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Computability Theory (halting problem)

Program Logics (Axiomatic Semantics)

Lambda Calculus (syntax, operational
semantics)

Denotational Semantics

Operational Semantics

Type Theory
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MIEFIES HITREFES T Ks8I

B RHRABOEFME, B —BELXEMT

B Lambda Calculus: $\Ei5 5 AR GBI EIB S K H
1930s, Alonzo Church & Stephen Cole Kleene

Lambda Calculus: JREF AT+ HIER

B ERiETPREZNFodp LA REELIF

B RTAR—MEENEST(ATHETH), XTHR
—M R FFE CTIiEH)

B A XA4IE H(typed lambda calculus) 89 4E 32 k #F o AZ
X5 5 e & PR
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2/ Lambda Calculus

ATR IR ERY EZEFFIE

B A3 (abstraction): B T & L #

B AN F(application): 4 F Bf & U & 3%

B AR THEHa L XEAFRIENR A IR

25451

B Typed A calculus ( B A £ T &g JUAME]F)
O B4 HH: Acnatx (ldpcnat)=x) TTNL R 4%
O B4:K%: Axinat.x+l
O % &FK: Axnat.10

B Untyped A calculus  Ax.x
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AMAx:o.M

B AR —ANHRET

B Bound Variable (4% %) x & &4
TREHFLALARTEARTIAET £ X854 X

B AEAxoxty F, xZHRE, Yy HEY;

B a-conversion: Ax:io.x+y ¥ B F Az:ic.z+y



&) ¥HAFLL XS
=) Free and Bound Variables

Application: %46 : MNP EFRL (MN) P
B (Ax.(x+y))3=3+y
B (Az. (x+2*y+2))5=x+2*y+5

MY RTERREATREK, AR E2E XL R KA
BT A 365 A ik

B Ax. f(fx)=2ax(f(f(x)))
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<~/ Higher-Order Functions

=M &% (Higher-Order Functions)

Given function f, return function f-f
Af.AX. T (T X)

=

(AF. Ax. f (F x)).

=M (Ay.y +1) ((Ay. y +1) x)

= AX. (Ay.y +1) (x+1)
= AX. (Xx+1) +1
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7/ Reduction 34

Basic computation rule is B-reduction
(Ax. el) e2 2 [e2/x] el

Rename bound variables to avoid name collisions
(Af. Ax. f (f x)) (Ay. y +x)
B Substitute “blindly”

AX. (AY. Yy +X) ((Ay.y + X) X) =AX. X+ X + X

B Rename bound variables
(Af. Az. f (f 2)) (Ay. y +X)
=Az. [(Ay.y+x) ((Ay. Yy +X) 2))]=Az. 2+ x + X
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Reduction 344

Basic computation rule is B-reduction
(Ax. el) e2 2 [e2/x] el

Reduction

B Apply basic computation rule to any subexpression

B Repeat

10
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Formal Semantics (FExXiB W)

0 ABEX
1 REEY
FERREY
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&) Formal Semantics
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AR FALTE, ARAFTRAX, HHE L g
T HMAE 35T 035, 5 U X8y 54T
NIRTE X (Axiomatic Semantics) }

T

N RS EARZMEXOHXEL UED]
o ps ARG
$2{E18 X (Operational Semantics)
B FEXALAHRF QAN L, A IJ34 Reduction (F
5 KAL)
}EFR1B X (Denotational Semantics)

B ARARE, —NBABR—BEL, FFHEE-NESL,
ENREBNRAXTHREAMBREFTH—ALE ©
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1969,Hoare, An Axiomatic Basis for Computer

Programming

B ETHESFERS, REIEVLERERWZHEELMS
O 550 A EH A =Z4E X2 X (well-formed fomula)
O AE: RAAERERETHER T E
O EZEAN: KNLAREZREH 2 EZAGHE
O RANEEZRL, o, FAFXG—MNEARHL

B sHEAA R EA A R

B T EREH. AFRAT

13
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A2
A3
A4
A5
A6
AT
A8
A9

FEMHZLL XS

D pmEvggEE

EHCE /NS YRS
r+y=y+zx i
TXY=YXx y§r3r+y><q:(fr—y)+y><(1+q)

(z+y)+z=2+(y+2)

(exy)xz=ax(yxz) FEH

rX (y+z)=xxXxy+xzxz

y<zd(@—y)ty=z (r—y)+yx(1+q)
i

oooooo

10— 2 = (r—y)+yx1l+yxqg) (A5
rx0=0 = (r—y)+y+yxq) (A9)
rxl=u = ((r—y)+y)+yxq) Uﬁg

r+y xq provided y <r (A6

14



AF T F EER

University of Science and Technology of China

&) NEEN BT

~3: P{Q}R ({P}Q{R}) PRIRSBR—K A

So R AT F A (BT T )PAAEFQIAT AT RS L, M

1TQE BT 2 3 R K40 T )RM KA

MGy EAEET T : e RPEQBATATAR, A, &
RQEPATL L, M4k AERY A EAMKRE,

Sk BT e BPAQMATATHA, F2QK&ILE
fERA A FE KRS

BRI IR 7R
‘ g;ﬂ)mfn—g HI$2 (premise)

fo ™ ##(conclusion)

15
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N/ OLIEIG FEIHRINTT

TRAE AR + Po{a:= f}P

EFxREE, fRREX, P, T RET AFRBEPF &
HF—Ax 1F 2|
Fy>8{r:=y+4}xr > 12

FHEZE R

B D1: Rules of Consequence
P{Q}R, R—S P{Q}R, S—P
P{Q}S S{Q}R
B D2: Rule of Composition
P{Q1}R1, R1{Q2}R
P{Q1;Q2} R 16
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) NIBE N - FIIT

B D3: Rules of Iteration
P & B{S} P
P {while Bdo S} -B & P

#l¥

1 PROCEDURE FACT ( N:INTEGER: VAR Y:INTEGER);
2 VAR X: INTEGER:

3 BEGIN 8 X :=X+1;
4 X :=0; 9Y =Y *X
BY :=1: 10 END
6 ASSERT (Y = XI & X <N ) 11 END:
7 WHILE X < N DO BEGIN ENTRY: N >0

EXIT: Y = NI

17
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B RHE: [N/XIMEZTMFE A & T AxANKBZEG LR
EENTFHADGEARERZRIMFERNHREL
B ZRTETL AN
Ao M=Ayo. [yXIM, MR ad HANY ()
Blde, AX:o.X+Yy=AZ:0.ZH+Y
B FNAE: AWXo. M)N=[N/X]M (B e
L F N Bl -2 HBART AR AT ARETHXE L

am
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of &

— N EFEAQERS
B ARTIBALE
Ao M=Ayo. [yXIM, MR B H HANY ()
B FENAE: AXic. M)N=[N/X]M (B )eq
B ERMEHN: AFHIBEATHAFHAELSLE
MERLER
Ml — MZ’ Nl — NZ
MlNl — MZNZ

am
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1964, P.J.Landin,The mechanical evaluation of expressions

SECD (Stack, Environment, Code, Dump) machine

B2 L — AN, 4l A F AU 6y PAT AR

O FHEHE KRS (st, s, ¢
st: R EX(ZEKX)
s: IR 35% X (# 4%)
c: 4 X (£2 /)
O R340
Bl (% *x,)+189 KAE
FEX,X,AE H) 2523 B¢
JF57 ["RATH3E2001E 8

(st 8, (o= )+ 10/ 20

2 (st (ayw a0 MU+ )
(st,z, 00 %2 T2f114+1e)
(28,8, 02, [/ 1+ 12)
(372 st a=/1/+ 1)
(6 st = 1/41e)
(1/6:st,5,+ )

(Tist, s.0)

Us e = Y= Y Y=

ZU
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¥2{E1E X (Operational Semantics)

B REEHBRLLERGIENRZA, RFHAR
HE—RINTREBZ—ANAREAAGIERARL

B gFANZNEGH XL H T I3 4HAN
YEED

(AX:6. M) N =3 [N/X] M (B )red
Blde, (Ax:nat. x+4) 4 —4+4
BREARZENE aFH L6, BB IEHANLERARAR

—HREE, 21344 EGIETENRAREAHREAN
AN

B NEARBEFBXEESA A 21
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iJEFChristopher Strachey F1 Dana Scott f£1960 I T1E
X AR A IR & 1E X (fixed-point semantics),Scott-Stracheyi& 3L
B A EIETRI(S A seest g, ok, £4. %), RE
2 15 5 MR B /AR 6915 SRR G, ZBRATH R
O &FANE T HEFEA LB A A R 69 B4R
OO0 B A& A ey EH 8RB RIRm T ¢ e F A6 AR
B RAAR H 09184035 X
O FANEBREXXNRE—NNEES, RAZERBANESR
O £& o MR BEAHAMEE LG —/N &
O XA&o 57 EERRIEE S, Fhxic. MERH—
B RERUANEETUARAERRAE L R4
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More on Lambda Calculus




AF T F EER

Univers'@/ of Science and Technology of China

<2/ Non-terminating reduction

(AX. X X) (AX. X X)
N (}LX X X) (KX X X) (7LX f (X X)) (7LX f (X X))

sy — f ((Ax. f (x x)) (x. f (x x)))

— ...
(AX. X Xy) (AX. X X Y)

— (AX. X XY) (AX. XXVY) VY
—> ...

24
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7/ Terminating & non-terminating

Term may have both terminating and
non-terminating reduction sequences

(Au. Av. v) ((Ax. x X)(AX. X X))
—> AV. V

(Au. Av. v) ((Ax. x X)(AX. X X))
— (Au. Av. v) ((Ax. x x)(AX. X X))
—> ...

25
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7/ Reduction strategies

Normal-order reduction: choose the left-most,

outer-most redex first

(Au. Av. v) ((Ax. x x)(Ax. X X))  Normal-order reduction will
NG RVRY find normal form if exists

Applicative-order reduction: choose the left-

most, inner-most redex first
(Au. Av. v) ((Ax. x xX)(AX. X X))

— (Au. Av. v) ((Ax. X X)(AX. X X))

26
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&7/ Reduction strategies

Examples

Normal-order Applicative-order
(Ax. x x) ((Ay. y) (Az. 2)) (AX. x x) ((Ay.y) (Az. z))
— ((Ay. y) (Az. z)) ((Ay. y) (Az. Z)) — (AX. x x) (Az. 2)
— (Az. z) ((Ay. y) (Az. 2)) — (Az. 2) (Az. 2)
— (Ay. y) (Az. 2) —> A\z.Z
—> A\Z.Z

27
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~J)Reduction strategies

Examples

Applicative-order may not be as efficient as normal-order
when the argument is not used.

Normal-order Applicative-order
(Ax. p) ((Ay. y) (Az. Z)) (Ax. p) ((Ay. y) (Az. Z))
—p — (Ax. p) (Az. 2)

— P

28
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Reduction strategies

Similar to (but subtly different from) evaluation
strategies in language theories

. arguments are not
B Call-by-name (like normal-order evaluated, but

1 ALGOL 60 fiirectly su.bstituted
into function body

B Call-by-need (“memorized version” of call-by-name)

[0 Haskell, R, ... Wl BEPRE1 T 110

B Call-by-value (like applicative-order)

O G, .. called “eager evaluation”

29
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=~/ Main points till now

Syntax: notation for defining functions

B “Pure”: without adding any additional syntax

(Terms) M,N :=x | Ax.M | MN

Semantics (reduction rules)

(Ax. M)N — [N/x]M (PB)

Next: programming in “pure” A-calculus

B Encoding data and operators

30
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&/ Programming in A-calculus

Encoding Boolean values and operators

B True = AX. Ay. X

B False = Ax. Ay.y

31



Programmmg in A-calculus

Encoding Boolean values and operators

B True = AX. Ay. X

B False = Ax. Ay.y not True \
— True False True

B not = Ab. b False True s False
not False

— False False True

k_) True /

32
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&/ Programming in A-calculus

Encoding Boolean values and operators

B True = AX. Ay. X

B False = Ax. Ay.y

B not = Ab. b False True and True b \
—* True b False
B and = Ab. Ab’. b b’ False b
and False b

—* False b False

\_) False /

33
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Encoding Boolean values and operators

True = AX. Ay. X
False = Ax. Ay.y
not = Ab. b False True

~ ’ ’ or True b \
and = Ab. Ab’. b b’ False _s* True True b
or = Ab. Ab’. b True b’ — True

or False b
—* False True b

\2° 2
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&/ Programming in A-calculus

Encoding Boolean values and operators

True = AX. Ay. X

False = Ax. Ay.y

not = Ab. b False True
and = Ab. Ab’. b b’ False
or = Ab. Ab’. b True b’

ifbthenMelseN = bMN

Not unique encoding

35
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Encoding Boolean values and operators

B True = AX. Ay. X
B False = Ax. Ay.y
B not = Ab. b False True
/not’ True \

B and = Ab. Ab’. b b’ False — AX. Ay. True y x

— AX. Ay. y = False
B or = Ab. Ab’. b True b’
B ifbthenMelseN=bMN not’ False

— AX. Ay. False y x
L

not’ = Ab. Ax. Ay.byXx —>7»x AY. X = TrueJ

36
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&~/ Programming in A-calculus

Church numerals

B 0= Af.AX.x (the same as False!)
B 1 =Af. Ax.fx

B 2 = Af. Ax. f (f x)

B n = Af. Ax. f"x

|3

37
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&~/ Programming in A-calculus

Church numerals

B 0= Af.AX.x (the same as False!)
B 1=A.Ax.fx

2 = M. Ax. f (f x) succ n \

n —> A Ax. f(nfx)
= Af. AXx. f7x = Af. Ax. f ((AMf. Ax. f'x) f x)

succ = An. Af.Ax. f(nfx) | = Af Ax. f(f"x)
= Af. Ax. f*tlx

= n+l /

H B B
|3

38
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&~/ Programming in A-calculus

Church numerals

B 0= Af.AX.x (the same as False!)
Af. Ax. fx
Af. Ax. f (f x)

Af. Ax. f"x
succ = An. Af. Ax. f(n fx)
succ’ = An. Af. Ax. n f (f x)

1

IN
i

H B B [
|3
Il

39
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&/ Programming in A-calculus

Church numerals ﬁzem 0 \
— AX. Ay. 0 (Az. y) x
B 0= Af. Ax.x = . Ay, (M. Ax. x) (Az. y)
X
B 1=AfAx.fx — AX. Ay. (Ax. x) X
— AX. Ay. X = True
B 2 = Af. Ax. f (f x)
iszero 1
B n = Af. Ax. f*x —Ax. Ay 1 (Az.y) x
= AX. Ay. (Af. Ax. f x) (Az.
B succ = An. Af. Ax. f(n f x) y X Ay () Bz )
. — AX. Ay. (Ax. (Az.y) x) x
B iszero= An. AX.Ay. n (Az.y) X S . Ay, ((Az. ) X)
—> Ax. Ay.y = False

iszero (succ n) >* False)4;/
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/) Programming in A-calculus

Church numerals

0 = Af. Ax. x
1= A Ax. fx
2 = Af. Ax. f (f x)
n = Af. Ax. f"x

succ = An. Af. Ax. f(n fx)
iszero = An. AX. Ay. n (Az.y) x

add = An. Am. Af. Ax. n f (m f x)
mult= An. Am. Af.nmf

41
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~J) Programming in A-calculus

Booleans

Natural numbers

Pairs

Lists

Trees

Recursive functions

Read supplementary materials: A

42
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