Proof of Inequality Fe*? < ¢ (b=a)*/8

Theorem 1. if Z is a random variable with E[Z] = 0 and a < Z < b, then for any
real number s > 0,
EGSZ < 652(12—(1)2/8

Proof. By the convexity of the exponential function, (i.e., the definition of convexity
function: f(tx + (1 —t)y) <tf(z)+ (1 —-t)f(y), 0<t<1)
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Now let u = s(b — a) and define ¢(u) = —0u + log(1 — 6 + Oe™), then we have

EesZ < ¢?(W),

By Taylor expansion

P(u) = $(0) + ¢'(0)u + %qb"(v)uQ, for some 0<v<u
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where p = ;=55
Hence,

EesZ < 6u2/8 — esg(b—a)2/8.



