Today in Physics 217: charged spheres

A Finish example from dE \A
Wednesday. A ’
: dg=cda
d Field from a charged L
spherical shell, *\ da’=R"sin0'd0’dp’r
calculated with z \‘g\
Coulomb’s Law. ’ \\V,
O Same, calculated with 0
Gauss’ Law. v )
0 Analogy with R ¢ y
gravity: Gauss’ Law
for gravity. N
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Using Coulomb’s Law:

A dE
Break the plane into annuli with ‘\
radius r and width dr, and break the /

annuli into segments of width rd¢.

The charge of each segment is , a
dg = o rdrdd
Horizontal components .4 dg

of field from segments
at @and @t rmcancel,
and their vertical components add, so above the plane, we have:

d . .
dE:Z—gcosocz:Z 2Gr 5 = drddz
¥4 zZ +7r Zz+7"2
T o0 _3/2 00 _1/2 o0
E=2GZ£jd¢J‘T(TZ+ZZ) / dr:ncziju_3/2du:ncziu =216z
0 0 22 —1/2]
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Using Gauss’ Law

First note that E must point perpendicular

to, and away from, the plane, since
the plane is infinite and there’s

no difference between the

view to the right and the > .
view to the left. Then S~
draw a cylinder,

bisected by the plane. By symmetry, E is perpendicular to the area
element vectors on the cylinder walls, parallel to those on the circular
faces, and constant on those faces, so

CJSE .da =2Ernr? = 4n Qenclosed = 4m 21?5, or

E =+2nc z.

Harder setup (finding and exploiting symmetry), easier math.
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Electric fields from spherically-symmetrical charge
distributions

Today we will prove two important, though perhaps
intuitively obvious, facts about spherical charge distributions:

 The field outside a uniformly-charged spherical shell is
the same as that from a point charge of the same
magnitude, the same distance away as the sphere’s center.

 The field inside a uniformly-charged spherical shell is
Zero.

The proof will serve also as another useful example of the
application of Coulomb’s and Gauss’ laws to the
determination of electric fields from specified charge
distributions.
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Coulomb’s Law example: field from a uniformly-
charged spherical shell

Griffiths, problem 2.7: dE \A
What is the electric field 4

a distance z away from dq =o da’
the center of a spherical #\ da' = R?sin®'d0 d}'?
shell withradius Rand | N

. “\&
uniform surface charge ‘ \\V’
density o? o

Y
R y
X
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Coulomb’s Law example: field from a uniformly-

charged spherical shell (continued)
A dE

In the plane at azimuth ¢ it
can be seen more easily that dE(¢)

¢2 = R? sir12€)’+(z—Rc:os€)’)2
— R%sin%0'+ 2% + R? cos20'— 2Rz cosO’

— R% + 2% —2RzcosH’

dg at ¢ +m

Consider two area elements at
azimuth @and @+ 71T as before,
the horizontal components of
their contribution to E cancel,
and the vertical components

add.
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Coulomb’s Law example: field from a uniformly-
charged spherical shell (continued)

So dE = QZ—SICOSOL

¥4
o R? sin0'do’do’ z—Rcosd’
R? + 7% ~2Rzcosb’ \/R2+Z —2Rzcos0’

» sin®’(z—RcosH’)
)3/2

=z2

=526 R a0 'do’

(Rz + 2% —2Rzcosb

sinf'(z—RcosH )

)3/2 @’

E = 526 R? j do j
0 (R2+z —2RzcosH

The first integral is trivial: it just comes out to 1T
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Coulomb’s Law example: field from a uniformly-
charged spherical shell (continued)

For the second, substitute -
w=cosO’, dw =isin9'd€)’, w=1-#-1:

— Rw)

E = 2216 R? I (Z dw

-1 (R2 472 - 2sz)3/2

Break this integral in two. For the first one, substitute

u=R?+ 72 —2Rzw, du=4#2Rzdw,
u=R2+22+2Rz #R2+72 2Rz

du

1 1 1 ."R2+22+2RZ _3/2

Z_I1 (R2+22 ~2Rzw) T I
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Coulomb’s Law example: field from a uniformly-
charged spherical shell (continued)

2. .2
1 ¢R*+z%+2Rz _ 1 15 R*+2z°+2Rz
— ., u S/Zdu:—[—2u 1/2} > <
2R JR°+z"-2Rz R*+z"-2Rz

1 1 B 1
R _\/R2 +2% —2Rz \/R2 + 72 +2Rz

The second half of the integral needs to be done by parts.
Take
—Rdw
u=w dv =

(R2 477 - Zsz)_3/2

du=dw v= 1 L (as we just saw) ——

2 \/R2 + 2% —2Rzw
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Coulomb’s Law example: field from a uniformly-
charged spherical shell (continued)

judv = uv| —jvdu

C
1 ) N 1
j 37 dw = — >

1( +z —2sz) Z\/R + 2% —2Rzw 1

11 dw

e \/R2 +2% —2Rzw

In the last term, use (again)

u=R?%+7% —2Rzw, du=#2Rzdw,
u=R2+2%2+2Rz $ R?>+2%2 —2Rz

20 September 2002 Physics 217, Fall 2002 10



Coulomb’s Law example: field from a uniformly-
charged spherical shell (continued)

and it becomes

1 )
1 dw 1 R°+z°4+2Rz _
U 1/2du

B 2 JR2,,2_
2_1\/R2+22—2sz IRZ% YR +z°-2Rz

[2\[—] R2+2%42Rz

2172 2Rz

2Rz

:_—(\/R2+z +2Rz —\R? + 22 —2Rz)
Rz?

So, putting all these terms together (and factoring out 1/ z°
as we do), we get
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Coulomb’s Law example: field from a uniformly-
charged spherical shell (continued)

2n6 R? | 22 { 1 1 }

22 \/R2+z — 2Rz \/R2+z + 2Rz

E=z

+z L + !
JR2+72 2Rz JR%2+22 +2R2

—%{JR2+ZZ+2RZ—JR2+Z —2Rzﬂ

This looks like a mess until you notice that

2
\/R2 + 22 +2Rz = \/(Z + R) ={z+ R Positive, since they
represent the length of «

\/R2 +7%2 —2Rz = \/(z — R)2 —|z—R|  whichis always positive.
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Coulomb’s Law example: field from a uniformly-
charged spherical shell (continued)

2n0R2_22[ 1 1 j

2 z-R| |z+R

E=z

1 1
[\z R \z+R\j CER]

+z( 1 (1 j;}gkz X &[]

_|_
z-R| |z+R] z-R| ‘z+R‘
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Coulomb’s Law example: field from a uniformly-
charged spherical shell (continued)

which gives us, finally,

2t6R?| z—R  z+R
E==z +
22 |:‘Z—R‘ ‘Z-I—R‘:I

Two cases: z larger than, or smaller than, R. (P outside, inside)

4 Larger (outside):

5 Behaves like a
z—R :1:Z+R — E:247TGR ZQQ point charge at
‘Z—R‘ ‘Z+R‘ #2 ,2 | thesphere’s
center.
O Smaller (inside): means |z—R|=R -z, so

2 2 2 2
z—R z+R zZ-R"+R" -z
R-—z z+R R- -~
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Gauss’ Law example: field from a uniformly-
charged spherical shell (continued)

First note that the field must be spherically symmetric as
well, and point radially outward or inward - that is, E is
perpendicular to all sphere’s centered at the same point as the
charged sphere. So draw two Gaussian spheres, one inside
and one outside:

4>E -da =4n Qenclosed
r>R:

(E)(4nr*)=dn (4nR% ) =4nQ = E:f%
r<R:

(E)(4n7?*)=0 = E=0
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Gauss’ Law for gravity

Newton was the first to realize these results, in the context of
the other 1/ force, gravity. He convinced himself by use of a
proof similar to our Coulomb’s law demonstration, Gauss
still not having been born by then. We could have saved
Newton a lot of trouble by pointing out the following.

The force of gravity on a mass M from a mass m is
F = éGmM/ i

Gravitational forces superpose: the force on M from N
charges is

Gm M Gm-M | N m;
F(r)= ; 7 + % Z —2 = Mg(r)
7 9 i=1
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Gauss’ Law for gravity (continued)

For a continuous distribution of mass (density p (7)), the
gravitational field g is obtained by letting N — oo

g(r):GJ‘zizp(r')dr’
V

Take the divergence of both sides, and carry out the resulting
integral on the RHS, as we did on Wednesday, and we get

V-g=4rnGp(r)

Now integrate this result over volume, and use the
divergence theorem, as we also did on Wednesday :

qsg -da = 4r GZ\/Ienclosed
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