Fall 2018

General Recursion

Yu Zhang

Course web site: http://staff.ustc.edu.cn/~yuzhanag/tpl


http://staff.ustc.edu.cn/~yuzhang/fpl
http://staff.ustc.edu.cn/~yuzhang/fpl
http://staff.ustc.edu.cn/~yuzhang/fpl
http://staff.ustc.edu.cn/~yuzhang/fpl
http://staff.ustc.edu.cn/~yuzhang/fpl
http://staff.ustc.edu.cn/~yuzhang/fpl
http://staff.ustc.edu.cn/~yuzhang/fpl
http://staff.ustc.edu.cn/~yuzhang/fpl
http://staff.ustc.edu.cn/~yuzhang/fpl
http://staff.ustc.edu.cn/~yuzhang/fpl

Recap

o 7\‘X1+1 —>

- Terms: introduction and elimination forms of a type
- Statics: introduction and elimination rules
- Dynamics: values, structural small-step semantics
- Type safety: progress and preservation
* Type Algebra
- void (0), unit (1), bool (1+1), Maybe a (a+1),
Either a b (a+b), (a,b) (axb), a->b (b?)
» Useful sum types: enumerate, option
- Why using option_?
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https://codewords.recurse.com/issues/three/algebra-and-calculus-of-algebraic-data-types

Recap

* Reduction strategies (Au.Avv)((Az.z z)(Az.z T))

- Normal-order reduction: left-most, outer-most redex first

- Applicative-order reduction: left-most, inner-most redex
first
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Recap

* Reduction strategies (Au.dvv)((Az.z z)(Az.x T))
- Normal-order reduction: left-most, outer-most redex first

(Au.Avo)((Az.x x)(Az.x x))

— Av.v

- Applicative-order reduction: left-most, inner-most redex
first

(Au.Avw) (Az.x x)(Az.x T))
- (Au.Av.v) ((Az.x z)(Az.x x))
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Recap

* Reduction strategies similar to (but subtly different
from) evaluation strategies in language theories

- Call-by-name (like normal-order arguments are not
evaluated, but

« ALGOL 60 directly substituted
into function body

- Call-by-need ("memorized version” of call-by-name)

. Haskell. R called “lazy evaluation’,
A avoids repeated evaluations
- Call-by-value_(like applicative-order)
e C called “eager evaluation”
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References

 PFPL
- Chapter 9 System T of Higher-Order Recursion

« System T:. well-known as Godel's T

- Chapter 19 System PCF of Recursive Functions
- * Chapter 20 System FPC of Recursive Types

« TAPL
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Outline

Recursion theorem

Recursive function
- Example: factorial function in Lua

- General recursor (fix . operator) and general recursion
o (—iBANFI—ARIET)

Statics & Dynamics

(Briefly intro.) Recursive types
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Recursion Theorem

* Recursion theorem : computabllity theory
« Computable functions (RI1TERAZY) f

- fis computable if it can be calculated by a finite
mechanical procedure

- 1936 Church(3£): computable functions are general
recursive functions (—fi&iEFEREL)
(F|Z PEFE A Entscheidungs problem )
= Kleene i 20 # 2 =1 F 4K 7| \ untyped A calculus



Recursion Theorem

* Recursion theorem : computabllity theory

« Computable functions (RI1TERAZY) f

- 1936, Turing(ZR): 2 Turing#/l,any computable function
is Turing computable —Church-Turing Thesis (18=)

- 1936, Kleene(3) : UEBB—RIBIFEREHE Turingf/LFrLT
HHIRREN -

BIB-- BIAT
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Recursion

« Example: factorial function in Lua

local function fact(n)

if n==0thenreturn 1

else return n * fact(n - 1) end
end

Can we represent the recursion as any other kind of term?

localx=0

localy=x+y x
* A new kind of function where f is a variable: fn f(x: 7).t

fn f(x :int).if £ = 0 then 1 else x * f(x —1)
Self-reference

Yu Zhang: General Recursion 10




Recursion: self-reference

* Dynamics

t, val
(fo f (x: z').tl) t, > [t2 [x,(fn f(x: z').tl) / f] t

(fo f(x : int).if £ = 0 then 1 else x * f(x —1)) 2
- (2 / z,(fn f(x : int).if £ =0 then 1 else x * f(x —1)) / f]
if £ = 0 then 1 else = * f(x —1)
= if 2 =0 then 1 else 2 *
(fn f(x: int).if £ =0 then 1 else = * f(x —1))(2-1)
> if false then 1 else 2 *
(fn f(x : int).if £ =0 then 1 else x * f(x —-1))(2-1)
> 2 * (fn_f(x :int).if £ =0 then 1 else  * f(x —1))(2 -1
Need generalize the mechanism to work for any term!

(D-recapp)
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General Recursion: fixpoint operator

 General recursion(—fZiEBI3TL): fix(A(z : 0).t)
- Read this as "atermtwhere x =t~
« Example fn f(z:int).if = =0 then 1 else x * f(x —1)

Use fixpoint operator fix:
fix(A(f : int — int).A(zx : int).if = = 0 then 1 else x * f(x —1))

F = A(f : int = int).A(z : int).if = = 0 then 1 else z * f(z —1)

* What is the type of fix ?
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General Recursion: fixpoint operator

 General recursion(—fZiEBI3TL): fix(A(z : 0).t)
- Read this as "atermtwhere x =t~
« Example fn f(z:int).if = =0 then 1 else x * f(x —1)

Use fixpoint operator fix:
fix(A(f : int — int).A(zx : int).if = = 0 then 1 else x * f(x —1))

F = A(f : int = int).A(z : int).if = = 0 then 1 else z * f(z —1)

* What is the type of fix_ ?

fix :(c—>0)>0
e.g. o Is int->int for the above factorial function example

Yu Zhang: Genera | Recursion 13



Fixpoint

* Fixpoint: If F: o — o is a high order function, then
the fixpoint of Fis z:0 where F(z)==

 Fixpoint operator fix
- Equality Axiom: fix,=4f:0 > o.f(fix, f)
- fix F=F(fix F) generates a fixpoint of F
- Reduction Rule:fix_+ Af:0 — o.f(fix_ f)
« Example: fact = fix. . .. . F, factis a fixpoint of F
fact n = (fix F)n = F(fix F)n
= (Af :int > int.Ax : int.if © = 0 then 1 else = * f(x —1))

(fix F)n
= if n = 0 then Yélg&mw*{(fix F)(n —1) -



Some Examples of Fixpoints

+ BREER T RRERIAR R

+ [BEFREHIARR

L
~

EEESE NG SIS

* F = A(f:int = int).A(n : int).if £ = 0 then 1 else = * f(x — 1)

INESHIIE]




Some Examples of Fixpoints

+ BAE LRI RRERIAR R

-0 and 1

+ BEFREIIATIR
- A

o« RHRRRERIA TR
- 75

* F=2A(f:int = int).A(n : int).if = 0 then 1 else = * f(x —1)
INESHILE]
- Fi3feEREX




General Recursion: Semantics

« General recursion: fix(A(x : 0).t)
- Fixpoint of F: fix(F) = F(fix(F))

» Statics _—_—
:0 >0 (T-fix)
I Hfix(t): o
Dynamlcs t—>t (D-fix ) Which reduction
fix(t) - fix(t') : strategy ?

(D-fix,)
fix(A(x: 0).t) > [fix(A(x : 0).t) / x|t

Unwinding
the recursion
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General Recursion: Semantics

« General recursion: fix(A(x: 0).t)
- Fixpoint of F: fix(F) = F(fix(F))

* Statics _—_
(T T (T-fix)
I Hfix(t): 7
Dynamics t ¢ (D-fix ) Normal-order
fix(t) — fix(t") ! Reduction

(D-fix,)
fix(A(x: 0).t) > [fix(A(x: 0).t) / x|t

Yu Zhang: Genera | Recurs ion
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Recursive Types

« Examples: list
- natlist = null: unit + cons: nat x natlist
c ZFESBPAENX
- Recursive types: introduce a recursive operator
natlist = x4 t.null: unit + cons: nat x t

}Enatlist BN 9i#E t = unit + cons: nat x t FY7c35HYREY
* What's relationship between ut.zand [ ut.z/t]r
- Equiv-recursive(fBE5EI3) : ptr=[ut.clt]r
- AR : RERIEASBLEN

- Iso-recursive(BEfIEIT) : utr 5[ ut.cit]r ERHERE
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 Examples

|Iso-Recursive Types

- Recursive type: natlist = x t. null:unit+cons: natxt

- Expansio

n (or unrolling)

* null:unit+cons: natx x4 t.(null:unit+ cons: natxt)

¢ Syntax
Types ¢
Expr’s e:
HsIEA
rec(t.7)

fold[t.z](e)
unfold(e)

c=tlrec(tr)  tBRTREIZBHITRE

.= fold[t.z](e) | unfold(e)
BiNEX
ut.r B8 |, HREFUArec(t.7) /t ]z
fold(e) SINFZZS  thE& , e [rec(t.z) /t]r
unfold(e) BEFIC : BFF, e:rec(t.7)

Yu Zhang: Genera | Recursion
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|Iso-Recursive Types

e Statics T
- —RRES © A7 type Al pe AT iype
- \B—/EEIRASFANG typefORIRES A larr(min) type
- KRBT At type | T type

A | rec(t.7) type

- FRUR=S ; T he:r
[Fe:[rec(t.T)/t]T
[+ foldlt.1](e) : rec(t.T)

[Fe:rec(t.T)
[ - unfold(e) : [rec(t.T)/t]T
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|Iso-Recursive Types

eageriz > T, e& 4, N }

* Dynamics fold ) XA
{eval}
fold[t.71] (e) val %[eageri%XT,eﬁi%ﬁm‘i }
{ e — ¢ ! } 8, 0] 2L /2 fold F 12 4
fold[t. 1] (e) — foldlt.t](e")
e e f ke op n
unfold(e) — unfold(e’) Lf&ﬁﬁjﬁi’ ) 3}2{}%&}
{eval}
unfold(fold[t.1](e)) —e eageri&d L T A {HedAT
o5 (lazy) i 345 }ths@%mmuazﬁﬁifo'dﬁ“”fo'd’ e }

o 2] (eager)1E X BLE{ Y BN N B A $

« Safety(fg)
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