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Chapter 1

EM optimization method

Ï"-��z(EM)�{´�«3*ÿ�êâ�, �O��ëê�S�`z�

{. Ù U�~{ü/�1¿�U
ÏL­½,þ,�Ú½�~��/é��Û

�`�. éEM�{�[0��ë��~Ð��á McLachlan and Krishnan,

1997, EM algorithm and extensions, Wiley.

3ªÇVÇµee, ·��±@�:Ø
*ÿ����X	, �k�
�

������� "�þ(missing)½övk*	��þZ. @o, �����

AT´Y = (X,Z). ¯K�8� ´3��*ÿ���x�, ��zq,¼

êL(θ|x) =
∫
f(x, z|θ)dz. dq,¼ê du�9�>SVÇ¼ê��J±?

n, 
æ^f(x, z|θ)Úf(z|x, θ)K�UN´?n, EM�{Ò´ÏLæ^ù
�

N´��Ý
;����ÄL(θ|x).
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,	, 3BayesnØµee, a,��Ï~´é��VÇ¼êf(θ|x)��z,

±��¯ê(q,g�)5�Oëê. d�, �`z¯Kk��±ÏL�ÄÚ\

���*ÿ�ëêψ
��{z.

k�ÿ, "�êâZ¿�ý��"�
, §��U==´�
{z·��¯

K
Ú\�Cþ. d�, Z~~�¡� ÛCþ(latent variable).

1.1 EM algorithm

P�*ÿ�þ�X, "�þ�Z, ��êâ�Y = (X,Z), ��ëê�θ. K

·�k�&E´*ÿêâ �q,L(θ|x), ��zdq,½ö`´¦θ�4�

q,�O´·��8I. EM�{ÏLS��ª5Ï¦��zL(θ|x)�). b

�θ(t)L«31tgS������:, t = 0, 1, 2, · · · . ½ÂQ(θ|θ(t))�3*ÿ

�X = x,±93ëêθ = θ(t)�^�e ��êâ�éÜéêq,¼ê�Ï",

dÏ"´éfZ|X(z|x, θ(t))O�. =

Q(θ|θ(t)) = E{logL(θ|Y )|x, θ(t)}
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= E{logf(x, Z|θ)|x, θ(t)}

=

∫
logf(x, z|θ)f(z|x, θ(t))dz

���ªrN��·��½
X = x, ZÒ´Y����ÅÜ©.

EM�{lθ(0)m©, ,�3üÚ�m�O: EL«Ï", ML«��z. T

�{V)Xe:

(1) EÚ: O�Q(θ|θ(t)) = E[L(θ|Y )|x, θ(t)].

(2) MÚ: 'uθ��zQ(θ|θ(t)), ¿Pθ(t+1)L«d�����:.

(3) �£�EÚ, ��ÂñOK��.

~~~1 þþþsssÿÿÿ(peppered moth) ��?zÚó�À/�~f.

x�ºÿ(peppered moth),�¼8(Lepidoptera)ºÿ�(Geometridae)&
Á, Æ¶Biston betularia. ¼ç½xÚ, þk�:, ©Ùî³. Ù)·±
Ïko��ã: Î, ffÁ, W, ¤Á. 3dWC�¤Á���, §� ¬Ê3
3äZþ�¤dL§, d�Ò¬�jaÓ . 1848c, 3=Iù�dA Ä
g5¿�çÚ., �1898cçÚ.�
±99:1�'~�L
�Ú.. éù
«y��)º´: ó�«�äZ�uë/ç, çÚ�ÿÑuäþ, 8IØw
Í, Ø´�jaÓ . ù´ÏLó�çzy�?1g,ÀJ���~f.

—–zÝz�
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ù«ÿf�Úç®²�(@´ÏL,ü�ÄÏû½�, TÄÏkn��U

�� ÄÏ: C, IÚT. Ù¥ CéI´w5�, TéI´Û5�. ÏdÄÏ.CC,

CIÚCT��(�Ú)çÚ�L.. ÄÏ.TT��fÚ �L.. IIÚIT���«

¥m�L., 	*þCzé2�, �Ï~±¥mÚç,Ú
¤. Ïdk6« ÄÏ

., 3«Ly..

3=IÚ�{, 3-u�ó�«, fÚ�ÿfA�±9��Ú�ÿf¤O

�. ù«� ÄÏªÇ3«+ S�Cz�Ú�´3<a�m�Ýe�±*	

��?z���~f. (�Á�y¢�)nØ(J´”ja 3ØÓ���µeé

ÿf�Ó §Ý²wØÓ”. 3-u�ó�«, À/~f
çÚL.ÿfÑE
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3ä�L¡���§Ý, Ï
éÙk|. ��¸Uõ�, fÚL.O\, çÚL

.~�, ù¿Ø-<Û%.

Ïd, iÀù«ÿf�� ÄÏC,I,T�Cz, Ø
�±ïÄ�?zL

§	, ��±^u�¸À/i�. b�Hardy-Weinberg²ïÆ¤á, P

��� ÄÏ3«+¥�ªÇ�pC , pI , pT (pC + pI + pT = 1), KÄÏ

.CC,CI,CT,II,IT,TT� ªÇ©O�p2
C , 2pCpI , 2pCpT , p

2
I , 2pIpT , p

2
T .

b�·��ÅÓ
n�ÿf, Ù¥çÚL.�knC�, ¥mL.�knI�,

fÚL.�knT�. �´��ÄÏ.�ªêØ�*ÿ:

CC CI CT II IT TT
Ø�*ÿ nCC nCI nCT nII nIT nTT

nC nI nT
*ÿ çÚ ¥m fÚ

Ïd,d�*ÿêâ�x = (nC , nI , nT ),
��êâ�y = (nCC , nCI , nCT ,

nII , nIT , nTT ), ùpnCC + nCI + nCT = nC , nII + nIT = nI , ±9

nTT = nT . ·�F"ddêâ 5�O��� ÄÏ�VÇpC , pI , pT .
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l
��êâ�q,¼ê�

logf(y|p) = nCC logp
2
C + nCI log(2pCpI) + nCT log(2pCpT )

+ nII log(p
2
I) + nIT log(2pIpT ) + nTT log(p

2
TT )

+ log
n!

nCC !nCI !nCT !nII !nIT !nTT !

du��êâØ�*ÿ, ePNCC , NCI , NCT , NII , NIT , NTT©O��

�ÄÏ .��ê, p = (pCC , pCI , pCT , pII , pIT , pTT ), Kk

1. NCC , NCI , NCT |nC , nI , nT , p ∼

MN

(
nC ,

(pC)2

1− (pI + pT )2
,

2pCpI

1− (pI + pT )2
,

2pCpT

1− (pI + pT )2

)
2. NII , NIT |nC , nI , nT , p ∼

MN

(
nI ,

(pI)2

2pCpI + (pT )2
,

2pCpI

2pCpI + (pT )2

)
3. NTT |nC , nI , nT , p ∼ B(nT , p

2
T )
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l
3EM�{�1tÚ¥, é��q,¼ê�Ï"��

Q(p|p(t)) = n
(t)
CC log(p

2
C) + n

(t)
CI log(log(2pCpI) + n

(t)
CT log(2pCpT )

+ n
(t)
II log(p

2
I) + n

(t)
IT log(2pIpT ) + n

(t)
TT log(p

2
TT )

+ k(nC , nI , nT , p
(t)),

Ù¥

n
(t)
CC = E{NCC |nC , nI , nT , p(t)} = nC

(p
(t)
C )2

1− (p
(t)
I + p

(t)
T )2

,

n
(t)
CI = E{NCC |nC , nI , nT , p(t)} = nC

2p
(t)
C p

(t)
I

1− (p
(t)
I + p

(t)
T )2

,

n
(t)
CT = E{NCC |nC , nI , nT , p(t)} = nC

2p
(t)
C p

(t)
T

1− (p
(t)
I + p

(t)
T )2

,

n
(t)
II = E{NII |nC , nI , nT , p(t)} = nI

(p
(t)
I )2

2p
(t)
C p

(t)
I + (p

(t)
T )2
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n
(t)
IT = E{NIT |nC , nI , nT , p(t)} = nI

2p
(t)
I p

(t)
T

2p
(t)
C p

(t)
I + (p

(t)
T )2

.

����

k(nC , nI , nT , p
(t))

= E{log
n!

nCC !nCI !nCT !nII !nIT !nTT !
|nC , nI , nT , p(t)}

�pÃ'.

e¡éQ(p|p(t))?1��z, 5¿pC + pI + pT = 1, u´'upC , pI¦�

∂Q(p|p(t))

∂pC
=

2n
(t)
CC + n

(t)
CI + n

(t)
CT

pC
−

2n
(t)
TT + n

(t)
CT + n

(t)
IT

1− pC − pI
,

∂Q(p|p(t))

∂pI
=

2n
(t)
II + n

(t)
II + n

(t)
CI

pI
−

2n
(t)
TT + n

(t)
CT + n

(t)
IT

1− pC − pI

-�ê�",��

p
(t+1)
C =

2n
(t)
CC + n

(t)
CT + n

(t)
CI

2n
,
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p
(t+1)
I =

2n
(t)
II + n

(t)
IT + n

(t)
CI

2n
,

p
(t+1)
T =

2n
(t)
TT + n

(t)
CT + n

(t)
IT

2n
.

Ïd, ¦^±þ(ØB�?1EM�{:

↑Code
moth<-function(p,n.obs){

n<-sum(n.obs)

nc<-n.obs[1]

ni<-n.obs[2]

nt<-n.obs[3]

ntt<-nt

cat(p,"\n")

pct<-pit<-ptt<-rep(0,20)

pct[1]<-p[1]

pit[1]<-p[2]

ptt[1]<-1-p[1]-p[2]

for(i in 2:20){
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pc.old<-pct[i-1]

pi.old<-pit[i-1]

pt.old<-ptt[i-1]

den<-pc.old^2+2*pc.old*pi.old+2*pc.old*pt.old

ncc<-nc*pc.old^2/den

nci<-2*nc*pc.old*pi.old/den

nct<-2*nc*pc.old*pt.old/den

nii<-ni*pi.old^2/(pi.old^2+2*pi.old*pt.old)

nit<-2*ni*pi.old*pt.old/(pi.old^2+2*pi.old*pt.old)

pct[i]<-(2*ncc+nci+nct)/(2*n)

pit[i]<-(2*nii+nit+nci)/(2*n)

ptt[i]<-(2*ntt+nct+nit)/(2*n)

}

return(list(pct=pct,pit=pit,ptt=ptt))

}

n.obs<-c(85,196,341) # observed data,n_c,n_I,n_T

p<-c(1/3,1/3)

a<-moth(p,n.obs)
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pct<-a$pct

pit<-a$pit

ptt<-a$ptt

#convergence diagnostics

# statistic R

rcc=sqrt( (diff(pct)^2+diff(pit)^2)/(pct[-20]^2+pit[-20]^2) )

rcc=c(0,rcc) #adjusts the length to make the table below

d1=(pct[-1]-pct[20])/(pct[-20]-pct[20])

d1=c(d1,0)

d2=(pit[-1]-pit[20])/(pit[-20]-pit[20])

d2=c(d2,0)

#Table output

print(cbind(pct,pit,rcc,d1,d2)[1:9,],digits=5)
↓Code

Ù¥,Âñ�IO�R(t) =
‖p(t)−p(t−1)‖
‖p(t−1)‖

�d�gS�� e�gS�

3p(t−1)þ�éUC�oþ. (�~¥·�±S�10g�~,vk¦^dIO�

�Âñ). ��ü�´�yEM�{�Âñ�Ý��5�.
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~~~2 Bayes ������¯̄̄êêê �Ä��äkq,L(θ|y), k�π(θ)±9"�êâ

½öëêZ(=y = (x, z)) �Bayes¯K. �é���¯ê, EÚI�

Q(θ|θ(t)) = E{log(L(θ|y)π(θ)k(y))|x, θ(t)}

= E{logL(θ|y)|x, θ(t)}+ logπ(θ) + E{logk(y)|x, θ(t)}

Ù¥�����±3��zQ¥Ñ�, ÏÙ�θÃ'. w,, édBayes�� ¯

ê¯K, Ú²;ÚO�{e��É3uõ
��k��éê. Ïdd�EM�

{�

1. EÚ: O�Q(θ|θ(t)) = E{logL(θ|y)|x, θ(t)},

2. MÚ: O�θ(t+1) = argmaxQ(θ|θ(t))

�ÄX = (X1, X2, X3) ∼MN(n, (2+θ)/4, (1−θ)/2, θ/4),�A^EM�

{�Oθ,·�À��êâ�Y = (Z11, Z12, X2, X3) ∼MN(n, 1/2, θ/4, (1−

θ)/2, θ/4), Ù¥Z11 + Z12 = X1.
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Ïd, k

l(θ|Y ) = (Z12 +X3)logθ +X2log(1− θ) + constants

E[l(θ|Y )|X, θ(t)] = (E[Z12|Z11 + Z12 = X1, θ
(t)] +X3)logθ

+X2log(1− θ) + constants

= (
X1θ(t)

2 + θ(t)
+X3)logθ +X2log(1− θ) + constants

�Äθ�k��Beta(a, b),

π(θ) =
Γ(a+ b)

Γ(a) + Γ(b)
θa−1(1− θ)b−1.

Ïd

Q(θ|θ(t)) = (
X1θ(t)

2 + θ(t)
+X3 + a− 1)logθ + (X2 + b− 1)log(1− θ) + constants

¤±��

θ(t+1) =

(
X1θ(t)

2 + θ(t)
+X3 + a− 1

)/( X1θ(t)

2 + θ(t)
+X3 +X2 + a+ b− 2

)
Previous Next First Last Back Forward 13



R �èXe

↑Code
theta=0.3

n<-50

x<-drop(rmultinom(1,n,c((2+theta)/4,(1-theta)/2,theta/4)))

# prior paramters

a<-.01

b<-.01

th<-rep(0,20)

th[1]<-0.2

for(t in 2:20){

num<-x[1]*th[t-1]/(2+th[t-1])+x[3]+a-1

den<-x[1]*th[t-1]/(2+th[t-1])+x[2]+x[3]+a+b-2

th[t]<-num/den

}

rcc<-sqrt( (diff(th)^2+diff(th)^2)/(th[-20]^2+th[-20]^2) )

print(cbind(th,c(0,rcc)),digits=5)
↓Code
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1.2 Convergence

�
`²EM�{�Âñ5, ·�ÏL`²3zÚ��zL§O\
*ÿêâ

�éêq,þ, l(θ|x). ±XL«�±*ÿ�, ZL«"��, Y = (X,Z), K5

¿�*ÿêâ�Ý�éê�±L«�

logfX(x|θ) = logfY (y|θ)− logfZ|X(z|x, θ)

Ïd

E{logfX(x|θ)|x, θ(t)} = E{logfY (y|θ)|x, θ(t)}−E{logfZ|X(z|x, θ)|x, θ(t)},

Ù¥Ï"´'uZ|x, θ(t)O��. u´

logfX(x|θ) = Q(θ|θ(t))−H(θ|θ(t)),

Ù¥

H(θ|θ(t)) = E{logfZ|X(Z|x, θ)|x, θ(t)}.
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du

H(θ(t)|θ(t)) − H(θ|θ(t)) = E{logfZ|X(Z|x, θ(t))|x, θ(t)}

− E{logfZ|X(Z|x, θ)|x, θ(t)}

=

∫
−log

[
logfZ|X(Z|x, θ)|x, θ(t)

logfZ|X(Z|x, θ(t))|x, θ(t)

]
fZ|X(z|x, θ(t)dz

≥ −log
∫
fZ|X(z|x, θ)dz = 0. (Jensen′s Inequality)

=3z�MÚ¥,

H(θ(t)|θ(t)) ≥ H(θ|θ(t)), ∀θ

�Ò��=�θ = θ(t)�¤á. Ïdk

logfX(x|θ(t+1))− logfX(x|θ(t)) ≥ 0.

l
3zgS�¥ÀJθ(t+1) = argmaxQ(θ|θ(t))Ò�¤
IO�EM�

{. XJ ·�==´ÀJ��θ(t+1)¦�Q(θ(t+1)|θ(t)) > Q(θ(t)|θ(t)), Kd
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���{Ò¡�´2ÂEM�{(GEM). Ø+No�, z�ÚO�Q, Ñ¬O�

éêq,. ¦�T4O Âñ�,�4�q,�O�^�ëw Wu (1983)1Ú

Boyles (1983).2

d	, �?�Ún)EM�{, 5¿�*ÿêâ�q,÷v

l(θ|x) ≥ Q(θ|θ(t)) + l(θ(t)|x)−Q(θ(t)|θ(t)) = G(θ|θ(t)).

duG(θ|θ(t))��ü�ÚθÃ', ÏdG(θ|θ(t))ÚQ(θ|θ(t)) 3�Ó�:?��

���. d	, G3θ(t)?Úl��, �3?�?$u¼êl. 3`z¯K¥, ¼

êG¡�´l����z¼ê. Xeã¤«

1 C.F.J. Wu, On the convergence properties of the EM algorithm. Annals of
Statistics, 11:95-103,1983.

2 R.A. Boyles, On the convergence of the EM algorithm. Journal of the Royal
Statistical Society, Series B, 45:47-50, 1983.
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z�EÚ��u�E¼êG, 
z�MÚ�Óu��zT¼ê±�Ñ��þ,

�´».

e¡�ÄEM�{�Âñ�Ý. EM�{��ÛÂñ�Ý½Â�

ρ = lim
t→∞

‖θ(t+1) − θ̂‖
‖θ(t) − θ̂‖

EM�{½Â
��N�θ(t+1) = Ψ(θ(t)), Ù¥ θ = (θ1, . . . , θp), Ψ(θ) =

(Ψ(θ1), . . . ,Ψ(θp)), � EM�{Âñ�, XJÂñ�TN����ØÄ:, @
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oθ̂ = Ψ(θ̂). � Ψ′(θ)L«ÙJacobiÝ
, Ù(i, j)���
∂Ψi(θ)
∂θj

. Kk

θ(t+1) − θ̂ ≈ Ψ′(θ(t))(θ(t) − θ̂).

Ïd�p = 1�, EM�{k�5Âñ. ép > 1, e*ÿ&E−l′′(θ̂|x)´�½

�, K ÂñE´�5�.

1.3 Usage in exponential families

���êâ´�@�Ñl�ê©Ùxp�,�©Ù�, Ù�Ý�±�

�f(y|θ) = c(θ)exp{θT s(y)}h(y), Ù¥θ�g,ëê�þ, s(y)�¿©ÚOþ

��þ. d�, EÚ��

Q(θ|θ(t)) = k + logc(θ) +

∫
θT s(y)fZ|X(z|x, θ(t))dz

Ù¥k��θÃ'�ê. 3MÚ¥, -Qéθ��ê�", �n��

EY [s(Y )|θ] =
−c′(θ)
c(θ)

=

∫
s(y)fZ|X(z|x, θ(t))dz
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Ù¥�>�ª´d�êx�5����. Ïd��zQ��u)þã�ª,

�3z��EÚ�, Q�/ªØC, MÚ¦)Ó����z¯K. Ïd, �êx

�EM�{o(Xe:

1. EÚ: �½*ÿ�Úyk�ëê�θ(t), O�s(t) = EY [s(Y )|θ(t)] =∫
s(y)fZ|X(z|x, θ(t))dz.

2. MÚ: )�§EY [s(Y )|θ] = s(t)��θ(t+1).

3. �£�EÚ, ��Âñ.

1.4 Usage in finite normal mixtures

EM�{²~�^u·Ü©Ù¥ëê��O¯K¥. �ÄXe��·Ü¯K:

f(x|θ) =
k∑
i=1

pifi(x)

Ù¥pi > 0,
∑k
i=1 pi = 1, fi(x)���©ÙN(µi, σ

2)��Ý. θ = (p, µ, σ2)�

��ëê, Ù¥�p = (p1, · · · , pk−1), µ = (µ1, · · · , µk). Ø�f(x|θ) ´�£
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O�, ÄK¦^x = (x1, · · · , xn)�&E�Oθ´vk¿Â�. 
ék���·

Ü,TT�3ù«¯K.'Xk = 2�,·�ØU«©(p1, µ1, µ2, σ2)Ú(p2, µ2, µ1, σ2).

¢SA^¥é��Ä ëê�Ø�£O5¯K. �´ù«Ø�£O5éN´)

û, 'X5½p1 < p2(Titterington et al. 1985)é·Ü ©Ùeëê�£O5

¯K?1
�õ�?Ø. d?·�Ø�?Ø.

�òd¯K=z��k"�&E�¯K, ·�Ú\Cþz = (z1, · · · , zn),

Ù¥zj = (z1j , · · · , zkj), Ù©þzij = (zj)i = 1, XJxj5
ufi; ÄK�

�0. =òz���xj¤á�oN?1�?�?è. K��êâ�

y = (x, z)

Ïd��êâéêq,¼ê�

l(θ|y) = log
n∏
j=1

f(xj , zj) = log
n∏
j=1

k∏
i=1

[pifi(xj)]
zij

=

k∑
i=1

n∑
j=1

zij logpi −
1

2

k∑
i=1

n∑
j=1

zij [logσ
2 + (xj − µi)2/σ2] + const.
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E Step

5¿dBayes½n��

E[Zij |x, θ(t)] = P (Zij = 1|x, θ(t)) =
p

(t)
i fi(xj)∑k

i=1 p
(t)
i fi(xj)

:= z
(k)
ij

Ïd

Q(θ|θ(t) =
k∑
i=1

n∑
j=1

z
(t)
ij logpi−

1

2

k∑
i=1

n∑
j=1

z
(t)
ij [logσ2 +(xj−µi)2/σ2]+const.

M Step

��zQ(θ|θ(t))��

p
(t+1)
i =

1

n

n∑
j=1

z
(t)
ij , µ

(t+1)
i =

∑n
j=1 z

(t)
ij xj∑n

j=1 z
(t)
ij

(σ2)(t+1) =
k∑
i=1

n∑
j=1

z
(t)
ij (xj − µ

(t+1)
i )2/n
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1.5 Variance estimation

34�q,µee, EM�{^±Ï¦��4�q,�O, �ØUgÄ�Ñ4

�q,�O����
����O. ·�®²��é4�q,�O, 3�Kz

^�e, Ù÷vìC��5:

√
n(θ̂ − θ)→ N(0, I−1(θ))

Ù¥I(θ) = E[
∂logf(X|θ)

∂θ
][
∂logf(X|θ)

∂θT
]�Fisher&E
. Ïd4�q,�Oθ̂

����Ý
���g,�OÒ´ 1
n
I(θ̂)−1.

5¿�I(θ) = −E ∂2logf(X|θ)
∂θ∂θT

, ÏdeP��x = (x1, . . . , xn), Kéêq

,¼ê�

l(θ|x) = logL(θ|x) = logf(x|θ) =

n∑
i=1

logf(xi|θ).

l
Fisher&E
I(θ)�±ÏLO�*ÿ&E(éêq,¼ê�Hessian
)

−l′′(θ̂|x) = −
n∑
i=1

∂2logf(xi|θ)
∂θ∂θT

|θ=θ̂
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5�O.

3Bayes©Û¥, ��¯ê����Ý
�O�Ón5�O, ù´Ï�3�

�©Ùe, �kìC��5¤á. «O 3u�O�éê���Ý�Hessian
.

1.5.1 Louis method

5¿�*ÿéêq,�±L«�

l(x|θ) = logfX(x|θ) = Q(θ|θ(t))−H(θ|θ(t))

ü>éθ¦�� �2�KÒ��

−l′′(θ|x) = −Q′′(θ|ω)|ω=θ +H′′(θ|ω)ω=θ

=

îX(θ) = îY (θ)− îZ|X(θ) (1.1)
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Ù¥îX(θ) = −l′′(θ|x)�*ÿ&E, 
îY (θ)ÚîZ|X(θ) ©O¡���&EÚ

"�&E. ��È©Ú¦�^S(�U�), k

îY (θ) = −Q′′(θ|ω)|ω=θ = −E[l′′(θ|Y )|x, θ]

=���&E�Fisher&E
. aq�(Jé−H′′�¤á. þ¡�(J`²*

ÿ&E�u��&E~� "�&E.

�±y²

îZ|X(θ) = var{
∂logfZ|X(Z|x, θ)

∂θ
}

Ù¥��´éZ|x, θ�^�©ÙO��. ?�Úeθ̂�4�q,�O, K�±y

²

îZ|X(θ̂) = EZ|x,θ̂

{
∂logfZ|X(Z|x, θ)

∂θ

∂logfZ|X(Z|x, θ)
∂θT

|θ=θ̂

}
úª(1.1)¦�·��±ÏL��êâq,Ú"�êâ�^�q,5L

�îX(θ), l
�±;�O��UéE,�>Sq,. �´¿Ø'��O

�−l′′(θ|x)²wN´.
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XJîY (θ)ÚîZ|X(θ)J±)ÛO�, �±ÏLMonte Carlo�{5�O, '

XîY (θ)���g,�O�

îY (θ) =
1

n

n∑
i=1

∂2logf(yi|θ)
∂θ∂θT

Ù¥y = (x, z)´�[���êâ8, §k*	&ExÚlfZ|X(z|x, θ)¥Ä�

���z�¤. aq��±��îZ|X(θ)��O.

~~~ ííí���������êêêêêêâââ b½��êâY1, · · · , Yn ∼ exp(λ), 
*ÿêâ ´m

í��, =�U*ÿ�x = (x1, · · · , xn), Ù¥xi = (min(yi, ci), δi), ci� í

�Y², XJyi ≤ ci, Kδi = 1; ÄKδi = 0.

w,��êâ�q,¼ê�l(λ|y) = nlogλ− λ
∑n
i=1 yi. Ïd

Q(λ|λ(t)) = E[l(λ|Y )|x, λ(t)]

= nlogλ− λ
n∑
i=1

E[Yi|xi, λ(t)]
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= nlogλ− λ
n∑
i=1

[yiδi + (ci + 1/λ(t))(1− δi)]

= nlogλ− λ
n∑
i=1

[yiδi + ci(1− δi)]− Cλ/λ(t).

Ù¥C =
∑n
i=1(1− δi). Ïd−Q′′(λ|λ(t)) = n/λ2.

��í�¯�Zi��*ÿ��(Jk�ÝfZi|X(zi|x, λ) = λexp{−λ(zi−

ci)}Izi>ci . ÏdN´O���

dlogfZ|X(Z|x, λ)

∂λ
= C/λ−

∑
i:δi=0

(Zi − ci).

duZi − ciÑl�ê©Ù, Ïdþª����

îZ|X(λ) =
∑
i:δi=0

var(Zi − ci) = C/λ2.

ù�, A^Louis�{, =k

îX(λ) = n/λ2 − C/λ2
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éù�{ü~f, �±��O���−l′′(λ|x) = n/λ2 − C/λ2.

1.5.2 SEM algorithm

3c¡·�QÚ\N�θ(t+1) = Ψ(θ(t)),±9ØÄ:θ̂(4�q,�O)Ú(i, j)�

�
∂Ψi(θ)
∂θj

� Ý
Ψ′(θ). Dempster et al. (1977) y²


Ψ′(θ̂)T = îZ|X(θ̂)̂iY (θ̂)−1

5¿dc¡�&EL«(1.1)k

îX(θ) = [I − îZ|X(θ)̂iY (θ)−1 ]̂iY (θ)

Ù¥I�ü 
, Ïd��θ̂���Ý
��O

ˆvar(θ̂) = [̂iX(θ̂)]−1 = îY (θ̂)−1[I −Ψ′(θ̂)T ]−1

dª�¿Â3uò��������Ý
L«¤��êâ����
\þ�

��Ä�
"�&E�Ý
.
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Ïdþª3��Ψ′(θ̂)��, =���4�q,�Oθ̂����Ý
��

O. Dempster et al. ¦^ê��©��{�OΨ′, ¿¡¦���{�*Ð

�EM�{(Supplemented EM algorithm). T�{Xe

1. $1EM�{��Âñ, é����:θ̂.

2. l�~�Cθ̂�θ(0)­#m©EM�{.

3. ét = 0, 1, 2, · · ·m©SEMS�. 31tÚSEMS�¥, Ù´ÄkÏL

EÚÚMÚ)¤
θ(t), ,�½Â

θ(t)(j) = (θ̂1, · · · , θ̂j−1, θ
(t)
j , θ̂j+1, · · · , θ̂p), j = 1, . . . , p

éi, j = 1, · · · , p, O�

r
(t)
ij =

Ψi(θ
(t)(j))− θ̂i
θ
(t)
j − θ̂j

5¿Ψ�½Â, ÏdΨi(θ
(t)(j))L«3k
θ(t)(j)�, 2?1�gEÚ, �

�θ
(t+1)
∗ = Ψi(θ

(t)(j)). ,	, duΨ(θ̂) = θ̂, Ïdd=�O�Ψ′�ê�

�©Ú.
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4. �r
(t)
ij ¤k��ét ≥ t

∗­½�, Ò���Ψ′��O.

~~~ þþþsssÿÿÿYYY éc¡�þsÿ~f, �±¦^SEM�{é4�q,�O�

���Ý
?1�O. dp
(0)
C = 0.07Úp

(0)
I = 0.19m©, §SXe

↑Code
#First, run EM using the code in the basic EM algorithm given above.

#Then we run SEM as follows.

#Starting values for SEM

#Choosing the parameter values at the 100th iteration of EM.

pcthat=pct[20]

pithat=pit[20]

ptthat=ptt[20]

#Initialize the parameter estimate vectors, one vector for each phenotype

sempct=rep(0,20)

sempit=rep(0,20)

semptt=rep(0,20)

sempct[1]=0.07 #Initial SEM estimates of the parameters

sempit[1]=0.19
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semptt[1]=0.74

rij=array(0,c(3,3,20))

#This for loop implements the SEM algorithm for the peppered moth

#example.

#Below t is the number of SEM iterations

for (t in 2:20) {

#Take standard EM step (see code above for detailed description)

denom1=(sempct[t-1]^2+2*sempct[t-1]*sempit[t-1]+2*sempct[t-1]*semptt[t-1])

ncct=nc*sempct[t-1]^2/denom1

ncit=2*nc*sempct[t-1]*sempit[t-1]/denom1

nctt=nc-ncct-ncit

niit=ni*sempit[t-1]^2/(sempit[t-1]^2+2*sempit[t-1]*semptt[t-1])

nitt=ni-niit

nttt=nt

sempct[t]=(2*ncct+ncit+nctt)/(2*n)

sempit[t]=(2*niit+ncit+nitt)/(2*n)

semptt[t]=(2*nttt+nctt+nitt)/(2*n)

#SEM loop over each parameter
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for (j in 1:3) {

#start at estimates from the the 20th iteration of EM

sempj=c(pcthat,pithat,ptthat)

#replace the jth element of sempj with the most recent EM estimate

sempj[j]=c(sempct[t],sempit[t],semptt[t])[j]

#Take one EM step for sempj

denom1=(sempj[1]^2+2*sempj[1]*sempj[2]+2*sempj[1]*sempj[3])

ncct=nc*sempj[1]^2/denom1

ncit=2*nc*sempj[1]*sempj[2]/denom1

nctt=nc-ncct-ncit

niit=ni*sempj[2]^2/(sempj[2]^2+2*sempj[2]*sempj[3])

nitt=ni-niit

nttt=nt

nextstep=c((2*ncct+ncit+nctt)/(2*n),(2*niit+ncit+nitt)/(2*n),

(2*nttt+nctt+nitt)/(2*n))

# Calculate rij.

rij[,j,t]=(nextstep-c(pcthat,pithat,ptthat))/

(sempj[j]-c(pcthat,pithat,ptthat)[j]) }
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}

for(t in 1:t){

cat(t,sempct[t],sempit[t],semptt[t])

cat("\n")

print(rij[,,t])

cat("\n")

}

#Note that the algorithm becomes unstable on 8th iteration

#Below is the output for iteration 8

#EM after 20 iterations

#> cbind(pct,pit,ptt)[20,]

# pct pit ptt

#0.07083691 0.18873652 0.74042657

#SEM after 7 iterations

#> cbind(sempct,sempit,semptt)[6,]

# sempct sempit semptt

#0.07083691 0.18873670 0.74042639

rij[,,6]

# [,1] [,2] [,3]
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#[1,] 0.034117920 -0.002601059 -0.00260106

#[2,] -0.006910223 0.140676982 -0.03519589

#[3,] -0.027207449 -0.138075923 0.03779695

#Now need iyhat (inverse of the information matrix for Y)

denom1=(pcthat^2+2*pcthat*pithat+2*pcthat*ptthat)

ncct=nc*pcthat^2/denom1

ncit=2*nc*pcthat*pithat/denom1

nctt=nc-ncct-ncit

niit=ni*pithat^2/(pithat^2+2*pithat*ptthat)

nitt=ni-niit

nttt=nt

#Required derivatives for iyhat

d20q=-(2*ncct+ncit+nctt)/pcthat^2 -(2*nttt+nitt+nctt)/(ptthat^2)

d02q=-(2*niit+ncit+nitt)/pithat^2 -(2*nttt+nitt+nctt)/(ptthat^2)

d12q=-(2*nttt+nitt+nctt)/(ptthat^2)

iyhat=-cbind(c(d20q,d12q),c(d12q,d02q))

solve(iyhat)

#[1,] 5.290920e-05 -1.074720e-05

#[2,] -1.074720e-05 1.230828e-04
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#Since the percentages of the 3 moth phenotypes add up to 1, we only

#presented results for carbonaria and insularia phenotypes.

psiprime=rij[,,6] #(7th iteration)

psiprime22=psiprime[-3,-3]

#variance matrix of MLE

varhat=solve(iyhat)%*%(diag(2)+t(psiprime22)%*%solve(diag(2)-t(psiprime22)))

varhat=(varhat+t(varhat))/2

varhat

# [,1] [,2]

#[1,] 5.481298e-05 -1.223007e-05

#[2,] -1.223007e-05 1.433249e-04

#sd(pc), sd(pi)

sqrt(diag(varhat))

#[1] 0.007403579 0.011971838

#cor(pc,pi)

varhat[1,2]/prod(sqrt(diag(varhat)))

#[1] -0.1379833

#var(pt)
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varhat[1,1]+varhat[2,2]+2*varhat[1,2]

#[1] 0.0001736777

#sd(pt)

sqrt(sum(varhat))

#[1] 0.01317868

#cor(pc,pt)

(-varhat[1,1]-varhat[1,2])/(sqrt(varhat[1,1])*sqrt(sum(varhat)))

#[1] -0.4364370

#cor(pi,pt)

(-varhat[2,2]-varhat[1,2])/(sqrt(varhat[2,2])*sqrt(sum(varhat)))

#[1] -0.8309075
↓Code

1.5.3 Bootstrap method

Bootstrap�{´A^å5��B��{. Ù�{Xe

éb = 1, · · · , B,

1. ¦^*ÿêâx1, . . . , xnÚEM�{�����Oθ̂, ¿P�θ̂1.
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2. k�£�lx1, . . . , xn¥ÀÑx∗1, . . . , x
∗
n, A^EM�{���Oθ̂j ,

j = 2, · · · , B.

3. ¦^θ̂1, · · · , θ̂B��θ̂������Ý
, ��Ù���Ý
��O.

1.5.4 Empirical Information

�êâ´i.i.d�, 5¿�Fisher&E
�

I(θ) = cov

[
∂l(θ|x)

∂θ

]
= cov

[
n∑
i=1

l′(θ|xi)
]

Ïd�±¦^�����

1

n

n∑
i=1

[l′(θ|xi)− l̄′(θ|x)][l′(θ|xi)− l̄′(θ|x)]T (1.2)

5�Oþª, Ù¥l̄′(θ|x) = 1
n

∑n
i=1 l

′(θ|xi).

T�{áÚ<�/�3u�O(1.2)�z��Ñ�±3EM�{�1L§¥

��, ØI��	�©Û. ¯¢þ, duθ̂(t)��zQ(θ|θ(t) − l(θ|x), Ïd'
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uθ¦���

Q′(θ|θ(t))|θ=θ(t) = l′(θ|x)|θ=θ(t)

duQ′Ï~3z�MÚ¥O�, Ïd(1.2)�z��Ñ´�±���.

1.6 EM Variants

1.6.1 Improving the E step

EÚI�O�^�Ï", Ù�·�^Q(θ|θ(t))5L«. XJdÏ"J±)ÛO

��, K�± ÏLMonte Carlo�{5Cq.

Monte Carlo EM

Wei and Tanner (1990) JÑ1tgS��EÚ�±ÏLXeüÚ5O�

1. l^�©ÙfZ|X(z|x, θ(t)¥Ä�i.i.d��Z
(t)
1 , . . . , Z

(t)
mt , z� Z

(t)
j Ñ

´"�êâZ���*ÿ. ù�Yj = (x, Zj)L«��Öà���êâ.

2. O�Q̂(t+1)(θ|θ(t)) = 1
mt

∑mt
j=1 logfY (Y

(t)
j |θ).
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@oQ̂(t+1)(θ|θ(t))=��Q(θ|θ(t))����O. MÚU���z Q̂(t+1)(θ|θ(t)).

í��üÑ´3ÐÏ�EMS�¥¦^���mt, ¿�XS��?1ÅìO

�mt, ±~�3Q̂¥ Ú\�Monte CarloÅÄ5. ØLù«Monte Carlo

EM�{ÚÊÏ�EM�{Âñ�ªØ��, �XS��?1, θ(t)���ª3

ý¢����N�ÅÄ, Ù°Ý�6umt.

1.6.2 Improving the M step

EM�{�A:Ò3ué|^��q,�Q¦�Ú��zÏ~�'O�*ÿê

â�4�q,{ü. ,
, 3,
�¹e, =¦Q��Ñ´N´�, MÚ�ØN

´¢�. �dJÑ
�
üÑ5�Ñd(J.

EM gradient algorithm

XJ��zØU^)Û��ª��, @o�±�Ä¦^`z�{. ùò��i

@S�. Lange JÑ ¦^üÚ�Newton{O�MÚ, l
�±Cq����
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�
Ø^ý��°(¦). MÚ^e¡O�

θ(t+1) = θ(t) −Q′′(θ|θ(t))−1|θ=θ(t)Q
′(θ|θ(t))|θ=θ(t)

= θ(t) −Q′′(θ|θ(t))−1|θ=θ(t) l
′(θ(t)|x)

EMFÝ�{Ú���EM�{éθ̂k�Ó�Âñ�Ý.

1.7 Pros and Cons

EM���{{{���`̀̀:::

1. EM�{´ê�­½�, EM�{�z�gS�¬O\éêq,.

2. 3�~���^�e, EM�{k����ÛÂñ5, =lëê�m�?

ÛÐ©�Ñu, EM�{ ��oUÂñ�éêq,¼ê���ÛÜ���:.

3. EM�{éN´¢�,z�gS�¥�EÚ´é��q,�Ï", 
MÚ

´��êâ�ML�O. Ù²~ kclosed form.
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4. EM�{´N´?1§S�O�, ÏÙ��9�q,¼ê, 
ØI�Ù�

ê.

5. EM�{3O�Åþ¢��I���;�mé�, Ù3zÚS�¥ØI

��;&E
½öÙ�ê�.

6. du��êâ¯K��´��IO¯K, Ïd3��êâ�MLEØ�3

wª)�, MÚ²~�±¦^IO�ÚO�{5)ûd¯K. �
*Ð�EM�

{Ò´Äud.

7. �'Ù¦`z�{
ó, EM�{I��©ÛO�ó���Ø�õ, Ù�

�¦��éêq,�^�Ï"Ú��z.

8. z��S��¤�´'�$�, Ù-�
EM�{I�é�S�gê±

��Âñ�Øv�?.

9. ÏLiÀzgS�éêq,�üN5, �±�B�iÀÂñ5Ú§S�

Ø�.

10. EM�{�±^ué”"�”�?1�O.
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éééEM���{{{������


111µµµ

1. ØUgÄ�Ñëê�O����Ý
��O.

2. 3�
wå5é{ü�¯K½ö�¹�õ"�&E�¯Kp, EM�{

�UÂñéú.

3. ��3õ�4�:�, EM�{ØU�yÂñ��Û���:, d�, Â

ñ��4�:�6uÐ©�.
4. 3�
¯Kp, EM�{I��EÚ½öMÚ�UØU�Ñ©Û).
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