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Recap

» General recursion
- Fixpoint operator:  fix :(oc >o0)—>o0
- Fixpoints: fix F=F(fix F)

F 2 A(f : int - int).A(z : int).if = 0 then 1 else = * f(x —1)

Factorial function is the following fixpoint

fix . (A(f:int — int).A(z : int).if = = 0 then 1 else z * f(z — 1))

* Type inference
- unification
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- Chapter 16 System F of Polymorphic Types
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Discussion

* Interpreter.ml

- Some, None, option
let rec typecheck (t : Term.t) : Type.t option =
match t with
| Term.Z -»> Some (Type.Int)
| Term.S t° ->
let tau = typecheck t' 1in
(match tau with
| Some Type.Int -»> Some (Type.Int)

| _ -> None) module Type = struct
| Term.True -> Some (Type.Bool) type t =
| Int
| Bool
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https://github.com/ustc-fopl/2018s/blob/master/code/interpreter.ml

Outline

Various polymorphisms

Polymorphic types: vXx.r

- Procedural abstraction

Data abstraction: existential types 3X.z

- Abstract data types, Generic abstractions

Overloading and type classes

Subtyping
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Various Polymorphisms

Static polymorphism: binding at compile-time

 Parametric polymorphism (£t Z7%)

- polymorphism (FPL), templates, generics (OO)
* Ad-hoc polymorphism

- Overloading: function or operator overloading

- Coercion: implicit type conversion
Dynamic polymorphism: binding at run-time
» Subtyping (inclusion) polymorphism

- Inheritance, virtual function



(Parametric) Polymorphism

« Example: identity function
- write different function for different type:

A(x :int).x  A(x:int - int).x
- But in Ocaml, we can write the function:

letid = fun x ->x id : 'a->'a where 'ais type variable
- Typed lambda calculus
* Foranytype o, A(x: a).z Aa.Alz: a).x
* Type application: (Aa.A(z : a).z) [int]
- [int/ a](A(z : @).x) = A(x : int).x

* Features
- Single algorithm may be given many types
- Type variable may be replaced by any type
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More Examples

* Polymorphism occurs frequently in data structures

let x :int list = [1; 2] in polymorphic type
lety : string list = ["a"; "b"] in
let z : int tree = Node (Leaf, 3, Node(Leaf, 2, Leaf))

type 'a tree = Node of 'a tree * 'a * 'a tree | Leaf “jf 'atreeis a ]

- tree Is not a type but a type constructor: takes a type as input
and returns a type

* int tree
e string tree
 (int * string) tree
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A" Formal Semantics

¢ System F - Syntax

Type 7 ::= ...
| X type variable
| VX.z polymorphic type
Term ¢t ::= ...
| AX.t type function -- introduction form of V X.7
|t [7] type application -- elimination form of V X .z
+ Statics

A contains type variables and I' contains term variables
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A~ Formal Semantics

Typer u=...| X |VX.r
* Syntax Term t ::=...| AX.t|t][7]
« Statics:
Well-formed types A, X type - 7 type

A, X type - X type
Typing rules of terms

A -V X.t type

A X typesI' =t : 7 AT HE: VX,
T-tf
A;FFAX.t:VX.z'( ") AT = tz,]: [z, /| X]7,
 Lemma (Substitution)

(T-tapp)

1. If A, X type 7' type and A+ 7 type, then A [z / Xz’ type.
2. If A, X type;T -t :7" and A+ 7 type,

then A;[r / X|T' H[r/ Xt' : [z /] X]7'.
3.If AsTsx:z bt i7" and A;T ¢z, then AsT [t/ x|t': 7',
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A" Formal Semantics

Typer:=..| X |VX.s
* Syntax Term t ==...| AX.t|t|7]
 Statics
* Dynamics ,
(D-tfn) ————— (D-tapp,) (D-tapp,)
A X.t val t[r]:t' [r] VO(AXY) [r] e [ Xt ’

 Lemma (Canonical Forms)
If t:7 and t val, then

IL.Ifr=7 >7,thent=Ax:7 .t withxz:7 -¢:7,.
2. If - =VX.7, then t = AX.t' with X type - ¢": 7'.
« Theorem (Safety)

(Preservation) If t:7 and t+> t', then t': 7.
(Progress) If t: 7, then either ¢t valor ¢ > t' for some t'.
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Example

* Polymorphic composition function

* Polymorphic composition function type



Example

* Polymorphic composition function

AXAYAZAf:Y > ZAg: X >Y Az: X.fgx

* Polymorphic composition function type

VXVYVZ(YY>Z)>(X>Y) > X > Z
=VXVYVZ(Y>Z) > (X>Y)> (X > 7)
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Data Abstraction

 Interface
- A contract between the client and the implementor

* Implementations

- Satisfy the contract

- One implementation can be replaced by another without
affecting the behavior of the client

Data abstraction is formalized by
extending System F with existential types
- Interfaces: existential types that provide a collection of
operations acting on abstract type

- Implementations: packages, the introduction form of
existential types
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Modules in OCaml

 Different implementations of Counter

module IntCounter = struct
typet =int
let make (n:int):t=n
letincr (ctr:t) (n:int) : t=ctr+n assert((IntCounter.get ctr) = 8);
let get (ctr: t) : int =ctr assert(ctr = 8)

end

let ctr : IntCounter.t = IntCounter.make 3 in

let ctr : IntCounter.t = IntCounter.incr ctr 5 in

module RecordCounter = struct
typet={x:int}
let make (n :int) : t={x=n}
letincr (ctr:t) (n:int) :t={x=ctr.x + n}
let get (ctr: t) : int = ctr.x

end
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Modules in OCaml

* Interfaces * Implementations
- module signature - modules

module type Counter = sig module IntCounter : Counter = struct
type t type t =int
let make (n:int) :t=n
letincr(ctr:t) (n:int):t=ctr+n
let get (ctr: t) :int =ctr

end

val make :int->t
valincr: t->int->t
val get : t->int
end
module RecordCounter : Counter= struct
typet={x:int}
let make (n :int) : t ={x =n}
letincr (ctr:t) (n:int) : t={x=ctr.x + n}
let get (ctr : t) : int = ctr.x
Y Zeapcholymorphisms 16



Modules in OCaml

* Interfaces * Implementations

- module signature - modules

module type Counter = sig module IntCounter : Counter= struct
type t type t =int
let make (n:int) :t=n
letincr(ctr:t) (n:int):t=ctr+n
let get (ctr: t) :int =ctr

end

val make : int->t

valincr:t->int->t

val get : t->int
end

let ctr : Counter.t = IntCounter.make 3 in
let ctr : Counter.t = IntCounter.incr ctr 5 in
assert((IntCounter.get ctr) = 8);

assert(ctr = 8) =mPg
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Packing of a Package

IntCounter can be represented as

{int, (An : int.n), (Ac: int.An : int.c + n), (Ac : int.c))}

make ncer get

as 3X.((int > X)x (X — int > X) x (X — int))

packing of a “package” -- introduction form

« Package

- Implementation: the second term in the curly braces
(An :int.n), (Ac:int.An : int.c + n), (Ac : int.c))

make incr get

- Interface: the type after as keyword
3X.((int > X)x (X > int > X)x (X > int))

- Abstracted type: the first term in the curly braces, I.e. int
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Unpacking: eliminating a package

* Unpack: enable a client to use a package

unpack {X,p} = ({int, (...)} as IX....) in
let c: X = p.L.L 3 in
letc: X =p.L.Rcb5in
p.R c

let ctr : IntCounter.t = IntCounter.make 3 Iin
let ctr : IntCounter.t = IntCounter.incr ctr 5 Iin

IntCounter.get ctr



A" Formal Semantics

¢ Syntax

|dX.7 existential type, i.e. some(X.7)
Term £ ::= ...
| {p,t} as 3X.z type pack, introduction form of I X.7

t is the implementation of the package

p is the actual representation type of X
dX.7 is the interface with the abstracted type X
| unpack {X,z} =% int, type unpack, elimination form of 3.X.7

t 1is a package by binding its representation type to X

and its implementation to x

t, is the client code to use the methods of a package
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277" Formal Semantics

T n=..|dX
* Syntax ypet X7
Term t ::==...|{p,t} as IX.7 | unpack {X,z} =t in ¢,
* Statics A, X type F 7 type
A F3dX.T type

A ptype A, X typetrztype AC'Ht:[p/ X]r
AT H{p,t}asIX.7: I X7

(T-pack)

AT Rt 33X A Xtypgz:cht, : 7' A7 type

(T-unpack)

A;T - unpack {X,z} =t int :7'

r’;%clientﬁﬂﬁﬁéé%%@
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277" Formal Semantics

T w=..[dX
+ Syntax ypet [3X.7

Term t ::= ... | {p,t} as 3X.7 | unpack {X,z} =t in ¢,
« Statics
 Dynamics (D-pack)

{p,t} as A X.r val

t >t

' (D-unpack )
unpack {X,z} =1 in ¢ > unpack {X,z} =% int

2

. (D-unpack,)
unpack {X,z} ={p,t}asIXcint > [p/ X, 1/ x|t
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*Definability of Existential Types

- SINFERENER  XNEUEHsHTEIR
s FERETRESESSRE (2R ) EX
- A0 EYclient S t, RLASRREE X ASEHIZSRRAZL
unpack {X,z} =1t int,
AT HE :3Xe A XtypeIz:tHt :7° A7 type
A;T F unpack {X,z}=¢ int :7'

(T-unpack)

: 31Xz E—{ package (BIRLH) , ¢, : 7' Rclientftis
- Cllentﬁﬁ%ZIS RERXEEN VX7 - o SR, X AJaeH
DT, BERASHIE o'
- FERBE—MSEREERE 3IXr = VY.(VXT 5 ) >V
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*Definability of Existential Types
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Type Quantification Is not sufficient

« Quantification over types Not sufficient to model

- VX.r models generics . » many programming situations
of practical interest.

- 3X.r models abstraction

« Examples (not just type quantification)

- Abstract families of types

* e.g.7 list An infinite collection types sharing a common
collection of operations on them

- Interrelated abstract types

* e.g. a type of trees whose nodes have a forest of child
and a type of forests whose elements are trees
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*Constructors and Kinds

« Quantification over kinds, than just types, e.g. over

- type constructors: functions mapping types to types

- type structures: tuples of types

 Kinds: classifying constructors
- Static layer: use kinds to classify constructors
- Dynamic layer: use types to classify expressions(terms)

The two-layer architecture models phase distinction.

« Constructors are the static data of the language.

« Expressions (terms) are the dynamic data of the language.
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A77% Grammar

Kind x ::= Type the kind of types Type 7 == c

Cons c ::=

Kl —> K2
K, XK,

X
c—c
VX it k.c
AX i k.c
clc,]
(c;5c,)
c.d

unit

type constructors Term ¢ ::= = variable

type structures Az :7.t  abstraction
type variable t t, application
function type AX :: k.t type abstraction
universal type t|c] type application
operator abstraction

operator application
operator pair

operator projection, d: L|R
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*Constructors and Kinds

More details are not discussed In this course.

But If you are interest, you need further learn to
understand:

More judgements specifying static semantics of
constructors and kinds

« Constructor / type /expression formation

Rules for constructor formation

Substitution lemma



*Modularity

* References: [PFPL Chapters 42-44]

« Syntax Is divided into more levels
- Expressions classified by types
- Constructors classified by kinds

- Modules classified by signatures
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Summary: Generic Abstractions

« Parameterize modules by types

» Create general implementations

- Can be Iinstantiated in many ways

« Language examples
- Ada generic packages
- C++ templates, e.g. C++ Standard Template Library(STL)

- ML functors
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