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Space-Time Discontinuous Galerkin Finite Element Methods

Motivation of research

e In many applications one encounters moving and deforming time-dependent flow
domains:

v

Aerodynamics: helicopters, maneuvering aircraft, wing control, surfaces
» Fluid structure interaction,

» Multi-Fluid flows,

» Free surface problems,

» Local time-stepping (not discussed).

o A key requirement for these applications is to obtain an accurate and conservative
discretization on moving and deforming meshes.



Motivation of Research

Other requirements

e |Improved capturing of vortical structures and flow discontinuities, such as shocks
and interfaces, using hp-adaptation.

o Capability to deal with complex geometries.
e Excellent computational efficiency for unsteady flow simulations.

These requirements have been the main motivation to develop a space-time
discontinuous Galerkin method.



Overview of Lecture Il

e Space-time discontinuous Galerkin finite element discretization for compressible
Navier-Stokes equations

e Applications in aerodynamics

e Concluding remarks



Geometry of Space-Time Domain for Three-Dimensional
Time-Dependent Problems

Consider an open domain £ C R*.

A point x € £ has coordinates x = (xg, X) with xo = ¢, t time, and X the spatial
coordinates.

e The flow domain (¢) at time t is defined as

Q(t)::{XEg|X0:t,to<t<T}.

The space-time domain boundary 9€ consists of the hypersurfaces

Qt) :=={x € 0& | xo = o},
QT):={xe€d&|x =T},
Q:={x€d|th<x<T}



Definition of Space-Time Slab

Consider a partitioning of the time interval (fy, T): {tn},’;’zo, and set In = (tn, th11)-

Define a space-time slab as Zn := {x € £| xg € In}.
Split the space-time slab into non-overlapping elements ICIF’.

We will also use the notation KI." = ICI’.’ N {t} and K/."+1 = ICJ'.’ N {ty+1} and
Qf = 9K\ (KM UK™™).
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Compressible Navier-Stokes Equations

e Compressible Navier-Stokes equations in space-time domain £

o, | OFEU) _OFY(U,VU) _
0Xp OXk OXk N

e Conservative variables U € R5 and inviscid fluxes F& € R5%3

p pUk
U= pyj| , er = | pUjlx +p6jk .
pE (PE + p)u



Compressible Navier-Stokes Equations

e Viscous flux F¥ € R5%3

0
F;(/ = Tik ’
Tiilj — Gk

with the total stress tensor 7 is defined as

ou; 8u,- Ouk
W Nt ¥ ¥ e R S
Tik ax; Ok +#(8Xk + 8Xj)

e The dynamic viscosity coefficient . given by Sutherland’s law

0 _TOO+TS( T)3/2

Teo

too T+ Ts

where T is the temperature, Tg a constant and (-) denotes free-stream values.

e The second viscosity coefficient X is related to u following the Stokes hypothesis
3\ +2u=0.



Compressible Navier-Stokes Equations

e The heat flux vector g is defined as
oT
= —K—
[e/3 Xk
with « the thermal conductivity coefficient.
e The system is closed using the equations of state for a calorically perfect gas.
1 1 1
p=(y—1)(pE - EU/‘U/L T= C*V(E* EU/U:'L

with v = ¢p/cv.
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Compressible Navier-Stokes Equations

e The viscous flux F¥ is homogeneous with respect to the gradient of the
conservative variables VU

oy,
F,-;'?(U7 VU) = Aikrs(U)aixra
s

with the homogeneity tensor A € R5*3%5x3 defined as

OFY (U, VU)

Airs(U) = av0)
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Geometry of Space-Time Element

K
Geometry of 2D space-time element in both computational and physical space.
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Space-Time Element Definition

o Definition of the mapping G, which the connects the space-time element K" to

the reference element £ = [—1,1]*
GL:[-11]* = K" 6 — x,
with
(x0:%) = (3t + tr1) + 3 (tr — tas1)éo,
101 - @) FRE) + (1 + &) R (9)).

o Here F: [-1,1° — K", F™" . [-1,1] — K™ are the mappings for the
space elements, with

8
Fl:K—=K":E—sX= ZX/'(K”)X/(E_)7
=1

with x;(K™) € R3, 1 < i < 8, the spatial coordinates of the vertices of the
hexahedron K™ at time tp.

e For Fﬁ“ we have a similar expression using the vertices at t = t,1.
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Space-Time Element Definition

e The space-time tessellation is now defined as
Ty = {K=GiK)| K € Ty},
with 7," the tessellation of Q(t).

e The space-time normal vector at an element boundary point moving with velocity
v is given by

(1,0,0,0)  atK(t, ),
n= (_1707070) at K(tIT)7

(—Vkﬁk,ﬁ) at Q".
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Approximation Spaces

e The finite element space associated with the tessellation 7}, is given by

Wy = {W € (L3(&n))® : Wk o Gk € (PK(K))®, VK € Th}.

o We will also use the space

Vi = {V € (L3(&r))%® : V| o Gk € (PK(K))®*3, VK € Th}.

o Note the fact that V, W}, C V), is essential for the discretization.
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Trace Operators

The jump of f in the Cartesian coordinate direction k is defined at internal faces as

[flx = f-nk + fAnf.

e The average of f is defined at internal faces as

£y = S+ 7).

The jump operator satisfies the following product rule at internal faces

loifklk = L9} fwlxk + [ailk LT}

Relation between element boundary and face integrals

3 /Q gtipao = 3 [ afdeds+ Y [ otiintds.

KeT) sesp Sesg
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Space-Time Formulation Compressible Navier-Stokes Equations

o The compressible Navier-Stokes equations in the domain & C R* can be
expressed as

oFg
Uio+ 55 — oo (AsFar) =0 oné,
U= on Q(f),
U = B(U, Ub) on Q,

fori,r=1,...,5and k,s=1,...,3.
o The initial flow field is denoted by Uy : Q(ty) — R®, with U the initial condition.

o The boundary operator is denoted by B : R5*5 — R5 and is a function of the
internal data U and the boundary data U? derived from the boundary conditions.

e At the far-field boundary, suitable in- and out-flow conditions can be derived using
local characteristics.
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First Order System

o Rewrite the compressible Navier-Stokes equations as a first-order system using
the auxiliary variable ©

ou; OFE(U) 80k (V)

e} =0,
OXp OXk OXk
oUr
O (U) — Ars(U)— =0
/k( ) /krs( )8Xs

o Note, this results in 5 x 3 additional equations for auxiliary variables ©, which will
be eliminated later using a lifting operator.
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Weak Formulation

o Weak formulation for the compressible Navier-Stokes equations

Finda U € Wy, © € V}, such that for all W € W), and V € V,, the following holds

ow; ow;
-3 [ O g o) ax
KeT, K OXg OXk

+ Z/ W (Ui + Ff, — ©i)ng d(9K) = 0,
KETh oK

oUr
ST | Vkowdk= > [ ViAks—— dK
/IC Ik@Ik aK /IC ik ikrs dXs

KeTy KeTy

+ 30 [ ViAh(Dr— UbRE 0.
KeTy Q
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Transformation to Arbitrary Lagrangian Eulerian form

e The space-time normal vector on a grid moving with velocity V is
(1»07070)7— at K( I1+1)
n=1{(-1,0,0,0)" atK(t]),
(—Vkﬁk, ﬁ)T at Q".

e The boundary integral then transforms into

Z W (U + Fg — ©y)nk d(9K)

KeTh
- / WD, dK + / WGy aK )
KeTy, 7Kty K(tF)
+ Z/WL(F,k Uivk — @Ak do.
KeTh
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Numerical Fluxes

o The numerical flux U at K(t,.4) and K(t§) is defined as an upwind flux to ensure
causality in time

= Ut atK(t ),
UR at K(t)).

e At the space-time faces Q we introduce the HLLC approximate Riemann solver
as numerical flux

Ak(Fg — Upvie)(UF, UR) = HILLC(UE, UR, v, )
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HLLC Flux on Moving Meshes

e The HLLC scheme was proposed by Toro (Shock Waves 4(1994), 25) and Batten
e.a. (SIAM J. Sci. Stat. Comput. 18(1997), 1553), but only for non-moving
meshes.

e The extension to moving meshes is most easily accomplished by considering the

structure of the wave pattern in the Riemann problem that is assumed in the
HLLC scheme.
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HLLC Flux on Moving Meshes
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HLLC Flux on Moving Meshes

e The HLLC scheme assumes we have two averaged intermediate states U; and
U in the star region, which is the region bounded by the waves with the slowest
and fastest signal speeds S; and Sg, respectively.

e The star region is divided into two parts by a contact wave, which moves with
velocity Sy.

o Outside the star region the solution still is at its initial values at time ¢y, which are
denoted U, and Ug and are equal to the traces U, (tm) and U} (tm), respectively.

e In the time interval [tm, tm + At) the solution Uy ¢ at an element face which
moves with the velocity v then is equal to

UL = U (tm) it S > v,
U _Jur if §g <v< Sy,
HLLC = U;s if Sy <v<Sg,
Ug = U;r(tm) if Sp<v,

where depending on the grid velocity v we have to consider four different cases.

e The time interval At is chosen such that there is no interaction with waves
coming from other Riemann problems.
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HLLC Flux on Moving Meshes
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HLLC Flux on Moving Meshes

e Assume that S; < v, Sg > v, and Sy, > v, then we can calculate the flux
Hyrrc(UL, Ug) in the time interval [tm, tm + At) by integrating the Euler equations
over the control volumes ODEFC and OEABF.

Using Gauss’ theorem we obtain for the control volume ODEFC the relation

S At VAL
/ U, dx + Uh(X, tm+At) dx
X, S At

L
0 YN YN
:/ Un(x, tm)dx+/ F(Uh(xL,t))dt—/ F(U- (vt dt, (2)
Xy tm tm

and for the control volume OEABF

Syt SpAt XR
/ Un(x, tm + &) dx+/ Un(x, tm + At) dx+/ Ugr dx
vAt Syat SpAt

xR YN tmt At
:/ Un(X, tm) dx+/ E(U (v, t))dt—/ E(Un(xm, 1)) o, (3)
0 tm

tm

with F(Up) = A F(Up).
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HLLC Flux on Moving Meshes

e If we introduce the averaged solutions U} and Ug, which are defined as

1 Syt

Ui = 55 /SLN Un(X, tm + A3,
1 SpAt

U = 7(85 —SAt /SMA: Un(x, tm + At)dx.

e Use the fact that U,f is constant along the line x = vt in the Riemann problem
then we obtain after subtracting (2) from (3) the following expression for the HLLC
flux at the interface in the time interval [tm, tm + At)

Hriec(UL, Ug) = 3(F(UL) + F(UR) + ((SL — v) + (Sm — v)) U +
((Sg—Vv) = (Sm — v))Ug — S UL — SgUg).

e For the other three cases: (S < v,Sg > v,Sy < V), (S. < V,Sg < Vv, Sy < V),
and (S, > v, Sg > v, Sy > v) a similar analysis can be made.
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HLLC Flux on Moving Meshes

o |f we combine the four cases then we obtain the following expression for the HLLC
flux at a moving interface in the time interval [{m, tm + At)

Huiec(UL, Ug) = 5 (F(UL) + F(UR) — (ISL — vI — 1Sm — V) U +
(ISp = vl = 1Su — v[)Ug + |SL — v|U_ — |Sr — v|Up—
V( U+ UR)).
e In order to completely define the HLLC flux we still need to define the star states
Uf and Ug, and the wave speeds S;, Sg and Sy.

e This can be done in various ways, but since there is no difference with the HLLC
scheme for non-moving meshes, we only state the final results.

28 /96



HLLC Flux on Moving Meshes

e We will follow the approach of Batten e.a. (SIAM J. Sci. Stat. Comput. 18(1997),

1553) which assumed that

Sy=10; =bg=10",
with i, g = Ak - ug g, and * the normal velocity calculated from the HLL
approximation.
e This results in the following expression for Sy
_ PRUR(SR — UR) — prUL(SL — U1) + P — PR
pr(SR — UR) — pu(SL — )

e The star states are obtained using the Rankine-Hugoniot relations across the
waves moving with the velocities S; and Sg

N 0
S - 1 _
U = SL SL U+s—2 (P* —p)ie |,
L= oM L= oM \ p*Sy—pic

with an identical relation for Ug, only with L replaced with R.

Sm
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HLLC Flux on Moving Meshes

e The intermediate pressures are equal to

P =pi(S.— 0)(Sm — UL) + pr,
p;‘q :pH(SH - fl;:,»)(SM - aﬂ) + PR.

e The definition of Sy ensures that p/ = py, = p*, as is required for a contact
discontinuity.

e The wave speeds S; and Sk are computed according as
Sy =min(i, — ag, bp — ap), Sp = max(i. + ai, Ug + ag),

with a = /vp/p the speed of sound.
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ALE Weak Formulation

e The ALE flux formulation of the compressible Navier-Stokes equations transforms
now into

Find a U € W, such that for all W € W, the following holds

oW, oW
-3 [ Cu Sl - o) ax
/CETh” K OX OXk
+ 3 (/ ) W,-LU,LdK—/ . WhUf aK)

+ 3 / WH(HIUC (UL, UR, v, R) — ©x k) dQ = 0.
KeTn” <
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Auxiliary Equation for ©

e Recall the auxiliary equation for ©.

Find a © € Vj, such that for all V € V}, the following holds

8Ur
Vik©jx dIC = VikAikrs — dK
> [viendc= 3 [ Vi

KeTy KeTy

+ 3 [ VA0 - ubipt do.
Kerp’Q
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e The following relation holds for the element boundary integrals

> [ etirao= 3 [tondias+ 3 [ oftintas

KeT) sesp Sesg

e Transform the element boundary integrals into face integrals in the auxiliary
equation

S [ ViAo — Ut de = 3 [ Wi~ Ul

KeT) Sesp

+ Y [ VA - UbyR as.
sesg’S
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Numerical Fluxes in Auxiliary Equation
e Introduce the numerical flux proposed by Bassi and Rebay

~ { {U} atinternal faces,

UP  atboundary faces.

e Use the relation

loifklk = 493 1fwlk + lailk LT},

then we obtain R
[VikAikrs(Ur — Ur)ls = —{ VikAikrs B [Ur]s-

e The weak formulation for the auxiliary variable © then becomes

oUr
S Vioudk= ST | ViAus o dk— Y VA
/IC kOik dIC /IC ik Aikrs OXs aK »/S { ik Ikrs]}ﬂuf ]Is as

KeT) KeTy Sesf

= 3 [ VAUt - UPYR ds.
sesp’s

34/96



Lifting Operator

e Introduce the global lifting operator R € R5*3, defined in a weak sense as

Find an R € V}, such that forall V € Vj,

> / VikRix dK = /{[V/kA/krsMUr]ls as

KeT) ses"

+ 3 [ ViAo (Ut - U s,
Sesg

e The weak formulation for the auxiliary variable is now transformed into

3 / Vi@ dk = 37 / Vil A 2~ Ri) 0K, YV € Vi,

KeT) KeT)
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© Equation

e The primal formulation can be obtained by eliminating the auxiliary variable ©
using

8 r .
Ok = Aikrs— — Rix, a.e. in&f.
ik ikrs Oxs ik h

e Note, this is possible since VW, C V.
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ALE Weak Formulation for Primal Variables

e Recall the ALE flux formulation of the compressible Navier-Stokes equations

Find a U € W), such that for all W € W, the following holds

- Z/ (Ffi O)) dK
KeTy

+ / W»LU-LdKf/ WLUR dk
Kezw ) k) )

+ >0 / WE(HIMLC (UL, UR, v, R) — ©xAk) dO = 0.
KeTy
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Numerical Fluxes for ©

o The numerical flux © in the primary equation is defined following Brezzi as a
central flux © = {©}
oUr S H
é,-k(UL UH) _ {{Afkfsaxs —nRg} forinternal faces,

aup
Af.;(,sa—x; —nRG for boundary faces,

o The local lifting operator RS € R%*3 is defined as follows
Find an RS € V,, such that for all V € V,
/ {VikAikrs 3 1Ur]s dS for internal faces,
s

> / ViR diC =
K

KeTy /s VEAL ((UE— UPYRsdS  for external faces.
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Space-Time Formulation for Compressible Navier-Stokes Equations

Find a U € Wy, such that for all W € Wy,

ow; oUr
- Z/ Ui 87,( "= A S e + Ri)) dK
KeT) k
UL dK — R

+ Z /(WL WPYH, (UL, UR, v, 7t ds
SES”

= Y [ S - iRgY 0

Sesp

- Z / WL /tl)«sa nRi)ﬁ,&dS:O,

Sesg
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Basis Functions

e The basis functions are polynomials of degree k to represent the trial function U
and the test function W in each element K € 7,":

Ui(t. Xk = Unmiom(t, X),
Wi(t, X)c = i(t, ).
with ¢ the basis functions.

e The basis functions are defined such that the test and trial functions are split into
an element mean at time t,,4 and a fluctuating part.

e This construction facilitates the definition of the artificial dissipation operator and
of the multigrid convergence acceleration method.

e The basis functions 1 are given by
Pvm =1, m=20,

SPTS S p— m(t.%) oK. m=1,....N,
IK(n+1)I Kito

where the basis functions ¢ are given by
$m=dmo G with dm(¢) € PX(K),

with ¢ the local coordinates in the master element K.
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Lifting operators

e The DG coefficients of global and local lifting operators need to be expressed in
terms of the DG coefficients of the primal variable U.

e Recall the expression for the lifting operator

Z /}CVVi,kRikd’C: Z /S{{Wi,kAikrs}}[[Ur]ISd‘S

KeT) sesp

£ 3 [ WhAla(UE - U os.
sesp’S

e The face integrals can be directly computed by replacing the test and trial
functions by their polynomial expansions.
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Lifting operators

e The local lifting are similarly expressed as
RE(tX) | = Ryy(t, %)

and a small linear system must be solved for the expansion coefficients f?,-.

o The local lifting operator is only non-zero on the two elements Kt and K
connected to the face S € S/, hence

/ VieRS dK + / ViR dKC = / { Vi Ars HIUAs 0S.

e This is equivalent with the two following equations:
/KLR ViR§ dK = ;/ VR ALRIU s ds,

where the superscript L, R refers to the traces from either the left or right element.
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Lifting operators

o Replacing RS by its polynomial approximation leads to two systems of linear
equations for the expansion coefficients Rj; of R;’,’; onsS €Sy

BL.R _ 1 L,R zL,R
Rikj /’CLYRT/’Wid’C— E/Sw/ Alrs[Ur]s dS.

e The element mass matrices on the I.h.s. are denoted by M,jL.’R and can easily be

inverted leading to following expression for the expansion coefficients of the local
lifting operatoron S € S;:

ALR _ 1 .p—1\LR L,R zL,R

AR = 3R [ uiPAgRIuns s,

o Similarly, the expression for the expansion coefficients of the local lifting operator
for the faces S € Sg is:

R = (M)} /S PLAL (UL — UP)RL dS.

e The expressions for the local lifting operator can now be introduced into the DG
formulation, resulting in the primal formulation without auxiliary variables.
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