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[1 The algebra (and calculus!) of algebraic data
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[1 A~ (typed lambda calculus)

L1 Algebraic Data Types

B Product type
B Sum type
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Lintbool: Gratics and Dynamics

L] Syntax

[1 Semantics

L] Type Safety
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Type T ::= 1int integer
bool boolean
Termt = =z Zero
s(t) SUCCessor
true constant true
false constant false

if 1 then t; else t3 if expression

iszero(t) zero check
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~J) [intbool. seamantics

Semantics: judgements, rules

L] Dynamics

B Values: judgement aval

¢ val Introduction form
1 (V-2) (V-s) of int type
zva s(t) val (3] Nint £ & é{'}{ﬁ_))
(V-F) (V-T) Introduction form
falseval = trueval = of b°°|‘ type
(5] Abool X & &y{4) |

interpreter.mi
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- semantics

g Structural Dynamics

[1 Dynamics B35 ok £ My 3 gt
B Small-step semantics (structural) | 3 £lclosed value

Judgement: t> t'

tst! | h— 1
— (D-s) ; (D-171)
s(t) — s(t) if t1 then f; else f3 — if {] then f; else {3
(D-17,) (D-1F3)
if true then f; else {3 — o if false then fr else I3 +—+ I3
s (D ) (D ]
-ISZERO -ISZEROp)
iszero(t) — iszero(t') ' iszero(z) — true

Search transitions

RS WAT R (D-1SZER0D3)

Instructlon transitions iszero(s(t)) — false

Arhey KLY interpreter.ml 7
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Semantics: judgements, rules

L] Dynamics

B Example
if iszero(z) thens(z) elsez
— if true thens(z) else z (D-iszeroq)
— 5(z) (D-if5)
interpreter.mi
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- semantics

Semantics: judgements, rules

Statics: Type system (typing rules)
B Judgement t:7 IA& R XA & (well-typed)

t:int

(T-z) , (T-s) (T-TRUE) (T-FALSE)
z:1int s(t) : int true : bool false : bool
t1 : bool tr: T f3:T t:int
(T-1F) (T-15ZERD)
if ; thent,elsef3: T iszero(t) : bool

Elimination rules of int/bool type: % X & E&9% ik X 7T A 4749 3R4F
Introduction rules of int/bool type: 7] A% X & 4944

interpreter.mi
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Semantics: judgements, rules

B Example
if iszero(z) thens(z) else z

— if true thens(z) else z

(D-iszeroq)

— 5(z) (D-if5)
(T-z) (T-z)
Z :1int Z:1int
(T-1SZERD) (T-s) (T-z)
iszero(z) : bool s(z) : int z:int
(T-1F)

if iszero(z) thens(z) else z : int

interpreter.mi

10


https://github.com/elvinlife/ustc-fopl/blob/master/code/interpreter.ml

FEAZELK S

rsity of Sci and Technology of Chin

~J) [intbool_ sgundness

A language is safe/sound if satisfying two
theorems

L] Progress
if £ : 7 then either tval or 3t suchthatti— ¢t

[] Preservation
ift:7and t—>t then t' : 7

Prove the theorems by induction on the typing rules

interpreter.mi
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L~: Typed Lambda Calculus

L] Syntax

[1 Semantics

L] Type Safety
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7/ A~: Syntax and Values
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A~: typed lambda calculus

Syntax

Typer u=int |7, > 7,
Termtu=n|t +t |z | A(z:7).t"| ¢,

Values

n val Az : 7).t val

13
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A~: typed lambda calculus

Syntax

Typer u=int |7, > 7,
Termtu=n|t +t |z | A(z:7).t"| ¢,

14
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Type z ::==int |7, = 7,
Dynamics Term t = |t +1t, |z | Az: 7).t | tt,

B Values (V-ﬂ) (V-fﬂ)
n val Az : 7).t val

B Dynamics

t >t
1 1 D-a D-a
L, ot ) G ot PP
t >t t val t Bt
Lt —(D-add,) - __” (D-add,)
t +t, >t 4+t t +t, >t +1

n=n+n

2 (D-add,)
’I’L +’I’L |—)’I’L

15
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Type z ::==int |7, = 7,
Statics Term t ::=n |t +t, |z | A(z: 7).t |t

I': typing context
CHt :int It :int

1

— (T-n) |
n :int [t +¢, :int

L 't :z. >, T'kHt :7
@ 2 (T-fn) 1 1 2 X . (T-app)

CHAUE:r)tir >, % Tt t T,

Elimination rule
r:tel _
(T-var) Introduction rule

' of function type
I'~xz:7 of function type b ype
(ﬂkﬁiﬂ%ﬁ)(%%ﬂﬁiﬁﬁ

- VT v 4 8 4 ) )

(T-add)
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L**—: Algebraic Data Types

L] Syntax

[1 Semantics

L] Type Safety
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Product types Typer:i=--|7 X7,
|z, + 7,

Sum types

(variants) _
Term ¢ ::=---|(t,t)  ordered pair&4%

1772
t.d projection #& %
injection A : EAJRICALFE R BMA |inji=das7
casef#7: Rt RELIRCAFE G, M |case t {x, ~ ¢ |z, ~ L}
RLARICIR A x,, #EtHH; FdH RARCRA
1F3], NCRARITLAAX,, et H
Direction d ::= L | R

injection EA

18
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</ Product Types: Examples

A(x : intx int).x.L + x.R

A(x : (int - int) x int).x.Lz.R

(1,(2,(3,4))) : intx (int x (int x int))

19



AF T F EER

sity of Science and Technology of China

7/ Product Types: Examples

A(x : intx int).x.L + x.R
B H¥: StpairP AN TFE KAe

A(x : (int - int) x int).x.Lz.R

R EC Bl — AN R A — AN R R B pair, A% B
A 5 F R AR K

(1,(2,(3,4))) : intx (int x (int x int))

B HpairsFAEnTH

20
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~J)Product Types: Semantics

[] Statics

B Introduction rule
Tt :z, Tkt 1,
C'=(t,t):7, %7,

17 72

(T-pair)

B Elimination rules

'ttt %7, , I'Ft:z %7,
(T-project-L)
I'EtL:z, I'FtR:7,

(T-project-R)

21
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~J) Product Types: Semantics

] Dynamics

=t . t val t >t .
1 = (D-pair, ) — (D-pair,)
(t1’t2) — (tl,t2) (t1’tz) > (t1’t2)
t val t, val
D-pair

(Ct)val DPA)

t>t (¢,,¢,) val

— (D-proj D-proj

t.dl—)t.d( ) (tl,t2).L|—>t1( broj,)
(t,t )val

L (D-proj,)

(t,t,).R >t

2
22
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7) Record Types
Syntactic Sugar
] Syntax Type = |{l :7,,---, :7 }
Term t ::==---|(l =t,---,] =1t)
[t (1<i<k)
[] Statics

L1 Dynamics

23
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~)Sum Types: Examples

(inj 1 = L as int+ (int — int)) : int+ (int — int)

case (inj 1 = L as int+ (int = int)){z, ~ z, +1|z, ~ =, 2} > 1+1

24
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"~/ Sum Types: Examples

(inj 1 = L as int+ (int — int)) : int+ (int — int)

B FARITRAER R — N sumE R 4G4

case (inj 1 = L as int+ (int = int)){z, ~ z, +1|z, ~ =, 2} > 1+1

B HAcaseH F3sumiE o FALE, YATR LR ICH R
sumii, ®#&E z ~xz +1 HH, 52 1+1

25
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Sum Types: Statics

[] Statics
B Introduction rules
I'Ht:z .
- (T-inject-L)
I'Finjt=Last +7,:7, +7,
I'Ht: 7 .
— : (T-inject-R)
I'Finjt=Rast +7,:7 +7,

B Elimination rule

I'ttiz +7, Lyx iz Ht:7 Lz 7, bt 7

(T-case)
FFcaset{x, ~t |z, ~1}:7

26
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Sum Types: Dynamics
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Dynamics
Lt (D-inject, )
B Inject infjt=dastH—injt'=dasr 1
t val
D-inject
injt=dasz'val( Ject)
B case

t—>t

, (D-case, )
case t {x, ~t |z, ~t}>caset {x ~1 |z, ~1}

t val

— (D-case,)
case injt=Last{z, ~t |z, ~t}>[t/z]t

t val

_ (D-case, )
case injt=Rasz{x, ~t |z, ~t}>[t/z]t, .
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7/ Type Algebra

[] void and unit types (\oid2 £ 4 tgfexm )

Type 7 ::=--- | void | unit unit® £ 5-a R £ 2
peEs null Runit &% 89+ —1{&
Term ¢ ::= --- | null void X & A 14 Y,
B AAFNER(r| &2 T RRENINK)

| 7 x unit| =| 7 | | 7+ void| =| 7 |

B 3= 7=bool, & bool x unit &3 (true, null), (false, null)
O Runit A pair , X 808E 46 10 FE ARG IS HAE 2
Z# bool + void BEFH~{E inj true = L as bool + void

inj false = L as bool + void
The algebra (and calculus!) of algebraic data types

28
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Some Useful Sum Types
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1 Enumerate types
#]: ARG E

B XA card = unit+(unit+(unit+-unit))

B F|AM KX (fi) : hearts|spades | diamonds | clubs
hearts = inj null = L as card

spades = inj (inj null = L as (unit+(unit+unit))) = R as card

case heartsascard{]"l|]”2|ﬁ),|ﬁl}=ﬁ*
case spadesascard{fl|j-’2|f3|j-;}=j-‘2*

29
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<~/ Some Useful Sum Types

L] Option types
m XA option_ 2 unit+7
B 3AHX (J) ; nul | just(M)

null £ inj null = L as option_

just(M) = inj M = Ras option, M:z

B AR

ifnull : option_ — (unit - p) > (v > p) > p
ifnull null {4 _:unit.e | Az :7.e,} > e

ifnull  just(M) {4 _:unit.e |Az:7.e,} > [M / zle

2

30
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<~/ Some Useful Sum Types

B 55T fax ——optionRBIME N Z—

B £O0EF ¥, A RARAS A4, FRM5 AT
R, FRELE 3| AT P R A

B e TiE S AT AR
L SR KB null < 7 —bool

If null(e) then ...error...else...0k ...
B EREZRAFFHARERE, RE: 1)) T4
)R AL R F R HATE R4S A
B f#: Moption #MAERBArGTHRMERA, HMARH
AT RBHE, REAZ.
HEH A ifnull_e {A_:unit. ...error...| AX:z. ...0k...}

31
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<7/ Reduction Strategies

BRI S S HERR
B TARNBERSEF— T THRELEENTFEEA#ITEY
B HEWBESR: F—TaF- N/ T—F =4
B RSN BEARRER T RN TREX
MERYAL: VFLREE
B a2y ReE: RAB| AR, HEF, cRARM:
e RXRF(e)=e', AR ZLe e
B TR &

eval (e ) =

1

e, if F(e

2

{el if F'(e,) is not defined

) =e€; and eval (e) = e

1 2

32
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Reductlon Strategies
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], Fe, —e,'He, oe,, (A o.e;) e, T KA £ 5%

B [e,/x]e: RARSNPEY, RA)IY, HHEY. FTHK
&R, AL R
FePAMSXNZREAL, Ae,REXKEHRAKFT R S
Ne,, Ame,aHLETE S K.

B (AX:.c.e)e,: EBRANFTRENR, ARAYBTARAM
e, LN, M(AXio.e)e,amPARESLIL.
F,ARLNLERTRER, WREABAHFTABALE RS
e, £k

B (Ax:o.e") e, ERABte,ARE “HiL” HBAX 0.6
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