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4.1 �êÆ

4.1.1 �ÅCþ�Âñ5

½½½ÂÂÂ 4.1.1. XJé?Ûε > 0, Ñk

lim
n→∞

P (|ξn − ξ| ≥ ε) = 0,

@o·�Ò¡�ÅCþS�{ξn, n ∈ N}�VÇÂñ��ÅCþξ, P�ξn
p→ ξ.

ÚÚÚnnn 4.1.1 (Chebyshev Inequality). �r.v. ξ�r�Ý�3§K

P (|ξ| > x) ≤ E|ξ|r

xr
, ∀ x > 0

~4.1.1. XJ±ζnL«nBernoulliÁ�¥�¤õgê, Kk

ζn
n

p→ p.

4.1.2 �êÆ

½½½ÂÂÂ 4.1.2. �{ξn}´���ÅCþ§XJ�3~êS�{an}¦�

1

n

n∑
k=1

ξk − an
p→ 0

K¡{ξn}Ñl�ê½Æ"

½½½nnn 4.1.1. ��ÅCþS�{Xn}�pÕá�äk�Ó�©Ù(ÕáÓ©Ù,P�i.i.d)§äkêÆ

Ï"EXk = µ, k = 1, 2, · · · . Kk

X =
1

n

n∑
k=1

Xk
p→ µ

={Xn}Ñl�ê½Æ"
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4.2 ¥%4�½n

·�=QãÕáÓ©Ù|Üe�¥%4�½n§�����/ë�Ù§;��VÇØ�á"

½½½nnn 4.2.2. �{Xn}�i.i.d��ÅCþS�§äkêÆÏ"EXk = µ Ú��σ2 = D(Xk) , k =

1, 2, · · · . Kk

lim
n→∞

P

(
1√
nσ

(X1 + · · ·+Xn − nµ) ≤ x
)

= lim
n→∞

P

(√
n(Xn − µ)

σ

)
= Φ(x) ∀x ∈ R

Ù¥Xn = 1
n

n∑
i=1

Xi.

d½n·�¡�ÕáÓ©Ù|Üe�¥%4�½n.

Proof. duIO��©Ù�A�¼ê�f(t) = e−t
2/2§Ïd·��Iy²ηn =

n∑
i=1

Xi−µ
σ �A�¼

ê�4�´f(t)Ò�±
"

P{Xi − µ}��ÓA�¼ê�g(t)§K

g
( t

σ
√
n

)
= 1− t2

2n
+ o
( t2
n

)
ηn�A�¼ê�g

n( t
σ
√
n

). du

∣∣∣gn( t

σ
√
n

)
−
(

1− t2

2n

)n∣∣∣ ≤ n∣∣∣g( t

σ
√
n

)
−
(

1− t2

2n

)∣∣∣ = no
( t2
n

)
−→ 0

¤±

lim
n→∞

gn
( t

σ
√
n

)
= e−t

2/2

=

lim
n→∞

P (ηn ≤ x) = Φ(x)

~4.2.1. ¦4� lim
n→∞

n∑
k=1

nk

k! e
−n.

½½½nnn 4.2.3. �X ∼ B(n, p)§Kk

lim
n→∞

P (
X − np
√
npq

≤ x) = Φ(x), ∀ x ∈ R

=
X − np
√
npq

asy.∼ N(0, 1).
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Proof. d��©Ù�ÅCþÚ0-1©Ù�ÅCþ�m�'X9¥%4�½n´y"

3=kÕá5Ú��Ýk�|Üe§·�k

½½½nnn 4.2.4. �{Xn}�Õá��ÅCþS�§�äkêÆÏ"EXk = µk Ú��D(Xk) = σ2k <

∞ , k = 1, 2, · · · . P

B2
n =

n∑
k=1

σ2k

e�3�êδ§¦��n→∞�

1

B2+δ
n

n∑
k=1

E|Xk − EXk|2+δ → 0

Kk

lim
n→∞

P

(
n∑
k=1

Xk − µk
Bn

≤ x

)
= Φ(x) ∀x ∈ R (4.2.1)

~Kë���.

½½½ÂÂÂ 4.2.1. XJÕá�ÅCþS�{Xn, n ∈ N}Óþã½n, ¿�é?Ûτ > 0, Ñk

lim
n→∞

1

B2
n

n∑
k=1

E
{

(Xk − ak)2I(|Xk − ak| ≥ τBn)
}

= 0, (4.2.2)

K¡T�ÅCþS�÷vLinderberg^�.

½½½nnn 4.2.5. ��ÅCþS�{Xn}÷vLinderberg^�(4.2.2), K{Xn}÷v¥%4�½n,

=(4.2.1)ª¤á.
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