] ADD ID[b]

Factor fct == num |lit|id | LP prgRP

- A,z abt’ - z abt®
Term trm == fct | fctMUL trm | VB fct VB
Expression exp u= trm | trmADDexp | trm CAT exp ar (0) = (n1, -+, np)
Program prg == exp |LETid BEtrm INprg At ay abt™ ... Al ag abt™
[, ID[s] id «— x abt - ID[s] id +— z abt AFo(ay, ---, ap) abt’
[ sy exp < ap abt TI',s; id <— x abt - s3 prg < a3 abt z#A4 A,z abt’ I a abt™
[' - LET s BE sy IN s3 prg <— let(ao; x.a3) abt AF z.a abt™"’

AR E#iE (T EX)
> STID[aJAID[bI T, 13 EIX N KIFMARIE e

a str
ID[a] id +— x; abt” - ID[a] id «+— x; abt’

b str
ID[b] id <— x5 abt’ F ID[B] id «+— x5 abt’
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) —mr-sremasT
LET ID[a] BE NUM[3] ADD NUM[3] IN LET ID[b] BE NUM[4] IN ID[a] ADD ID[b]

Factor fct == num |lit|id | LP prgRP

- A,z abt’ - z abt!
Term trm == fct | fctMUL trm | VB fct VB
Expression  exp = trm | trm ADDexp | trm CAT exp ar (021 = (n1, -+, ng) .
Program prg == exp |LETid BEtrm INprg At ap abt™ .- AF ag abt™
[', ID[s] id «— = abt - ID[s] id +— z abt AFo(ay, ---, ap) abt’
' so exp+—ag abt I')s;id <— x abt - s3 prg +— a3 abt z#A4 A x abt? - a abt™
[' - LET s; BE sy IN s3 prg <— let(as; x.a3) abt AF 2.0 abt™"
> XTNUM[3IHINUM[4]5 1, 15215 M AR 98 € #
3 nat 4 nat
0
- NUM[3] num <— num[3] abt? [ NUM[4] num ¢<— num|4] abt
0
- NUM[3] fct +— num[3] abt” - NUM[4] fot < num|4] abt
0
- NUM[3] trm <— num[3] abt’ ~ NUM[4] trm < num/4] abt
0
- NUM[3] exp +— num[3] abt’ = NUM[4] exp <— num|4] abt
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@) —rwT-sbiamasT

..?I‘...: :|;J.I..-

LET ID[a] BE NUM[3] ADD NUM[3] IN LET ID[b] BE NUM[4] IN ID[a] ADD ID[b]

Factor fct == num |lit|id | LP prgRP Az abt® - 2 abl?

Term trm = fct | fetMULtrm | VBfct VB ’

Expression  exp = trm | trm ADDexp | trm CAT exp ar (021 = (n1, -+, ng) .
Program prg == exp |LETid BEtrm INprg Al ayabt™ .- Al ap abt™
[', ID[s] id «— = abt - ID[s] id +— z abt AFo(ay, ---, ap) abt’

' so exp+—ag abt I')s;id <— x abt - s3 prg +— a3 abt z#A4 A x abt? - a abt™

[' - LET s; BE sy IN s3 prg «— let(as; x.a3) abt AF 2.0 abt™"
> XfID[a] ADD ID[b}sr#fr, 5ZIXTNN KR S8 W

ar(plus) = (0,0)
z1 abt’ F z; abt’ 25 abt’ F 25 abt®

z1 abt?, 2o abt’ F plus(xy;x2) abt” b str 0
’ ’ a str ID[b] id <— z2 abt
ID[a] id +— z; abt’ ID[b] fct «— xo abt’

ID[a] fct +— x; abt’ ID[b] trm «— x5 abt’

ID[a] trm «+— 1 abt’  ID[b] exp +— x5 abt’

ID[a] ADD ID[b] exp <— plus(zi;xs) abt’
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(ES(B) An Example-Parsing info ABT

':"'-'.- i &

LET ID[a] BE NUM[3] ADD NUM[3] IN LET ID[b] BE NUM][4] IN ID[a] ADD ID[b]

Factor fct == num |lit|id | LP prgRP Az abt® - 2 abl?

Term trm == fct | fctMUL trm | VB fct VB ’

Expression  exp = trm | trm ADDexp | trm CAT exp ar (021 = (n1, -+, ng) .
Program prg == exp |LETid BEtrm INprg At ap abt™ .- AF ag abt™
[', ID[s] id <— = abt - ID[s] id <+— x abt AFo(ay, ---, ag) abt’

' so exp+—ag abt I')s;id <— x abt - s3 prg +— a3 abt z#A4 A x abt? - a abt™

[' - LET s BE sy IN s3 prg <— let(ao; x.a3) abt AF x.a abt" ™!
> XILET ID[b] BE NUM[4] IN ID[a] ADD ID[b]4#Tt
ar(let) = (0,1)  F num[4] abt®
z1 abt? xo.plus(zy;Ts) abt!
z1 abt’ F let(num[4]; zo.plus(z;; x2)) abt’

21 abt?, zo abt! F plus(zy;zs) abt’
z1 abt’ xo.plus(zy; o)) abt!

- NUM[4] exp <— num[4] abt’

ID[a] id +— x; abt’, ID[b] id «— x5 abt’ I ID[a] ADD ID[b] prg <— plus(z;;x2) abt’

ID[a] id «+— x; abt” F
LET ID[b] BE NUM[4] IN ID[a] ADD ID[b] exp <— let(num[4]; z5.plus(z;;x2)) abt’
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LB o
.-.-_.- ._I- r -\.H
¥

ﬁa) — T -FRSTE N

g T g

¢ ABTlet(plus(num[3];num[3]); x,.let(num[4]; x,.plus(X;; X,)))
> RAE (static semantics)

I'Fey:num I'F ey :num I'Feg:mp Dx:imples:im
Derrha:r I' F num[n| : num I' - plus(eg;ez) : num I'F let(er;z.e) : T

B _ERRA A

T1:numk x7 :num  Zo :numb 2o : num
r1 :num, o : num - plus(xy; o) : num

- num(4| : num 2 : num, 5 : num - plus(zi; o) : num
x1 : num - let(num|4|; zo.plus(z;22)) : num

- num(3] : num
- plus(num|3]; num|3|) : num

- plus(num|3];num(3]) : num 2 : num F let(num|4]; zo.plus(z1;x2)) : num
- let(plus(num|3|; num|3|); z1.1let(num|4]; zo.plus(z1; z2))) : num
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©) —rm7-smEy

“Fiyaat

¢ ABTlet(plus(num[3];num[3]); x,.let(num[4]; x,.plus(X;; X,)))
AT (Structural Semantics)

ny + no = n nat er val ey > e
num[n] val  strfs] val  plus(num[n;];num[ny|) — num[n] plus(es;es) — plus(er;el)
€1 — 6/1 €1 val €1 — 6/1
plus(ei;es) — plus(ef;es) let(er;x.ez) — [e1/z]es let(ey;z.ea) — let(e];x.ea)

let(plus(num[3]; num[3]); x1.1let(num[4]; xo.plus(z1;x2)))
let(num|6]; x1.let(num([4]; zo.plus(z; z2))
let(num|4]; zo.plus(num(6]; x5))

plus(num(6]; num[4])

num|10]

L1
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) Apr7-rFEy

el T

¢ ABTlet(plus(num[3];num[3]); x,.let(num[4]; x,.plus(X;; X,)))
<+ AT (Contextual Semantics)

m + n = p nat e1 val
plus(num[m|;num[n]) ~» num[p]  let(e;z.e2) ~ [e1/x]ea e = o{e}
e1 = E1{e} e val  e; = &E{e} e1 = E1{e}

plus(ej;ez) = plus(&isezx){e}  plus(eg;es) = plus(er; E2){e} let(er;x.e5) = let(&y;z.e2){e}

e=CE{eg} eg~ey € =E{ey}
e ¢

let(plus(num|3]; num[3]); z1.let(num|4]; zo.plus(zi; z2)))
let(o;xq.let(num[4]; xo.plus(zy; x2)){plus(num[3]; num(3])}
let(o;xy.let(num[4]; xo.plus(x; z2)){num|6]}
o{let(num|6]; z1.let(num[4]; zo.plus(zi;x2))}
o{let(num|4]; zo.plus(num|6]; x2))}

o{plus(num|6]; num|4])}

o{num[10]}

T T T 1
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) rorr-wmmEx

..?I‘... : :|;J..I..-

¢ ABTlet(plus(num[3];num[3]); x,.let(num[4]; x,.plus(X;; X,)))
<+ #AT (Evaluation Semantics)

e; | num[n;] es | numny] ny4+ng=nnat e dvi  [vi/xles § vy
num[n] l} num[n] p]_us(el; 62) u num[n] let(el; 17.62) U ()

SYEACIH o

num|3| | num3] 3+ 3 = 6 nat
plus(num|3|; num|3]) | num|6]

num(4| || num{4] plus(num|6];num4]|) || num|10]
let(num/4|; xo.plus(num|6]; z5)) | num|10]

plus(num[3];num|3]) || num[6] let(num|4];zs.plus(num|6];z2)) | num|[10]
let(num|6]; x1.let(num|4]; zo.plus(xy;x2))) | num|10]
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@) 3.7 RBFEF

> KR o
FRBEEL o EEXZ A HG— M

- B AE ST AR KA BA AT K, AR
X492 5 78 L2 R L84

3.7.1 £%& 24 (Type Safety)[PFPL, 11]
3.7.2 EA7H 48R [PFPL, 11]

3.7.3 Bri g K3 [PFPL, 13]

3.7.4 3| AA=if = [PFPL, 13]

3.7.5 AH[PFPL, 13]

3.7.6 L =AME[PFPL, 13]
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) 3.7.1 2maa

“ Types T ::= num | str
*Values v ::=num[n| | str[s], n nat, s str
o Expr‘ e ::=x | num[n| | strls| | plus(ei;ez) | times(eg;es) |

cat(eg;ez) | len(e) | let(ey;x.e3)

N/

< &N Typing rules

I'Fey:num I'F ey :num

[' - plus(eg;ez) : num
<+ B ¥ Inversion for Typing
R T Fe: 7, e=plus(e;:e,), AR A7 = num,
I'Fej:num HT F ey : num.
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@) 3.7.1 KL E-2

<*Theorem 11.1 (Type safety for L{num str})

1.(preservation) #uk ¢: 7 Her—e' Me 7

2.(progress) dnk e : 7, MARK e val, KA HE e
1% e—e .

> - (Preservation): it B &)&F— AR F LA

> it & M (Progress): #tR B AR 69 R X X RA ZME, K
# AR — T .

eZ ZFL#(stuck) L AR L E RE—AME, mALRAG
fe'tEffe— e .

— AN FLE RS 56 R A2 TR B XA & (ill-typed).

M REABGEF RSB AZERE,
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@) 371 mmue- g1

SREME deRe:7 FHe—e, M7
R Xt (transition) T S I3 S HUNEAT RN 544 .

w1 e1 > €]

plus(eq;ez) — plus(el;es)

BRIZ:  plus(er;es) : 7

A FET|E, A 7 =nun, e :num, e, :num
BHEHRE, A ¢ :nun

MmA  plus(e);es) : num

HAFIE.
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@) 3.7.1 gmue g -2

SRR e HE e, AT,
UEBH © MR 5L et = 0 )34 T30 0 U3 4 3iE B

e €1 val
oL 2 let(ey;x.eq) — |e1/x]es

BRix: let(er;z.es) : 1
B A5 45329 2, s TFRE 11 Fein

'fif«%" r:TiHFe:T
B EHT|IFEI 4, TT4F [e1/xlea: 7o

HAFIE,
...... /] HAR L
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@) 3.7.1 gmue - ge-3

o RFFIH
> SR IF MGG IE IR R AL d R X X et M AT

%, HABBLKZH BT, 8F T L—/ 4
BN E R F—NRAKX,

Blde: 3t Fplus(e;:e,), 7T VAR VAT $£4& A1)

Ny + no = n nat
plus(num|n,|; num(ns|) — numn]

e1 — e}
plus(eq;es) — plus(el;es)

€1 val €o > 6,2
plus(eq;es) — plus(er;es)
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-.:. iw- _._Ll.
-.{.-'-.':- |_lqll:\--.I

3.7.1 KA zZe-FEMHE-1

HEM Re:7, NKXFe val, REHFLE e'1B4F - ¢

5| E

111 .3(7&3\Canonical Forms):

e valHe: 7, A4

1.42% 7= num, Me = num[n](n# & —#AL)Z e X,

2.mF 7= str, Ne = str[s](shE—%)ZEX.
UEBH e BRI (9. 1) FE RN (10. D)FATIAY.

EA RABIN T A B A28 Xe k.
FEReRMEL I, RIHFLEENTERe, 1EfF e —* €
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) 371 ruze mmn-2

o
LIXY

b

HEMNE wRe:T, NHHe val , REHL eEiFer— €,
UEBA X Al ST IaYh.

€1 :num es : num

B 1 lus(ericy) num L FXHERFABRIMMA
Ak, A
1) exval : d)aghkA

a) e> val: W &L KX31#11.3, 4 e; = num[n], ex = numny)]
M plus(num|[ni]; num[ny) — num[ng + ns]
b) H i ehA24F €2 > 5 1 WEBMN], K

plus(ei;es) — plus(er;es)

2) FA ey, RfFer— e

plus(e;;es) — plus(e];es)
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el

HF
|
w

) 371 xmue

‘0

o kR
> L{num, str}éd 2 B AN 2554509, PTAst B Mt
& Fhe gk Xety st MBtiT)a 4.

> 4 AP R Z 5 4] 094k, BPT e A E R1E—
AR E R F =R A RE KX,

%|4=: while b do ¢
bAK, -
bX4£, c; while b do ¢
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() 372 ErmaR-1

< XfL{num,str}dtiTH &, BEmkriEdivie,.e,)iz®
B ST IR IR1E FLRR 48 2 0695 L
€1 :num eo :num
div(ep;ez) : num
ZaF, div(num[2];num[0])Z B R R &), f2R[Aa% M
>Rk ikl BEAR ARG, BFREMNKERS RS
ATIROBAE
X EZRERAKEZEZRIERA IO
>3t % AR R, RAEH L]
>Rk k2. ¥ ShE, BEROSFERKMALER
A 4R
— REKL 6944% (unchecked error): & K& 2 4ok HEMR
—~ i—#fvlééﬁ%ia‘é(checked error): E &2 AL XFAEIRNS)
SN
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< MBI EE IR R -
>3 Z e err VARSTET S 6924452 :

AP SR
div(er; num[0]) ers (11.1)

s e €1 err e; val eg err
(E£p plus(ej;ez) err  plus(e;;es) err

> PR LR

> AR IR B RN B RS 694 R
Theorem11.5. #oXe:r, M KAe err,XAe val,
HAEe e e,

JEB: AP A BN VAR, HAT&EAIER KM, R
RINEZRS 8 =F 1 IL.
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() 3.7.2 mrrmraiz-3

XIS AR IR AL
L BB RAAHN R Ao & 4R

Fike: @it merrork A X, FRAGHREE
A=A,
> R AN HAe FAA srror (11.2)
> B &5 3
¥ o 5] AARIR AL . j; [;SL _(11.3)

¥ o — e BN VA 348 3R , 2o

ey val

plus(error;ez) — error plus(ej;error) — error
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@) 3.7.3 HrE EHIX %I(Phase Distinction)

o FAEX vs. BIAE X
> #HAESL(ZRAN AL, T LEMBATHR, ARIEFHEEXL
(RAEMI) )& BAT 4 #9(well -behaved)

< BB vs. BIASHIE
> HENBAAEDHENEIN, —HFHLERS

> A E RN E L XA SHEATR AT X
o KA e HOE AR IE)

> HEENATRMNGEDSEXLTHRLE, TUNHESEXLEEZ
FELIR 25

> Kol AL B A B R E IR SE ARIER BRI 2
# 3 % ) 5B AR BATH AR SRt B
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) 3.7.4 s0mm%-1

< TSR AU AH ¢ B A HR AR

> 5| A\F X (Introduction): #ji& B -FiX A KA #4948
). natEX A 65| A X A2
strEi R A X R F A F

> il %% X (Elimination): X EAHPTeE#ATHEH
Bl: natRB I EH XA, REFH
strEx R X HXREE, KKEEH

AR AT, FIATB XA R, HEHBXALEA,
< ZhATE X LAY R # (inversion principle)h Z A
[ 42 R 32 )#) fRiXe: 7,22 Ke=num[n], #F A 7=num
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) 3.7.4 s mmx-2

> I EHXZFIAT X
FINRAMIE XA RA GG4E, il & 02 A XA KR
RELPT B AT RG2 B

> H & XPTAF 3| 69 2 AE 448 ) R BCR A

#:  plus(e;.e,)iyEREZ—ANEAL, € d 5 He, e, b
{ERAFE], BANBBARZ I

> T AR X 2R WA MAXE T $ 48R IE

#]: st Fplus(e,:e,),

EARFFZEHRplusty Sodke, Fre, o) £ R 50512 num,
M B5E X5 2, Tie fre, d L2 HAE. XK
iEplusty & tE, €& —A4ME, XA hnum .
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) 3.7.4 3023

R E

TR UAFE S X 320 RS

L T AN TE R E BN ATE X
B& AT L{num, strg imifz(e e, e,) & R & X,
% i = Nifz(e.e .e,): eZnumEk R, 4oXReitH W
0, MLEXAe,, FAAe,.
et RILE R K AT R RSt Fe, , L Re, ML

ﬁe1ﬁ"

ezﬁi‘l‘ﬁio

> T 2R vs. REBHAK
ifz(e:e ;e )k, eRETEZHAHK, e fre,ZREAK
sf—ANH A Xk, £ EBRBLAPIE, RRBRHN R LA

- F

.

Yu Zhang, USTC
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) 3.7.4 3024

*FINERARNSEOT R

IR L{num, str} ¥ &9 38 3 R zFes(e)(2 5 R =~ 0Fe 5 4k)

zFas(e)¥) AHnumER &9 7] AT ..

s(e)RMLM IR AZRe KRG Z/E? LA TR EeR T[4

> #Hiteager(F#)4EH BRIIAY X 2L H 24
B3 55 S F L RA A BL 4 searchHLI

> P ttlazy(REA4)NE R RERFIAT X6 5 324E
e.g. s(plus(z:s(z))) =&

e RIEET PR IIAT X ALR I, WiziE s 2 ste.
4o RIET PHA AT RO ARSI EL, NiEiET 2HEMEY
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L b}

&%} 3.7.5 44+

2151 (compositionality)
0 R 4 E SR Ao i (L3.5.2% )T A2 £ &
Gt — AR AT, #RA A M KA (modularity)
F'Fe:r Dx:thke:
['Flefx]e = o
AN AP #(linking) 49 AR
e’ e AR M AR EEX
> linker#)1E£ %2 18 it B #x, Hfefre'ti oot k, 133 —

AR Y T
>R PsRe' T AR ATREAKR S, mMEEFHFety L
MEF*

RARAET 509 Fah,
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f;‘ﬁ) 3.7.6 TEAMME

o R —NEFEPATRARZERGFZD —/ME L, NARiZ
TEAHEE S, TNAHATELE,
P ETE T it ke T

'ke:v Drx:thke o

I'Flefx]ef: o
X ARBAETEE A r g RE X

AT T xmoval,...,zyvalx o, e mber T
EllFe:r $lheval TxvallLzx:vhke
O F[efx]e T
&R T—HT A v, val 8B IK
ER: eRFFRNE(SH AHLE), B

w1 val, ..., o val e val

F2:x val F s(s(x)) val 5/E 412 H % eager/lazy X x
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- _.;.:ll.L'l',.

Thanks!
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