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Amаthemаticalmodel has been developed that is able to describe the environment of the city tunnels being affected by
the road traffic, natural and forced air convective flows. Themathematical model describes the peculiarities of the traf-
fic flows on one-lane roads with a satisfactory accuracy. The model well matches experimental data on traffic flows.
Multidimensional calculations of the influence of cars on the airflow in tunnels are performed. The numerical model
for simulating exhaust gas emissions by automobiles and their accumulation in a tunnel and evolution with traffic in-
duced airflowwas developed. The results of numerical investigationsmake it possible providing recommendations for
transport researchers and policy-makers. In particular, it was shown that in the presence of long tunnels on automobile
roads it is necessary to choose the traffic arrangement avoiding the necessity for vehicles to come to a full stop and then
accelerate in tunnels. This could happen in the presence of traffic lights or other type of traffic regulation near the exit
of the tunnel. Thus it is necessary in arranging traffic regulation avoiding placing traffic lights in the proximity of tun-
nel exit for the waiting cars line to be shorter than the distance from the tunnel exit. In venting the tunnel, the direction
of the wind should coincide with the direction of traffic flow. Attempts to arrange venting in the opposite direction for
high blockage ratio of a tunnel by vehicles could result in bringing to a worse situation with air pollution.

© 2020 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license (http://

creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

The problem of quality of an outdoor atmosphere in big urban agglom-
erations is an indicator of the total urban environmental quality. Contribu-
tion of science and research to solving problem of creating clean
atmosphere in big cities can hardly be underestimated. The reduction of ex-
haust emission is the main goal for many researchers (Raeesi and Zografos,
2019, Carroll et al., 2019). The World Health Organization in 2014 recog-
nized air pollution as the world's “largest single environmental health
risk” (Barnes et al., 2019).

Present paper is aimed at developing a mathematical model describing
how air pollution in city tunnels is affected by road traffic self-organization.
This is a critical step to develop effective mitigation strategies. This can be
regarded as a part of an overall basic research to improve the air quality.
This approach is concentrated on the fundamental aspects of mathematical
modeling of the road traffic intensity and the induced drift and dispersion
of contaminants in stratified turbulent flows.
Mathematics, Moscow M. V.

va).

ier Ltd. This is an open access
commons.org/licenses/by-nc-
Most of pollution in urban territories comes from road traffic. Traffic in-
duced pollution depends on regime of flow: irregular trafficmodes, associated
with accelerations and decelerations, long standing in traffic jams produce
maximal pollution. One of the methods of traffic exhaust reduction was con-
sidered decreasing the traffic irregularity by reducing the number of traffic
lights and building automobile tunnels. That brought the problem of air qual-
ity in city tunnels on top of current needs for research. Previous mathematical
models of air pollution by automobile exhaust rely heavily on the assumption
that traffic exhaust is a function of the carflux, and take into account thewinds
and the height of the buildings in an urban environment. Thesemodels usually
take into account the intensity of traffic, the air flows, the heights of the build-
ings, but disregard the effect of moving cars on polluting exhaust gases propa-
gation and mixing with air. This approach is well grounded for being applied
in an open space, while in city tunnels the situation is quite different: the cars
motion plays an essential role in the dispersion of air pollutants.

For contaminants dispersion in tunnels modeling it is necessary to take
into account the influence of moving cars and fans on the air flow. All the
existing models operate with a given traffic intensity as an external param-
eter, while trafficflows are a self-regulating system. Nevertheless, a number
of attempts have been made to develop mathematical models for road traf-
fic (Lighthill and Whitham, 1955; Richards, 1956; Greenberg, 1959;
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Prigogine and Résibois, 1962; Smirnov et al., 2000; Kiselev et al., 2000)
based on a continua approach.

Multiphase traffic models based on microscopic and macroscopic ap-
proaches were compared by Borsche et al. (2012). Helbing (2001) used
methods of statistical physics and nonlinear dynamics. Very wide spectrum
of spatial-temporal pattern formation in automobile traffic flows was de-
scribed by Nagatani (2002). Different approaches were used for describing
traffic flows: Lagrange type car following models (Brackstone and
Mcdonald, 1999), cellular automats approach (Nagel and Schreckenberg,
1992; Helbing and Huberman, 1998; Chowdhury et al., 2000), fluid or
gas dynamical models (Helbing and Treiber, 1998, Hoogendoorn and
Bovy, 2000, Kerner and Konhäuser, 1993).

Currently, continuum traffic flow modeling is developing in a number
of directions. Some of the new models concentrate on methods that deter-
mine optimal adjusting parameters for the model equations (Ngoduy and
Maher, 2012; Zheng et al., 2017). Other developed models take into ac-
count different types of vehicles or different driving styles (Gupta and
Katiyar, 2007) or models with deeper view on weak disturbances propaga-
tion across the traffic (Zheng et al., 2015). The traffic of public transport
and its interaction with passengers is discussed in the papers (Nagatani,
2001; Regirer et al., 2007). Finally, some models expanded to two-
dimensions to describe the traffic flow on multilane roads (Sukhinova
et al., 2009).

Macroscopic models describing fluxes of cars in roads are present in pa-
pers (Ngoduy, 2013; Tordeux et al., 2014; Zhu and Yang, 2013; Costeseque
and Lebacque, 2014), mathematical models based an approach similar to a
visco-elastic one is discussed in papers by Smirnova et al. (2015, 2016,
2017). Accent on travel time prediction for a single vehicle within the traf-
fic flowwas made in papers (Zhang et al., 2018a, 2018b), latest results hav-
ing been described in (Kumar et al., 2017, Ladino et al., 2017, Ma et al.,
2017, Rahmani et al., 2017). Influence of avenue trees on traffic pollutant
dispersion in asymmetric street canyons was studied by Sun and Zhang
(2018).

The novelty of the suggested approachwas in development of a coupled
model, which describes dynamics of automobiles being a function of traffic
regulating strategy, dynamics of air flows in tunnels induced by motion of
cars, and dynamics of exhaust pollutants emission and dispersion in the at-
mosphere of a tunnel being a function of both traffic flow dynamics and air
flows in turbulent atmosphere of a tunnel. Multi-phase models for contin-
uummechanics are used, wherein one of the phases (gaseous) is considered
containing multiple components. The next section describes a numerical
model, which can be used to forecast the accumulation of exhaust gases
in a tunnel under different traffic flow conditions. The model makes it pos-
sible to evaluate the effect of different traffic regulating strategies on the ac-
cumulation of exhaust gases in tunnels, which is a way to achieve optimal
traffic regulation maximizing tunnel capacity and minimizing pollutants
accumulation.
2. Mathematical modeling of unsteady-state traffic flows

Mathematicalmodel for unidirectional unsteady trafficflows developed
in the present paper relies heavily on preceding studies (Smirnov et al.,
2000; Kiselev et al., 2000), but contains some new methodological ap-
proaches, which do not limit the model by one continuity equation and em-
pirical relationships for flux versus density dependence.

Let the X-axis be oriented in the direction of cars motion, denoting the
temporal axis with t. Density of cars in the road n(x, t) is defined as the
ratio of the area covered by cars in the road to the area of the control section
of the road:

n ¼ SvehK
S

, where Sveh is the dynamic area of an average vehicle, S – is the

area of a control zone in the road, K is the number of vehicles in the control
zone. The density defined above is a dimensionless variable changing in the
interval: 0 < n < 1.
2

The traffic flow velocity v(x, t) is introduced; it can vary within the fol-
lowing limits:

0 < v < vmax;

where vmax is the speed limit applied to the lane.
The density can vary within the range from zero to unity: the maximal

density n=1 is reached on cars occupying the whole road standing packed
one by one (at v = 0) in a traffic jam.

On determining the value m = ∫0
Lndx as the generalized “mass” in the

road section L, one could write the mass conservation law for the road. In
case of continuous traffic flow, the continuity equation will take place:

∂n
∂t

þ ∂nv
∂x

¼ 0: ð1Þ

On writing down the equation of motion we'll take into account, that
variations of flow velocity are limited by effectiveness of the car engine
and braking distance on one hand, and by drivers' reaction on variation of
traffic conditions ahead of them on the other hand. Increase or decrease
of flow density ahead of the driver motivates him to accelerate or slow
down the car. Then the equation of motion takes the form:

dv
dt

¼ a;where a ¼

(
aþ; −

k2

n
∂n
∂x

> aþ

−
k2

n
∂n
∂x
; −a− < −

k2

n
∂n
∂x

< aþ

−a−; −
k2

n
∂n
∂x

< a−

or
∂v
∂t

þ v
∂v
∂x

þ k2

n
∂n
∂x

¼ 0

ð2Þ

where a+ –maximal acceleration, a− - maximal deceleration. Both a+ and
a− are non-negative (a+, a− ≥ 0); they are limited by relevant character-
istics of cars. The factor k is positive and has the dimension of speed. It is
dependent on human factors as well (the drivers' reaction delays, etc.). Fac-
tor k physically accounts for the velocity of weak disturbances and their
propagation in the counter flow direction (“speed of sound”) (Smirnov
et al., 2000; Smirnova et al., 2015, 2016, 2017).

3. Modeling of gas dynamical flows in tunnels induced by the motion
of vehicles

When modeling air pollution in big cities the influence of winds and
thermal convective airflows on dispersion and drift of atmospheric contam-
inants are usually taken into account (Smirnov et al., 1996a, 2002). The
role of traffic induced air flow perturbations is usually disregarded being
negligibly small. While in long tunnels the situation is absolutely different:
a moving vehicle acts as a piston bringing the air into a motion and
turbulizing it essentially. These effects turn out to be much stronger than
the atmospheric air flows (winds). The longer is the tunnel, the larger is
the role of traffic induced flow perturbations. For example, Metro in
Moscow being hidden deep underground does not have any other vent
and air supply mechanisms but for the forced convection induced by mov-
ing trains.

The characteristic cross-sections ratio of the moving car and the tunnel

(the blockage ratio BR: S ¼ Scar
A

) is usually rather small as compared to that

of the metro. Thus the multidimensional flow simulation is essential. Tur-
bulent diffusion and vorticity cause the dispersion of the exhausted pollut-
ants and their lifting to the top of the tunnel. The atmosphere of the tunnel
is disrupted by successive waves of cars moving through the tunnel. Thus,
the atmosphere encountered by cars entering the tunnel is affected by the
movement of cars ahead of them in the tunnel.

Mathematical modeling of the local problem for an air flow perturba-
tions and turbulization, and dispersion of contaminants caused by
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successivelymoving vehicles will provide the data to be incorporated into a
meso-scale model for the traffic induced air flow in the whole tunnel.

The flow of an initially quiescent viscous and heat-conductive multi-
component gas mixture bounded by rigid walls is regarded. For description
of turbulence effects we use k-ε model, which is upgraded to take into ac-
count the near-wall damping effects. The Lam-Bremhorst low Reynolds
model is used to describe gas flow near the walls (Smirnov et al., 2002).
The value Yk stands for the mass fraction of the k-th contaminant (automo-
bile exhausts could contain different types of contaminants), its amount in-
creases due to automobile exhaust and could be reduced due to ventilation.
We define δ the mass concentration of oxygen in the air inside the tunnel,
its amount decreases due to consumption by the engines and it could
have to be restored by ventilation. The gas mixture equation of state is as
follows (perfect gaseous mixture):

ek ¼ cvkT þ h0k ; pk ¼ ρk
R
Wk

T;

where cvk- the heat capacity of the k-th fraction, ek is the specific internal en-
ergy,Wk - the molar mass, h0k- the chemical enthalpy, T – temperature, R -
universal gas parameter.

The governing equations after Favre procedure (averaging bars are
omitted) has the following form:

∂ρ

∂t
þ ∇∙ ρ u!� � ¼ �W; ð3Þ

∂δρ

∂t
þ ∇∙ ρ u!δ

� � ¼ − �wδ−∇∙ Iδ
!þ Itδ

!� �
; ð4Þ

∂ρYk

∂t
þ ∇∙ ρ u!Yk

� � ¼ νkWk
�w−∇∙ Ik

!þ Itk
!� �

; ð5Þ

∂ρ u!
∂t

þ ∇∙ ρ u!⊗ u!� � ¼ −∇pþ ∇∙ τ þ τtð Þ; ð6Þ

∂ρE
∂t

þ ∇∙ ρ u!E
� � ¼ −∇ρ u!−∇∙ Iq

!þ Itq
!� �

þ ∇∙ τ þ τtð Þ∙ u!� �
; ð7Þ

where ρ; u!; p are the averagedmixture density, velocity, pressure of the air

flow; E ¼ ∑kYkek þ u2

2
þ k - the total specific energy; k - kinetic energy of

turbulence; νk - stoichiometric coefficient, �wδ is the rate of oxygen con-
sumption by the engine, �w is the rate of the generalized contaminant com-
ponent production, �W is the mass difference between the gas emission and
consumption by the engine. The source terms differ from zero only in spe-
cifically designated zones of the computational domain simulating the re-
spective devices of the vehicle. The fluxes present in Eqs. (3)–(7) look as
follows:

τ ¼ μþ ρνtð Þ ∇ u!þ ∇ u!T
− 2=3ð Þ ∇ u!� �

U
� �

− 2=3ð ÞρkU

Ik
!¼ −ρ Dþ νt=σdð Þð Þ∇∙Yk

Iq
!¼ Jq

�!þ ∑k cpkT þ h0k
� �

Ik
!

Jq
�! ¼ − λþ ∑kcpkYkρ νt=σtð Þ� �

∇∙T

where U is a unit tensor, ∇ u!T is the transposed matrix ∇ u!; ν - molecular
kinematic viscosity; νt- turbulent kinematic viscosity; D - mean molecular
diffusion coefficient; λ - thermal conductivity.

The turbulent viscosity is developed using the formula:

νt ¼ Cμ
k2
.

ε
:

where ε stands for the pulsations dissipation, which can be obtained solving
3

the following equations.

∂ρk
∂t

þ ∇∙ ρ u!k
� � ¼ ∇∙ ρ νþ νt

σk

� �
∇k

� �
þ τt : ∇u−ρ ε; ð8Þ

∂ρε

∂t
þ ∇∙ ρ u!ε

� � ¼ ∇∙ ρ νþ νt

σε

� �
∇ε

� �
þ ε

k
C1ετ

t : ∇u−C2ερ εð Þ; ð9Þ

The model Eq. (8), (9) is modified near the walls using low Reynolds
flows approach (Smirnov et al., 2002). The original coefficients Cμ, C1ε,
C2ε in Eqs. (8), (9) are multiplied by the wall functions:

Cμ ¼ C0
μ f μ;C1ε ¼ C0

1ε
f 1
f μ

;C2ε ¼ C0
2ε f 2;

where fμ, f1, f2 are positive functions: 0 < fμ ≤ 1; f1 ≥ 1; 0 < f2 ≤ 1.
The model parameters were developed based on comparing simulation

resultswith experiments formodel problems of turbulentflows. The param-
eters have the following values (Smirnov et al., 1996a, 2002):

C0
μ ¼ 0:09; C0

1ε ¼ 1:45; C0
2ε ¼ 1:92;

σd ¼ 1; σt ¼ 0:9; σk ¼ 1; σε ¼ 1:3:

The boundary conditions for the volume G are the following:

∂G : u!¼ ub; k ¼ 0;
∂ε

∂ n!¼ ∂σ

∂ n!¼ ∂Yk

∂ n! ¼ ∂T
∂ n!¼ 0 ð10Þ

where n! is a vector normal to the boundary. Special volumes of a moving
vehicle are assigned for the oxygen consumption (front part) and contami-
nants production (the rear part).

The initial conditions for the system of Eqs. (1)–(8) are the following:

t ¼ 0;GnGr : u!¼ 0; ρ ¼ ρ0;T ¼ T0; δ ¼ δ0; Yk ¼ Yk0; k ¼ k0; ε ¼ ε0; ð11Þ

t ¼ 0;Gr : u!¼ uv; ρ ¼ ρ0;T ¼ T0; δ ¼ δ0;Yk ¼ Yk0; k ¼ k0; ε ¼ ε0; ð12Þ

To solve the systemof Eqs. (3)–(9) splitting by physical processes and by
coordinates is used. Each operator is also split into two parts: the parabolic
and the hyperbolico-parabolic including the source terms. The computa-
tional technique is described in details in (Tannehill et al., 1997).

To study the influence of car motion on the dynamics of air in a tunnel,
we performed a multidimensional modeling of gas-dynamic flows induced
in the tunnel in the presence of cars based on the model described above.
An axis-symmetrical problem within a half a cylinder with obstacles was
solved. The computational domain simulated a cylindrical tunnel having
a hemi-circle in the cross-section. The cars present in the tunnel were sim-
ulated by central obstacles composed of cylinders of different radii. The
length of the computational domain could be variable as the computational
domainwas assembled of the attached sections each containing a single ob-
stacle simulating one vehicle of a definite type. The characteristics of a tun-
nel and of model vehicles could be variable.

A typical computational domain can be seen in Fig. 1. The use of an axis-
symmetrical approximation decreases the number of independent variables
and the dimension of space thus decreasing the computer time necessary to
perform one calculation and providing the possibility to perform paramet-
ric studies within a reasonable time.

In numerical simulations the air properties were as follows: air density
ρ1 = 1,29 kg/m3; air initial temperature T = 300 K; tunnel radius RT =
6 m; tunnel length L = 100 m; car maximal height H = 3 m; car front
part height h = 1.5 m; the wind velocity in a tunnel was varied in the
range between 1 m/s and 40 m/s.

The variable parameters in numerical simulations were the mean
flow velocity (or the pressure drop) in the tunnel, the number and size
of vehicles inside the tunnel, and the initial level of turbulence in the
tunnel as that parameter could influence the drag forces and the overall
pressure drop.



Fig. 1. Steady flow velocities (а) and turbulent kinetic energy distributions (c) in a tunnel 100m long and 5m high in the presence of four model vehicles 7m long and 1.5 m
high each. The scaling maps for velocities in m/s (b) and turbulent kinetic energy in m2/s2 (d). Mean airflow velocity 5 m/s.
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The typical steady flow pictures obtained for different flow velocities
and vehicle characteristics in the tunnel are shown in Figs. 2 and 3. The
zone of flow induced vortices behind the vehicles is clearly seen in the fig-
ures. It is seen from the figures, that a bigger car provides a higher blockage
ratio to the tunnel, which leads to the increase of turbulence and vorticity.

The blockage ratio (BR: S ¼ Scar
A

) is defined as a ratio of a vehicle cross sec-

tion to the cross section of the tunnel.
To investigate the influence of cars inside the tunnel on the air flow a

series of numerical simulations was performed providing the dependence
Fig. 2. Turbulent kinetic energy distributions and scaling maps (inm2/s2) in a section (41
7 m long and 1.5 m high. Mean airflow velocity 5 m/s. Initial RMS = 0.35u0.

4

of flow velocity on the pressure drop in the tunnel for different values of
the blockage ratios. (By the blockage ratio here we mean the ratio of an ob-
stacle area to the tunnel area.) At a zero blockage ratio one has a tunnel in
the absence of cars. The increase of the blockage ratio characterizes the
presence of larger vehicles in the tunnel. To investigate the influence of ini-
tial flow turbulization we also varied the initial RMS values.

Fig. 4 shows the plots ofmeanflow velocity in a tunnel versus a pressure
drop for variation of the blockage ratio. Fig. 4 allows to compare the air
flow in the tunnel in the absence of cars (BR= 0) with that in the presence
of cars (BR≠ 0). The results show that for the same pressure drop themean
m< X<68m) of a tunnel 100m long and 5m high containing onemodel vehicle



Fig. 3. Turbulent kinetic energy distributions and scaling maps (inm2/s2) in a section (41m< X<68m) of a tunnel 100m long and 5m high containing onemodel vehicle
7 m long and 2.5 m high. Mean air flow velocity 5 m/s. Initial RMS = 0.35u0.
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velocity difference increases proportionally to the blockage ratio. On the
other hand, for the same blockage ratio the air flux variation in the tunnel
is proportional to relative velocities of cars and the air flow. The velocities
are provided in the moving system of co-ordinates linked to vehicles veloc-
ity, which means that in the system of coordinates linked with the tunnel,
gas velocity in the direction of moving cars increases with the increase of
the blockage ratio.

The obtained data of direct numerical simulations of the air flow in tun-
nels in presence of cars show that large variations of initial level of turbu-
lence in the interval 0 < RMS < 0.3 does not cause a big divergence of
the obtained curves. That testifies to the fact that the initial level of turbu-
lence does not play an essential role in determining final results as in all the
cases the final turbulization of the flow is determined rather by actual flow
characteristics and channel geometry than by the initial level of turbulence.
Fig. 4. The plots of mean flow velocity in a tunnel 100m long and 5m high versus a pres
cars in the tunnel): curve 1 - BR = 0; curvе 2 - BR = 0.3; curvе 3 - BR = 0. 4; curvе 4

5

Fig. 5 illustrates the results for themean airflowvelocity as a function of
a pressure drop for the same blockage ratio BR = 0.6, but for different
values of traffic flux density. The results show that increasing the traffic
density also causes a decrease of relative mean velocity, which means in-
crease of velocity in the tunnel in the direction of the cars motion.

4. The model for the tunnel air contaminants evolution caused by an
unsteady traffic flow

The problem of the impact of vehicles on the tunnel environment that
could be easily solved for the case of a single vehicle, turns to be hardly fea-
sible for a traffic flow if one uses the same approach. The number of vehi-
cles is very large and each one moves in a different environment
perturbed by the previous one. Besides, the models for traffic flows provide
sure drop for variation of the blockage ratio and constant traffic density n=0.28 (4
- BR = 0.5; curvе 5 - BR = 0.6; curvе 6 - BR = 0.7.



Fig. 5. The plots of mean flow velocity in a tunnel 100 m long and 5 m high as a function of a pressure drop for the same blockage ratio BR= 0.6 but for different values of
traffic density: curve 1 - no cars in the tunnel (n≡ 0); curve 2 - one car in the tunnel (n=0.07); curve 3 - two cars in the tunnel (n=0.14); curve 4 - three cars in the tunnel (n=
0.21); curve 5 - four cars in the tunnel (n = 0.28).
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only averaged continuous characteristics. Thus it seems reasonable to apply
a continuous model of the multi-phase mechanics for modeling the motion
induced in the tunnel. Themodelwould take into account the interaction of
air and traffic and the accumulation or/and removal of pollutants under dif-
ferent traffic conditions.

The approach to be used is described in details in the paper (Smirnov
et al., 1996b). The air in the tunnel would be assigned as a gaseous phase
incorporating a number of gaseous components: oxidant, inert components
(all other gases, such as nitrogen, water vapour, etc.) and contaminants
(CO2, CO, etc.). The flow of vehicles would be regarded as a condensed
phase composed of rigid elements each characterized by its velocity and
volume. The mean volume fraction of the condensed phase within the tun-
nel would be introduced as an additional unknown parameter to be deter-
mined by solving the traffic evolution equations. The traffic flow intensity
and velocity variations could be determined using the Eqs. (1)–(2). The in-
teraction of the solid phase elements with the gaseous phase (mass andmo-
mentum fluxes) could be determined by solving the Eqs. (3)–(9) for a single
element and then introducing an appropriate approximation.

For long tunnels one could assume the flow one-dimensional that en-
ables one to perform modeling within reasonable time scales. Meanwhile,
all important multidimensional effects would be taken into account by
using the solution of the local problem of a single vehicle interaction with
the gas flow.

The results of direct numerical simulations of multidimensional air flow
in a tunnel in presence of vehicles inside it show that the influence of vehi-
cles is directly proportional to the velocity difference, cross-section area
ratio and density of cars in the tunnel. Thus we suggest the following ap-
proximation providing a link between the velocity of air in the tunnel in ab-
sence of cars and in presence of moving cars:

u ¼ u0 1−sð Þ þ sv ð13Þ

where S ¼ Scar
A

is the cross-section area ratio of a car and a tunnel, u0 is a ve-

locity of an air flow in the tunnel in absence of moving cars.
6

The formula (13) gives a first order approximation. In case the cross-
section area ratio is small the influence of moving vehicles in the tunnel
on motion of air is negligible. If cross-section area ratio is close to unity
the air velocity practically coincides with that of vehicles (the case of
metro). Though being an approximation, the formula (13) gives us a big ad-
vantage allowing omitting momentum equation and keeping only mass
equations for species Eqs. (4), (5). That reduces the overall number of dif-
ferential equations incorporated in the model and simplifies the solution
procedure.

Another simplification will be an assumption that we have only two
components in the atmosphere of the tunnel: atmospheric air and gaseous
pollutants. Let the mass concentration of gaseous pollutants be Y.

Y ¼ ρpol
ρ1

;

where ρpol is the density of gaseous contaminants, ρ1 is the density of gas in
a tunnel. Then the mass equation for gaseous contaminants takes the form:

∂ρ1Yα
∂t

þ ∂ρ1Yαu
∂x

¼ �m x; tð Þ ð14Þ

The volume fraction of gaseous phase in a tunnel α present in the
Eq. (14) could be determined by the following formula

α ¼ 1−ns ð15Þ

The contaminants mass emission function �mðx; tÞ denoting the mass of
gaseous contaminants emitted per time unit within an interval of a unit
length having coordinate x at time moment t, could be determined by the
following formula:

�m ¼
�m1n
l∙A

(16)where �m1is the mass of exhaust gases emitted by one car

per time unit, l∙ is the dynamic length of the car. To determine the average
emission we'll use the results of experiments. The average emission is
closely connected with a number of revolutions per minute of the shaft of
an engine. The experimental diagram showing the exhaust rate depending



Fig. 6. Exhaust of an engine in kg per hour as a function of rotation per minute
(R.P.M.) value.
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on the engine R.P.M. can be found in Fig. 6. The dependence gives a prac-
tically linear proportionality.

Besides we assume that the concentration of toxic components (CO and
CH) in the exhaust gases does not surpass the allowable values.

As the R.P.M. value is closely connected with acceleration of a car we'll
assume that at a steady motion and deceleration the emission of toxic com-
ponents isminimal �m0

1. At amaximal acceleration the emission of toxic com-
ponents is assumed to be maximal �mmax

1 . Following the results of
experiments, we'll assume that on increasing acceleration the emission of
toxic components increases linearly. Based on the above assumptions the
following formula is suggested:

�m1 ¼ �m0
1 þ �mmax

1 − �m0
1

� �aH að Þ
aþ

; ð17Þ

which gives the dependence of automobile emission on the traffic
conditions.

The notation a in Eq. (17) stands for actual acceleration of a car

a ¼ dv
dt

:

H(a) is a Heavyside functiоn H(x) = {1 at x ≥ 0; 0 at x < 0}
Fig. 7 illustrates the accepted law of emission.
Fig. 7. Diagram of toxic components emission being a function of vehicle
acceleration.

7

The developedmodelmakes it possible to describe the emission of toxic
components in an unsteady-state traffic flows in automobile tunnels and
their transport with an air flow. It should be combined with a model for
traffic flow evolution. Using this model in automobile tunnels free of inter-
sections and traffic lights seems quite reasonable. Then the whole set of
equations has the form:

∂n
∂t

þ v
∂n
∂x

þ n
∂v
∂x

¼ 0

∂v
∂t

þ v
∂v
∂x

þ k2

n
∂n
∂x

¼ 0

∂ρ1Yα
∂t

þ ∂ρ1Yuα
∂x

¼
�m0
1

l∙Scar
n 1þ

�mmax
1 − �m0

1

aþ �m0
1

aH að Þ
� �

8>>>>>><
>>>>>>:

ð18Þ

The first two equations of the system Eq. (18) allow us to determine the
main characteristics of a traffic flow: velocity and density variations versus
time and length of a tunnel. The third equation allows determining the toxic
components concentration distribution in the tunnel and its evolution in
time.

Numerical solution of the governing system of Eq. (18) was carried out
using the three step algorithm of the TVD scheme of the first order of accu-
racy. The twomodel problems were chosen to serve the basis for numerical
investigations. One of them investigates an essentially unsteady-state case,
while the other deals with studying of automobile exhaust accumulation in
a tunnel under the conditions of a quasi-steady motion of vehicles.

4.1. Automobile exhaust accumulation in the tunnel under the conditions of an
essentially unsteady motion of cars

Let us regard a test section of a road having length L. The interval begin-
ning from 0 up to L/4 is occupied by cars standing next to each other (n=
1, v = 0), the rest of the road is free (n = 0, v = 0). The part of the road
from L/5 up to L/2 goes through a tunnel. At time t > 0 the front cars
come into motion. The basic values of the governing parameters for the
present problem are the following: vmax = 80 km/h = 22,22 m/s; k =
35 km/h = 9,72 m/s; l = 5 m; L = 100 m; a+ = 1,63 m/s2; a− =
5,5m/s2; u0= 5m/s, ρ1=1,29 kg/m3; s=0,2; �m0

1 ¼ 10−4 kg/s; �mmax
1 ¼ 3

:8∙10−4 kg/s (the values fоr �m0
1 and �mmax

1 were determined based on the ex-
perimental data Fig. 6); A = 10 m2.

Figs. 8 and 9 illustrate exhaust gases concentration profiles in the tunnel
for different times after the beginning of motion. Thus these data show the
accumulation of exhaust gases under essentially unsteady traffic conditions.

Concentration profiles shown in Fig. 8 correspond to the case when the
velocity of the forced convection of the air in the tunnel (u0 = 5 m/s)
caused by fans and external wind goes in the same direction as the traffic
flow. Fig. 9 illustrates the case when the forced convection of an air flow
in the tunnel takes place in opposite direction to cars motion (the absolute
value of convective flow velocity in the tunnel still remains the same: u0 =
5 m/s).

As it is seen from Figs. 8 and 9 the unsteady-state exhaust concentration
profiles in the tunnel appearing in the beginning of the process in the long
run come to steady solutions. The limiting steady-state profiles, however, dif-
fer for the two different directions of wind in the tunnel. Comparing the two
results one comes to a conclusion that the limiting steady concentration of ex-
haust gases in the tunnel is much less under the conditions the forced wind
blows being a co-flow to cars motion in the tunnel as compared with the
case wind blowing in the opposite direction. Thus it seems more effective
to arrange venting of tunnels in the direction of the traffic flow.

On increasing the tunnel venting velocity u0 up to 8 m/s the concentra-
tion of exhaust gases accumulating in the tunnel essentially decreases.

The concentration of exhaust gases accumulating in the tunnel is

strongly affected by the cross-section area ratio: S ¼ Scar
A

. On increasing

the cross-section area ratio accumulation of exhaust gases in the tunnel
decreases.



Fig. 8. Exhaust gases concentration Y profiles in the tunnel for successive times for the case velocity of air forced convection in the tunnel (u0= 5m/s, from left to the right)
coincides with the direction of traffic flow, s = 0,2.
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4.2. Automobile exhaust accumulation in the tunnel under the conditions of a
quasi-steady car flux

Let us regard a test section of a road having length L. Let the traffic flow
at the initial instant be steady on the road characterized by density n= ½
and velocity v=80 km/h=22,22m/s. The road at the interval beginning
from L/5 up to L/2 passes through a tunnel. Let us investigate the accumu-
lation of exhaust gases in the tunnel. The other values of governing param-
eters are similar to that regarded in the previous subsection: k = 35 km/h
= 9,72 m/s; l = 5 m; L = 100 m; a+ = 1,63 m/s2; a− = 5,5 m/s2; u0 =
5 m/s; ρ1 = 1,29 kg/m3; s = 0,2; �m0

1 = 10−4 kg/s; �mmax
1 ¼ 3:8∙10−4 kg/s

(the values �m0
1 and �mmax

1 were determined based on the experimental data
Fig. 6); A = 10 m2.
Fig. 9. Exhaust gases concentrationY profiles in the tunnel for successive times for the ca
opposite direction for cars motion (from left to the right), s = 0,2.
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Under the present conditions (Fig. 10) the maximal concentration of
toxic exhaust gases is 3 times less than that for the case of essentially un-
steadymotion of cars discussed before. The reason is the following: amount
of toxic exhaust gases increases on increasing acceleration of a car and has
its minimum for a steady traffic mode.

Thus, the developedmathematical model is able to describe satisfactory
atmospheric air pollution in the tunnels caused by traffic exhaust. The re-
sults of numerical investigations show that in the presence of long tunnels
on automobile roads it is necessary to choose the traffic arrangement
avoiding the necessity for vehicles to come to a full stop and then accelerate
in tunnels. This could happen in the presence of traffic lights or other type
of traffic regulation near the exit of the tunnel. The minimal safe distance
from the tunnel, at which traffic regulation would not essentially increase
se velocity of air forced convection in the tunnel (u0=5m/s, from right to the left) is



Fig. 10. Exhaust gases concentration Y profiles in the tunnel for successive times for steady traffic flow, velocity of air forced convection in the tunnel (u0= 5m/s) coincides
with the direction of traffic flow, s = 0,2.
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the accumulation of exhaust gases in the tunnel depends upon the intensity
of traffic, evolution of traffic jams opposite to the flow and the scenario of
regulation.

The results show as well, that venting of tunnel using forced air convec-
tion could be an effective procedure reducing the air pollution if it is prop-
erly arranged. The direction of the wind in a tunnel should coincide with
the direction of traffic flow. On the other hand, attempts to arrange venting
in the opposite direction under certain conditions could result in bringing to
a worse situation increasing the accumulation of toxic exhaust gases in a
tunnel.

5. Conclusions

A mathematical model was worked out able to describe the environ-
ment of the city tunnels being affected by the road traffic, natural and
forced air convective flows. The developed mathematical model takes
into account:

• self-organization of the trafficflow depending on external regulations,
• handling capacity of the tunnel variations;
• the possibility of traffic jams origination and evolution;
• the coupled effects of the influence of the traffic intensity on the in-
duced air flow in the tunnel and its turbulence;

• the role of additional forced air convection in the tunnel.

The analysis of the mathematical model for traffic flows and of the typ-
ical problems solution shows that the medium under consideration (traffic
flow) has some basic peculiarities distancing it from substances tradition-
ally regarded using the continuamechanics formalism, however some anal-
ogy with the theory of compressible gas motion still exists.

The mathematical model describing essentially unsteady one-lane traf-
fic flows is constructed based on kinematic and dynamic equations. The
model does not need empirical relationships to be incorporated in.

Multidimensional calculations of the influence of cars on the airflow in
tunnels were performed. The results of direct numerical simulations of mul-
tidimensional airflow in a tunnel in the presence of vehicles inside it show
that the influence of vehicles is directly proportional to the velocity differ-
ence, cross-section area ratio and density of cars in the tunnel. Based on the
results of numerical modeling an approximation formula was suggested
providing a link between the speed of air in the tunnel in absence of cars
and the speed of air in the presence of moving cars in a tunnel.
9

The numerical model for simulating exhaust gases emission by automo-
biles and their accumulation in a tunnel and evolution with traffic induced
airflow was developed.

Results of theoretical investigations made it possible developing basic
recommendation for those designing traffic infrastructures in cities.

First, in the presence of long tunnels the traffic arrangement should
avoid vehicles to come to a full stop and then accelerate in tunnels. No traf-
fic lights or other type of traffic regulation should be present in the tunnel
or near the exit of the tunnel. The minimal safe distance from the tunnel,
could be developed based on estimates of the expected length of a traffic
jam near the place of traffic regulation.

Second, venting of tunnel using forced air convection is effective for re-
ducing the air pollution if the direction of the wind in a tunnel coincides
with the direction of traffic flow.

Third, venting flow having opposite direction could result in accumula-
tion of toxic exhaust gases in a tunnel for high blockage ratios.

The developed model makes it possible to forecast the air pollution in
tunnels under different conditions of traffic regulations and intensity and
determining maximal cars flux in a road under the condition not exceeding
the critical level of air pollution.
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