Section 8.4. Example

Let {(R;, X;) :i=1,...,n} be an i.i.d. sample of n random vectors
(R, X). Here R is a response indicator and X is a covariate. We

assume that
logitP|[R =1|X]| =a+ X

and assume that X is normally distributed with mean p and
variance 0. So, our probability model has four parameters,
0 = (a, 8, 1, 0%). Let 0y = (g, Bo, o, 05) denote the true value of 6.
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a. For a given realization of the data, write out the likelihood
function of 6.

n

L(H;a:,r):H ! !

1 exp(r;(a + Bx;))

9
exXpl— r; —
S oV2m p( 202 ( 2 )1 + exp(a + Bz;)
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b. Find the maximum likelihood estimator of 8, 6,, (If there exists
a closed form solution, then present it. If not, indicate how a
solution can be found).

To find the MLE, solve the score equations. The log-likelihood for

an individual is

(z—p)? +r(a+ pz) —log(1+exp(a+ fz))

1
[(0;x,7) x —log(o) — 572
o

The score vector for an individual is

ol(6;x,r) r— exp(a+Bx)
foJe" 1+exp(a+Gx)

8l(g;gﬂ“) x(r — exp(0(5+6~;) ))

. . o l+exp(a+pBx
¢<$,T,9> o ol(0;x,r) o T—U

ou o

ol(0;x,r) 1 i (x—p)?

_ do? | L 2072 204 i

65



The score equations for the full sample are:

n

Z - exp(a + fx;)

=0

— 1 4 exp(a + Bzx;)
in(ri B exp(a + [r;) ) =0
— 1+ exp(a + fz;)

n T — 1
Z 52 0

1=1

—~ 1 (m—p)?

_ —0

Z 202 i 204

1=1

Note that Equations (3) and (4) can be solved explicitly to get
solutions for { and 62, i.e.,

n

:%Z i and & Z(i—ﬂ)Q

z':1
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The solutions for & and § are obtained by solving Equations (1)

and (2). This does not yield simple closed form solutions.

Therefore, we use the Newton-Raphson algorithm. This entails

computing the observed information matrix. Some of these

computations will be needed later so let’s compute the entire

matrix of second partial derivatives. Let p;(a, 3) =

and Qi(aaﬁ> =1 _pi(aaﬁ>7 NOW7

nJ, () = Jn1 (e, B)
0
where
Tulay gy = | = Pil@P)al@f)
i > im1 Tipi(a, B)agi(a, B)

exp(a+Bx;)
1+exp(a+pGx;)

0
2
Jn2 (:ua o )

Z?:1 ripi(a, B)qi(a, B)
Z?:l a:?pz-(oz, B)qi(a, B)
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and

% ﬁ Z?:l(xi — It)
ﬁ 2?21@772 — 1) _2?;4 T 016 Z?:l(xi — H>2

Jn2 (:ua 0-2> —

To compute the the solution to (1) and (2), we start with initial
values for o and 3, say a(? and (9, then update as follows:

o+ B o) ) ol —1 S (i — pi(a(j),ﬁ(j))
Gy | =\ e T A n () /0)
6] 6] 2121 L (T’i — pi(a , B

We iterate until convergence.
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Assume that |a| < K1, |8] < K, |p] < K3, and Ky < 0% < K,
where K1, ..., K5 are finite positive quantities. Is the parameter
space, ©, compact? YES! Assume that 6y (truth) belongs to the
interior of ©.

c. Verify all of the regularity conditions that are necessary to show
that the MLE is both consistent and asymptotically normal.

Refer to Section 8c. Condition i) is satisfied by assumption.
Condition ii) is satisfied since log p(x,r;#) is continuous at each 6

for all —oo < x < oo and r =0,1. Now, we need to show condition
iii) that |log p(x,7r;0)| < d(z,r) for all 8 € © and Ey, [d(X, R)] < 0.

1

— 55 (@—p)*+r(a+Bz)—log(1-+exp(a+p:

log p(x,r;0) = —% log(2m)—log(o)
By the triangle inequality, we know that

1 1
log p(z,736)| <  log(2m)+| 1og(0)|+| 5 (a—p)2 |+|r(a-+Bz) |+ log(L+exp(at B




70



Some inequalities that we will need.
2| <1+ 2?

log(1 4 exp(a + Bz)) >0

log(1 + exp(a + fz))

IA

log(1 + exp(|a| + |B||z]))
1 + log(exp(|a| + |8||x]))
1+ |a| + |||
1+ Ky + Ko (1 + z?)

IA

IA

log(0)] < 5 max(| log(K4)], | lo(K))
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1 1 1 u?
| < ﬁfﬁz + p\MHZE\ + By

332 Kg 2

< ——l——(l—l—xQ)—i—ﬁ
- 2Ky K, 2Ky

r(a+ Bz)| < |a] + |8]lz] < K1+ Ka2(1 +2%)
[log(1 + exp(a + pz))| < 1+ K + Ko(1 + 22)

Let
1 1
d(w,r) = 7 log(2m) + 5 max(|log(Ka)|, |log(Ks)|) +
2132 Kg K2
1+ 2%+ — 4+ K + Ko(1 + 22
2K4+K4( +x)+2K4+ 1+ Kol +27) +

1+ K + Ko(1+2%)

Now, Ey,[X?] = u2 + 02 < oo. This implies that Fyg [d(X, R)] < oo.

For condition iv), we have to show that p(x,r; ) is
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twice-continuously differentiable and p(x,r;6) > 0 for 0 in a
neighborhood of 6. This follows simply from the fact that the
density is made up of polynomial and exponentials for which
derivatives exists. The density is clearly positive over the entire

parameter space.
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8p(:c r;0) H < 6(

For condition v), we have to show that || x,r), where

e(x,r) is integrable. Remember,

1 1 2, exp(r(a + fz))
- 0) = R SV
p(z,7;0) o/ 2 exp( 202 (@ )") 1 + exp(a + Px)
and
B 1 1 2\ rexp(r(a+pBz))+(r—1) exp((r+1)(a+Gx)
oV 2T 6Xp<—p($‘ o M) ) (1—{—exp(oz—+—ﬁa:))2
1 1 2\ zrexp(r(a+p6z))+xz(r—1) exp((r+1)(a+Bx
Op(z,m:0) _ | Fvam &P(—gpz (= 1)) = [ Fexp(atBa))?
0 5= eXp(— g,z (2 — w)®) {i?pe(ié?ifgi% 152}
exp(r(a+pBx z—p)?
| a\}ﬁ exp(—#(x o 'u)2) (1+pe(xé(;fﬁazg){_ 12 + ( 2;‘1) }
Now,
(9p(x r;0) (x r;0), Op(x,r;0)  Op(x,r;0), Op(x,r;0H)

T P T R




We want to bound each of the terms in the sum by a function of x
and r which is integrable.

To do this, note that

= exp(— (= 1)) < ¢ (@)

where

N

= X
N

3

|
s
VAN

)
VAN
s

N
3
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Now,
0 , ,(9 *
p(g; ) < 2e*(x) = er(x)
ap(a(‘;g; 2 < 2zle(x) < 2(1 4 2%)e*(2) = ea(x)
ap<x’r’9> . ‘x‘ _1_K3 " ]._'_332—|—K3
< < =
| o < ef(a)( . ) < e*(x) 7 e3(x)
Op(z,7;0) \ 1 2%(1+2K35) +2K;5 + K
<
| o < e (x>(2K4 T Vi ) = eq(x)

We know that HMH <e(xr)=-ei(x)+ex(x) + ez(x) + es(x).

e(x) is integrable since each e;(x) (i = 1,...,4) is integrable.
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For condition vi), we need to show that

1(0y) = Eg, [¥(X, R;00)¥(X, R;00)'] is non-singular. It would
suffice to show that I(6y) was positive definite. That is,

a'I(6g)a > 0 for all a such that ||a|| > 0. Alternatively, we can show
that Varg, o' (X, R;6y)] > 0.

Now,
a'Pp(X,R;0p) = ai(R— 1 jxé)}fsg)aj;—foﬁ)gf)) "
X (R )+
ag(XU_gluO) + a4(_2ig T = 2_0;;0)2)

Varg, [a' (X, B; 00)] = Egy [Varg, [a"y(X, B; 60)| X]]+Varg, [Egy [a'$(X, R; 60)|X]]
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exp(ag + BoX)

Varg,[a' (X, R;60)|X] = (a1—|—a2X)2

Egyla' (X, R; 00)|X] = as(—=—) +aa(—55+

(1 4 exp(ag + BoX))?
X — 1o 1 (X — po)?

4
o 200 20

S0,

exp(ag + BoX)

)

/ . — 2
Varg,la'p(X, R;6)] = Eg,l(a1 + a2 X) (1 4+ exp(ag + Bo

X))?
X — o 1 (X — po)?

] +

Varg, [ag(T) + a4(—2—2 +
0

exp(ag + Bp X
= E90[<CL1+CL2X)2 plao + foX)

4
200

(1 + exp(ap + By

Va/r@o [(X /L()) ]

2 2
a,3 Ay

00 400

X))?

| +

The variance can only equal zero if a1 = a9 = a3 = a4 = 0. So,
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I1(0y) is positive definite.
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Conditions vii) and viii) involve showing that the norm of the
matrix of second derivatives of the log likelihood and likelihood are
bounded by functions of x and r which are integrable. The norm of
a matrix A = [a;;] is equal to (3, ; a?;)'/?. For each of these
matrices, it is sufficient to show that the absolute value of each of
entries is bounded by an integrable function of = and r. The
bounding techniques are very similar to those used to show

condition v).
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d. Find the asymptotic variance of 0,,.

The asymptotic variance is found by taking the inverse of the

information matrix.

i exp(ag+BoX) exp (o +B0X)
Eoo | iexp (oo 80X} Eoo[X trexpaormoxnzl O
exp(ap+B0X) 2  exp(ap+BoX)

1(0)" ' = EQO[X(1+GXP(Oéo+BoX))2] EQO[X (1+exp(ao+ﬁox))2] 0
( 0) — O O 1
—
90

0 0 0

0
0
0

1

4
200
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e. Find an estimator for the probability of response for an
individual with a covariate value which falls at the pth quantile of
the covariate distribution. Find the asymptotic variance of this

estimator.

The pth quantile of the covariate distribution is pu + o® 1 (p),
where ®(-) is the c.d.f of a standard Normal distribution. The

probability of response for an individual with this covariate value is

 explat Blut od1(p))
M) = T expla+ B(u + 0@ ()

Thus, our estimator is

h(é) _ exp(& + B(ﬂ + V62071 (p)))
1 4 exp(& + B+ V62d-1(p)))

The asymptotic variance is given by (%)’ I _1(90)(%).
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f. At what quantile of the covariate distribution would we expect
the probability of response to be 0.57 Find an estimator for this
quantile and find its asymptotic variance.

What value of x leads to a conditional response probability of 0.57
Solving
exp(a + fz)
1 4+ exp(a + Bz)
we find that = —a/3. The associated quantile is
p(0) = @(#) Thus, our estimator is

= 0.5

—&/B — i
NEE

The asymptotic variance of p(d) is given by (5% p(QO) )T~ (00)(F55

p(0) = d( )

Op(6o) )

83



