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Doo-Sabin Surfaces

m Generalization of uniform
biquadratic B-spline surfaces to
meshes of arbitrary topology [Doo
and Sabin 1978].

m Limit point rule: For an n-sided face,
its centroid is the limit position of its
associated extraordinary point.

m The extraordinary points are at the
"centers” of n-sided faces.

m Convergence: The Doo-Sabin
refinement is convergent for
extraordinary points with arbitrary
valence.
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Quadratic NURSSes

m Generalization of non-uniform
biguadratic B-spline surfaces to
meshes of arbitrary topology
[Sederberg et al. 1998].

m No closed form limit point rules.

m Converge for n-sided faces with
n < 12, but may diverge if n > 12
[Qin et al. 1998].
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Doo-Sabin Subdivision

n—1
Fj:ZWUPj,iIO,...,n— 1.
Jj=0

m Doo-Sabin version [Doo and Sabin
1978], extended to quadratic NURSS:

n+5 i=7
— 4n J
Wi =\ 3+2cos(2n(i—j)/n) P

4n

m Catmull-Clark variant [Catmull and
Clark 1978]:
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Catmull-Clark Variant of Doo-Sabin Subdivision

Repeated averaging [Stam 2001, Zorin and Schréder 2001]:
m Linear subdivision:

1 1
E; = (P +Piy), F:;Z P
j=0
m Dual averaging:
— 1
P;= 7 (Pi+Eiy +Ei +F)
11 11 1
=+ Pt (G + )P +Pa) o D Py
7 Q i !
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Non-uniform Quadratic B-spline Subdivision

Non-uniform Quadratic B-spline Curves

knot intervals: di1 d;  dipa

. ; . t
knots: Si—1 i Si41 Si42

For a quadratic B-spline curve, a knot interval d; is assigned to
each control point P;.

m A knot interval is the difference between two adjacent
knots in the knot vector, i.e., the parameter length of a
B-spline curve segment.
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Non-uniform Quadratic B-spline Subdivision

Non-uniform Quadratic B-spline Subdivision

Refinement rules

Repeated averaging:

m Non-uniform linear subdivision:

E — dit1P; + diPiy

' d; + di+1
m Averaging:
_ (di+2diy1)Pi + diPiy
Q21_ ( +E) (d+dz+1)
dip 1P+ (2d; + di1)Pipy

2(d; + diy1)

1
Qi1 = E(PiJrl +E) =
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Non-uniform Quadratic B-spline Subdivision

Non-uniform Biquadratic B-spline Surfaces

tjt2
: Pit1jt1
i1
Piy1;
tj
o
di—1 d; diy1
Si—1 Si Si+1 Si42

A horizonal knot interval 4; and a vertical knot interval e; is
assigned to each control point P; j, as each control point
corresponds to a biquadratic surface patch.

Z Huang, G Wang Non-Uniform Recursive Doo-Sabin Surfaces (NURDSes)



Non-uniform Quadratic B-spline Subdivision

Non-uniform Biquadratic B-spline Subdivision

Refinement rules

o
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Repeated averaging:
m Non-uniform linear subdivision:

E, — d,'_HP,'J + diP,‘_HJ E2 . €j+1Pi,j + ejPi,j—i-l
1 = 3 -
di +dit e+ ejy
F o Gl (dip1Pij +diPiy1j) +ej(dip1Pijr1 +diPiy1jy1)

(di + dit1)(ej + €j11)
m Dual averaging: Quip = 1(P;; + Ei + E; + F)

Z Huang, G Wang Non-Uniform Recursive Doo-Sabin Surfaces (NURDSes)



NURDSes

Non-uniform Doo-Sabin Surfaces

Each vertex is assigned a knot interval (possibly different) for

each edge incident to it. B
After subdivision, new knot intervals df; can be specified as
follows:

dzoz+1 = dl ll_ = d2i+1
dlll-‘rl - di'iifl
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NURDSes

Non-uniform Recursive Doo-Sabin Surfaces

Refinement rules

Repeated averaging:

m Non-uniform linear subdivision: p; = d,, |, ¢i = d);_,
E — qi+1P; + piPiy
l Di + git1

n—1
F = Z Cij
j=0

m Dual averaging: P, = }(P; + E,_; + E; + F)
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NURDSes

Non-uniform Recursive Doo-Sabin Surfaces

Coefficients ¢;

Similarly to that in the Catmull-Clark variant of Doo-Sabin
subdivision and non-uniform biquadratic B-spline subdivision,
the face point F is the (weighted) centroid of the corresponding
face and is the limit point corresponding to the center of the

face.
n—1 n—1
F = Cij = C]Fj
j=0 j=0
And,
= 1 qit+1 Di—1 1
Pi=—(1+c+ + P+ - ciP;
l 4( " pit i Pi—1+61i) ! Z 7
li—j|>1
1 qi 1 Di
(it + ——— )Py + —(Cip1 + ———— )Py
4( l pi71+Qi) l 4( o Pi+6]i+1) o
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NURDSes

Non-uniform Recursive Doo-Sabin Surfaces

Coefficients ¢;

Combining the two equations, one obtains a system of linear
equations with respect to ¢j,j = 0,...,n — 1. Then we have
Qj

n—1 ’
k=0 Qk

Cj:

where
1 n—1 n—1 m
E(Hpj-l—k—i_Hq] +Z H%+k HPJ+k
k=0 k=0 m=1 k=1

Here, indices are taken modulo n.
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NURDSes

Non-uniform Recursive Doo-Sabin Surfaces

Quad case

popP1P2P3 + 90919293
o) = 2

pop1P2P3 + 90919293
o] = 2

pop1P2P3 + 90919293
o = 2

pop1p2pP3 + 40919293
a3 = 2

+ q1p1P2P3 + q192P2P3 + 419293P3

+ q2p2p3po + q2q3p3po + G29390P0

+ q3p3pop1 + q3qopop1 + 43goq1P1

+ qopop1P2 + qoq1P1P2 + Goq192P2
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NURDSes

Non-uniform Recursive Doo-Sabin Surfaces

A closer look at o;

«; is the sum of some products of the »n knot intervals, which
correspond to the n vertices respectively.

n—1
Qj = Qi+ E ajy

1=0,1£)
1 n—1 n—1 m
= 5T pree+ T a-0) +Z [T Hmk
k=0 k=0 m=1 k=1
where

1 n—1 n—1
E(Hpj—‘rk + H qj—k

aj = H Gj+k HPJ“" m=(l—j) modn
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NURDSes

Non-uniform Recursive Doo-Sabin Surfaces |

A closer look at o;

aj; = S(T1Z0 pik + [11=0 g—) can be associated with P; as
follows. There are two paths of length » from P; to itself.

m The clockwise path:
Pj—>Pj+1 - =P > Py— -"—>Pj_1

then the product of the associated knot intervals is

n—1 n—1
[1pive = 11px
k=0 k=0
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NURDSes

Non-uniform Recursive Doo-Sabin Surfaces Il

A closer look at o;

m The counterclockwise path:
PP—P_1—- - —=Py—=P,y— =Py

then the product of the associated knot intervals is
n—1 n—1
H q4j—k = H qk
k=0 k=0

«a;j is the average of the previous two products.
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NURDSes

Non-uniform Recursive Doo-Sabin Surfaces |

A closer look at o;

For I #j, aj; = [Tt gjx [T/=. pj+x can be associated with P; in
the following way. Here, m = (I —j) mod n.

There exist one path of length |/ — j| and one path of length
n — |l —j| from P; to P;.

If 7 > j, then we have
m The counterclockwise path of length m =1 — j:

P[-)P]_] — -"—>Pj+1 —>Pj
then the m associated knot intervals are
q,,91-15 - - -5 4j+1,

and their product is [[;- | gj+«-
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NURDSes

Non-uniform Recursive Doo-Sabin Surfaces Il

A closer look at o;

m The clockwise path of length n — m = n — (I —j):
PP—-Py— =Py —=>Py—- =P
then the n — m associated knot intervals are
PLPl+1y -+ -5 Pn—1,P05 - - - 5 Dj—1,

and their product is [[}_., pj++. Here, indices are taken
modulo n.

a1 is the product of the above two products.

For I < j, we have a similar explanation for ;.
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NURDSes

Non-uniform Recursive Doo-Sabin Surfaces

Convergence

Theorem (Convergence)

The NURDS scheme is convergent at extraordinary points of
arbitrary valence.

Corollary (Limit point rule)

For an n-sided face, its face point (i.e. the weighted centroid) is
the limit point of its associated extraordinary point.
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NURDSes

Non-uniform Recursive Doo-Sabin Surfaces
Continuity

NURDSes have stationary subdivision rules.

m We prove that the NURDS scheme is G! at vertices of
valence 3 or 4.

m Because the subdivision matrix has no obvious
symmetries, it is difficult to perform an eigenanalysis for
extraordinary points with valence n > 5. Numerical
experiments and examples show that limit surfaces are G!
at these points.
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NURDSes

Non-uniform Recursive Doo-Sabin Surfaces

Examples
(a) (b)
(c) (d)
(a) initial control mesh, (b) uniform biquadratic B-spline surface,

(c) biguadratic NURBS surface with a crease, (d) NURDS with
a dart.
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NURDSes vs Quadratic NURSSes

Consider the configuration surrounding a type F face of valence
n, and assume that po = 1000 and all other knot intervals equal
1.

m For valence 3 < n < 30, we construct subdivision matrices
for quadratic NURSSes and NURDSes respectively, and
then investigate eigenstructure and continuity.
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NURDSes

NURDSes vs Quadratic NURSSes

Quadratic NURSSes

Concerning spectrum and continuity, we have the following
results.
m For 3 <n <30, M\, A\ and )\, may be negative, while A3 is
always positive.
m Forn > 15, |\o| > 1, the subdivision process is divergent.
m For3 <n <14, \o = 1> |\, the subdivision process is
convergent.
mFor3<n<l10andn=12, A =1> |A\| = |X2| > A3,
quadratic NURSSes are G! continuous at the extraordinary
vertices.
m Forn=13and 14, \p = 1 > || > |X\2] > A3, quadratic
NURSSes are G! continuous at the extraordinary vertices.
m Forn=11, Ao =1 > |\i| > A2 = A3, quadratic NURSSes
are only G° continuous at the extraordinary vertices.
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NURDSes

NURDSes vs Quadratic NURSSes

Quadratic NURSSes
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Figure: Absolute values of the first four eigenvalues for quadratic
NURSSes for 3 < n < 30.
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NURDSes

NURDSes vs Quadratic NURSSes

NURDSes

Regarding spectrum and continuity, it follows that
m For 3 <n <30, M\, A1, A2 and A3 are all positive.
m For3 <n <30, \p =1 > |\, the subdivision process is
convergent.
mFor3<n<30,\=1>\ =X > )3, NURDSes are G'
continuous at the extraordinary vertices.
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NURDSes

NURDSes vs Quadratic NURSSes

NURDSes
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Figure: Values of the first four eigenvalues for NURDSes for
3 <n<30.
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NURDSes vs Quadratic NURSSes

Both NURDSes and quadratic NURSSes are the subdivision
surfaces that generalize non-uniform biquadratic B-spline
surfaces to control grids of arbitrary topology.

Differences:
m NURDSes reduce to Catmull-Clark-variant Doo-Sabin

surfaces whereas quadratic NURSSes degenerate to
original Doo-Sabin surfaces.

m NURDSes are convergent at extraordinary points of
arbitrary valence while quadratic NURSSes may diverge
for valences larger than 12.

m NURDSes have closed form limit point rules whereas
quadratic NURSSes do not.
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Summary
Summary

m NURDSes are a generalization of Catmull-Clark-variant
Doo-Sabin surfaces and biquadratic NURBS surfaces.

m NURDS refinement can be factored into non-uniform linear
subdivision followed by dual averaging.

m NURDSes are convergent for arbitrary n-sided faces.

m NURDSes have closed form limit point rules.

m Future work:
m Rigorous analysis for G' continuity for valence n > 5.
m Boundary rules for open meshes.
m Generalization of repeated averaging to higher degree
cases, such as bicubic NURBS.

Z Huang, G Wang Non-Uniform Recursive Doo-Sabin Surfaces (NURDSes)



Thanks!
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