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Types and Propositions

* Types and programs
- Type: specify a behavior; Program: implement a behavior
- Statics: relate a program to the type it implements

- Dynamics: relate a program to its simplification by an
execution step

* Propositions and proofs
- Proposition: pose a problem; Proof: solve a problem

- Formal logical system: relate a proof to the proposition it
proves

- Proof reduction: relate equivalent proofs
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Curry-Howard Isomorphism

Propositions as types principle:

ldentify propositions with type and proofs with
programs

- A proposition Is the type of its proofs, and a proof is a
program of that type.

- Every theorem has computational content, its proof
viewed as a program.

- Every program has mathematical content, i.e., the
proof that the program represents.

Concepts in PLs <« Concepts in Logics
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Logics

» Constructive logic fa1&i1Z4E

- Judgements: ¢ prop means ¢ Is a proposition;
¢ true means the proposition ¢ Is true

- @ true exactly when ¢ has a proof.
—¢ true exactly when ¢ has a refutation.

* V¢ true Is not universally valid.
» Classical logic 25145
- Every proposition is either true or false

- The law of the excluded middle (HEH1E
« V¢ true Iis valid for all propositions ¢.
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Constructive Logic

« Structural properties of the hypothetical judgement
- I'is a set of hypotheses.

[, ¢ true - ¢ true [, ¢ true, ¢ true - 6 true
[+ ¢ true T, ¢ true b o true [, ¢ true - 0 true
[+ ¢ true [, 4 true, ¢ true, [ I 6 true
[k 4 true [, ¢ true, ¢ true, [ - 8 true

[, ¢ true - ¢ true

* Propositional logic
- Syntax p=T|LIaAd| oy d| o= b

T true, L false, A conjunction, v disjunction, = implication
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Constructive Logic: Rules

 Rules

- Introduction rules: a “direct” proof of a proposition
formed from a given connective

- Elimination rules: exploit the existence of such a proof in
an “indirect” proof of another proposition

» The principle of conservation of proof UEBA<FIBERE
- These rules are inverse to one another.
o HZERINI R BEMENS I NARUFTS INBYER (MEBRRZZL )
 AJLAMERS I NIINAEIEUERR |, B X zUER.

gpun




Constructive Logic: Rules

 Truth (no elimination) T 1e

« Conjunction
[+ ¢ true T F o true

[+ ¢ A true
- Elim. [ b/ j]I[_:' true T F ¢ !]f.? true
[+ ¢ true [+ true

- Intro.

 Implication
I', ¢ true - y true

- Intro. ' ¢ =y true

- Elim. 1"|—¢:>v/true 1"|—¢true

I' -y true



Constructive Logic: Rules

B _ [ L
~alsehood(no intro.) [F ¢ ;:LLE

Disjunction
[+ ¢true T F 4 true

- Intro.
[ Vvtrul ¢V true

- Elim.
v true T,¢truel6true I,y truel @ true
[+ @ true




Rules of Proof

« Key to the propositions-as-types principle
Make the forms of proof explicit

- The basic judgement ¢ true, which states that ¢ has a
proof, is replaced by the judgement p : ¢, stating that p
IS a proof of . (Sometimes p is called a “proof term”,
but we will simply call p a “proof.”)

- Hypothetical judgement: X, : @, ... X, i@ Fp:¢
* The rules of constructive propositional logic may
be restated using proof terms.



Rules of Proof

Truth ' truel: T

Conjunction

FEp:g I'bq:y THp:pay THp:pay

I'andl(p,q): 9 Ay Tt andE[l](p):¢ T FandE[r](p):w
Implication

Fx:pbFp:y 'Ep:pg=>y I'Fq:¢
I' Fimpl[g|(z.p): ¢ = v I' - impE(p,q) : v
Falsehood Lrp:d
I'-falseE[¢] (p): g

Disjunction Tkp:¢ Tkp:y

I'ForIl][y](p): ¢ vy I'Forllr][g](p): o vy
F'-p:gvy TLx:dbqg:0 T,y:whkr:0
ToitncovE] gy dbpie.q, y.r) : 6 12




Propositions as Types

* Proposition ¢ and its type ¢*

Prop. Type
T unit SFRZEHY
1 void it
DA W P x yr g 2C- i
AR ¢ +y* ) y7 NS

d=y P* — y* RRIZNSEY




Proofs as Programs

WERA T2

truel * =I5 |
falseE[4](p) Zero?*(p*) HRNBEE
andl(p, Q) p*, q*) “JTRRRYSIA
andE[1](p) Proj,(p*) 2 =P
andE[r](p) Proj,(p*) 2 NP
impl[ ] (x.p) A X:*.p* M ESILlISEIPN
impE[4](p, q) p* q* BREEEEIATEES
orl[11[vA(p) Inleft(p*) —JoAORYs I
orl[r][4](p) Inright(p*) —ITFARYSIAN

orE[¢; Y](p, x.q,y.t) Case p*(h X:¢*.q*)(A y:w*.r?) ZIohAlBYiEZE
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Curry-Howard Isomorphism

e Theorem

1. If ¢prop , then ¢* type ;
2.1f 'Ep:¢, thenI'™ Fp*: 0" |

- [RBRE

.

ande[l](andl(p, q)) =p
andE[r](andl(p, 9)) =q

HapRANSSEY, AR L

IMpE[¢ ](Impl[# ](x.p), a) = [a/X]p
orE[g,y 1(orl 1Ly 1(p), x.q, y.r) = [p/x]q
orE[g y 1(orl[r]l¢ 1(p), x.q, y.r) = [p/y]r
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FARFNTE R < [BIRYRRESIT M R R
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Classical Logic

« Judgements

« ptrue : FTrg B— 1 EHipk
¢false . ZE/J\¢ | 1E§np%_ﬁ_
« # IR ST A

- Hypothetical judgement
¢ false, - - -, @y, false; 1) true,---, 4, true = J

- J B ER=MMEZ— , ArRmARRNRIRE | ARTARE

1E -LXZE

AI' - ¢ false AI' - ¢ true A, ¢ false I - ¢ false
Al = #

AT,¢ true - ¢ true



Classical Logic

« Semantics (omitted in this class)

- Learn by yourself if you are interested
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Logic Programming
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http://staff.ustc.edu.cn/~yuzhang/fopl/2018s/logic-programming.pdf

Logic Programming

* Logic program
- Facts
- Rules for deducing further facts

likes(john, mary).

likes(mary, bethany).

likes(X, Y) :- likes(Y, X).

likes(X, Z) :- likes(X, Y), likes(Y, Z).

« Datalog engine:
http://abcdatalog.seas.harvard.edu/
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Unification

* Query
- likes(john, X)?
* Query engine

- Check the query against every deducible fact to see Iif
they match

 Unification

- A procedure that attempts to produce a substitution

that makes two terms equal.
[X = mary] likes(john, X) = likes(john, mary)
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Applications

* Family trees

parent(john, mary).
parent(bethany, john).
grandparent(X, Z) :- parent(X, Y), parent(Y, Z).

married(bethany, luke).
parent(X, Z) :- married(X, Y), parent(Y, Z)



Implementation

o Saturation

o Unification



Logic Programming

« About the assignment 4: Logic Engine

1.

Represent and implement List in both ML and Lua

Do Part 1 of the assignment 4

_earn and Practice Datalog

2
3.
A

Do Part 2 of the assignment 4
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