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Abstract It is necessary to understand the features of air pressure in a drainage stack of

a high-rise building for properly designing and operating a drainage system. This paper

presents a mathematical model for predicting the stack performance. A step function is

used to describe the effect of the air entrainment caused by the water discharged from

branch pipes. An additional source term is introduced to reflect the gas-liquid interphase

interaction (GLII) and stack base effect. The drainage stack is divided into upper and base

parts. The air pressure in the upper part is predicted by a total variation diminishing

(TVD) scheme, while in the base part, it is predicted by a characteristic line method

(CLM). The predicted results are compared with the data measured in a real-scale high-

rise test building. It is found that the additional source term in the present model is

effective. It intensively influences the air pressure distribution in the stack. The air

pressure is also sensitive to the velocity-adjusting parameter (VAP), the branch pipe air

entrainment, and the conditions on the stack bottom.
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Nomenclature

a1, a2, two eigenvalues;
Ab, branch pipe water flow area;
A′

b, branch pipe air flow area;
b0, time-averaged bottom pressure (Pa);
b1, magnitude of the bottom pressure

fluctuation (Pa);
c0, sound speed under ambient condition

(m/s);
D, Db, stack and branch pipe diameters (mm);

F , general flux vector in Eq. (10);
f1, x-dependent parameter given by Eq. (4);
ks, stack wall roughness (mm);
H1, stack base height (m);
H , stack height (m);
Lx, length of the grid-step (m);
Nf , number of floors;
p0, ambient air pressure (Pa);
Pav, time-averaged pressure (Pa);
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Pmin minimum peak pressure (Pa);
Pmax maximum peak pressure (Pa);
Pr, Prandtl number;
q, stack air flow flux (kg · m−2 · s−1);
qw, water discharged from a branch pipe at

xk (l/s);
Qw, stack water flow rate (l/s);
S, step function of (x − xk);
S, general vector of the source term in

Eq. (10);
tc, thickness of the annular water flow (mm);
t, time;
u, general variable vector in Eq. (10);
vbg, branch air speed (m/s);
vbw, branch water speed (m/s);
v, total entrained air speed (m/s);

Vt, terminal speed given by Eq. (6) (m/s);
vk, speed of entrained air due to branch wa-

ter discharged at xk (m/s);
x, coordinate;
β, water injection angle;
Δt, time step;
φ, phase angle;
γ, ratio of specific heat at constant pressure

to that at constant volume;
λ, ratio of temporal-spatio steps;
σ0, velocity-adjusting parameter (VAP);
σp, root mean square value of pressure (Pa);
ρ0, ambient air density (kg/m3);
θ, angle used to define A′

b in Eq. (8);
	, coefficient of the viscous term in Eq. (23).

1 Introduction

The air pressure in a building drainage stack is generally dynamic as occurred in the stack
of the Li Ka-shing building at Polytechnic University of Hong Kong[1], there exists dynamically
unsteady air entrainment caused by branch pipe water discharging, gas-liquid interphase inter-
action, and stack base effect[2]. A larger positive air pressure in the stack can possibly deplete
the trap seal, and then the contaminated air in the stack can leak into the space of buildings[3].
This is evidently harmful to the occupants in a building. Hence, the features of the air pressure
in a drainage stack need to be fully understood to prevent the contaminated air from leaking.

The previous numerical studies are based on the solution to the St Venant equations[4–5],
which emphasized the importance of the trap seal retention for improving the building
operation[6–11]. It has been found that the depletions of the trap seals[3] and the bathroom
floor drain traps[12] can cause cross-contamination via the drainage system.

Zhang and Chen[13] investigated the sanitary performance in a drainage stack and the related
impact features. They measured the pressure oscillation limits and the permitted rate of the
discharge water in a real-scale high-rise test building. The so-called permitted rate is defined
according to the critical condition of whether the pressure oscillation limits have exceeded
±400 Pa.

To predict the air pressure in a drainage stack of the high-rise building, a mathematical
model is proposed, in which a step function is used to describe the influence of the entrained
air flow from branch pipes, and an additional source term is introduced to reflect the gas-liquid
interphase interaction (GLII) and stack base effect caused by the water impingement on the
stack bottom wall.

The water discharge is a complicated fluid-flow process, in which the GLII and stack base
effect is significant in impacting the stack air pressure. This indicates that the previous work[4–5]

did not consider the water discharge process in points of details. Nevertheless, in the view of
applied mathematics and mechanics, the present mathematical model is just an extension of
the St Venant equations.

Based on the present model, the governing equations of air flows in the stack region excluding
the base region are solved by a total variation diminishing (TVD) scheme of the Yee-Roe-Davis
type[14–16], while those in the base part are solved by a characteristic line method (CLM).
Recently, the TVD scheme was improved to analyze the gas-droplet detonation[17] and to in-
vestigate shock-vortex interaction[18], suggesting that this numerical scheme has more potential
applications.

To show the model potential in engineering applications, the model parameters are calibrated
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with the data measured by Zhang and Chen[13]. The validation reveals the model parameters’
sensitivity in predicting the air pressure in a drainage stack of a high-rise building.

The pressure evolution and distribution in the drainage stack are predicted by the present
model. The effects of the air entrainment from branch pipes and the stack bottom condition can
be ascertained more clearly from the point of fluid mechanics. The spatio-temporal evolutions
of the velocity and pressure are presented and discussed.

2 Governing equations

Any small disturbance in air can propagate at a sound speed[19], which is dependent on the
air pressure and density. In a building drainage system, the small pressure disturbances caused
by the discharged water, the gas-liquid phase interaction, and the stack base conditions can
propagate in the stack air and lead to pressure fluctuations. The discharged water carries air
from branch pipes into the stack, and causes the entrained air flow. The stack base effect leads
to an increase in the mean air pressure and a decrease in the gas flow speed, and possibly causes
a reverse gas flow in the base region. These air flow behaviors in the stack can be described by
using the mass and momentum conservations.

Following Swaffield and Campbell[4–5], for convenient modeling, it is assumed that the water
flow in the vertical stack is annular, and the air flows in the stack core. The friction factor
provides a viscous damping mechanism of the air flow when the air flow speed is larger than
the terminal speed of the discharged water and an accelerating effect when the air flow speed
is lower than the terminal speed. The discharged water can result in the air entrainment from
the branch pipe into the stack.

By considering the air pressure in the stack as a one-dimensional unsteady variable and
assuming that the pressure variation process is thermodynamically isentropic, the air pressure
in the stack (p) can be represented by p/ργ ≡ const., where γ = cp/cv = 1.4 is the ratio of
specific heat at constant pressure to that at constant volume, and ρ is the air density. Define
the stack range by x ∈ (0, H), where H is the stack height. Based on the conservation of mass
and momentum of the stack air flow in a building drainage system, the governing equations of
the air flow in the stack can be expressed as

∂ρ

∂t
+
∂q

∂x
= 0, (1)

∂q

∂t
+
∂(q2/ρ+ p)

∂x
+

4f
2D

q2

ρ
+ f1ρv = 0, (2)

and the mass flow rate is

q = ρ(u + v) = ρ
(
u+

∑
k

vkS(x− xk)
)
. (3)

The water discharged from a branch pipe located at xk results in a gas entrainment at a speed
of vk(xk). The step function S(x−xk) has a value of zero when x < xk, and equals unity when
x � xk. It is used to reflect the effect of the discharged water, as seen in Fig. 1(a), with the
total entrained air speed v (=

∑
k

vkS(x− xk)). Different from the St Venant equations[4–5], an

additional term with the parameter f1 is introduced to consider the GLII and stack base effect.
Assume that the top of stack is at x = 0 and the time step in simulation is Δt. Then, if the
stack base has its relatively significant effect on the air motion when x > H1, the x-dependent
parameter f1 may be expressed by

f1 =

⎧
⎪⎨
⎪⎩

0, x � H1,

− σ0

Δt
x−H1

H −H1
, otherwise,

(4)
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where σ0 is a velocity-adjusting parameter (VAP). (4) indicates that f1 is assumed to be linear
with the coordinate x. The larger σ0 is, the more the intensive effect is, for the GLII and stack
base. When σ0 = 0, the form of the governing equations returns to the St Venant type.

Fig. 1 Schematic of branch discharging and partial water flow in branch pipe

An example of the entrained air flow speed v as well as the terminal speed of the water flow
Vt is given in Fig. 2. D represents the stack diameter. f denotes the friction factor of the air
flow, which can be calculated by[20]

f = 0.030 3(ks/tc)1/3, (5)

where ks is the stack wall roughness, and tc (= Qw/(πDVt)) is the thickness of the annular
water flow in which Qw is the water flow rate and Vt is the terminal speed of water flow in the
stack. The terminal speed can be calculated by[20]

Vt =
4.403 4
k0.1
s

(Qw/D)0.4. (6)

Fig. 2 Entrained air flow speed v and terminal speed Vt for Qw(x1) = 2.5 l/s and Qw(x2) = 2 l/s

Note that how to give the air entrainment from branch pipes accurately has not been ascer-
tained to date since the air entrainment is related to the gas-liquid interface and the water flow
speed in the branch. Hence, for the present simulation, we present a simple approximation.
The branch water flow is partially fulfilled through a cross sectional area expressed as

Ab =
D2

b

8
(θ − sin θ). (7)

As shown schematically in Fig. 1, the discharged water carries air from branch pipes into building
stacks, leading to an air pressure drop at the corresponding locations connected to the branch
pipe. The cross sectional area for the air flow in the branch pipe is given by

A′
b =

D2
b

8
(2π − θ + sin θ). (8)
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If the air speed vbg in the branch can be assumed to be the same as the water speed vbw (see
Fig. 1(a)). Assume the flow rate of the water discharged from a branch pipe at xk be qw(xk),
the speed vk can be approximated by

vk = 4(A′
b/Ab)qw(xk) sin(β)/(πD2). (9)

The injection angle β is used together with the angle θ to determine the entrained air flow rate.
The initial air speed u and the relative air pressure in the stack are assumed to be zero.

The intermediate height H1 is used to partition a stack into the upper and base parts. The
base part has a stagnation role on the air flow, leading to an increase in the mean air pressure
in this part. The speed and pressure at the upper part are calculated by a total variation
diminishing (TVD) scheme, while in the base part, they are calculated by a characteristic line
method (CLM).

3 Numerical method

The air pressure in a building stack is usually calculated by solving the solutions to the St
Venant equations with a characteristic line method[4–11]. The previous studies have implicitly
considered the air entrainment by imposing proper boundary conditions. However, the present
governing equations (1) and (2) have explicitly reflected the influences of the water discharge
and the GLII and stack base condition on the stack air pressure p. The mass balance of the
gas flow in the stack is described in a conservative form.

To predict the air pressure in the upper part of the stack where the additional source term
vanishes, the second-order symmetrical TVD method of a Yee-Roe-Davis type[14–16] is used to
solve the governing equations (1) and (2). This method was reported in detail by Shui[21], and
the applied to solve a two-phase traffic flow problem previously[22]. The governing equations
(1) and (2) can also be written in a general vector form as follows:

∂u

∂t
+
∂F

∂x
+ S = 0, (10)

in which

u = (u1, u2)T = (ρ, q)T, F = (q, q2/ρ+ p)T, (11)

S = (S1, S2)T =
(
0,

4f
2D

q2

ρ

)T

, (12)

where the superscript T denotes the matrix transposition. The corresponding Jacobian matrix

A =

(
a11 a12

a21 a22

)
=

⎛
⎜⎜⎜⎝

∂F1

∂u1

∂F1

∂u2

∂F2

∂u1

∂F2

∂u2

⎞
⎟⎟⎟⎠ (13)

has two eigenvalues

a1 =
1
2
(a11 + a22 −

√
(a11 − a22)2 + 4a12a21) =

q

ρ
− c, (14)

a2 =
1
2
(a11 + a22 +

√
(a11 − a22)2 + 4a12a21) =

q

ρ
+ c, (15)
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where c =
√

∂p
∂ρ is the sound speed. Based on the two eigenvalues, there is the right eigen

matrix

R = (r1, r2) =
( r11 r12

r21 r22

)
=

⎛
⎜⎝

1 − a12

a11 − a2

− a21

a22 − a1
1

⎞
⎟⎠ , (16)

whose inverse represents the left eigen matrix

L =
( l1

l2

)
= R−1 =

1
1 − r12r21

( 1 −r12
−r21 1

)
. (17)

The TVD method uses lk and rk to denote the left and right eigenvectors, which are, respec-
tively, corresponding to the k-th eigenvalue of the matrix A. Hence, the numerical flux at
x = xj+1/2 can be given by

F̂j+1/2 =
1
2

(
F (uj) + F (uj+1) +

2∑
k=1

ψk,j+1/2rk,j+1/2

)
, (18)

ψk,j+1/2 = − 1
λ

((λak,j+1/2)2gk,j+1/2 + (�(λak,j+1/2))(αk,j+1/2 − gk,j+1/2)), (19)

αk,j+1/2 = lk,j+1/2(uj+1 − uj), (20)

gk,j+1/2 = min mod(αk,j−1/2, αk,j+1/2, αk,j+3/2), (21)

where the ratio of the temporal-spatio steps is λ = Δt/Lx, and � is the coefficient of the viscous
term expressed as

λ = 0.988/max{|ak,j+1/2|} for all k, j, (22)

�(z) =

⎧
⎪⎨
⎪⎩

|z|, z � ε,

z2 + ε2

2ε
, otherwise,

(23)

where ε (= 0.025) is a small parameter used to define �. The minimum modification function
is given by

min mod(z1, z2, z3) =

{
sgn(z1) · min(|z1|, |z2|, |z3|), sgn(z1) = sgn(z2) = sgn(z3),

0, otherwise,
(24)

where sgn(z) is a sign function whose value would be 1, 0, or −1 when z is positive, zero, or
negative. The minmod function plays a role of monotonic treatment for the numerical solution,
which can be calculated by the time step marching with

un+1
j = un

j − λ(F̂j+1/2 − F̂j−1/2) − Δt
2

(Sj+1 + Sj−1). (25)

According to the previous work[11], the friction factor f in the source term (S) is negative if
the air flow speed (q/ρ) is less than the terminal speed (Vt) and positive when q/ρ is larger
than Vt.

On the other hand, to predict the air pressure in the base part, the additional source term
is needed, the characteristic line method (CLM) is used to solve the Euler-type equations, and
then the CLM-based solutions are modified on the concept of time splitting.
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In the base part of x ∈ [H1, H), at x = xj , the solutions to the Euler-type equations are
obtained by a characteristic line method

⎧⎨
⎩

( q
ρ

)
j

= (ζ1 + ζ2)j/2,

(c)j = (ζ1 − ζ2)j(γ − 1)/4,
(26)

where c is the sound speed, and ζ1 and ζ2 are defined by

ζ1 =
q

ρ
+

2c
γ − 1

, ζ2 =
q

ρ
− 2c
γ − 1

. (27)

They are, respectively, the first and second invariances along the characteristic lines, i.e.,

dx
dt

=
q

ρ
+ c,

dx
dt

=
q

ρ
− c. (28)

The time splitting approach gives the following equations:
⎧
⎪⎪⎨
⎪⎪⎩

∂ρ

∂t
= 0,

∂q

∂t
= − 4f

2D
q2

ρ
− f1ρv

(29)

for the solution improvement. Assume that the ambient pressure and density are, respectively,
p0 and ρ0. Let A =

√
γp0/ρ

γ
0 , A1 = 1 + Δt 4f

2D

(
q
ρ

)
j
. It is seen that

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

ρn+1
j =

( (c)j

A

)2/(γ−1)

,

qn+1
j =

1
A1

(
ρn+1

j

( q
ρ

)
j
− Δt(f1v)j

ρn
j + ρn+1

j

2

)
,

(30)

where (c)j and
(

q
ρ

)
j

are the CLM-based solutions to the Euler-type equations as given by (26).
The boundary conditions are given as follows. At x = 0, we assume

ρ(0) = ρ0, q(0) = 0. (31)

At x = H + Lx, the relative pressure and mass flow rate can be expressed by
{
P (H + Lx, t) = p− p0 = b0 + b1 cos(2πc0t/H + φ),

q(H + Lx, t) = q(H, t),
(32)

where b0 is the time-averaged bottom pressure, b1 is the magnitude of the bottom pressure
fluctuation, φ is the phase angle, and c0 (=

√
γp0/ρ0) is the sound speed under the ambient

condition. Then, using the CLM method, the values of ρ and q at x = H can be predicted.
3.1 Calibration

As mentioned in the introduction section, the widely used St Venant equations[4–5] can be
considered as just a simpler model, which can be improved to extend its application potential.

The present model has further used artificial parameters, such as the velocity adjusting
parameter which should be calibrated carefully. The TVD-CLM mixed method described in
the previous section is used to predict the stack air pressure in a drainage system of the real-
scale high-rise test building of 17 floors, where the flow rates of the water discharged from
branch pipes are constants[13].
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It is noted that the real-scale high-rise test building for the experiments of Zhang and
Chen[13] is located in Shiga of Japan. The data recording work was done in 2006, in which the
apparatus calibration is based on Japanese standard proposed by relevant engineering societies.
The air pressure is measured by the pressure sensors in the type of VPRN-A3 of VELCOM.
With the digital signal transmitter 9B02 of COLIN having a filter of 3 Hz, the collected pressure
signals are recorded by the data logger OMNIACE-RT3424 of COLIN. The data logger has a
measuring range of about ± 1 000 Pa. The single floor height of the test building is around
2.8 m. The measured stack air pressure and its peak values[13] are used to calibrate the model
parameters, such as α0, β, b0, and b1, as shown in Fig. 3.

Fig. 3 Time-averaged pressure and its peak values plotted as functions of floor number Nf

The calibrated parameter values are
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

p0 = 1.0 × 105 Pa, ρ0 = 1.25 kg/m3
, γ = 1.4, ks = 1 mm,

Lx = 0.28 m, D = Db = 100 mm, x1/Lx = 10, x2/Lx = 20,

qw(x1) = 2.5 l/s, qw(x2) = 2 l/s, θ1/π = 0.55, θ2/π = 0.5,

b0 = 100 Pa, b1 = 450 Pa, α/π = 1/9, σ0/Δt = 0.01,

φ = 0, H1/Lx = 60, H/Lx = 160,

(33)

where θk (k = 1, 2) are the discharging angles at xk (k = 1, 2). It is noted that the value of H1

is assigned according to the convenience of the numerical validation; the peak pressure values
are expected to be Pav ±√

2αp, where Pav and αp are, respectively, the time-average pressure
and its root-mean square value because the approach of the peak value prediction is absolutely
correct if the stack air pressure oscillates in a harmonic mode.

4 Results and discussion

To show the application potential of the developed mathematical model for the stack pressure
prediction, using the TVD-CLM method and the parameters given in (33), we numerically
explore the model parameters’ sensitivity, and the evolution property of by velocity and pressure
in the drainage stack.
4.1 Sensitivity to σ0, β, and b1

The sensitivity of the numerical solutions to the three parameters VAP(σ0), β, and b1 is
explored by comparing the distributions of the time-averaged relative pressure and the pressure
peaks plotted as functions of the number of floor Nf = 1 + (H − x)/(10Lx). The effect of VAP
on the distributions of the peak pressures can be seen in Fig. 4, where other parameters have the
same values as in (33). As seen in Fig. 4, VAP is a dominant parameter for the time-averaged
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pressure distribution in the stack. The larger the value of VAP is, the smaller the pressure peak
values are, indicating that VAP can be used as a key parameter in the calibration of the stack
air pressure.

It is noted that the green curves in Fig. 4 are obtained on the basis of the traditional St
Venant equations. From Fig. 4, it is clearly seen that whether the GLII and stack base effect has
been considered properly, such as using VAP in the present model, is a key feature impacting
the application potential of the model for the stack pressure prediction.

The distributions of peak pressures are also influenced by the branch entrainment, which
depends on the β angle when the θk angle takes the values given in (33). Figure 5 shows that β
significantly impacts the stack air pressure and its peaks. The suction pressure increases with
the increase in β, indicating that the stack pressure is sensitive to the air entrainment from
branch pipes.

The effect of the fluctuation magnitude of the bottom pressure b1 on the time-averaged
pressure and peak pressures can be seen in Fig. 6. The increase in the magnitude b1 has no
observable influence on the time-averaged pressure, but can enhance the root mean square value
of the pressure fluctuation.

Fig. 4 Distributions of peak pressures along building height under different values of σ0

Fig. 5 Distributions of peak pressures along
building height under different β

Fig. 6 Distributions of time-averaged pres-
sure and its peak values along building
height under different b1

4.2 Evolutions of velocity and pressure
The distributions of the time-averaged peak pressures in the stack, as shown in Figs. 4–6, are

related to the velocity and pressure evolutions in the stack. Using the parameters in (33), the
simulation can output a temporal evolution of pressures at two stack locations, as illustrated
in Fig. 7(a). For t > 1, the time-dependent pressure fluctuates approximately in harmonic and
quasi periodic waves, while the time-average value and oscillation amplitude are evidently de-
pendent on the stack location x/Lx. The time period of the pressure fluctuation is about H/c0.
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Since the pressure oscillation is quasi-periodic, as shown in Fig. 3, the peak pressures can be
approximated by multiplying the root mean square of the pressure fluctuation σp with a factor
of

√
2 because 1

2π

∫ 2π

0 (sin γ)2dγ = 1
2 .

Corresponding to the pressure fluctuation given in Fig. 7(a), the velocity fluctuation history
in the time range of t ∈ (1, 5) is shown in Fig. 7(b). According to the entrained speed v given
in Fig. 2, with respective to the blue curve, the total velocity q/ρ at the stack bottom has a
positive peak velocity of about 2.5 m/s. With respect to the black curve, at the location of
x = H1, the minimum value of q/ρ is close to 1 m/s. Approximately, harmonic and quasi
periodic fluctuating behaviors can also be found in the speed u-evolutions. Figure 7 also shows
that the pressure peak corresponds to the u-velocity valley at a given location and vice-versa.

The contours of the pressure and velocity in the t-Nf plane are shown in Figs. 8–9. Due to
the use of the calibrated parameter σ = 0.01, the air entrainment leads to the decrease in the
stack air pressure P (x, t), as shown in Fig. 8. The pressure is calculated by (p− p0), where the
absolute pressure p is calculated by assuming that the gas flow is isentropic, i.e., p/ργ ≡ const.
The P -contours are labeled by −600Pa, −300Pa, 0Pa, and 300Pa, indicating that when t > 1
the stack air pressure P varies with time in a quasi-periodic mode due to the boundary condi-
tions adopted. It is noted that the blue color region has the pressure less than 600Pa, the cyan
color region has the pressure in the range from −600Pa to −300Pa, the green color region has
the pressure from −300Pa to 0Pa, the yellow color region has the pressure from 0Pa to 300Pa,
the red color region has the pressure larger than 300Pa. This spatio-temporal P - evolution
indicates that the gas flow in the building stack is oscillating under the influences of the branch
discharging, gas-liquid interphase interaction and the stack base.

Figure 9 illustrates the temporal-spatio evolution of u(x, t) (= q/ρ − v). It is noted that
the blue color region has a speed less than −0.5 m/s, the cyan color region has a speed in the
range from −0.5 m/s to 0 m/s, the green color region has a speed from 0 m/s to 1 m/s, the yellow

Fig. 7 Evolutions of pressure P and velocity u at x/Lx = 60 and 160

Fig. 8 Contours of stack pressure in t-Nf

plane
Fig. 9 Contours of u(x, t) in t-Nf plane
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color region has a speed from 1 m/s to 1.5 m/s, and the red color region has a speed larger
than 1.5 m/s. The speed u-contours show that the velocity is generally positive on the floors
when Nf > 15. However, when Nf � 15 and t > 1, it is oscillating around zero (m/s) and its
value slightly depends on the stack location.

5 Conclusions

A model for predicting the stack air pressure in the drainage system of a high-rise building
has been proposed. A step function is used to reflect the effect of the entrained air flow caused
by the water discharged from branch pipes. An additional source term is introduced to take
account of the GLII and stack base effect. The current model has a larger application potential.
The governing equations are solved by a TVD-CLM mixed method applied to the upper and
base parts of a stack. Four model parameters, i.e., σ0, β, b0, and b1, can be effectively calibrated
by the experimental data in a real-scale high-rise test building. The sensitivity of the numerical
results to the velocity adjusting parameter, the air entrainment from branch pipes, and the
fluctuation magnitude of the bottom pressure are investigated. It is found that the velocity
adjusting parameter σ0 in the additional term plays a deterministic role on the distribution of
the time-averaged stack air pressure. The magnitude of the bottom pressure fluctuation has an
evident influence on the root mean square value of the stack air pressure.
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