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Abstract

We derive a bound on the maximal distance between a Loop sub-
division surface patch and its control mesh in terms of the maximum
norm of the mixed second differences of the control points and a con-
stant that depends only on the valence of the patch. A subdivision
depth formula is also proposed.

Keywords: Loop subdivision surface, control mesh, error bound, sub-
division depth

1 Introduction

A subdivision surface is defined as the limit of a finer and finer control mesh
by subdividing the mesh recursively. The Loop subdivision surface general-
izes the quartic three-directional box spline surface to triangular meshes of
arbitrary topology [1].

Previous error estimation techniques for Loop subdivision surfaces can
be classified into two classes.

One is the vertex based method [2, 3], which measures the distance
between the vertices and their limit positions. Lanquetin et al. derived
a wrong exponential bound and consequently a wrong subdivision depth
formula [2]. Wang et al. proposed a proper exponential bound with an
inefficient subdivision depth estimation technique [3]. As pointed out in [3],
the vertex based bounds all suffer from one problem: they may be smaller
than the actual distance in some cases.

The other is the patch based method [4, 5|, which estimates the para-
metric distance between a Loop surface patch and its control mesh. Wu et
al. presented an accurate error measure [4, 5]. But their estimate is de-
pendent on recursive subdivision, thus can not be used to pre-compute the



error bound after several steps of subdivision or predict the recursion depth
within a user-specified tolerance.

Our technique belongs to the latter. Based on Stam’s parametrization
[6], we derive a conservative but safe bound on the maximum distance be-
tween a Loop surface patch and its control mesh. An efficient subdivision
depth formula is also given.

2 Second Order Norm and Convergence Rate

Without loss of generality, we assume the initial triangular control mesh has
been subdivided at least once, isolating the extraordinary vertices so that
each face is a triangle and contains at most one extraordinary vertex.

2.1 Distance and Second Order Norm

Given a control mesh of a Loop subdivision surface S, for each interior
triangle face F' in the control mesh, there is a corresponding surface patch
S in the limit surface S.
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Figure 1: (a) Ordering of the control vertices of an extraordinary patch S
of valence n. (b) Ordering of the new control vertices (solid dots) after one
step of Loop subdivision.

The distance between a Loop patch S and the corresponding triangle F
is defined as the maximum distance between S(v,w) and F (v, w), that is,
S —F
(Jmax 8@, w) = F(v,w)]l
where Q) is the unit triangle Q = {(v,w)|v € [0,1] and w € [0,1 — v]} ,

S(v,w) is the Stam’s parametrization of S over 2, and F(v,w) is the linear
parametrization of F over (.



The control mesh II of a Loop patch S consists of n + 6 control vertices
M={P;:1=1,2,...,n+ 6}, where n is the valence of F’s only extraordi-
nary vertex (if has, otherwise n = 6) and called the valence of the patch S
(see Figure 1(a)).

The second order norm of 11, denoted M = M® = M), is defined as
the maximum norm of the following n + 9 mixed second differences (MSDs)
{a; 1 <i<n+9} of the n + 6 vertices of II:

M = max{HPl +Po—Ppi1 — P3H,
{IP1+P; —=Pig —Pp_pygnal :3<i <n+1},
HP2 +Pni1 —P1— Pn+2Ha ”P2 +Prio—Pry1 — Pn+3”7
P2+ Prys — Prio — Prp], P2+ Pray — Prys — Pl
P2 +Ps — Pryy — Pif|, [Prys + P — P1 = Prl|,
HPn—i-l +Pnie — Pp — Pn+5”7 HPn-i-l +Pris — Pnye — PN+2H7
HPn—i-l + Pn+2 - Pn+5 - P2”}
= max{|las]| ;i =1,...,n+ 6} .
(1)
M is also called as the (level-0) second order norm of the patch S. For a
regular patch (n = 6), there are 15 mixed second differences.

Through subdivision we can generate n+12 new vertices P}, i1=1,...,n+
12 (see Figure 1(b)), which are called the level-1 control vertices of S. All
these level-1 control vertices compose S’s level-1 control mesh II' = {P} :
i=1,2,...,n+12}. We use Pf and IT* to represent the level-k control ver-
tices and level-k control mesh of S, respectively, after k steps of subdivision
on IL

The level-1 control vertices form four control vertex sets II5, IT1, I3 and
113, corresponding to the control meshes of the subpatches S§,S1,S3 and
Si, respectively (see Figure 1b), where II} = {P! : 1 < i < n + 6}.
The subpatch S(l) is an extraordinary patch, but S}, S} and S% are reg-
ular triangular patches [6]. Following the definition in Euatioin (1), one
can define the second order norms M} for S}!,i = 0,1,2,3, respectively.
M' = max{M} :i = 0,1,2,3} is defined as the second order norm of the
level-1 control mesh II'. After k steps of subdivision on II, one gets 4¥ con-
trol point sets Hf :1=0,1,...,4%F — 1 corresponding to the 4% subpatches
Sf :4=0,1,...,4% — 1 of S, with S’g being the only level-k extraordinary
patch (if n # 6). We denote M¥ and MP* as the second order norms of I
and TI*, respectively.

2.2 Convergence Rate

If second order norms M(l;C 7 and Mg satisfy the following recurrence in-
equality
k+j .
M(] I < rj(n)MOk7 Jj=z 0 ) (2)



where 7j(n) is a constant which depends on n, the valence of the extraor-
dinary vertex, and r9(n) = 1. We call rj(n) the j-step convergence rate of
second order norm.

In the following, we estimate rj(n),j > 1 by solving constrained min-
imization problems. Let af,z‘ =1,2,...,n+9 be the MSDs of H'g,k‘ >0
defined as in Equation (1). For each | =1,2,...,n+9, we can express af“

as a linear combination of af:

n+9
k+1 _ Ik
) - Z ;o
i=1
where xé,z’ =1,2,...,n 4+ 9 are undetermined real coefficients. It follows
that
n+9 n+9 n+9

k !k |k Lask
fe% HH < Z w07 ]| < Z | [| e[| < Z |2i| My
i=1 i=1 i=1

Then we can bound HafHH by ¢;(n)ME, where ¢;(n) is the solution of the
following constrained minimization problem:

n+9
ci(n) = min [zl .
i=1
n+9 (3)

s.t. Z:Ei-ozf = af“ .
i=1

Since Myt = maX{HoszH 01 <1< n+9}, we get an estimate for r1(n)
as follows:
ri(n) = | Jnax c(n) .

By symmetry, we only need to solve at most four constrained mini-
mization problems corresponding to o/'fJrl = P'fH + PSH — Pfljj — P'§+1,
a1 =Py+Puy —P1—Puyg, a7y =Py +Pry— Py — Py, and
aflié =Py +Pyi3—Ppyo— Py, respectively. Since P’fJrl is the extraor-
dinary vertex, it is not surprising to find out that ¢;(n) is the maximum for
n > 3. The special case is 71(3) = ¢4(3) = 0.4375 > ¢;(3) = 0.3125. Then it
follows that

ri(n) =ci(n), n>3 .

Similarly, we can estimate 7;(n), n > 3, j > 1 by solving only one
constrained minimization problem (3) with o/f“ replaced by o/fﬂ . Table 1
shows the convergence rates of the second order norm for 3 < n < 10. The

convergence rate r;(6) = (1)’ is sharp for regular patches.



Table 1: Convergence rates r;(n), i =1,2,3

n 3 4 5 6 7 8 9 10

ri(n) 0.437500 0.382813 0.540907 0.250000 0.674025 0.705136 0.726355 0.741711
ro(n) 0.082031 0.142700 0.258367 0.062500 0.372582 0.402608 0.424000 0.439960
rg(n) 0.020752 0.053148 0.118899 0.015625 0.197695 0.219995 0.236377 0.248872

3 Distance Bound

3.1 Regular Patch

u=1 w=1
(0,0) (0,1)
Q
1,0 v=1
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Figure 2: (a) Control vertices of a quartic box spline patch and their order-
ing. (b) Parameter domain Q = {(v,w)|v € [0,1] and w € [0,1 — v]} with
the third parameter u =1 — v — w.

If S is a regular Loop patch, then S(v,w) can be expressed as a quartic
box spline patch defined over the unit triangle 2 with control vertices p;, 1 <
i <12 (see Figure 2) as follows:

12
S(va) = sz’Ni(an) 5 (4)
i=1

where N;(v,w),1 < i < 12 are the quartic box spline basis functions. The
expressions of N;(v,w) refer to [6].

S is also a quartic triangular Bézier patch, thus S(v,w) can be written
in terms of Bernstein polynomials [8]:

15
S(va) = szBz(va) 5 (5)
i=1

where b;,1 < i < 15 are the Bézier points of S, and B;(v,w),1 < i < 15
are the quartic Bernstein polynomials (see Figure 3). The correspondence
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Figure 3: (a) Ordering of the Bézier points of a quartic triangular Bézier
patch. (b) Quartic Bernstein polynomials corresponding to the Bézier
points.

The 15 x 12 matrix 7" which converts from the 12 control vertices to the
15 Bézier points can be computed with the algorithm developed in [7]:

2221220 2 2 0000
10312104 3 0000
01112303 40000
004 8 00 8 4 0000
00110106 60000
000 8 404 8 0000

ooz a0 23 00010
T=—1001 6 0010 6 00 1 0
221000 6 10 6 1000 1 0
000 4 303 1210710
002 2 0212 2 0220
001 3 0012 4 0130
000 4 00 8 8 0040
000 3 104 120031
000 2 20 2 12202 2]

The linear parametrization of the center triangle F = {p4, p7, ps} (see
Figure 4(a)) is
F(v,w) = ups + vp7 + wps ,
where © = 1 — v — w. By the linear precision property of the Bernstein
polynomials [8], we can express F(v, w) as the following quartic Bézier form:

15
F(U>w) = ZEZBZ(U77~U) 5 (6)
i=1
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where B(j+k)(j+k+1)+k+1 = F(%, %),j,k > 0,0 < j+ k < 4 are the Bézier
2

points. It is obvious that ps = by, p7 = b11, ps = bis.
Hence, for (v, w) € €, it follows that

15
[S(v,w) — F(v,w)|| = Z(bi —bi)B;(v,w)
5 )
<> lIbi = byl| Bi(v, w)
i=1

We can bound ||b; — b;|| in terms of M as ||b; — b;|| < ;M. Here
1
512511251525 )

1
5225325725102512251421 ;

1
54—56—513—6 ;

1
b5 = by = by = — .

It is easy to know that leil 0; B;(v,w) reaches its maximum at the three
corners of €2, that is,

15

1
max 0;Bi(v,w) = = .
(v,w)eN =1 2

Then we have a bound on the maximal distance between S(v, w) and F(v,w)
as stated in the following theorem:

Theorem 3.1 The distance between a regular Loop patch S and the corre-
sponding center triangle F is bounded by

max ||S(v,w) — F(v,w)|| < =M .

1
(v,w)eN 2

3.2 Extraordinary Patch

An extraordinary Loop patch S can be partitioned into an infinite sequence
of regular triangular patches {SF }, k > 1,m = 1,2,3. If we partition the
unit triangle © into an infinite set of tiles {QF 1 k > 1,m = 1,2,3 accord-
ingly, (see Figure 4), with

OF = {(v,w) |ve 2% 27" T and w e [0,27% — o]} |

QF = {(v,w) |v e [0,27% and w € [27% —v,27*]} |

QF = {(v,w) |v €[0,27%] and w € [27F,27FFL — o)} .
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Figure 4: Partition of the parameter domain §2.

Each tile QF corresponds to a box spline patch Sk And we denote the
parameter space corresponding to the extraordinary subpatch S'g by

QF = {(v,w) |v € [0,27% and w € [0,27F — 0]} .

Let F(v,w), FE (v,w) and F§(v,w) be the linear parametrization of the
center faces of the control meshes of S, Sk and S’S, respectively. Using the
triangle inequality, for (v,w) € Qﬁl, m = 1,2,3, the distance between an
extraordinary Loop patch S(v,w) and the corresponding triangle F(v,w)
can be bounded as

I1S(v, w) = F(v,w)]| < [ISy, (v, w) = Fy, (v, w)]|
k k—1 - i+1 ) ’ (8)
+ [Fp (v, w) = Fg~ (0, w)| + ) IFG (0, w) = Fy (v, )]
1=0

With a proof analogous to the one of Lemma 3 in [9], we have the
following two lemmas.

Lemma 3.2 If (v,w) € QF m =1,2,3, then

3 7k—1
=M, m=1,3;
Fk Fk— ) )
H m(vw) = Fy l(v’w)H é{ zM%_l, m=2. '

where M(]f—l is the second order norm of S]g_l.
Lemma 3.3 If (v,w) € QF, then for any 0 <i < k — 2 we have
[EGH (v, w) — Fy (v, w)]| < w(n)M |

2 . .
where w(n) =  — W, and My is the second order norm of S

and FO = F.



It follows that if (v,w) € QF,,m = 1,3,

1 3 .
1S(v, w) = F(v,w)|| < §M/% + gMo'H +w(n) p Mg

gMok_l + w(n) r,-(n)MO

IN

1
§M,’,?b +

Here, r;(n) is the i-step convergence rate of second order norm. Let m — oo
in Equation (9), we get

IIS(v, w) — F(v,w)| <w(n Zrl
=0

Because {QF }, k> 1, m = 1,2,3, form a partition of Q, we have the fol-

lowing theorem on the maximal distance between S(v, w) and F (v, w), (v,w) €
Q:

Theorem 3.4 The distance between an extraordinary Loop patch S and the
corresponding triangle F is bounded by

max_||S(v, w) — F(v,w)|| < Coo(n)M° |
(v,w)eQ

where -
(n) Y ri(n)
=0
and M° = M is the second order norm of S.
For a regular patch with n = 6, we have C(6) = w(6)/(1 — r1(6)) =
(3/8)/(1 —1/4) = 1/2. The result in Theorem 3.1 is obtained again. How-

ever, there are no explicit expressions of r;(n) for general n, we have the
following practical corollary for error estimation.

Corollary 3.5 The distance between an extraordinary Loop patch S and the
corresponding triangle F is bounded as

max_||S(v,w) — F(v,w)| < C’,\(n)MO, A>1,

(v,w)eN

where

_ Zj\z_ol ri(n)
Ca(rn) = wln) LT

and M° = M is the second order norm of S.

Table 2 gives the numerical results of the bound constants Cy(n) (A =
1,2,3).



Table 2: Comparison of Cy(n) (A =1,2,3)

n 3 4 5 6 7 8 9 10

Ci(n) 1.000000 0.784810 0.915862 0.5 1.052763 1.087084 1.111167 1.129655
Cy(n) 0.880851 0.781290 0.873611 0.5 0.915630 0.914924 0.911327 0.907421
Cs(n) 0.872850 0.780397 0.858623 0.5 0.875407 0.866176 0.856245 0.847476

4 Subdivision Depth Estimation

Because the distance between a level-k control mesh and the surface patch
S is dominated by the distance between the level-k extraordinary subpatch
and its corresponding control mesh, which, according to Corollary 3.5, is

”S(U?w) - Fk(v7w)H < C)\(n)Mk ’

where MPF is the second order norm of S’s level-k control mesh. Assume
e>0and k=A; +7,0<7<A—1, let

IS(v, w) = F*(v, w)|| < Cx(n)ry(n)M°
< Ca(m)(ra(n)irs(m)M° < e

then it follows that [; > |log_1 (M) . Consequently, we have

A (M) €
the following subdivision depth estimation formula for extraordinary Loop
patches.

Theorem 4.1 Given an extraordinary Loop patch S and an error tolerance
€ >0, after

k= i i+ 7
03?’2&1—1 it

steps of subdivision on the control mesh of S, the distance between S and its
level-k control mesh is smaller than €. Here,

. 0
= [log (Mﬂ 0<j<A-1,A>1,

1
ra(n) €

where r;(n) and C\(n) are the same as in Corollary 3.5, M = M s the
second order norm of S.

In particular, for a regular patch, k = {log4 (f‘f—fﬂ

Assume the second order norm M° = 1, and the error tolerance € = 0.01.
Table 3 shows the results of subdivision depths computed with different
A=1,23.
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Table 3: Comparison of subdivision depthes, A =1,2,3
n 3 4 6 7 8 9 10

C1(n) 3 12 14 15 16
Ca(n) 3 10 10 11 12
Cs(n) 39 9 10 10
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