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1�Ù ���m�VÇ

1.1 Só

·�±��­.¿÷
·�@�´�Å�½öØ�ý��y�"·�rù
y���,

«”¢�”(�Å¢�)�(J§ùp�/¢�0ATl�2���Ýn)"·�rù«¢���U

(JÀ�´��/���m0���§
/���m0�f8¡�/¯�0§z�/¯�0�D

���/VÇ0�§ù�� u0Ú1�m§5L«d/¯�0u)��U5��"

1.2 ���m�¯�

½½½ÂÂÂ 1.2.1. ���m(Sample Space)´��8Ü§Ù��£ã
·�¤a,��¢�(J"~P

�Ω; ���m���§¡���:§P�ω.

~1.2.1. ��qÚf§*	Ñy�:ê"KΩ = {1, 2, 3, 4, 5, 6}.

~1.2.2. �	,�/«�cü�þ§KΩ = {x|0 ≤ x < T}§ùpTL«,�~ê§L«ü�þØ

¬�LT.

~1.2.3. e·�lo�<@Â�4µ&§K���m´�oº

ÀJÜ·����m

���m���AT´�pØÓ�, �âÁ��ØÓ8�,���mAT�±ØÓ�ÀJ. �

´o��K´���mAT¦�U�[, =¦�U�¹¤k�U�(J. we¡�~f

~1.2.4. (1). ò�qM1�ng§�	��¡Ñy��¹;

(2). ò�qM1�ng§�	�¡Ñy�gê"

ùü�Á��8�ØÓ§Ïd���m�À��ØÓ"
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½½½ÂÂÂ 1.2.2. ���m�f8¡��Å¯�§{¡�¯�(Event)"¯�Ï~^��i1A,B,C�

L«"·�¡¯�Au)§��=�Tg¢��(J´¯�A¥���"AO§d����:|

¤�¯�¡�Ä�¯�¶duΩ ⊆ Ω�3zgÁ�¥Ω7,u)§�¡Ω�7,¯�¶�8φØ�

¹?Û��:�φ ⊂ Ω§�¡Ù�Ø�U¯�"

8Ü�¯��$� ¯�´��8Ü§Ïd8Ü�m�'X9$�{KÓ�·^u¯�"8Ü�

$�{K:

S ∪ T = T ∪ S S ∪ (T ∪ U) = (S ∪ T ) ∪ U

S ∩ (T ∪ U) = (S ∩ T ) ∪ (S ∩ U) S ∪ (T ∩ U) = (S ∪ T ) ∩ (S ∪ U)

(Sc)c = S S ∩ Sc = φ

S ∪ Ω = Ω S ∩ Ω = S(⋃
n

Sn

)c

=
⋂
n

Sc
n

(⋂
n

Sn

)c

=
⋃
n

Sc
n (de Morgan′s laws)

¯��m�÷vÓ��$�{K"3VÇØ¥§8Ü�'XD�
AÏ�L«¿Âµ±

eA,B,C�L«¯�"

1. A ⊂ B: L«�¯�Au)�¯�B7u)"eA ⊂ B,B ⊂ A§K¡¯�A,B ´���§P

�A = B"

2. A∩B(½öAB): L«¯�A,BÓ�u)§aq�éõ�¯�A1, A2, · · · , An, · · ·§Kù
¯

�Ó�u)L«�
⋂

nAn½ö
∏

nAn¶

3. A ∪ B(½öA+ B): L«¯�Au)½ö¯�Bu)½ö¡�¯�A,B¥��u)��"a

q�éõ�¯�A1, A2, · · · , An, · · ·§Kù
¯���u)��L«�
⋃

nAn½ö
∑

nAn¶

4. A−B: L«¯�Au)
¯�BØu)"

5. Ac(½öĀ): L«AØu)§¡�A�éá¯�"w,§Ac = Ω−A"

6. e¯�A,BØ�U3Ó�gÁ�¥Ó�u)§K¡A,B´p½�(d�AB = φ)"e�
¯

�¥?¿ü�¯�Ñ´p½�§K¡ù
¯�´üüp½�"

ÏL¯��'X·��±L«�
E,�¯�§X
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~1.2.5. �A,B,C´n�¯�§ÁL«e�¯�

1. ¯�A,Bu)
CØu)¶(ABC̄)

2. ¯�A,B,CØÓ�u); (Ā+ B̄ + C̄)

3. ¯�A,B,C¥�õk��u)¶(AcBc +AcCc +BcCc)

4. ¯�A,B,C¥��u)ü�¶(AB +AC +BC)

5. ¯�A,B,C¥TÐu)ü�¶(ABC̄ +AB̄C + ĀBC)

·�rXþ�?Ø(J�¤�ÜL:

L 1.1: 8ÜÚ¯�'Xa'L

Î Ò 8ÜØ¿Â VÇØ¿Â

Ω �8½�m ���m,7,¯�

φ �8 Ø�U¯�

ω �� ��:,Ä�¯�

A �ÿf8 �Å¯�

ω ∈ A ω´A��� Á�(JωáuA,¯�Au)

A ⊂ B A�¹3B¥ eAu),KB�½u);¯�A%º¯�B

A = B A�B�� A�B�Ó�¯�;§�Ó�u)½Ó�Øu)

A ∩B½AB �8 L«A�BÓ�u)

AB = φ Ø�� A�BØ�N(p½),§�Ø�UÓ�u)

A ∪B ¿8 L«A½Bu),A�B¥��k��u)

Ac {8 éá¯�;Acu)L«AØu)

A−B½ABc �8 L«Au),
BØu)

A4B é¡� L«A�B¥Tk��u)

lim sup
n→∞

An

=
∞⋂
k=1

∞⋃
n=k

An þ4�8Ü L«¯�S�{An}¥kÃ¡õ�¯�u)

lim inf
n→∞

An

=
∞⋃
k=1

∞⋂
n=k

An e4�8Ü L«S�{An}¥�õkk��¯�Øu)
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1.3 VÇ9VÇ�.

1. k����mþ�VÇ

·���L«��¯�kõ��Uu)§�d§·��z�¯�D���VÇ"�¯�DV

��5`¿Ø{ü"Q,z�¯�Ñ�D���VÇ§·�Ò¡Ù�VÇ¼ê"ÙATkXeü

�5�

½½½ÂÂÂ 1.3.1. ��k����mΩþ�VÇ¼êP§D�Ω¥z�¯�A��0Ú1�

m�ê�P (A)§¿¦�

(1) P (Ω) = 1¶

(2) eA,BØ�N§KP (A
⋃
B) = P (A) + P (B).

KP (A)¡�´¯�Au)�VÇ"

(1) `²
Á��(Jo´���m�����"(2) ´VÇ¼ê��\5"

~1.3.1. 'Xü�<�M1ú²�û½X5W�§Kù«ú²5AT=���¡Ú�¡Ñy��

U5þ�"l
·�D��¡Ú�¡Ñy�VÇþ�1/2. XJ�Ä�y¢¥vkýé�/þ!�

M1§'X·���±D��¡Ñy�VÇ�0.5001§�¡Ñy�VÇ�0.4999.

~1.3.2. �M1�Á�

Á�ö �M1�gê �¡Ñy�gê ªÇ

Æ´ 4040 2048 .5069

��Ö 12000 6019 .5016

��Ö 24000 12012 .5005

lù�~f�±wÑ�XÁ�gê�O\§ªÇ�5��C1/2.

2. Ã�����mþ�VÇ 'X·�­E�Ý��qM1��Ñy1���¡§Á�

�(J´��1�gÑy�¡��Ý�gê§K���mΩ = {1, 2, · · · }. dÁ��VÇ¼

êAT´�oQºb�dqM1�¡Ñy��U5�p (0¡p¡1)§K�¡�1 − p"·�I�

û½P (n)"w,P (1) = p§¯�{2}L«{T,H}, VÇ�P (2) = (1 − p)p.aq�§·��±�

�P (n) = (1− p)n−1p, n = 1, 2, · · ·

@où�Ò½Â
Ω = {1, 2, 3, · · · }þ�VÇ¼ê
íºUì±c�½Â§AT÷vP (Ω) =

1. �´ù�¿ØN´����µdu���mØ2´k��§·�I�?U�Xe½Â
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1. (�K5) é?¿¯�A§P (A) ≥ 0.

2. (�\5) eA,B�ü�p½¯�§K

P (A+B) = P (A) + P (B).

�?�Ú§eA1, · · · , An, · · · ���üüp½�¯��§K

P (

∞∑
n=1

An) =

∞∑
n=1

P (An).

3. (5�5) P (Ω) = 1.

y3·�Òk

P (Ω) = P ({1, 2, 3, · · · }) = P (1) + P (2) + P (3) + · · ·

= p+ (1− p)p+ (1− p)2p+ · · · = 1.

��¿ØrΩ���f8Ñ��¯�§Ï�ù�òé�½VÇ�5(J§'XerØ�ÿ8

���¯�§ò�5Ø��Ñ�(J",��¡§q7Lra,��¯�Ñ�)?5"Ïd·�

Ú\Xe½Â�8ÜaF§�±)ûù
¯Kµ

½½½ÂÂÂ 1.3.2 (σ�ê). ���mΩþ�8ÜaF¡�Ωþ�¯�σ�ê§XJ

1. Ω ∈ F ;

2. eA ∈ F§KĀ ∈ F ;

3. eAn ∈ F , n = 1, 2, · · ·§K
∞∑
n=1

An ∈ F .

ù��FQ�)
·�a,��¯�§qrØ�ÿ8üØ3	"

½½½ÂÂÂ 1.3.3. ½Âu8Ü�þ����¢��¼ê¡�8¼ê.

½½½ÂÂÂ 1.3.4. ½Â3¯�σ�F�þ�8¼êP¡�VÇ§e§÷vVÇ�únzNX.

½½½ÂÂÂ 1.3.5. ¡n�|(Ω,F , P )�VÇ�m.

dVÇ�únzNX§�±��k'VÇ��
5�.

1. P (φ) = 0
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2. (k��\5) eAk ∈ F , k = 1, · · · , n�üüp½§K

P (
n∑

k=1

Ak) =
n∑

k=1

P (Ak)

3. (�~5) eA,B ∈ F�A ⊂ B§KP (B −A) = P (B)− P (A).

4. (üN5) eA,B ∈ F�A ⊂ B§KP (A) ≤ P (B).

5. P (Ā) = 1− P (A)

6. (\{½n) é?¿�¯�A1, · · · , An ∈ F§k

P (

n∑
k=1

Ak) =

n∑
k=1

P (Ak)−
n∑

1≤i<j≤n
P (AiAj) +

n∑
1≤i<j<k≤n

P (AiAjAk)

− · · ·+ (−1)n−1P (A1A2 · · ·An)

7. (g�\5) é?¿�¯�A1, · · · , An, · · · ∈ F§kP (
∞∑
n=1

An) ≤
∞∑
n=1

P (An).

8. (eëY5) eAn ∈ F�An ⊂ An+1, n = 1, 2, · · · ,K

P (

∞∑
n=1

An) = lim
n
P (An)

9. (þëY5) eAn ∈ F�An ⊃ An+1, n = 1, 2, · · · ,K

P (
∞∏
n=1

An) = lim
n
P (An)

~1.3.3. ¦yé?¿n�¯�A1, · · · , Ank

P (

n∏
k=1

Ak) ≥
n∑

k=1

P (Ak)− n+ 1

VÇ�.´é�Åy���«êÆ£ã"§dÁ�����mÚD�ù����mþ�VÇ

�¤"VÇ��u´l���m�¢ê�m���N�§Xeã¤«:

VÇ�.��¤µ

• ���mΩ;

• VÇ{K, éz���U�(J8AD����KêP (A)(¡�A�VÇ), L«

¯�Au)��U5��"
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ã 1.1: VÇN�'X

1.4 �;V.

½½½ÂÂÂ 1.4.1. e�ÅÁ�÷vXe^�

1. ���m�¹kk����:§Ø�PΩ = {ω1, · · · , ωn}.

2. ���:Ñy��U5��(Å¬þ�)§=éz�i = 1, · · · , n§k

P ({ωi}) =
1

n

K¡d�ÅÁ���;.�"d�éz��¯�A ⊂ Ω§´�k

P (A) =
|A|
|Ω|

=
number of elements of A

number of elements of Ω
.

3O��;V.�§²~�-�Oê¯K"Ïdk7�£��eOê�n"

Oê�n

¦{�n b½?1L§Ikn1¥�ª§
éuL§I�z���ª§?1L§IIÑkn2«�ª"@

o§�g?1L§I�II�kn1n2«�ª"

\{�n b½?1L§Ikn1¥�ª§?1L§IIkn2«�ª"@o§?1L§I½II�kn1 +

n2«�ª"

ü�|Ü
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ã 1.2: ¦{�n

1. ln�ØÓ���¥, k�£/�Ñr���|¤��­Eü��«ê�nr«"

ln�ØÓ���¥§Ø�£/�Ñr���|¤�Ø­Eü��«ê�n(n−
1) · · · (n− r + 1) = P r

n .

2. ln�ØÓ���¥,Ø�£/�r�|¤�|Ü§«ê�(
n

r

)
=
n(n− 1) · · · (n− r + 1)

r!
=

n!

r!(n− r)!
(1.4.1)

3. ln�ØÓ���¥,k�£/�r�|¤�|Ü(Ø�Ä^S)§«ê�(
n+ r − 1

r

)

3$^ü�|Üúª�, ��ÙgS¯K.

~1.4.1. `¯Z¶o<?1®	¥V�öS,ü<�é/(�é��V�,kõ�«ØÓ�(é�

ª?

�Uk<¬@�ù�¯K´{ü�|Ü¯K:lo<¥ÀÑü<(��é,�e�ü<(��

é=�.u´¦���:kC2
4 = 6«�ª.

�¯¢´ÄXdQ?·��´¢S/5ü�üj!ØJwÑ,���kXe3«(é�ª:

(1){`,¯} {Z,¶}; (2){`,Z} {¯,¶}; (3){`,¶} {¯,Z}.

8



ù�¯¢`²,|Ü�ª¿Ø·^uù�¯K.k<�U¬¯:ù´��oQ¿‘|Ü”“|Ü”, ØÒ´

^5)û©|Ú(Ü¯K�í? ·�`:�,Ø�,“|Ü”´^5)û“©|”Ú“(Ü”¯K�,�´

ùpE,kX��“^S”¯K. �,,3U|Ü�ª©Ñ�“|S”,���m´vk“^S”�,�´

I��Ñ�´:3“|”�“|”�m%�3X“^S”,½ö��“?Ò”! A�5¿,3U“|Ü”�ªO

��,·�O��´“�Ñü�<”�¤kØÓ�{ê8. bX·�r�Ñ�ü<���|, 
r3

e�ü�<��,�|. @odu“�Ñ`,¯, 3eZ,¶”Ú“�ÑZ,¶, 3e`,¯” ´ü«ØÓ�

�Ñ�ª, 
3ù«O��{¥, ���´ü«ØÓ�“©|”�ª, l
��Xe6«“©|”�ª:

(1)1�|�:{`,¯}¶1�|�µ{Z,¶};

(2)1�|�:{Z,¶}¶1�|�µ{`,¯};

(3)1�|�:{`,Z}¶1�|�µ{¯,¶};

(4)1�|�:{¯,¶}¶1�|�µ{`,Z};

(5)1�|�:{`,¶}¶1�|�µ{¯,Z};

(6)1�|�:{¯,Z}¶1�|�µ{`,¶}.

ùÒ´`, 3ù«O�¥, ·�®²r¤©Ñ�|?
Ò: �Ñ�ü�<�1�|,�e�ü<�1

�|�. ùÒw�·�:

“|Ü”´�«“k?Ò�©|�ª”, ½ö`, Uì|Ü�ªO�Ñ�©|�ªê8¥,®²U

,/r|�ØÓ?Ò�ªê8O�3S
.

~1.4.2. �ò6�<©�3|,z|2<,©Ol¯3�ØÓó�,¦©��ªê.

)µk�Ñü<l¯11�ó�,kC2
6«�ª;2�Ñü<l¯12�ó�, kC2

4«�ª;�e�

ü<l¯13�ó�. ¤±��k:

C2
6 · C2

4 =
6!

4! · 2!

4!

2! · 2!
=

6!

2! · 2! · 2!
= 90

«©��ª.

3ùp,3�ó�´ØÓ�,3§��mU,/�3X“^S”,½ö�”?Ò”,¤±·^u|Ü�

ª.du©Ñ�|êõuü|,¤±·�ò©|L§©�AÚ?1.

~1.4.3. �r7<©�3��|,�1Ó�«?Ö,Ù¥��|3<,,ü�|�2<, ¦©|�ªê.

):w,ù�´��“Ã?Ò©|”¯K. �´%�þ¡��¹k¤ØÓ. Ï�Ù¥k��3<

|,ÃØ´Ä?Ò,§Ñ�Ù{ü�|k¤«O(?ÒÃ�´�
é©Ñ�|\±«©),¤±3U“k

9



?Ò©|�ª”�Ñ©|�ªê��,�A2Ø±2! (=Ø�ü�Ø\«©�|�ü�^Sê),��:

�k

7!

3! · 2! · 2!
· 1

2!
=

7!

3! · (2!)3

«©|�ª.

�
·Aù«©�õ�“ØÓ�”|�¯KI¦,<�o(ÑXe�“õ||Ü�ª”:

4. õ||Ü�ªµ kn�ØÓ��,�r§�©�k�ØÓ�|,¦��|�g

kn1, n2, · · · , nk���,Ù¥n1 + n2 + · · ·+ nk = n,K��k

n!

n1! · n2! · ... · nk!

«ØÓ©{.

4’. Ø¦�É���ü��ª kn���,áuk�ØÓ�a,Óa���mØ�E

@,�a��©Okn1, n2, · · · , nk�,Ù¥n1 + n2 + · · · + nk = n,�r§�ü¤�

�,K��k
n!

n1! · n2! · · ·nk!

«ØÓü{.

~1.4.4. �1�¬kN�§Ù¥¢¬kM�"yl¥�Å�Ñn�§3±eü«�/e§©O¦

/Ù¥TÐkm�¢¬0ù�¯��VÇ"

(1) k�£/À�¶ (2) Ø�£/À�

): PA = {Ù¥TÐkm�¢¬}§K

(1) k�£�/

|Ω| = Nn, |A| =
(
n

m

)
Mm(N −M)n−m

P (A) =
Cm
n M

m(N −M)n−m

Nn
=

(
n

m

)(M
N

)m(N −M
N

)n−m
(2)Ø�£�/

|Ω| = Cn
N , |A| = Cm

MC
n−m
N−M

P (A) =
Cm
MC

n−m
N−M

Cn
N

~1.4.5. n�I), m�å)ü¤�ü(m ≤ n+ 1). ¦¯�A = {?¿ü�å¯Ø��}�VÇ"q

eü¤��§qXÛ?

10



): (1) ü¤�ü

|Ω| = (n+m)!, |A| = n!Cm
n+1m!

P (A) =
|A|
|Ω|

=
n!Cm

n+1m!

(n+m)!

(2) ü¤��

|Ω| = (n+m− 1)!, |A| = (n− 1)!Cm
n m!

P (A) =
|A|
|Ω|

=
(n− 1)!Cm

n m!

(n+m− 1)!

~1.4.6. r�ØÓ�¥?¿�\?Ò�1�n�n�Ýf§z¥\�Ýþ��U§¦e�¯��VÇ

(1) A={�½�r�Ýf�¹��¥}

(2) B={zÝ�õk�¥}

(3) C={,�½Ý¥Tkm�¥}

): |Ω| = nr

(1) |A| = r!

(2) |B| = Cr
nr!

(3) |C| = Cm
r (n− 1)r−m

qe¥´�Ó�§K3ùp,r�¥´�Ó�,n�Ýf´pØ�Ó�. Ïd·��I�'%��

Ýf¥�¥ê,
ÃI�Ä=�¥á3=�Ýf¥. ·��r¯K���µ

r��Ó��¥®²�iüm,�L3§��m\þn − 1¬��,r§���nã, ,�4�ã

éÒ�\�A�Ýf=�. duÝf��, ��u�òr + n − 1�Ø¦�É���?1ü�,Ù

¥1a��(�¥)kr�, ,1a��(��)kn− 1�,¤±dØ¦�É���ü��ª�, ��k

Cr
r+n−1 = Cn−1

r+n−1

«ØÓ©{.Ïd

|Ω| =
(
n+ r − 1

n− 1

)
(1) |A| = 1

(2) |B| = Cr
n

(3) |C| =
(
r−m+n−1−1

r−m
)

5µ ¥�ÉÚ¥�Óü«�/e����m´ØÓ�§=Å¬þ��K´ØÓ�" (�´�o

Qº) ù�~f´�;V.¥��é;.�¯K§Ø�¢S¯K�±8(�§©~X§er¥
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)º�âf§rÝf)º���m¥��«�§Kù�¯KB�AuÚOÔnÆp�Maxwell)

BoltzmannÚO©VÇØ{¤þk��¹�k¶�¯K§�¦ë\,g8¬�r�<¥vkü�<

)F�Ó�VÇ©err�<w�þ¡¯K¥�r�¥§
r�c�365w��Ýf§Kn = 365§

ù�¯�B�VÇ=�¤¦VÇ"~X�r = 40�§P (B) = 0.109§ù�VÇ®²���¶


�r = 50�, P (B) = 0.03"?�Ú�r = 55�§P (B)���k0.01§ù¢3´Ñ�¿�/�"o

�§Ý¥¯K¥¥���VÇ'ý����õ§ù«¿	3ïÄ�Åy�¥�~��§��´�

Åy��A5��j�

~1.4.7. �k�§x+ y + z = 15,Á©O¦Ñ§���ê)Ú�K�ê)(x, y, z) �|ê.

)µ�K�±���ò15�Ã«O��¥©\3�ØÓ�Ýf,2©Oò11, 2, 3�Ý¥�¥ê

éA�x, y, z��=�.¤±,�K�ê)�|ê(��u#NÑy�Ý��¹)�µ

C15
15+3−1 = C2

17 =
17× 16

2
= 136;


��ê)�|ê(��uØ#NÑy�Ý��¹)�µ

C3−1
15−1 = C2

14 =
14 · 13

2
= 91. #

5: d~��{=´y²úª(1.4.1)��{"

~1.4.8. �kn�<�Å/��r,1�üN�� þ�§Á¦e�¯��VÇµ(1)?Û<Ñv

k��¶(2) z<Tk����¶(3) 'u¥
� é¡�ü�� ��k���X"

): ©O^A,B,CL«þã(1)-(3)�¯�"K|Ω| = Pn
N .

(1) Àdn�<�/å)0§N − n�� �/I)0§K|A| = Cn
N−n+1n!

(2) |B| = C
n/2
N−n+1n!

(3)

|C| =

 Cn
N/22

nn!, N is even

nCn−1
(N−1)/22

n−1(n− 1)! + Cn
(N−1)/22

nn!, N is odd

1.5 ^�VÇ

^�VÇJø
�«3·�®²¼�Ü©&E�cJe�	¯�u)�VÇ��{"

½½½ÂÂÂ 1.5.1. �(Ω,F , P )��VÇ�m§B ∈ F÷vP (B) > 0, é?ÛA ∈ F§�

P (A|B) =
P (AB)

P (B)

12



��Fþ�A�8¼ê§KP (·|B)÷vVÇ�únzNX½Â"¡P (A|B)�®�¯�Bu)�A�

^�VÇ"

½½½nnn 1.5.1. [¦{½n] �(Ω,F , P )��VÇ�m§Ak ∈ F , k = 1, · · · , n. XJP (A1 · · ·An−1) >

0, Kk

P (A1A2 · · ·An) = P (A1)P (A2|A1) · · ·P (An|A1 · · ·An−1)

~1.5.1. -¥�k7�x¥Ú3�ç¥,l¥Ã�£/�ÅÄ�3�¥.®�Ù¥��´ç¥,Á¦Ù

{�¥Ñ´x¥�VÇ.

):·�±AL«Ù¥k��¥�ç¥�¯�,±BL«¤�3�¥�1ç2x�¯�,�5O�^

�VÇP (B|A).�d·�±ΩL«���U�À�(J�8Ü,´�

|Ω| = C3
10, |B| = C1

3C
2
7 = 63.

éu¯�A,A�5¿Ù¹Â.“k��¥�ç¥”3ùpA�n)�“��k��¥�ç¥”,


Ùéá¯�AcKL«“¤�3�¥�´x¥”,Ïd|Ac| = C3
7 ,l
|A| = C3

10 − C3
7 = 85.q5¿

�B ⊂ A,�kAB = B.y3·��±¦�:

P (A) =
|A|
|Ω|

=
85

C3
10

, P (AB) = P (B) =
|B|
|Ω|

=
63

C3
10

.

u´Uì^�VÇ�½Â,��

P (B|A) =
P (AB)

P (A)
=

63

85
.

�´,·���±rAÀ����m,Uì(2.3.1)ª����

P (B|A) =
|AB|
|A|

=
|B|
|A|

=
63

85
.

~1.5.2. òn�á-�2n�àÞ?¿üüë�,Á¦TÐë¤n���VÇ.

):±ΩL«¤kØÓë((J�8Ü,��r2n�àÞü¤�1,,�5½ò12k − 1�àÞ

�12k�àÞ�ë�,k = 1, 2, · · · , n.u´z�«ü{éA�«ë((J,l
|Ω| = (2n)!.±AL«

TÐë¤n���¯�.��®òn�á-�
?Ò,±AkL«1kÒá-�ë¤1���¯�,u´

kA =
n⋂

k=1

Ak.

�A1u)�,1Òá-�ë¤1��,ù��uk��k ∈ {1, 2, · · · , n}, ¦�32n�àÞ�ü�

¥,1Òá-�ü�àÞü312k − 1Ú12k� �þ,¤±|A1| = 2n(2n− 2)!.Ïd

P (A1) =
|A1|
|Ω|

=
1

2n− 1
.

13



·�5¦P (A2|A1),=�3®�1Òá-�ë¤1����¹e,¦2Òá-��ë¤1���V

Ç.Q,1Òá-®²g¤1��,·�Ò�±Ø�Ä§,��é�e�n − 1�á-?ØÙ¥�Þ�

Òá-�ë¤1���¯KÒ1
.Ò´`,·���3Cz
�VÇ�mþUO�Ã^�VÇ�

úª5O�^�VÇP (A2|A1)Ò1
.duy3��¹��5��¹��aq,�ØLo�-êC

�n− 1�,�ÏLa',=�

P (A2|A1) =
1

2(n− 1)− 1
=

1

2n− 3
.

Ón��

P (Ak|A1A2 · · ·Ak−1) =
1

2[n− (k − 1)]− 1
=

1

2n− 2k + 1
, k = 3, 4, · · · , n.

u´dVÇ¦{½n¥�(2.3.6)ª��

P (A) = P (
n⋂

k=1

Ak) =
n∏

k=1

1

2n− 2k + 1
=

1

(2n− 1)!!
.

3ù�){¥,¿©Ny
|^Cz
�VÇ�mO�^�VÇ�Ð?.

1.6 �VÇúªÚBayesúª

|^^�VÇ�½Â§·��±��

P (A) = P (A|B)P (B) + P (A|B̄)P (B̄)

rù�g�í2§·��±��

½½½ÂÂÂ 1.6.1. �A1, A2, · · · , An´VÇ�m(Ω,F , P )¥��|¯�,¡§�´é���mΩ���y

©,XJ§�üüØ�,�k
n⋃

k=1

Ak = Ω.

½½½nnn 1.6.2. (�VÇúª)�(Ω,F , P )�VÇ�m, A1, A2, · · · , An´éΩ���y©,XJP (Ak) >

0, k = 1, 2, · · · , n,Ké?ÛB ∈ F ,Ñk

P (B) =

n∑
k=1

P (AkB) =

n∑
k=1

P (Ak)P (B|Ak) . (1.6.1)

3���/e�A/k:

P (B) =

∞∑
k=1

P (AkB) =

∞∑
k=1

P (Ak)P (B|Ak) . (1.6.2)

14



~1.6.1. ,ó��1�,�,nÒ�m)�Ó��¬,�þ�oÓ�þ�1
2 ,

1
3 ,

1
6 ,g¬Ç©O

�1%, 1%Ú2%.ylT��¬¥�ÅÄ���,Á¦T�¬´g¬�VÇ.

):±ΩL«¤k�U�Ä�(J,±BL«�Ñ��¬´g¬�¯�.¯K3uØ�T�

¬´=��m)��.u´2©O±A1, A2, A3L«T�¬´1�,�,nÒ�m)��¯�.u

´A1, A2, A3Ò´éΩ���©y,¿�k

P (A1) =
1

2
, P (A2) =

1

3
, P (A3) =

1

3
,

P (B|A1) = P (B|A2) = 1%, P (B|A3) = 2%

ò§��\(1.6.1)ª,=�

P (B) =
3∑

k=1

P (Ak)P (B|Ak) = 0.01 · (1

2
+

1

3
) + 0.02 · 1

6
≈ 0.0117 .

~1.6.2. ( Polya -f�.)-¥�ka�x¥Úb�ç¥,zgl-¥�ÅÄ���¥,¿ëÓc�

ÓÚ¥�å�£-¥,Xd�E?1.Áy²:31ng�¥��Ñx¥�VÇ� a
a+b .

y:±AkL«31kg�¥��Ñx¥�¯�,u´Ac
kÒ´31kg�¥��Ñç¥�¯�.·

�5én�8B.w,kP (A1) = a
a+b .b�n = k − 1, k ≥ 2�(Ø¤á,�yn = k�(Ø�

¤á.·�±A1ÚA
c
1��éΩ���©y.5¿d��òP (Ak|A1)w¤´l�5�ka + c�x

¥Úb �ç¥�-¥U5K�¥,¿�31k − 1g�¥��Ñx¥�VÇ,Ïdd8Bb�

�P (Ak|A1) = a+c
a+b+c ,Ón½kP (Ak|Ac

1) = a
a+b+c ,u´d�VÇúª�

P (Ak) = P (A1)P (Ak|A1) + P (Ac
1)P (Ak|Ac

1)

=
a

a+ b

a+ b

a+ b+ c
+

b

a+ b+ c

a

a+ b+ c
=

a

a+ b
.

Ïd(Øé��n¤á.

3þ¡)�¥�éΩ�©y�À��ª��·�5¿.ùp´r��^Ü´´rAk−1ÚA
c
k−1�

�éΩ�©y.3ù«À��e,·�J±|^8Bb��Ñ^�VÇP (Ak|Ak−1)ÚP (Ak|Ac
k−1).Ï

�d�·����-¥ka + b + (k − 1)c�¥,
Ju��Ù¥�x¥Úç¥ê8.��

/,3A1ÚA
c
1u)��¹e,-¥�x¥Úç¥ê8K�©�Ù.ù�¯¢2gL²�(À�

©y�ª�­�5.

½½½nnn 1.6.3. ( Bayes úª)�(Ω,F , P )�VÇ�m, {A1, A2, · · · , An}´éΩ���©y,X

JP (Ak) > 0, k = 1, 2, · · · , n, Ké?ÛB ∈ F ,��P (B) > 0,ÒÑk

P (Ak|B) =
P (Ak)P (B|Ak)∑n
j=1 P (Aj)P (B|Aj)

, k = 1, 2, · · · , n.

15



~1.6.3. ,«;¾��¾Ç�0.5%,ÏL�É�äT¾�Ø�Ç�5%(=��ö¥k5%�<�É

(J��5,�ö¥k5%�<�É(J�Ò5).y�,<�É(J��5,Á¦¦(�kd¾�V

Ç.

):±AL«�kd¾�¯�,±BL«�É(J��5�¯�.·��¦�´^�V

ÇP (A|B).d®�^��

P (A) = 0.5% , P (B|A) = 95% , P (B|Ac) = 5% .

5¿AÚAc´éΩ���©y,�dBayesúª�

P (A|B) =
P (A)P (B|A)

P (A)P (B|A) + P (Ac)P (B|Ac)
=

0.5% 95%

0.5% 95% + 99.5% 5%
= 0.087 .

ù�(JÑ<¿���,Ù�Ï3u<+¥T¾��¾Çé$,=�0.5%,¤±¦+ÏL�É�

äT¾�Ø�ÇØ�p,�5%,���¾Ç�'®´10��õ.l
þª¥�©1®²�Øõ´©f

�11�
.ù�¯¢w�·�,��É(J��5�,(�kd¾�VÇ¿Ø�½Òé�.Ï��¾�

VÇØ
�6u�É��O(Ç�	,��<+¥T¾��¾Çk'.ù�:éu¾�¾��äc

�­�,3¼��É(J��5�,��Ø�;Ü.

Bayes úª�,é{ü,�´§%ékón¿Â.ù�úª´±18­V=IóÆ[Bayes )

¶�, Bayes �<¿Ø;�ïÄVÇÚO,�ØL´éÚO¯Ka,�
®. ¦)cvku

Lù�úª,
´3¦k�üc,d¦���*l�n¢Ô�l¦�)P¥uy�uLÑ5

�.·��±ù�5n)ù�úª:b�,�L§äkA1, A2, · · · , An ù�n��U�cJ(�

Ï),
{P (Ak), k = 1, 2, · · · , n}´<�éùn��UcJ(�Ï)��U5����«¯c�O,¡�

�k�VÇ.�ù�L§k
��(JB��,<�B¬ÏL^�VÇ{P (Ak|B), k = 1, 2, · · · , n}5

éùn��UcJ��U5���Ñ�«#�@£,Ïdòù
^�VÇ¡���VÇ.
Bayes ú

ªTTJø
�«O���VÇ�óä.�[�±lþ¡�;¾�ä�~fN¬Ñù«g�. ­

��´,�5lù«k�VÇÚ��VÇ�ng¥uÐÑ
��@ÚOnØÚ�{,¿/¤
VÇ

ÚO¥���é��Æ�.TÆ��
L²gC�Ä�ng��Ð5
,ògC¡�Bayes Æ�.

Bayes Æ�éVÇÚO¯KkgC�ÕAn),3?nNõ¯K�kgC�Õ��?,�Ñ
Nõ

éÐ�ÚO�{,��k�
*gþ�J±g�Ù`�?,Ì��:´ék�VÇ�)ºÚ?n

þ¡,²~É�²;Æ��1µÚ�I.�5k<�
�Ù��;Ù�á,uÐÑ¤¢²�Bayes �

{.3O�Å2�A^�8U, Bayes �{Ú²�Bayes �{�¢^d���Jp.�õêÚOÆö

��{´±oN¿O��Ýé�ü�Æ��nØÚ�{.
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1.7 Õá5

^�VÇP (A|B)L«�´3BJø
Ü©&E�cJeAu)�VÇ"a,��´�Bvk

Jø?Ûk'A�&E��/§=A�u)�Bvk?Û'X"

½½½ÂÂÂ 1.7.1. �AÚB´Ó�VÇ�m(Ω,F , P )¥�ü�¯�,XJk

P (AB) = P (A)P (B), (1.7.1)

K¡¯�A�¯�B�pÕá,{¡�Õá.

Xþ¤`,A�B�pÕá,¿�XAu)�ÄéB�u)VÇvkK�,Bu)�ÄéA�u)

VÇ�vkK�.

½½½nnn 1.7.4. �AÚB´Ó�VÇ�m(Ω,F , P )¥�ü�¯�,K�¯�A�¯�B�pÕá�,Xe

�é¯��m��pÕá:(1) A�Bc ; (2) Ac�B ; (3)Ac �Bc.

~1.7.1. �«m[0, 1)¥�Å����:,±A1L«T:á3«m[0, 12)¥�¯�,±A2L«T:á

3«m[14 ,
3
4)¥�¯�,Á¯,A1�A2´Ä�pÕá?

):ùp·^uAÛV..´�A1A2 = [14 ,
1
2), �P (A1A2) = 1

4
P (A1) = P (A2) = 1
2 .¤

±(1.7.1)ª¤á, ÏdA1�A2�pÕá.

~1.7.2. `¯�<�pÕá/�g���qþ!�M1,Á¦3©O��ng��,ü<�Ñ��

¡gê���VÇ.

):3ùp,b½`¯�<“Õá/”��M1,�,´Ün�.

±EL«�<�Ñ��¡gê���¯�,2©O±AkÚBkL«`Ú¯�Ñkg�¡�¯

�,k = 0, 1, 2, · · · , n ,´�E =
n⋃

k=0

AkBk , ¿��i 6= j�,¯�AiBi�AjBjpØ��,�k

P (E) =
n∑

k=0

P (AkBk) .

duü<�pÕá/��M1,¤±éz�k,¯�Ak�BkÑ�pÕá.duM1´þ!�,¤

±P (Ak) = P (Bk) = Ck
n

1
2n ,l


P (E) =
n∑

k=0

P (AkBk) =
n∑

k=0

P (Ak)P (Bk) =
n∑

k=0

(
Ck
n

1

2n

)2

= Cn
2n

1

4n
.
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3ù�~K¥,Ó�Ñy
“�pÕá”Ú“pØ��”ü�ØÓ�Vg,·��3eK¥?�Ú

�Ñ“�pÕá”Ú“pØ�N”ùü�Vg�«O.

õ�¯��Õá5

½½½ÂÂÂ 1.7.2. �A1, A2, · · · , An´Ó��VÇ�m(Ω,F , P ) ¥�n�¯�,¡§��pÕá,XJé

?Û��êk, 2 ≤ k ≤ n,9?Û��ê

1 ≤ j1 < j2 < · · · < jk ≤ n ,

Ñk

P (Aj1Aj2 · · ·Ajk) = P (Aj1)P (Aj2) · · ·P (Ajk) .

A�5¿,3þª¥���)
2n − n − 1�'Xª.�Ò´`,n�¯���pÕá5�

ù2n − n − 1�'XªÓ�¤á�d.�ó�,n�¯���pÕá%º
Ù¥?¿�Ü©¯��p

Õá;�´�L5,=¦Ù¥?Ûn− 1¯�Ñ�pÕá,�ØU�yn�¯�3�Nþ�pÕá.

½½½ÂÂÂ 1.7.3. �A1, A2, A3´Ó��VÇ�m(Ω,F , P )¥�3�¯�,¡§��pÕá,XJXe4�

'XªÑ¤á

P (A1A2A3) = P (A1)P (A2)P (A3);

P (A1A2) = P (A1)P (A2);

P (A2A3) = P (A2)P (A3);

P (A3A1) = P (A3)P (A1).

3ùp,��=�4�'XªÑ÷v,âU`3�¯�A1, A2, A3�pÕá.XJ=k�¡�3�'Xª

÷v,K¡¯�A1, A2, A3üüÕá.

~1.7.3. (üüÕá
Ø�pÕá��~) ko�Ó���¥, ©O3Ùþ�þ/10§/20§/30

Ú/1,2,30"Ú?n�¯�: Ai={�Å��¥§¥þkêii}, i = 1, 2, 3. Á?Ø¯�A1, A2, A3´

Ä�pÕá.

):´�P (A1) = P (A2) = P (A3) = 1
2 , P (A1A2) = P (A2A3) = P (A3A1) = 1

4 ,�´%

kP (A1A2A3) = 1
4 6= P (A1)P (A2)P (A3), ¤±¯�A1, A2, A3üüÕá,�Ø�pÕá.ù�~f`

²üüÕáØ�½Õá"

�n = 2��/�aq,�¯�A1, A2, · · · , An�pÕá�,r§�¥�?¿�Ü©½�N��

�A�éá¯��,¤���n�¯���pÕá.

y3·��Ñ¯�S��Õá5½Â.
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½½½ÂÂÂ 1.7.4. �A1, A2, · · ·´Ó��VÇ�mVÇ�m(Ω,F , P ) ¥���¯�,¡§��pÕá,X

Jé?Û��ên ≥ 2,Ù¥?Ûn�¯�Ñ�pÕá.ù�,·�ò¯�S�{An, n ∈ N}¡�TV

Ç�m¥�Õá¯�S�½Õá¯�x.

��5

3�9��¹A�Ü©�E,XÚ�VÇ�.¥§²~b½��Ü©�ó�´�pÕá�"

~1.7.4. ��O�Å�äþ�!:A,BÏL!:C,D,E, Fë�å5§Xã¤«"b½?Ûü�

���ë�!:§P�i, j§Ï´�VÇ´pij"¿b½?Ûü�ë���´�pÕá�"¦A,B´

Ï´�VÇ"

ã 1.3: !:�ä'X

): ^X → YL«3!:XÚY�mkë�"K

P (C → B) = 1− (1− P (C → E&E → B))(1− P (C → F&F → B))

= 1− (1− pCEpEB)(1− pCF pFB)

= 1− (1− .8× .9)(1− .85× .95)

= .946

P (A→ C&C → B) = P (A→ C)P (C → B) = .9× .946 = .851

P (A→ D&D → B) = P (A→ D)P (D → B) = .75× .95 = .712
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P (A→ B) = 1− (1− P (A→ C&C → B))(1− P (A→ D&D → B))

= 1− (1− .851)(1− .712) = .957

1.8 ¦VÇ��
�{

�VÇúª´VÇØcÏuÐ¥���­�p§
,Ù¿ÂÚd����Ñ
�m�Û�. §

��:´3Ω¥Ú\��·��©y,rVÇ^�z,±��zJ�´�8�. Ïd3VÇ�O�¥

Ók�~­��/ "

1. ÀJÜ·����m

~1.8.1. ��¥ka�ç¥Úb�x¥§¦�ØôÚØÓ	§Ù¦�¡vk?Û«O"yr¥�Å

�����¹Ñ5§¦1kg¹���ç¥�VÇ"

){1 ra�ç¥9b�x¥Ñw�´ØÓ�(~X��r§�?1?Ò)©er¹Ñ�¥�

g�3ü�¤����a + b� �þ§K�U�ü�{��ura + b���?1�ü�§oê

�(a + b)!©k||Üê�a× (a + b− 1)!§ù´Ï�1kg��ç¥ka«�{§
,	a + b− 1

g¹¥��ura+ b− 1�¥?1�ü�©�¤¦VÇ�

p =
a× (a+ b− 1)!

(a+ b)!
=

a

a+ b

){2 ra�ç¥w�´vk«O�§rb�x¥�w�´vk«O�©Er¹Ñ�¥�g�3ü

�¤����a+ b � �þ§Ïera�ç¥� ��½e5KÙ¦ �7,´�x¥§
ç¥

� ��±k
(
a+b
a

)
«�{. ù�k||Üê�

(
a+b−1
a−1

)
§ù´du1kg��ç¥§ù� �7L

�ç¥§�e�ç¥�±3a+ b− 1� �þ?�a− 1� �§Ïd�k
(
a+b−1
a−1

)
«�{©¤±¤

¦VÇ�

p =

(
a+b−1
a−1

)(
a+b
a

) =
a

a+ b

ù¨�¹�Ñy¿ØÛ%§ù`²éuÓ��Åy�§�±^ØÓ��.5£ã§���{

�(§(Øo´���©

2. 4í{(^�z)

~1.8.2. òn�á-�2n�àÞ?¿üüë�,¦TÐë¤n���VÇ.

):y325|^�VÇúª�Ñ��)�. ±AnL«n�á-TÐë¤n���¯�,Ppn =

P (An).2±BL«11�á-ë¤1���¯�,^BÚBc��éΩ���©y.u´d�VÇúª�

pn = P (An) = P (B)P (An|B) + P (Bc)P (An|Bc).
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3c¡~f¥®²¦�P (B) = 1
2n−1 ;´�P (An|Bc) = 0;
P (An|B) K´3®�11�á-ë

¤1���^�e,Ù{n− 1�á-ë¤n− 1���VÇ,d�11�á-®²�Ù{n− 1�á-Ã

',¤±P (An|B) = P (An−1) = pn−1,�\þª=���

pn = P (An) =
1

2n− 1
pn−1 , n = 2, 3, · · · .

�E|^Tª,¿5¿p1 = 1,=�

pn =
1

(2n− 1)!!
, n = 1, 2, · · · .

~1.8.3. �-Ska�ç¥Úb�x¥§l¥?¿��¥§XJ´x¥Kò§�£�§XJ´ç

¥§Kl,�-S��x¥O�§�£�"3­Engù���{�§¦1n+1g�Ñ�´x¥�

VÇ"

): PA={1ng�Ñ�´x¥}§pn = P (A)§B�¤¦¯�"K

pn+1 = P (B) = P (B|A)P (A) + P (B|Ā)P (Ā)

= pn ∗ pn + (pn +
1

a+ b
)(1− pn)

=
(

1− 1

a+ b

)
pn +

1

a+ b

(ÜÐ�p1 = a
a+b§��

pn+1 = 1−
(

1− 1

a+ b

)n b

a+ b
.

3. |^VÇ5�¦)

~1.8.4. ë\8¬�n�<ò¦��lf�3�å§¬�z<?��ºlf�þ. ¦Tkk�<�

égC�lf�VÇ"

): �Qã�B§·�r”��<�égC�lf”{¡�/1��é0§¿PAk ={Tkk��

é}"

kwk = 0��/§=¦A0 ={n�<¥Ã�é}�VÇ"-Bi ={1i�<�é}, i = 1, · · · , n.

KĀ0 =
n∑

i=1
Bi. l


P (Ā0) =

n∑
i=1

P (Bi)−
∑

1≤i<j≤n
P (BiBj) + · · ·+ (−1)n−1P (B1 · · ·Bn).
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Ø��nºlf®ü��.§��:Ò´n�<��ü§=|Ω| = n!§´�

|Bi| = (n− 1)!, |BiBj | = (n− 2)!, |BiBjBk| = (n− 3)!, · · · , |B1 · · ·Bn| = 0! = 1

�\��

P (Ā0) =

n∑
i=1

1

n
−

∑
1≤i<j≤n

1

n(n− 1)
+ · · ·+ (−1)n−1

1

n!
.

�n��

P (A0) = 1− P (Ā0) = 1− [
1

1!
− 1

2!
+ · · ·+ (−1)n−1

1

n!
] =

n∑
i=0

(−1)i
1

i!
.

e¡é���k ≥ 1¦P (Ak). �dPCk ={TÐ,�½k�<�é}"d¦{�n��|Ak| =

Ck
n · |Ck|, 5¿�TÐ,k�<�é��uÙ{n− k�<Ã�é§dþãA0¤�(J�

P (Ck) =

n−k∑
i=0

(−1)i
1

i

5¿�d��kn− k�<§�þãVÇ�u|Ck|/(n− k)!§dd��

|Ck| = (n− k)!

n−k∑
i=0

(−1)i
1

i

·��ª��

P (Ak) =
Ck
n|Ck|
n!

=
1

k!

n−k∑
i=0

(−1)i
1

i

d(Jéuk = 0, 1, · · · , n�¤á"-n→∞�4�VÇ�e−1/k!"

~1.8.5. (�é¯KY)��n�ü u¬ÆÏ�,dü�<©O3Ï�þ�ü ¶¡Ú�&µ.XJ

����,�Å/rÏ�C\&µ.Á¦eã�¯��VÇ:(1)Tkk°Ï�Cé&µ;(2)��km°

Ï�Cé&µ.

):^EkL«Tkk°Ï�Cé&µ�¯�,^AmL«��km°Ï�Cé&µ�¯�.3þK

¥·�®²¦ÑEk�VÇ.

¤±

P (Ek) =
1

k!

n−k∑
j=0

(−1)j
1

j!
.

��,duAm =
n⋃

k=m

Ek,�¯�Em, Em+1, · · · , EnüüØ�,¤±á�

P (Am) =

n∑
k=m

P (Ek) =

n∑
k=m

1

k!

n−k∑
j=0

(−1)j
1

j!
=

n∑
k=m

n−k∑
j=0

(−1)j
1

k!j!
.

22



ë�©z

[1] 
�², VÇØ, Hm�ÆêÆ�ÆmÖ. �®: �ÆÑ��, 2001.

[2] �W, VÇØ, �®: �ÆÑ��, 2004.

[3] �FW, VÇØ�ênÚO., Ü�: ¥I�ÆEâ�ÆÑ��, 1995.

[4] W. ¤V, VÇØ9ÙA^(þþ)., �&ä, ���È. �®: �ÆÑ��, 1980.

[5] P.B. Dimitri & N. T. John, Introduction to Probability, M.I.T. lecture note ,Fall 2000.

23


	 Ñù±¾¿Õ¼äÓë¸ÅÂÊ
	ÐòÑÔ
	Ñù±¾¿Õ¼äÓëÊÂ¼þ
	¸ÅÂÊ¼°¸ÅÂÊÄ£ÐÍ
	¹Åµä¸ÅÐÍ
	Ìõ¼þ¸ÅÂÊ
	È«¸ÅÂÊ¹«Ê½ºÍBayes¹«Ê½
	¶ÀÁ¢ÐÔ
	Çó¸ÅÂÊµÄÒ»Ð©·½·¨
	²Î¿¼ÎÄÏ×


