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Chapter 14b
Inference in Bayesian Networks




% FERAHEIE (exact inference)

= BII =S (enumeration)

= BT EIEEH T (variable elimination)
<% IE{UHEIE (approximate inference)
= B FEHLAEL (stochastic simulation)

= 1833 Markov #X4F5Fi& (MCMC)
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» BWERES: TERINASHEEER P(X|E=e)
eg. I’ (:A-"T()Ga..s\Ga.-'u-ge = empty, Lights =on, Starts = false)

& BB P(X, X,[E=e) = P(X[E=e)P(X,[X, E=e)

o BIURER: REMEBEFEVNAER, MEREEFETE

P(outcomelaction, evidence)

<« FEEME: MEIEEEFE N —ZRE?

o RYMEST: MLEMEREZREEEN?
o R RANAFE-NBIDIA?
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< FHMERENGE: BIERkMHEKEMESHmPHNTE, MAHEITEFRER
HEXNITE

< 1 Burglary 4% LB & B &) @
P(B|j, m)
P(BZ,j,m)/)P(j, m) m
aP(B,j,m
a X 2, P(B,e,a,j,m) @ @

< 3H CPT I FTIATZ AN
P(B|j, m)
=« 2, 2, P(B)P(e)P(a|B.e)P(j|la)P(m|a)
= aP(B) X, Ple) 2, P(a|B,e)P(jla)P(mla)

< BIREMTEHES: O(n) ZE/RIEZE, O@W) FfEEiE
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function ENUMERATION-ASK(X, e, bn) returns a distribution over X
inputs: X, the query variable

e, observed values for variables E

bn, a Bayesian network with variables {X} U E U Y g%"ﬁ?lj?
ﬂ,@;ﬂ’g,ﬂ}?
Q(X) < a distribution over X, initially empty

for each value ; of X do
extend e with value «; for X } Sy EsiaTE s MEHET
Q(7;) «— ENUMERATE-ALL(VARS[bn], e) | HE (MABERTES)
return NORMALIZE(Q(X)) y3—qp

function ENUMERATE-ALL(vars, €) returns a real number A& %
if EMPTY?(vars) then return 1.0
Y — FIrsT(vars)
if Y has value yin e
then return P(y | Pa(Y)) x ENUMERATE-ALL(REST(vars),e) Mz
else return &, P(y | Pa(Y)) x ENUMERATE-ALL(REST(vars),e,) s3liimz|
where e, is e extended with ¥ = y
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P(jla) P(jjma) P(jla) P(jjma)
05 05

90 90

O O O O
PTSHfa) PE}T}}/ =-a) P?’gﬂ/a) Pé}(irn/—n a)
| O | O O | O

¢ WEZRYH: FEESITEHE
= eg, e B ME, BITET P(jla)P(m]a)
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< TETHIT (variable elimination) : MG EIZFITRFRIE
= FfiEdE4sR (factors) UBEREEITE /@D

D) s Pl PlalB.e Pl CD/Q@

=aP(B)2, Ple) 2, P( a\B e j\a ) P(m|a)

B E M
= Q'P(B)ZE,P(E)ZGP(G\B € \ f’u a) B
= aP(B)X.P(e)2,P(a|B.e) )fu a)  ERR
= aP(B)XL.Ple)Xafala,b, €)fJ a)fula)
= aP(B)2.Ple)fi(b,e) (sum out A) SR A
= aP(B)fgi(b) (sum out E) HIRE
= afp(b) X fpan(b) iR B
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< K FXBRANTE, BNFRZEETF
= NFERE AR EFREE| KA ER
= FEHREFZRSERNFREEFITEMN

Sofix - X fi=fix o % fiDg fra X o X fo = fix oo X fi % fx
KB, R 1, ../ AT X

< BRtEsk: BEL A,

fl(:rla e s Lis YLy - - ~3JA) X f2(yl~ vy Yk 21y - _,,’Z{[)
:' f(\:rla .. "a*ftjayla T s Yks 215+ - - ~j[)
E.g., fila,b) x fo(b,c) = f(a, b, c)
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function ELiMINATION-ASK( X, e, bn) returns a distribution over X
inputs: X, the query variable
e, evidence specified as an event
bn, a belief network specifying joint distribution P(X,..., X,)

factors< []; vars« REVERSE(VARS[bn]) FHEEIRT SHIRF
for each var in vars do

factors < [MAKE-FACTOR(var, e)|factors]

if varis a hidden variable then factors— SumM-OuT(var, factors) RF1EE
return NORMALIZE(POINTWISE-PRODUCT(factors)) Barg Sk

A
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g ErEEI): P(JohnCalls|Burglary = true) @

P(J|b) = aP(b) S P(e) S Plalb. €)P(J]a) S P(m]a) /@1
= Em EXFAL MES5EETEH @ @

< EI1: Y ZEEELXH, BRIE Y € Ancestors({X}UE)

< T EHIF, X =JohnCalls, E={Burglary}
Ancestors({X } UE) = { Alarm, Farthquake}
E itk MaryCalls £ Jc < H

2K FHorn FAIKB AIE /a1 E
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o EX (DIMERMZEEY moral [E) : EIER T S HERET L

» EX (M-5353, m-separated) : A@Eid C X B & m-7 S H,
= H{XEH B{11E moral ElHiEid C 2R 2 &R

» EIE2: Y 2R, MMREEFTE I X

&= M- E Q'G

For P(JohnCalls|Alarm = true), both
Burglary and Farthquake are irrelevant o @

-
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< BAEBMLE (SRR, polytrees):
= RAAENMNRZERZRE—FK (kE) BE
= TEIHTTHETEFZEML 72 O(d n)

o ZIEEMWLE:

= BEfBELHRA 3SAT TS HRHEIE > NP-hard
= FNT 3T 3SAT i=BUAITTEL > #P-complete

1. AvBv_C
2. CvDv-A
3. BvCv-D
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.. EZIK L..\JL.\

2) MRS S FRE N MEKR 05)
b) HE—MEUREEER P
¢) MERRIZMR ER UL ST B SCHEER P

< DIMHER LG RAE T3 7
o AR R TE R A
- IERAE: SIERT—HAERR K
o LAIIAL: ARARIEERIRAERE AT A4

= |BRA} KRS FFI% (Markov chain Monte Carlo, MCMC):  #R#E—NiE#132
RHHTRAE, SRS BREASHERBE
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* RUHREE, BRETEERE

function PRIOR-SAMPLE(bn) returns an event sampled from bn
inputs: bn, a belief network specifying joint distribution P(Xy,..., X))

X «—an event with n elements
fori = 1tondo
x; <— a random sample from P(X; | parents(X;))
given the values of Parents(X;) in x
return x

AR FHEREITRAE
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C [P(s|0)
T| .10
F | .50

O

P(R[C)

1

.80
.20

S R[P(W|S.R)
T T| .99
T F| .90
F T| .90
F F| .01
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c [p(s|c)
T .10
F| .50

P(R|C)

.80
.20

S RI[P(W[S,R)
T T| .99
T F| .90
F T| .90
F F| .01
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c [P(s|o)
T [ .10
F | .50

P(R|C)

.80
.20

S R[P(W|S.R)
T T| .99
T F| .90
F T| .90
F F| .01
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C [P(s|0)
T | .10
F | .50

P(R|C)

.80
.20

S R[P(W|SR)
T T| .99
T F| .90
F T| .90
F F| .01
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C [p(s|c)
T | .10
F| .50

P(R[C)

.80
.20

S RIP(W[S,R)
T T| .99
T F| .90
F T| .90
F F| .01
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C [P(S|0)
T [ .10
F | .50

P(R|C)

.80
.20

S R[P(W|SR)
T T| .99
T F| .90
F T| .90
F F| .01
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Cc [P(s|0)
T | .10
F | .50

P(R|C)

.80
.20

S R[P(WS.R)
T T| .99
T F| .90
F T| .90
F F| .01
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< BE¥EXHE (PriorSample) FFE —MFESEHRIBER A
Sps(xr...x,) = II}_ | P(x;|parents(X;)) = P(xy...x,)
e, ESLRUEINHER
E.Q.. Sps(t, f.6,6) =0.5%0.9x0.8x0.9 =032 = P(L, [,1,1)

< Nps(rr...on) RoRBMH 21, - - 0o BIRBEFEHFEERE, NE:
Nlim P(rl o Ty,) = hm Nps( 1) /N
— SPb (\ Tl “I?-n.)
= P(r; .. .:I?n_)

Bl: EIEREEEMATTE—E
JE’(:I‘.L e Tp) = Py xy)

USTC AUTO



ectién: ampling)

“ FRIERETE e, MItSHE—HRHRE, BFHHE P(X|e)

function REJECTION-SAMPLING(X, e, bn, N) returns an estimate of P(X |e)
local variables: IN, a vector of counts over X, initially zero

for j=1to Ndo
x <— PRIOR-SAMPLE(bn) F&FiE, R
if x is consistent with e then IER—EAVE AR
NJ[2] < N[2]+1 where z is the value of X in x
return NORMALIZE(N[X])

< 5an: A 100 DMERMGTT P(Rain|Sprinkler =true)
= 27 NMEKRTFHRE Sprinkler =true
= Hip, B8N Rain=1true, 19 =& Rain= false

P(Rain|Sprinkler =true) = NORMALIZE((8, 19))
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(0.296, 0.704)



P(X|e) = aNps(X, e) (algorithm defn.)
= Nps(X,e)/Nps(e) (normalized by Npg(e))
~P(X.e)/Ple) (property of PRIORSAMPLE)
=P(Xle) (defn. of conditional probability)

o EARF HERE— BN ER R
w B ISR P(e) BB, MUMHERMIERTS
© P(e) MEIEREEHEMMMZRER TH
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AR SO ihoo e ghting, Lw)

o BEARBE: BT E, AXRFIEEETSE, EFIREFERIRES
WEHERY AR EE HE TN 4Y

function LIKELIHOOD-WEIGHTING(X, e, bn, N) returns an estimate of P(X|e)
local variables: W, a vector of weighted counts over X, initially zero

for j=1to Ndo

X, w<«— WEIGHTED-SAMPLE(hn)

Wz] — W]z| + w where 2 is the value of X in x
return NORMALIZE(W[X])

function WEIGHTED-SAMPLE(bn, €) returns an event and a weight
X < an event with n elements; w1 IREISRAEHEARARENE

for i=1ton do

if X, has a value 7; in e

then w«— w x P(X,= 2; | parents(X;)) IERITE

else 12; < a random sample from P (X, | parents(X;))
return x, w
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DU

S R[P(WSR)
T T| .99
T F| .90
w = 1.0 F T| .90
F F| .01
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{eA2Rm

C [P(S|C) P(RIC)
T | .10 80
F | .50 20
S R[P(W|S,R)
T T| .99
T F| .90
w = 1.0 F T| .90
F F| .01
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{eA2Rm

C [P(S|C) P(RIC)
T | .10 80
F| .50 20
S RI[P(W|S.R)
T T| .99
T F| .90
w = 1.0 F T| .90
F F| .01
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{eA2Rm

C [P(S|C) P(RIC)
T| .10 80
F| .50 20
S R[P(W|S,R)
T T| .99
T F| .90
w=1.0x0.1 F - T| .90
F F| .01
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AR TNE

C [P(S|C) P(R|C)
T | .10 80
F| .50 20
S R[P(W|S,R)
T T| .99
T F| .90
w=1.0x0.1 F-T] .90
F F| .01
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AR TNE

C [P(S[C) P(R|C)
T| .10 80
F| .50 20
S R[P(W|S.R)
T T| .99
T F| .90
w=1.0x0.1 F T .90
F F| .01
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{eA2Rm

C [P(S|C) P(R|C)
T| .10 80
F| .50 20

S R[P(W|S,R)
T T 99
T F 90
w=1.0x0.1x0.99 F T 90
— 0.099 FF| .01
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{eA2Rm

< WeightedSample BRI K
Sws(z.e) =TT, _, P(z|parents(Z:))

e XE O LT ancestors FHYIEIRT S w
> FAELETRE S ZERIER

» RTEMHAR z, e FINERN:
w(z,e) = 11" | Ple;|parents(E;))
* IR RAFHEER 2

Sws(z, e)u (z,e)
— H2 \P(zi|parents(Z;)) H;n:1P(:e.g-_\pa.-re-n_.t,g(:Ei))
— P(z,e) (by standard global semantics of network)

< [AARMBERIFIRS T —HEBRMGETT, BEERETEMESHMY
1HZIDEIJT|Z':F
= ABROWEREFGILMUTENINE
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< MFIRTES = W ET =N YR E
= 5% Markov B, BERXRE—NMNTEXRKTET—MRES
= IFETEREST, EARFEREOHNEIN =

GibbsE#¥

function MCMC-ASK(X, e, bn, N) returns an estimate of P(X|e)
local variables: N|[.X], a vector of counts over X, initially zero
7., the nonevidence variables in bn
X, the current state of the network, initially copied from e

initialize x with random values for the variables in Y
for j=1to Ndo
for each Z;, in Z do
sample the value of Z, in x from P(Z,|mb(Z,)) 5 F markov B &
given the values of M B(Z;) in x W ERAERE
N[z] < N[z] + 1 where 2 is the value of X in x
return NORMALIZE(N|[X])

N

o WAILISRBENIEFE— P EERITRE (BA50Mm)

USTC AUTO



s EXF Sprinkler =true, WetGrass=true, BIUMIRTS

— -
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% &3t P(Rain|Sprinkler =true, WetGrass =true)
= %47 Cloudy #1 Rain B MarkoviB35, EE X
= %3t Rain J9 true F0 false B X 2

< E.g., B3LiE]T 100 MRS
= 3142 Rain =true Y, 69 *=2& Rain = false HY
P(Rain |Sprinkler =true, WetGrass = true)
= NORMALIZE((31,69)) = (0.31, 0.69)

« B (HERESSM) - KERE, A MRS LEMERNESHEIHE
ZRRXIEEE
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<% Cloudy By Markov B& 2
Spinkler #A Rain

< Rain Y Markov B & =&
Cloudy, Spinkler 1 WetGrass

< 457 Markov BE T, BRITE AN A:
P(xi|mb(X;)) = P(zi|parents(X:)) 1z conitaren(x,) P(zi|parents(Z;))
* HHEHITRERGHPRER S
< FETFH O]
= FIHTREE LS EMER

= 05K Markov BER K, HEABERREN, Bl P(X;|mb(X
2T RK
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\/
% )

1B T = H T TIE R HETE

= AZEM LR ZIEETERY, E—#E _EZ NP-hard
» FEERESMEERERSY, XHRIMREUR

< BT LW, MCMC 17T (A HETE
= HEFEAEXRETNFEREERN, LW 2R3
= LW, MCMC B EX#hFM 28Uk
= MMERENAT 130 0 AY, WELIREIFRIE
« REBAIEEHTEMESTENTIEES

==
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