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(E%) 3.1 #ik-1

s L{num, str}
>EAREARBENEFIEREEURTHE Leyfj %
t+E
> Qe — R RAR MR RN FREXEH L AL
BHETHE
< HA&iEH: (Concrete Syntax) [PFPL, 7]
> BERREXRTREF $—HF & (B EALIARE
HA)
> BE A BATIF T kb LEA =S
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(E%) 3.1 fEik-2

1% 1E(Abstract Syntax) [PFPL, 8]
e.g. # %i& kM (abstract syntax tree, AST), I £ 5
ZAt(abstact binding tree, ABT)

< BB (Syntactic Objects) [PFPL, 5,6]
>FHE, LF, AST, ...

41 (Parsing)
> AR IR AR BB
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(E%) 3.1 fEik-3

< ¥iAiE X (Static Semantics) [PFPL, 9]
> H—HRARYRBAHRGIIER, HFHEDZ4%.
< Z 77 X (Dynamic Semantics) [PFPL, 10,12]
> R AR S I ST HAT
— &:443& 3 (Structural semantics) [PFPL, 10]

= L F X3 (Contextual semantics)
— sfA#% L (Evaluation semantics), [PFPL, 12]
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(E%) 3.2 {BENE

3.2.1 FFSMFFrE [PFPL, 5.15.2]
3.2.2 #W%iBZEN [PFPL, 5.3]
3.2.3 #BYEN [PFPL, 6]
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(E%) 3.2.1 HEMEHE-1

< FFH(symbols): ¥#. £&#4. BLFF.
> BE
 sym : xR—AKF
x#ty, #Prsym By sym, xfyRRAGHF
& FL5H(strings): ¥4, EFE. BEFF.
> FH& & (alphabet)Y : —AFHeKE.
> BE
¢ char : cR—AFH.
Vb osstr: Y EXXFHE, @A TRIEBAZL
Y Fecchar Xt sstr
3 ke str Yk sstr G.1)
—AFHERRLR—AFHAS, ZEREFF.
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(E%) 3.2.1 HEMEHE-2

> PR A R
> To show P s whenever s str, it is enough to show
1)Pe, and
2) if P s and c sym, then P(c - s)
TR BRI
>EE S So = Ssir: sEFHEsAes, b RaRE B,

> jagE L
. 51 89 = & (5.2)
E5 = 8§ (c51)° 80 = ¢+ s
TEE LA (v, v, 3
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) 3.2.2 mgmmn-1

< M5 IEVEM Abstract Syntax Tree(AST) [PFPL, 5.3]

> an ordered free in which certain symbols (operators) label the
nodes

> Each operator is assigned an arity (number of children )
« Operator signature, Q
> R—#H4e ar(o) = n#ywiE, LFosym. n nat
RO Far(o) =n#@QF ar(o) =n's M n=n'nat.

> yamE s
QFar(o)=n
Ot ar(o) =zero a1 ast --- apast  (5.3)
o() ast olay, -+, a,) ast
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) 3.2.2 mgmen-2

< ZF A R (Principle of Structural Induction)

> To show P(a ast), it is enough to show that P is
closed under Rules (5.3). That is,
if QF ar(o)=n, then we are to show that
if P(ay ast), -, Pla, ast)
then P(o(a1,---,ay) ast)
> Hlde, ASTEHEMTERXA (v, )2
hgt(ai) = hy hgt(an) = h, max(hy, -, h,) =h
hgt(o(ay, -+, a,)) = succ(h)

(5.4)
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(E%) 3.2.2 WiRiBEEN-3

<28 5 #(Variables and Substitution)

> Variables are represented by names, and are
given meaning by substitution.

>BIZ X =z ast, - -+, x, ast RAKE
{z1,- 2,1 ast, -, @, ast (21 sym, - -, z, sym)Z&—

ABIRFF; o H#XRT o d {21, 20}
FPEIE X aast @A FTAMNEFHE S
X,z ast - x ast

QFar(o)=n Xtajast --- Xla,ast (5.5)
Xt o(ar,- -, ay) ast
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(E%) 3.2.2 HiBiBEEN -4

% A5 ¥ (Variables and Substitution)
> JAAIRE: To show P(X | a ast), it is enough to
show
1) P(X,z ast - x ast).

2) If 0F ar(o) = n, and if
P(X F ay ast),---,P(X + a, ast)
then P(X + o(a1,---,ay) ast).

X P HEBAEE RR T &, SAMRKA § THAST.
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) 3.2.2 mgmmn-s

TERBR
> BB X+ [a/z)b = c: cRAaRikbF eIxFIFEILER
> RAMEX (5.6a)

X,z ast b [a/z]z =a

z#y
X,z ast,y ast - [a/z]ly =y (5.6b)
X Fa/z)by = X+ a/z)b, = cn
X+ [a/‘r]o(blv Tty bﬂ) = O(Clv e «,Cn)

(5.6c)

> Theorem 5.1 XX - a ast LX, x ast - b ast(z#.Y]

MAE—AE— B X - l[a/z]b=cB X cast
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)

) 3.2.2 gmwn-o

JER(Theorem 5.1) :
A ETFTXX, z ast Extb#tATEEM 2L
1. 8F X,z ast -2 ast, §RERFER—Gc1EF:
XFla/zle=c

& RAN(5.60), HitFchaR Ay HbRe].

2. WRX, 1z ast,y ast (#2), 0 HHR (5.6b), &HF
cAYRALS BB,

3.3mRb=o0(by,---,b,), MerAMEE, FEEE—
L X Ela/zlby =1, -, X F [a/x]by, = cp

HAR(5.6¢), cREIR o(cy, -, ¢,)
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(E%) 3.2.3 fizgpEi-1

WREEA: BB T IEAGEREH
FEIEM(Abstract binding trees, ABT): 3#4r T % (binding)F4k
F 3R (scope )bty .
“ ABT
» ABT: extends AST with an abstractor
> Abstractor x.a: #EE x RIFABT q, a #HHHREHER R
ZHENEEMEARZAEXH
> arity of an operator
- RORFAHRAT (1, k), KRFREHML, n &
FEINSH T 4 REFHHE (valence).
—e.g. let x be expl in exp2 ar(let)=(0,1)
//exp2 has a variable named x.

(E%) 3.2.3 WizgpEM-2

let; a be 3 in let, c be 2 in a+c ar(let)=(0,1)

let,
/ \a is the bound variable

let, )
/ Kc is the bound variable
2 +
/N
a c
> operator signature Q
— AR H e ar(o) = (1, -, ng) HEE
> Qg B (well-formed)ABT h A SAUE T W T 4834

{@1,- -,z }a abt®, -,z abt” - a abt™

oo ket s QNN e

Theory of Programming Languages - L{num, str} Operational Semantics
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Yu Zhang, USTC
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) 3.2.3 magpen-3
s
> B R abtégjashe S
X, x| Az abt" F oo abt”? (6.1a)
ar (o) = (ny, -, n0g)
XA F ap abn™ XA F ay abt™
XA olay, -, ag) abt? (6'1b)
:1'..J":.J...r" abt" b [x' — xla abt” (2" & X)
X|AF c.a abt"H (61C)

X,x'| Azt abt” b
HHREEXFRGERRT .
ﬂ'] X|AF o abt™ ", EF#&?‘%XG#EX%T Ai?\*/’ﬁ

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics

[a" — ala abt™ (2" ¢ X) iﬂ?)ﬂ xlﬁﬁﬂnf’

(E%) 3.2.3 HiBgEH -4

> GEHYAL R
To show that P(.¥|AF a abt”) whenever X|A - a abt”
it suffices to show the following:
1) Px. x| A abt" - x abt”) .
2) For any operator, o, of arity (m,, ..., my), if
P(X[AF ay abt™), -, PX|AF a; abt™*)
then P(X|AF ofa,. . ag) abt")
3)If PlX.a'[ Az abt" - 2" < xla abt”) for

Some/any o ¢ X, then PX[AF raabt" ),
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iﬁ?sz3%%&%wé

> #), abtéisize sSABTE [o abt”|=s XX
— sk, ABABENE
|zy abt”] = 1,-+- |z abt”| = 1 F |a abt”| = s
WA TR Y22 XL
S, |z abt"] = 1+ |z abt"] =1 (620)

St |a; abt™| =35 .- St la, abt""| =3 s=8 + -+ 5n+1

S |ofay, - am) abt? s
S+ lolar, s am) abt’] (6.2b)
S, |z abt?] = 1 |[z' — z]a abt”| = s
: : - 6.2c
St |z.a abt" ! s+1 ( )
Theorem 6.1.&FA B# tjabth E—tdsize.
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iﬁ?szsm%ﬁﬁwé

< APOI"THZSS judgemenf: A x#a abt” ( AFa abt" )
the abt a does not involve the variable x except possibly as
a bound variable.

Rules AF adhy abt? (6.3q)
Ab adtay abt™ - A x#ap abt™
AF.J?’%U[H;.---.:J;‘.];||J1” (63b)

L1 i T
A,y abt” b x#a abt”

o (6.3¢c)

L abt"t!

> x is free in an abt,a, written = £ a abt, iff it is not the
case that r#a abt.
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) 3.2.3 mmsreR-7

< Renaming of Bound Variables (a-equivalence)

FAabtRa-FHe), % ERSEMAEYREZHARREARR
Z&., Ara=,bhaht"”

Rules

A, x abt" - 2 sy T abt” (640)
Abay=abiabt™ o Xbap=abeabt™ o g

X Folay, - ai) =a olby, -, be) abt”
A,z abt" b [z« xla =, [z < y]b abt"
AF r.a =, y.babt"!

(6.4¢)

> Theorem 6.3.a-FHZ R4, stkehfatbitey.
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(E%)szs MR EN-8

“Edyait

+“» Substitution:
RBRAF— A abtd —A~ A WX FH A h AEHRA % —Aabt
A [a/z]b = ¢ abt”
Rules
(6.5q)

=a abt"

(6.5b)

Ab lafz]y =y abt”
Ar [afz]by = e abt™

X la/zlolby, - b)) =oler, o) abt"”

X F a/z)by = ep abt™
la/)br. = (6.5¢)
Ay abt" F [a/z)([yf — ylb) = b abt™  y'#A Y #a
A+ /2y =y ab” (6.5d)
> @RI(6.5d), A vy vV =y W
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2®3"3.2.3 MR EWN-9

“Edyait

< Substitution
Theorem 6.4.

LIf AFaabt’and Az abt’babt", then there
exists At ¢ abt” such that A+ [a/z]b = ¢ abt".
2.If A a abt’, A+ [a/z]b = c abt"and
At la/z)b=c abt" , then Al c=, ¢ abt",
GEA: 1.3t A,z abt’ - b abt”  JaZhiEsR
2. 3 A [a/x]b = c abt"F A [a/z]b = ¢/ abt"
B3 JaghiEd.
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) 3.2.3 memn-10

“Edyait

+ Substitution
Theorem 6.5.
If AFa=,a" ;lhl”, A.xabt" Fb =, b abt" ,
Ak :n_.-"..l‘]h =cabt" and A ir!'_.-".."]h’ =¢ abt" ,
then AbFec=, ¢ abt™,

Proof. By rule induction on A, x abt” b =, b abt”

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 2




) 3.2.3 memen-11

FABIRITA W E X Fabt a-FH, WIHKTF G RMR

TS A (HA):
A, abt" F a abt™
Al a.a abt™! (6.6)
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(E%) 3.3 H/iAiE¥E(Concrete Syntax)

> a means of representing expressions as strings
(written on a page or entered using a keyboard)

> usually designed to enhance readability and to
eliminate ambiguity.

3.3.1 Lexical Structure

3.3.2 Context-Free Grammars
3.3.3 Grammatical Structure
3.3.4 Ambiguity

3.3.5 Informal Conventions

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics %

(E%) 3.3.1 Lexical Structure-1

% Lexical analysis ( lexing )
> characters 2 symbols (tokens)

— white space (spaces, tabs, newlines, comments, ...)
-- discarded by the lexical analyzer

“Lexical structure of L{num, str}

Item itm == kwd |id | num | lit | spl
Keyword kwd = l.-e-t-€|b-e-e|i'n-€
Identifier id == ltr(ltr | dig)*
Numeral num == digdig"
Literal lit = qum(ltr|dig)*qum
Special splou= %" ()]
Letter Itr == a|b]...
Digit dig == o|1]...
Vu zhang, uste Juote qum o= " 2

(E%) 3.3.1 Lexical Structure-2

< Rules for translating lexical items into tokens

s str

ID[s] tok LET tok ADD tok VB tok
7t nat

NUM[n] tok BE tok MUL tok LP tok
S sir

LIT[s] tok IN tok CAT tok RP tok

(7.1)
Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 28

(E%) 3.3.1 Lexical Structure-3

#*Judgements for lexical analysis
> s inp <— t tokstr ~ Scan input

» g itm — f tok Scan an item
> s kwd «—— ¢ tok Scan a keyword
» 5 id «— t tok Scan an identifier
» s num «—— t tok Scan a humber
> 5 spl «—— t tok Scan a symbol
> s lit +— t tok Scan a string literal
> s whs Skip white space
e.g. let a be 34 in a*12
be itm «—— BE tok a id «— ID[a] tok
Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 29

(E%) 3.3.1 Lexical Structure-4

“Rules for lexical analysis g — ¢ tokstr

5§ =8 s2"sastr $ whs s2itm ——f tok s3inp — fs tokstr
sinp —— - ts tokstr
s kwd —— 1 tok sid —— t tok s num <—— f tok
s itm —— f tok s itm —— f tok s itm —— t tok
s lit —— f tok sspl——ttok s—=1.e-t-¢str
sitm —— ttok  sitm—— ftok s kwd — LET tok

s—b-e-estr
s kwd «—— BE tok

S=31i-n-gestr
s kwd «—— IN tok

5= 8517s2s8tr s1ltr s; lord
sid = ID[s] tok 7.2)
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(E%) 3.3.1 Lexical Structure-5

Sy i

“*Rules for lexical analysis(cont'd)

s =351"s2str s1dig spdgs snum<—— nnat
s num «—— NUM[n] tok

s =s517sp"s3str spqum sz lord 53 qum
s lit —— LIT[s;] tok

§ = %+ £ str s="-€estr

S =+-£5slr
s spl «—— CAT tok

sspl — ADD tok s spl —— MUL tok

s = (-estr §=)-gstr §=|-&str
s spl —— LP tok s spl «—— RP tok 5 spl «—— VB tok
(7.2)

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics

(E%) 3.3.2 Context-Free Grammars-1

% Components of a Grammar
> tokens, or terminals,
> syntactic classes, or non-terminals,
> rules, or productions,
-Aiza,
A: non-terminal,
a: a string of terminals and non-terminals

-Auzo4 || oy, (compound production)

(E%) 3.3.1 Lexical Structure-6

Sy i

“e.g. a*12
1dig 2dgs 12 num <— 12 nat
% str 12 num <— NUM[12] tok

a str a ltr # spl —— MUL tok 12 itm <— NUM[12] tok
aid — ID[a| tok  * itm — MUL tok 12 inp <— NUM[12] tokstr
a itm —— TD[a] tok *12 inp <— MUL - NUM[12] tokstr

a* 12 inp +— ID[a] - MUL - NUM[12] tokstr

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics
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(E%) 3.3.2 Context-Free Grammars-2

< Context-free Grammar
> It determines a simultaneous inductive definition of its
syntactic classes
> Regard each non-terminal, A, as a judgement, s A, over
strings of terminals.
> To each production, A = sy Ay sp--05, A, 5,41 (7.3)
we associate a rule:

51 Ay . S A, (74)

81 81 8208y S, Sptl A

and it can be rewritten as follows:

.--1 Ay - .ulr_! A, s= .\-1'.41'5:' S8, Sy

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics

(E%) 3.3.3 Grammatical Structure-1

“*6rammatical Structure of L{num, str}

Expression ~ exp == num|lit|id |LPexpRP | exp ADDexp |
expMUL exp | exp CATexp | VBexpVB |
LETid BEexp IN exp

Number num = NUM[n]  (nnat)

String lit == LIT[s]  (sstr)

Identifier id u= 1ID[s]  (sstr)

> String: let a be 3 in a*12
> tokstr: LET ID[a] BE NUM[3] IN ID[a] MUL NUM[12]

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics

(E%) 3.3.3 Grammatical Structure-2

“*Rules for interpreting a grammar

S num 51 f‘\'_l_.'l Sa !‘Xp 5 CXpP
S exp 51 ADD sa exp VB s VB exp

s lit 51 CXp_sg CXp 5 eXp

S exp 51 MUL s exp 8 exp

s id 51 eXp S2 eXp s str s str
5 exp 51 CAT 52 exp LIT[s] lit ID[s] id

s1id sy exp s3 exp n_nat
LET s; BE sg IN exp NUM[n| num (7_6)

s =51 MUL s str s; exp S exp
S exp 7.7

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics




(E%) 3.3.4 Ambiguity

+ Principal goal of concrete syntax design: readability,
eliminate ambiguity
< Example: 1+ 2*3
NUM[1] ADD NUM[2] MUL NUM[3]
< Ambiguity is a purely syntactic property of grammars.
“ Grammatical structure of L{num str} (eliminate

ambiguity)
Factor fet = num|lit|id | LP prgRP
Term trm = fet| fetMUL trm | VBfet VB
Expression exp = trm | trm ADDexp | trm CAT exp
Program prg = exp|LETidBEtrm INprg

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 37

(E%) 3.3.5 Informal Conventions

< The concrete syntax of L{num str}

e 1= n|"s" |s|ejtex|erxen|e; Ten| |e| |letxbeep ines

Expr

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 38

(E%) 3.4 Abstract Syntax

> expose the hierarchical and binding structure of
the language

> eliminate ambiguity

3.4.1 Abstract Syntax Trees

3.4.2 Parsing Into Abstract Syntax Trees
3.4.3 Parsing Into Abstract Binding Trees

3.4.4 Informal Conventions

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 39

(E%) 3.4.1 Abstract Syntax Trees-1

Concrete Syntax Token String Abstract Syntax

n NUMIn] num[n]

st LIT[s] str[s]

S 1D[s] id[s]

€,+€; e,ADDe, plus(e; e;)
e*e, e, MULe, times(e,; e,)
e"e, e, CATe, cat(e;; &)
lel VB e VB len(e)
letsbee,ine, LET ID[s] BE e, IN e, let[s](e;; e,)
(e) LPeRP e

(E%) 3.4.1 Abstract Syntax Trees-2

% Arities to operators( AST of £{num, str}):

;u'[nu.m:u:] 0 (m nat) ar(plus) 2
ar(strfs]) = 0 (sstr) ar(times) = 2
:n'-:_id:-;: ) 0 (sstr) ar(cat) 2
ar(len) = 1 ar(let[s])] = 2

“+Inductive definition of the abstract syntax
n nat ay ast ap ast a ast
num[n| ast plus(aj;as) ast len(a) ast

s str aj; ast  ao ast sstr  aj; ast  as ast
str(s| ast times(ai;az) ast let[s](a1;az) ast

s str aj ast as ast (8 1)
id[s] ast  cat(aq;as) ast .
Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 41

(E%) 3.4.2 Parsing Into ASTs-1

< Parsing: translation from concrete to abstract syntax
% Parsing judgements for L{num, str}

5 prg «—— a ast Parse as a program

Parse as an expression

Parse as a term

Parse as a factor

Pil[’SC as a llllllll)(.'l'

Parse as a literal

Parse as a identifier

5 exp —— a ast
s trm «—— a ast
s fet «—— a ast
S num -« » 1 ast
s lit «—— a ast

s id +—— a ast

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics a2




(E%) 3.4.2 Parsing Into ASTs-2

Sy i

< Inductive definition
Factor fct == num]|lit|id | LP prgRP

n nat s str
NUM[n] num <— num[n| ast LIT[s] lit +— str[s] ast

s str s num <— a ast
ID[s] id +— id[s] ast s fct +— a ast

s id «— a ast S prg <— a ast
s fct <— a ast LP s RP fct <— a ast
Term trm == fct | fetMUL trm | VB fct VB

51 fct +— aq ast sy trm +— as ast

$1 MULss trm «— times(aq;ag) ast
s fct «— a ast
(8.2)

VB s VB trm +— len(a) ast

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics a3

s lit «— a ast
s fct «— a ast

s fct <— a ast

s trm <— a ast

(E%) 3.4.2 Parsing Into ASTs-4

“+Concrete Syntax
let a be 3 ina * 12
tokstr
LET ID[a] BE NUM[3] IN ID[a] MUL NUM[12] .

g

—id exp prg.exp,trm
trm fct,id ———— trm,fct,num

fet

“AST num
let[a] ( num[3]; times (id[a]; num[12] ) ) ast
2
2

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 45

Why introduce ABT ?

manage the binding and scope of variables in a
let expression

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics a7

ﬁ%) 3.4.2 Parsing Into ASTs-3

Sy i

<+ Inductive definition (cont'd)
exp u= trm | trm ADDexp | trm CAT exp
s1 trm <— a; ast sy exp <— ag ast
s1 ADD s exp <— plus(aq;az) ast

Expression
s trm <— a ast
s exp «— a ast

s1 trm <— a; ast sy exp <— ay ast
s1 CAT so exp «— cat(aq;az) ast

Program prg = exp|LETid BEexp INprg
s exp <— a ast
s prg <— a ast
s fet <— id[s] ast sy exp «—> as ast  s3 prg <— as ast
LET s; BE sy IN s3 prg «— let[s[(ag;ag3) ast

8.2)

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics s

(E%) 3.4.2 Parsing Into ASTs-5

“+*Theorem 8.1
If s prg < a ast, then s prg and a ast,

(B AR W E Parsing judgementsA A4 R R)
FERA: ATALR(8.2)J3AGERN .
% Theorem 8.2

If s prg, then there is a unique a such that s prg —— a ast
(B A8 E Parsing judgementsA A8 R)
BT E AKX (Y, )

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 4

(%) 3.4.3 Parsing Into ABTSs-1

Concrete Syntax Token String Abstract Syntax

n NUM[n] num[n]
Ys' LIT[s] str[s]
S 1D[s] id[s]
e+e, e;ADD e, plus(e;; e;)
e,*e, e, MULe, times(e,; e,)
e,e, e, CATe, cat(e;; e,)
lel VBe VB len(e)
letsbee,ine, LET ID[s] BE e, IN e, let(e;; x.e,)
(e) LPeRP e
Vu zhang, UsTC Theory of rogramming Languages - L{num, sr) Operational Semanics "




(E%) 3.4.3 Parsing Into ABTs-2

< Goal: manage the binding and scope of
variables in a let expression
% Arities to operators ( ABT of £{num, str}):

ar(num(n]} = () ar(plus) = (0,0)
ar(str(s]) = () ar(times) = (0,0)
ar(cat) = (0.0) ar(len) = {0)

ar(let) = (0,1)

> Identifiers: not as operators, but as variables.
+Revised parsing judgements for £{num, str}

s prg —— a abt

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 49

(E%) 3.4.3 Parsing Into ABTs-3

3T B AT 2 T AR SR (8. 1) 4089 —F AN &
230, BN R SHAHE X, L PR AT
RALHREEA L THAGBINE:

ID[s] id +— xq abt,---,ID[s,] id +— x,, abt - s prg +— a abt
E A REFHRAHETS.
Wi E SRR S LA IR e T M A R E, CHAR
FHE AR

T, ID[s] id — « abt - ID[s] id +— x abt
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(%) 3.4.3 Parsing Into ABTs-4

ESATIet ZA XM, AHRPIFAFL L EFIH G REKX
#, SEHBIRINS, RIBRF AR fofist f 4G
REXMAHRBKR AR :

gegmn L
[' " ﬁ*\ I'F s9 exp <— ag abt
I, sy 1d <— x abt - s3 prg <— ag abt (8.3a)

'+ LET s; BE sy IN s3 prg <— let(ag; z.a3) abt

BIRE: e Rh EletR A XM HEAFRI 5L EletiE X
HHEARRHE—H, A—iddERAGEE, doxlf
x2. §TFETH TN, FRLEELEX1HEX2
MR E|s3% hILid.

| FBIL T B RR AT IR F) S R,
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(%) 3.4.3 Parsing Into ABTSs-5

fkdk: RRREPHTRRIBRAFAEE LT
K&, M EILE L ARiRH ¢ shadowing K%

SHB TN IERMRL: SBEITHT

't s prg —— a abt

AALEHE _
s prg «— a abt [a]
o RHF K,
HEARETEAM, &FRABETIITHRE QG EXAH
XFHTRAHE:
 symtab well-formed symbol table
' = a|ID[s] — x| add new association
a(ID[s]) = lookup identifier
Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 52

(%) 3.4.3 Parsing Into ABTs-6

AT o HletF A X KA

1
[ﬁf** So exp «— ag abt [o]
0" =0[s1 — x] s3 prg «— az abt [o’] (8.4)

LET s1 BE sy IN s3 prg «— let(ag; ®.a3) abt [o]

AN 5(8.3a) RHET: SABXETEFTX

5 S se 38 I —H D ATATIRAF AR, P RRREBRT
WS 8 B Rk

o(ID|s|) =z
ID s( id[& T o (8.9)

o maps the identifier ID[s] o the variable x.
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(%) 3.4.3 Parsing Into ABTs-7

“+Concrete Syntax
let a be 3 in a * (1 + 2)
tokstr

LET ID[a] BE NUM[3] IN ID[a] MUL LP NUM[1] ADD
NUM[2] RP

“AST

let [a] (num[3]; times (id[a]; plus ( num[1]; num[2])) ) ast
“ABT

let( num([3]; x.times (id[a]; plus ( num[1]; num[2] ) ) ) abt

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 54




(E%) 3.4.3 Syntactic Conventions

< The abstract syntax of L{num str}

Type 1T =
num | str

Expr e = )
x | num[n] | str(s] | plus(e;;ez)
times(ej;es) | cat(eg;ez) | len(e) |
let(ey:ax.e2)

T type: zis a well-formed type Qtype

e exp: e is a well-formed expression Qeap

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics

(E%) 3.5.1 Static Semantics of £{num, str} -1

“»Judgement
e: 7, whereeexpand rtype.
Parametric hypothetical judgements Y'|I' |- ¢ : 7
X :afinite set of variables, @A &
I : a typing context (x: 7,z € x)
%+ Typing Rules

Te:rhka:7 (9.1a)
TF str[s] : str (9.1b)
_—_— .1
T'F num(n| : num (9.1¢)
Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 57

(E%) 3.5 Static Semantics

> Consist of a collection of rules for imposing
constraints on the formation of programs, called a
type system.

> the type of a phrase predicts the form of its value

> well-typed: A phrase is constructed consistently
with these predictions.
ill-typed
@ nat

x + 3 well-typed 2 +" 123"ill-typed

3.5.1 Static Semantics of L{num,str}
3.5.2 Structural Properties
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(E%) 3.5.1 Static Semantics of £{num, str} -2

% Typing Rules

I'tey:num I'Fey:num

9.1d
Tt plus(ej;ez) : num ( )
I'Fey:num T'Fey:num
9.1e
T+ times(eq;es) : num ( )
I'ke:str T'hFeg:str
'k cat(eq,es) : str (.1)
XN, & e
ell:f:!;ﬁ‘x’ & e:str (9 1 )
o B ke, T'F len(e) : num -9
xR - r .
e1: 7 ,T:iT b es T
- 1
'k let(er,z.€2) : 7o (9.1h)
Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics ') | 58

(E%) 3.5.1 Static Semantics of £{num, str} -3

“*Lemma 9.1 (Unicity for Typing).

For every typing context I and expression e, there
exists at most one t such that I'e: 7.

“+Lemma 9.2 (Inversion for Typing).
Suppose that T'He: 7.
life=x,then 'z :7 .
2.if e = num[n], then 7= num.
3.if e = str[s], then 7= str.

4. if e = plus(e;; e,) or e = times(e;; e,), then 7= num,
Ttep:num and T'F ey :num -

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 59

(E%) 3.5.1 Static Semantics of £{num, str} -4

“+e.g.Lemma
let ( str[1], x.cat(str[123], x) ) :str

Tk str[123] :str D,z :strt a:str
'k str[l]: str T',a:strk cat(str[123];a) : str
T'F let(str[l];z.cat(str[123];2) : str

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 60
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(E%) 3.5.2 Structural Properties-1

HEELLABTH S ARBAB T HEMRT.
“»Lemma 9.3 (proliferation)
If T+ ¢ : 7/, then for any 2#I and any T type,
Dx:7ke 7.
“+Lemma 9.4 (substitution)
If le:7ke:7 and The:T ,
then T'F [e/z]e’ : 7',

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 61

(E%) 3.5.2 Structural Properties-2

“+Lemma 9.3 (proliferation)
If '+ ¢ : 7/, then forany z#I" and any 7 tvpe,
Tx:7ke: 7.
Proof

By induction on the derivationof T',z:7F ¢ : 7

Suppose ¢’ = let(e), z.e2), where z#I' and z#w

By induction we have

A T,z:7ke 71,

B)T,z:7,z:1 ey,

from which the result follows by Rule (©/9.1h).

Other cases....

/
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(E%) 3.5.2 Structural Properties-3

“Lemma 9.4 (substitution)
If To:7Feée:7 and 't e: T,
then I' - [e/x]e’ : 7"
Proof
By inductionon I,z :7F ¢ : 7/
Suppose ¢ = let(ey, z.e2), where z#L, z#xand z#¢
By induction we have
(A) Tk le/zler -7,
B) Iyz:7m b le/ales: 7"
Since z#te, we havele/z|let(ey, z.e2) = let([e/z]ey, z.[e/x]es
It follows by Rule (©(9.1h) that T'F [e/z]let(er, 2.) : 7
Other cases....
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(E%) 3.5.2 Structural Properties-4

“»Lemma 9.5 (descomposition)
If Tt [e/z]e’ : 7' then there exists a unique

/

type 7 suchthat I'e:7, T,z :7H e : 7.
Proof
Directly from the unicity of types (Lemma 9.1)

since © is the unique type for e in the composite
expression [e/x]e’.

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 64

(E%) 3.6 Dynamic Semantics

> Specify how programs are to be executed.
» Methods for specifying dynamic semantics
— Structural semantics: small-step OS.
= Contextual semantics
— Evaluation semantics: big-step 0S
= Environment semantics, cost semantics

3.6.1 Transition Systems [PFPL, 4]

3.6.2 Structural semantics [PFPL, 10]

3.6.3 Contextual semantics [PFPL, 10]

3.6.4 Evaluation semantics [PFPL, 12]

3.6.5 Environment semantics and Cost semantics

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 65

(E%) 3.6.1 Transition Systems-1

“ Transition system

S: a set of states that are related by a transition
judgement,

An transition system is specified by the judgements

s state, s final, s initial, s+~ 8

> A state s is stuck, if there is no 5" € S such
thats — s'.

All final states are stuck, but not all stuck states
need be finall

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 66
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(E%) 3.6.1 Transition Systems-2

“ Transition Sequence: a sequence of states
S0, * 4 Snsuch that s initial and si == si. 0 < i <n

A transition sequence is
> maximal: iff s, v+
> complete: iff s, 7+ and s, final
> deterministic: iff for every state s there exists at
most one state s’ such that s — s, otherwise
it is non-deterministic.

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics

LB

(E%) 3.6.1 Transition Systems-3

Sy i

“Iterated Transition
5" &'t is the reflexive, transitive closure of s+ s

Rules Py (4.1a)
5— 5 s =t 5"
I e

Principle of rule induction

To show that P(s,s') holds whenever s —* &,
it is enough to show:

1) P(s,s)

2)if s+ s"and P(s's"), then P(s, s") .

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics

(E%) 3.6.1 Transition Systems-4

“Iterated Transition
g =" s"i n-times iterated transition judgement, n = 0
0 g (4.2a0)

5 b= 5 5 =" g (4.2b)
Theorem 4.1
For all states sand s, s +—* s iff s —" s’ for
some f =0,

r

| s indicate there exists somes’ final such that s —* s

Theory of Programming Languages - L{num, str} Operational Semantics

Yu Zhang, USTC

(E%) 3.6.2 Structural semantics-2

< Rule ep val ey el
pTus(er; e2) > pLus(er ) (10.20)
instruction ~
- S1 89 = s str
transitions cat(str[s]; str[ss]) — strs] (10.2d)
(10.2a, d, g)
Primitive el €]
steps of cat(e;ez) — cat(e];e2) (10.2¢)
evaluation
er val ey el
10.2f)
cat(er;es) — cat(er, e, (10.
search (erse2) (e1,€3)
transitions e, val
Determine the let(er; m.e2) — [e1/x]es (10.29)
evaluation ,
order €L e (10.2h)

7
let(eg;z.e) — let(ef;z.ea)
Theory of rogramming Languages - L{num, sr) Operational Semanics n

Yu Zhang, USTC

(E%) 3.6.2 Structural semantics-1

% Structural semantics of L{num, str}
> a transition system whose states are closed
expressions.
> Every closed expression is an initial state

> The final states are the closed values, as defined by

numfrn| val str[s| val (101)
Transition judgement ¢ ¢’
Rule n] + no = n nat (10.20)

plus(num[n;]; num[ns]) — num(n|

e —r 6’1
plus(es;es) — plus(e], es)

Theory of Programming Languages - L{num, str} Operational Semantics

(10.2b)

Yu Zhang, USTC 70

(E%) 3.6.2 Structural semantics-3

< Derivation sequence:
width: the number of steps in the sequence

let(plus(num(1); num|2]), z.plus(plus(ax; num|3]); num(4]))

let(num[3; .plus(plus(a; num[3]); num[4]))
—  plus(plus(num[3]: num[3]): num(4])
—  plus(num[6]; num[4])
—  num|10]
depth: the derivation tree for each step
e.g. the third transition is

plus(num[3]; num[3]) — num|6] (10.2a)

plus(plus(num[3]; num(3]); num(4]) — plus(num|6]; num[4]) (1025)

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics

72
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(E%) 3.6.2 Structural semantics-4

% Principle of rule induction

To show P(e, €') holds whenevere +— ¢ it is sufficient

to show that P is closed under the rules defining
the transition judgement.

“*Lemma 10.1 (evaluation of exp.s is deterministic)

If ¢— ¢’ and e e”,then e is e" .
Proof. By simultaneous induction on the two
premises using Rules (10.2).
Only one rule applies for a given e.

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics

(E%) 3.6.3 Contextual semantics-1

“ Contextual semantics:variant of structural semantics

> isolate instruction steps as instruction transition
judgements €1 ~+ €2
m + 1 = p nat

plus[nu.m[m_: m.un[n]] — nu.m[ﬂ (10.3q)

st = u str
cat(str[s]; str(f]) ~ str[y] (10.3b)
ey val (10.30)

let(e;x.e2) ~ |e)/xles
redax: LHS of each intruction; contractum: RHS
> formalize the process of locating the next
instruction using an evaluation context.

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 7

(E%) 3.6.3 Contextual semantics-2

Evaluation Context Judgement

determines the location of the next
instruction to execute in a larger expression.

£ eetxt @

©:*hole”, the position of the next instruction step

e.g. o can be one of the following forms
plus(hum[n1]; num[n2])
cat(str[sl]; str[s2])
let(el; x.e2), where el val

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics

(E%) 3.6.3 Contextual semantics-3

Evaluation Context Judgement

Rules o ectxt
It means the next instruction may occur “here”, i.e.
&y ectxt e; val & ectxt

plus(&1;e2) ectxt plus(eg; &) ectxt

&1 ectxt

e; val & ectxt
cat(&y;e2) ectxt

cat(&;;es) ectxt

_ &ectxt
let(&y;z.e2) ectxt

(10.4)

The remaining rules correspond one-for-one to the search
rules of the structural semantics.

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 76

(E%) 3.6.3 Contextual semantics-4

< Evaluation Context

> a template instantiated by replacing the hole with

an instruction to be executed.
Judgement ¢ =&{e}
e'is the result of filling the hole in £ with e.

=&{e
(10.5) e = ofe} cat(el;eil) = C;i((’i‘];Piz){e}
e1 = Er{e} er val  e; = Exfe}
plus(ey; e2) = plus(&y;er){e} cat(ey;ez) = cat(er; &2){e}
ep val  e; = Exfe} e1 = &r{e}

plus(er;es) = plus(er; &) {e}

Yu Zhang, USTC

let(er;w.ez) = let(&r;x.e2)

Theory of Programming Languages - L{num, str} Operational Semantics

{e}

7

(E%) 3.6.3 Contextual semantics-4

< Dynamic semantics for L{num str}

e = E{ep}

’
€ ~+ €y

e —{.{_rf_l_} (10.6)

¥
e

A transition from e to e’ consists of

1. decomposing e into an evaluation context and an
instruction,

2. execution of that instruction, and

3. replacing the instruction by the result of its
execution in the same spot within e to obtain e'.

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 78
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(E%) 3.6.3 Contextual semantics-5

The structural and contextual semantics define
the same transition relation.

Theorem 10.2. ¢ —. ¢’ if, and only if, ¢ —c ¢,

] ] !
e=E{ey ey~ € e = E&{e
{ } 5] { Il} (106)
e e
€q ~ e
0 ' Cy
- 7 (10.7)
Efeo} — E{en}
Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 79

(E%) 3.6.4 Evaluation semantics-2

« Principle of rule induction

To show P(e, v) holds, it is enough to show that P is closed
under the rules defining the evaluation judgement.

1. Show that P(hum[n], num[n]) .

2. Show that P(str[s], str[s]) .

3. Show that P(plus(e;; e,), num[n]), assuming n; + n, = n nat,
P(ey, num[n,]) and P(e,, num[n,]).

4. Show that P(cat(e;; e,), str[s]), assuming s;”s, = s str,
P(ey, str[s;]) and P(e,, str[s,]).

5. Show that P(let(e;; x.e,), v,) , assuming P(e,, v;) and
P([vi/x]ez, Vo).

Lemma 12.1 If € |} v, thenv val.

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 81

(E%) 3.6.4 Evaluation semantics-4

Lemma 12.4 Ifc— ¢'and ¢’ | v, thene | v
Proof. By induction on the definition of the
transition judgement.
Suppose: plus(e;es) —> plus(e); ez)where ¢ — ¢}
by the rule ( ©/10.2).
Suppose further:plus(e};ez) |} num{n| so that

¢}l num[n,| and ez | numfns| and 7y + 12 = 0 nat
By induction, ¢ |} num[n,] and hence
plus(eg;ez) | num(n]

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics

(E%) 3.6.4 Evaluation semantics-1

< Evaluation semantics(ES): a relation between
a phrase and its value.

+Evaluation judgement ¢ | v
specify the value v of a closed expression e

e1 | num[nq] e | num[ns] nq +ny =n nat
plus(ep; e2) | num[n]

num(n| || num(n]

e1 || strs;] es | str[ss] 1780 =sstr
cat(eq;ez) I strs]

str[s] || str(s]

er fvr [vi/ales | vy
let(eq;z.e2) J v

(12.1)

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics

(E%) 3.6.4 Evaluation semantics-3

Theorem 12.2 For all closed expressions e and
values v, e —*v iff ellv.
Lemma 12.3 If ¢ | v, then e —=* v .
Proof. By induction on the definition of the
evaluation judgement.
Suppose: plus(er;es) | numn] by the rule (12.1).
By induction, ¢; —" nun[n;] and e —"* numny|
—*  plus(num[n,]; ez)
—"*  plus(num[rn,|; num[nz))
—  num[n; + nol

Theory of Programming Languages - L{num, str} Operational Semantics 82

plus(eq;ez)

Yu Zhang, USTC

(E%) 3.6.5 Environment S. and Cost S.-1

+» Environment semantics

> Substitution: replace let-bound variables by their
bindings during evaluation.
Maintain the invariant that only closed expressions
are ever considered

In practice, we do not perform substitution

> record the bindings of variables in some sort of
data structure

> environment £: set of hypotheses of the
form = |l v, X is a variable, v is a value

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 84
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ﬁ%) 3.6.5 Environment S. and Cost S. -

2

< Environment semantics

Judgement Erelw
£ :an env. governing some finite set of variables
Rules Exlvkalv

EF ey dnunlng] € ey | numny]
EF plus(er; ez) I numlng + no]

Ete | str[si] EF es | numlsy]
EF cat(er;eq) | strls; sa]

Ehe vy Exlvbe v
EF let(er;x.e2) | vo

Theory of Programming Languages - L{num, str} Operational Semantics

Yu Zhang, USTC

(12.2)

L G

) —rmr

Fhruss

ﬁ%) 3.6.5 Environment S. and Cost S.-3

< Cost semantics

> SS provides time complexity for program but ES
does not provide such a direct notion of complexity

Judgement : e |l" v , e evaluates to v in n steps

Rules

num|n| ||V num(n| str(s| ||V str(s]
e; % numlng] ey U*2 numfny)
plus(er; ep) 477 numfny + gl

(12.3)
e M1 str[si] e [ str[ss]
cat(er;ep) IF1TRF strfs) + sy]
e I oy /ades UF2 vy
let(eq;.eq) PRl g,
Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics 86

o:oﬁ}?
let a be 3+3 in let b be 4 in a+b

iR

LET ID[a] BE NUM[3] ADD NUM[3] IN LET ID[b] BE

NUMI4] IN 1D[a] ADD ID[b]

ST A A SE E A (ABT)

Factor fet = num|lit|id | LP prgRP

Term trm = fct | fctMUL trm | VB fct VB
Expression exp = trm | trm ADDexp | trm CAT exp
Program prg = exp|LETidBEtrm INprg

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics

) —rmr-srsemasT

LET ID[a] BE NUM[3] ADD NUM[3] IN LET_ID[b] BE NUM4] IN ID[a] ADD ID[b]

Factor fet == num | lit | id | LP prg RP Az ablo 2 abl®

Term trm = fet | fet UL tem | VEfet VB ’

[Expression exp = trm | trm ADD exp | trm CAT exp ar (021 = (na, -+os ) .
[Program prg u=  exp | LETid BEtrm INprg At ay abt™ At ay, abt™
T, ID[s| id «— z abt I ID[s] id <— z abt At o(ay, -+, ag) abt’

TFsyexps—asabt I',s;id «— z abtF s3 prg «— a3 abt 2#A4 A,z abt’ - a abt™

T F LET s; BE sy IN s3 prg «— let(as; x.a3) abt At z.a abt™ T

B LM (1 #ER)
> XID[aJAID[bISHT, BRIX MHIHZ IS E R

SR T,

©) —rwr-samasT

“Foruis

LET ID[a] BE NUM[3] ADD NUM[3] IN LET ID[b] BE NUM4] IN ID[a] ADD ID[b]

Factor fet w= nem | it | id | LP prg RE Az abl® -z abl®

Term trm fer | fet MUL trm | VEfct VE 7
[Expression exp trm | trm ADD exp | trm CAT exp ar (02“ = (n1, -, ) e
[Program exp | LETid BEtrm INprg At ay abt . AF a abt

Factor fet == num | lit | id | LP prg RP
Term tm u=

g =
', ID[s] id — z abt - ID[s] id +— x abt AFo(ar, -, ax) abt”

[T 55 exp «— as abt  T,sy id «— z abt |- s3 prg «— ag abt z#A4 A,z abt’ F a abt”

a str
1ID[a] id +— z; abt’ F ID[a] id +— x; abt’
b str
ID[b] id «— x5 abt’ - ID[B] id «— x abt®
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) —rmF-sHemanT

LET ID[a] BE NUM[3] ADD NUM[3] IN LET ID[b] BE NUM4] IN ID[a] ADD ID[b]

A,z abt® -z abt®

fer | fet MUL trm | VEfct VE

[Expression exp == trm | trm ADD exp | trm CAT exp ar (02“ = (na, -5 ) e
[Program % == exp|LETidBEtrm INprg Al ay abt AF a abt
T, ID[s] id +— z abt I ID[s] id +— z abt At o(ay, -+, ag) abt’

TFsyexps—asabt I',s;id «— z abtF s3 prg < a3 abt 2#A4 A,z abt’ - a abt™

T F LET s; BE sy IN s3 prg «— let(ag; x.a3) abt AtF z.a abt™ T

> XINUMI3IFINUM[4153 4T, RBIR RIS g5y

3 nat 4 nat

I NUM[3] num +— num[3] abt’

I NUM[4] num <— num[4] abt”

+ NUM[3] fct +— num([3] abt?

F NUM[4] fct +— num[4] abt®

F NUM[3] trm ¢ num[3] abt’

F NUM[4] trm <— numl[4] abt®

F NUM[3] exp ¢— num[3] abt’ F NUM[4] exp <— num[4] abt
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T F LET s, BE sy IN s3 prg «— let(ag; x.a3) abt At z.a abt™ T
> %{ID[a] ADD ID[bIS#T, ABEIXI N ISR IR
ar(plus) = (0,0)
z1 abt’ b x1 abt® @5 abt® - 2, abt?
z1 abt®, x5 abt? plus(zy; o) abt?

b str
a str ID[b] id «— a2 abt®
ID[a] id +— 21 abt” ID[b] fet «— @y abt?

1Da] fct «— x; abt’ ID[b] trm «— x5 abt’

ID[a] trm «— z; abt’  ID[b] exp «— x5 abt’

1ID[a] ADD ID[b] exp «— plus(zy;xs) abt®
90
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ﬁ%) An Example-Parsing into ABT

LET ID[a] BE NUM[3] ADD NUM[3] IN LET ID[b] BE NUM4] IN ID[a] ADD ID[b]

Factor fet == num | lit | id | LP prg RP

A,z abt® -z abt®

©) —rmr-wsmx

Term trm fer | fet MUL trm | VEfct VE

Ex pression exp = trm | trm ADD exp | trm CAT exp ar (0)" = (1, ooy ) n
[Program prg = exp | LETid BEtrm INprg Abtayabt™ .- Al ag abt™
', ID[s] id <— « abt - ID[s] id +— x abt At o(ar, ---, ag) abt®

[T 55 exp < ag abt  T,s1 id «— a abt - s3 prg «— a3 abt z#A4 A,z abt’ I a abt"
T I LET s; BE sp IN s3 prg «— let(as; z.a3) abt At z.a abt™ T
> XILET ID[b] BE NUM[4] IN ID[a] ADD ID[b5#i
ar(let) = (0,1)  + num[4] abt’
21 abt® - xa.plus(z1; x2) abt!
1 abt’ - let(num[4]; zo.plus(z1;22)) abt’

z1 abt’, zy abt® - plus(ay;z,) abt’
z1 abt? - xo.plus(z1;22)) abt!

F NUM[4] exp <— num([4] abt®
1D[a) id < 21 abt’, ID[b] id <— z» abt” I ID[a] ADD ID[b] prg +— plus(z;;s) abt’

D[a] id «— 21 abt?
LET ID[b] BE NUM[4] IN ID[a] ADD ID[b] exp «— let(num[4]; z2.plus(zy;22)) abt’

91
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Fopuas

“» ABT let(plus(num([3];num[3]); x,.let(num[4]; x,.plus(x,; X,))
» R (static semantics)

Treinum The:num Lhe:n Daimbe:n
TzirFrir  TT o] o TF plus(es; €5) : num TF let(e;;2.e2) i 7

BRI bRk

zyp:numb o) inum o :numb 2o num
21 : num, 25 : num F plus(zy; @2) : num

Fnum[4] :num 7 : num, x5 : num - plus(z;; ;) : num
2y : num - let(numf4]; zo.plus(zy;z2)) : num

- num(3] : num
F plus(num[3]; num[3]) : num

b plus(num[3);num[3]) : num  z; : num - let(num[4]; z5.plus(z;;x3)) : num
F et (plus(num[3]; num[3]); z1.1let (num[4]; z2.plus(z1; 2))) : num
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@) —rmr-smmx

“Fhradt

% ABTlet(plus(num[3];num[3]); x;.let(num[4]; x,.plus(x,; X,))
AT (Structural Semantics)

: : n) 4+ ny =n nat epval  ex s €h
numin| val  str(s] val  plus(num[ni[;numfns]) — numln]  plus(er;ep) —r plus(es; ep)

e el

e €} ey val
let(ey;x.e5) - let(e]ia.e0)

plus(e;;es) > plus(ef;en)  let(er;z.e2) — [e1/a]es

let(plus(num(3]; num(3]): x1.let(num[4]; zo.plus(zy; xa)))
plus(xy;az))

Yu Zhang, USTC Theory of Programming Languages - L{num, str} Operational Semantics

©) — w7 L FEx

“Fhradt

% ABTlet(plus(num[3];num[3]); x;.let(num[4]; X,.plus(X,; X,))
AT (Contextual Semantics)

m 4 = pnat . € val
plus(mm[m];nonjn]) — malp]  let(enz < Ter/xlez e=ofe}
e =& {e} e1val er = Efe} e1=&E{e}
PTus(cr;e2) = plus(Er;e2){e]  plus(eries) = plus(e;; &x){e]  Tet(eriea) = Tet(Erzea){e}
e=Elea} eneh ¢ =E{)

rp plus{x:ixrz)))
{plus{num|3]: num[3])}
{num[5]}
plusieixa))}

o{let(num[4]; ry.plus(num|
of plus(num|6]; num[4]) }
ofnum(10]}
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©) —rm-smmx

R T

% ABTlet(plus(num[3];num[3]); x,.let(num[4]; x,.plus(x,; X,))

AT (Evaluation Semantics)

e1 b num[ny] e Ynumlny] g +np=nmnat  eilor  [vi/ales Yo
Tet(er;@.e2) I v

nua[n] | nunfn] Plus(er; cz) U mum[n]
HER L

num(3] |} num[3] 3+ 3 = 6 nat
plus(num[3[; num[3]) J num[6]

num(4] |} numf{4]  plus(num[6]; num[4]) | num[10]
Tet(numl4]; z2.plus(num[6]; 22)) J num[10]

plus(num(3]; num(3]) || num[6] let(num[4]; z5.plus(num[6]; 25)) | num[10]

let(num[6]; z1.1et(num[4]; z2.plus(z1;22))) I num[10]

—  let(num|6]; x,.let(num|4]

—  let(num[4]: ro.plus(num[6]; z2))
—  plus(num[6]; num[4])

—  num[10]
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>R g b

REBHBEE A osh BN b —2 M

— BB FR R EA EFAB K, RFRE

3.7.1 A 34(Type Safety)[PFPL, 11]
3.7.2 EATRARR[PFPL, 11]
3.7.3 BrE Ee R AI[PFPL, 13]
3.7.4 3IAAE E£[PFPL, 13]
3.7.5 44H[PFPL, 13]
3.7.6 T EAMA[PFPL, 13]

Theory of Programming Languages - L{num, str} Operational Semantics %
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@) 371 3mza

T o= num | str

“+Types
“Values v ::=nunn| | str(s|, n nat, s str

o5 Expr e = | num[n] | str[s] | plus(eq;es) | times(eq;es)
cat(er;es) | len(e) | let(er;x.e2)

< ERHM Typing rules

I'Fey:num I'Fey:num

T'F plus(es;ez) : num
BB Inversion for Typing
R TFe:7, e=plus(e;.e,), ALz = num,
I'e;:num BT F ey :num.
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@) 371 5mza-2

< Theorem 11.1 (Type safety for L{num str})
1.(preservation) =R € : T Hers o' M7 |
2.(progress) R ¢ : T, MAaRF e val, REHE €
e
> #R#Ft (Preservation): it F )& —FARIF LR
> #t &t (Progress): Atk R XA e R X X RA R, R
F Tt —F K.
e % ME(stuck)d BAL Y B R R —AMi, @ BL&rF
Fe'tkife— e,
AR AL RT B A 4 (ill-typed).
HRM: RRAQBEALANASERE,

Yu Zhang, USTC

(E%) 3.7.1 HM%h - (REEE-1

et deRe:r FHer e, M T,
W : 4 #(transition)li & (14 SMIBEAT MMIHZ
HL 1

e €]
plus(e;;es) > plus(ef;es)

Bi%:  plus(er;en): 7

HEMHEHF|E, A 7= nun. ey inum e :onum
BFHERRE, & €] : num

M®E@H  plus(e);es) : num

BAFIE.
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(E%) 3.7.1 5o (R -2

SREEME R THB e, M.
UER : MRIEEE BT = HUOWEAT DU A S .
ﬁ-;}t 2 e; val

let(ey;x.e2) — [e1/x]es

1Bik:  let(er;m.e) T
HRAMHEF] 9.2, sFFEE 1A ey
BAF vimbe T

HEHR5H9.4, THF [e1/alea:

BAFIE,

e 11 FAEAE DL
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(E%) 3.7.1 M5 e (REE-3

S ERFRME
>R 0GR B R Ak R i Xet) e M it AT)a
#, BARBRXEHBZAT, &K FL—A%
PR E A F—ARAX.
Hldm: 5T plus(e;:e,), T VA VA T 454-4LR

ni; +no = n nat
plus(num[n;]; numns]) — num(n|

e e
plus(e;eq) — plus(e);es)

ep val ey el
plus(e;;es) — plus(es;eh)
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(E%) 3.7.1 HMah R-1

iﬁ%’ﬁ dofe T, NXHFe val ,ﬁkﬁ“ﬁ‘/& e o o

5|#11.3(¥E R Canonical Forms):
Mfe valBe:7, 4
1.4wR 7= num, Mle = num[n](n¥ X —#AH)=ZEX.
2.40F 7= str, Qe = str[sl(shEx—F)REX.

UERA $% e BN (9. 1)AEMMI(10. 1)3E4T R4 .

A RAMR T AV f5E K L.
RAAXe R, RIGHEIANTEXe, FF e " ¢/
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(E%) 3.7.1 HM%e - Er-2

R e T, MREe val REBLE BT,

UEHA : s B S HEAT IS
W1 s EFXOUERRAKEAR
sk, A
1) ey val @ HEIMRER
a) e val: M8 X3 ®11.3 F e = nunn ], ez = num|ne]
M plus(numn;]; num(ns) — numfn, + na)
b) AAech AR co € 1 mARRAN, H
plus(e;;ez) — plus(e;;eh)
2) Ak O, #RC
plus(e;;ez) — plus(e);es)
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(E%) 3.7.1 HKE%EA-HENE-3

RN
> L{num, str}ed 2 RN 25 k50, Prdt b
FTFHR R Xeth EMBATIAH,

> BN AR RE LB PR, BPTRAEERE—
ANRRER F AL RAX.

#l4=: while b do ¢
bA&, -
b* £, c; while b do ¢
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) 3.7.2 mrrmrag-1

< XtL{num, stryATH R, HnkREdiv(e, e,)iBH
AR B B A 48 FRORG 35 3L
€] 1 num €4 I Num
_div[r 1;€2) @ nam
A, divinum[2];num[0]) & B XA &g, {fRKfErfL% R
> RRAEL HBAR ARG, RARRDHEFTLH

rHRORM
XBREAES REHIZHHEEO
D S HA2 R, AR R
> ﬁjﬁ;ﬁéz Hmgh Ak, RFROSFHRMLER
- 2E#E 844k (unchecked error): w1 X% % %o HER

- —i—gz%%ﬁ(checked error): F2& X FXFHZNF
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) 372 mmmmiR-2

< MFFMEHRPEAM-FEL
> ¥ Ee err AR E 69282 3¢
HET 33 o1 val

div(ey: num[0]) err
. €] err ey val g oerr (111)
%W plus(ei;ez) err plus(e;;ez) err
> BRI ERZ YR

> RS T IR B2E RS F I e9HHR
Theorem11.5. 4wRe:7, BlHHe err,KHe val, K
HhHEe EF e
HEE: PR AN )ISAER, HATEIER LM, R
RREZE BN,
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) 3.7.2 mrreasiz-3

& XA BRI
FEL: FE ARG RAEHT A F 4R
Fik2: @id¥gmerrorR AKX, HRASHEREES

e=H—.

> RN 3t FTHN  ervor T (11.2)

HSRARIAN 11.3)
iv(ey; num[0]) — error
3 o — L PR vALE 4R, o
ey val
plus(error:es) — error plus(e;;error)— error
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(E%) 3.7.3 B L 9K 5I(Phase Distinction)

> BAEBEY vs. BIEEX
> BB (RN A T EMBATHR, ARIESDHEEX
(RAZALR )R B AT % 8 (well-behaved)
< BRAMYBL vs. BhAMBL
> HEFBREALDHSHEZN, —Hleams
> HEWBRBRNAERXEHERBARQEGH X
o ISR 2 4 e I (B PR A AR R
> f?#&‘iifﬁ"fﬁﬂ‘] HRHEEXFHAE, TUHKEXLLE| AL
PR &
> JefTR B 2o MR A8 EHI B URIERIRELE; X
FHEHAEXAREBATH R AT S
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(E%) 3.7.4 SR E-1

o R SRR AR
» 5 A X (Introduction): ik & TiXFr £ A e444
#): natRE G5 AH R HKAE
strERGSIAHXRFH &
> %% X (Elimination): X %4& AT e ¥tATA91E 5
#): natRB N EHXRm, RiBHE
strER e A M X R EE. RKESEH
AR ERE FIAHXANE, HEHBXAVLA.
< BNA&TE L LA H R H (inversion principle) s E At
[i% 4% R B 1) MR ik e: 7, o Fe=num[n], #F L 7=num
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(E%) 3.7.4 SIARINE-2

> M EHRRFIAB K
FINRABE XA LB EGE, @£ 02T XFFER
B 18 P BB REAT 4B B

> EH AR R b L eIk E

#l:  plus(e;;e,) 4 RAE—A$AE, o Ade fre,ty
1ERABFE], BRI HAE,

> TN AR ek BERANET B REGIE

#): st Fplus(e;:e,),

ERRE R B HAKplust) Sdhe, fre, 89 R X502 num,
M dE NG #, Tie fre L ARHAE, XK
iEplustgit ek, ©FA S, ZEE Hnum .
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(E%) 3.7.4 5INAH -3

& B R IRE] IR SR BIAE XS, HESHE
MR ARETEREREFEEX
BZA L{num, str}¥ imifz(e e, e} R & X,
HRHEHKifz(e e, e,): eZnumtl, mReitFh
0, MeRAe,, TMHAe,.
e RIBLERERZR MG He, B e, AR
ﬁelﬁ"ezﬁsﬁ'ﬁe
> L EHH vs. REHAS
- stFifz(eie;e) ki, eRIFBHRHK, e fre,RARBAM

ANl W KR, EERRBLTB I, TRE B RSB
.
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(E%) 3.7.4 SIAFIN%-4

> FIAEXNSEETHE
B L{num, str} ¥ e S4B B R 2z s(e)( 5] A R OF /G 44 )
zFes(e)3 A numER 47| AH XK.
s(e)RALIFTREZRe AF RE? LR T Fe A FTAM?
> #iteager(BHWIE L ZRIANFH AN LHRME
FE 3 18 P 3k A X Bh ) searchAL T
> W klazy(RP#)EH RERIAFH XSG LSRR
e.g. s(plus(z:s(z))) #4&
I RIET P IR AT XGRS, RE0E T AN,
I RIET PR AT X ASR M, RLETRERY.
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(E%) 3.7.5 A&tk

4 &P (compositionality)
HR A BREF A RNELI.5.2F)TAFE L2 2
G —AERMR, A aeHEAH M (modularity)
Thke:r Tx:ithke: o
IFle/x]e: o
LRI 2 (linking)# Ak
e ARG hd T Ex
> linker#94£ 42 i@ it B #x, fefre' bt k, 72—
A REG R LT
> B P ke TREIMBITEAR S, mbELFalttetiR
PR

Yu Zhang, USTC of Programming Languages - L{num, str} Operational Semantics 13

(Ei?) 3.7.6 TEME

T R—AEFAPSTHARZRFR I —AMEL, WKz
REIAEEE, FUNAHEEE.

>HERE T i et
The:t Tx:thke o
THlefx]e o
XTARBE AT RE H r e XK
PIEEE xoval..., xgval z1 T, kT e T,
BT he:t $leval $axvallx:icke 7
Tk [esx]e : o'

SRTF—HlH I x; valijREZ
A% eRFKNGMAA HHEFE), ¥

x1val,. .., % val Feval

Fo:x val b e (s (1) val 555482 F R eager/lazy X%

Yu Zhang, USTC
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Thanks!
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