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Chapter 1
Bootstrap and Jackknife

1.1 The Bootstrap

Efron #£1979,1981M19824F 1 TAF 5| AR — 2 % Ji€ | Bootstarp/iif, 1k
JERFT RERIRT WINERH.

Bootstrap /7 %2 — 5 JE S HMonte Carloy ik, Hol i 7 # #5544 43
AT A F. AR DT VR LN B AR AL — A BB AR, M 47 B
BUCER) e R A v S A RV RFALE DA S iR S A4 LH G vk ST, 2 B bR SR 23 A
WAEER, Bootstrap JJVEZ W WAL, JERF, FEARME—CAHIEEL.

Bootstrap — i 7] LA JEZ £ Bootstrap, thF ELIEZ £ Bootstrap( L —if
). Z4(BootstrapZ it SAA A 784 2 A1, FIfHMonte CarloJj i M I A%
RHIFEEAT G HEWT; TTHES$Bootstrap 2 R B A se & AR H, FFH FRHhAE
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JiVEMBEA T (B ) ARE BEAT SR T HE T

A DLALRE A T 78 B BREA IR 23 A D9 — A D7 S A, B R B S A
FAARFRAE. @ Ak P S S () Ahae, AT RAYE L AN v SR v B i Hl R
M. RIS T, WS, FRiEZE A ] DU I A R A T

— /MRS AT I Bootstrapfili v T2 BE AL THAO AR, FRATEE —AMREA
I E 7 BRAS oF 3 B s B AR, B B AR E T, RIS SR, W
VAR A R B (0 — NS BEAL . AR 2 J7 35 R0 0 B b 7= AR B LRE
A, Bootstrapl] WE I8 43 A th = AEREALEEAR. Biikte = (21, -+ ,zn) A— DM
SR F (x) PRI EFFEEAR, XA Mo PBEHLERE R — A FEAR,

M AR R BB A X, - X RARBENLR XS X
N ia dRBENLE R, Az, zn } BRSSO,

LI A0 R, () 2 F () A TF, TTLAE#, By (x) & F ()72 5 4t
& MHS T, Fo(x) K82 {x1,- -, zn} BB SAMRENAR R X* 17>
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iR . R ILAEBootstrap™ A IXANEL. FniEBiLF|F, Bootstrap®E & N4
WO A RALE R Fn W . M b RS S0 T A F P AR BN A, X
B 3@ ] AR A

F—X—F,

F, - X* — F}

MaH 7= 4 — A Bootstraphfl HLEE A AT LUX FESEEL, Ja {1,2,--- ,n}hE
R PRI R IR 5301{i1, - - - ,in}, 51T FIBootstraptt Kz* = (z4,, -+, @i, ).
TRZOZIAVEIL RIS H (&), ORI, WO/ T i Bootstrap 1k

AT CLE S an A A
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1. *fBootstrap®Z &y #bk(b=1,...,B),

(a) BEA XD Rey, -, @, T I AEF B B 40 AF
Aar®) = g% L ak.

(b) AxAEz*®) i+ HHO),

2. Fy(-)#9Bootstraptit #0605 ey 256457 Fy .

51 I, 5Bootstrapififf REIATME BIFEA
z={2,2,1,1,5,4,4,3,1,2}

M BHIFE R IRIEHEL, 2, 3, 4, 5IIMEA 7371)°50.3, 0.3, 0.1, 0.2, 0. 1347, AT
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M BEHLERE (1—MFEAR X, Hoa A s Uk R 458 50 A sk &, B
0, <1

03, 1<z<2;

06, 2<z<3;

0.7, 3<x<4

0.9, 4<z<5;

Fx* (x) = Fn(x) =

HEEMRE, A EEF, WMESHME T MEAREEFy. Efld
e AL bR L2 M Poisson(2) BN AE ¥, Marh K& = 52l R v] AR I
B T Fy, ABREANBRARGF Bl T P, BORTEIR A 2D AR, 75310
BootstrapFE AR FH 0.

1.1.1 Bootstrap Estimation of Standard Error

it BOIIEREZ I Bootstrapfiith, J&Bootstrap®E 20, ... 0(B) [kEAFx
2

~ 1 B ~ -
sep(0") = \| 5— > (O®) —6+)2.

b=1

Previous Next First Last Back Forward 5



Jpgs = LB 4.

IR #EEfron M Tibshirini(1993), %153 # b5 2 — M 8 fhoF, EE AKX
HBIFIEFER K. B =508 OL LW T, B > 20052180 Wi (B XI5
Exoh).

512 (FREZERBootstrapftiit) bootstrap® BRIEERKHIEElaw, iC
F T ISFEERRANFEE R T I R SR (LSAT)FGPA (3 7100).

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
LSAT 576 635 558 578 666 580 555 661 651 605 653 575 545 572 594

GPA 339 330 281 303 344 307 300 343 336 313 312 274 276 288 296
fEITLSATFIGPA Z [BRIHE X R H, HRHAE X RBHFREZR Bootstrapfl
it.

TEAA]
1. BRI (2, v:),i = 1,...,15.
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2. AI DUIE IR A AE O R BT OC R B
N TiYi — D Ti Y Yi .
Ve = (Sie)? /e v — (5 m)?
3. BootstrapXfix S 5t .
Rk, Sk

£ =

1. *fBootstrap®Z &y #bk(b=1,...,B),

(a) A H A My, - o P S0 b5 AR
2*(b) — Ty, ., T, iiwl‘:’k%(t: A—NEE.

(b) ARFEz*(®) it 7 (0),

2. F:(-)#Bootstrapts it A7) . #(B)ay 2 36 H A L

FEAHI K REC N cor (LSAT, GPA) = 0.7763745, 18 [l Bootstrapfii it4rifk
ZERRFIT:
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libr

TCode
ary (bootstrap) #for the law data

print (cor (1aw$LSAT, law$GPA))

#set
B <-
n <-
R <-
#boo
for

}

up the bootstrap

200 #number of replicates
nrow(law) #sample size

numeric(B) #storage for replicates
tstrap estimate of standard error of R

(b in 1:B) {

#randomly select the indices

i <- sample(l:n, size = n, replace = TRUE)
LSAT <- law$LSAT[i] #i is a vector of indices
GPA <- law$GPA[i]

R[b] <- cor(LSAT, GPA)

#output
print(se.R <- sd(R))
hist(R, prob = TRUE)

| Code

se(7) M BootstrapflittN0.1371913, FEAAM K RE AR HEZE IS (E
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90.115.

1513 {5 Fboot iR #i# 1T BootstrapfEitfrEE R, Wboot £ fboot i
Hnr LU 4T Bootstrapfiiil. boot M IS HstatisticE — A%, HIRR
[ BRI GE vt B . XA RO DA A SE, Kb — AN R EEE,
A F7RBootstrap fillFE T K fibr ) &, WIAREHE R ES. FERNE LS A
REAHEO®) . Fi = (i, ,in) FRIEARAE, M5 HISC R BN A

tau<-function(x,i){
xi<-x[i,]
cor(xil,1],xi[,2])
}

ARG EAT AT L Fboot B #i 47 Bootstrapfliit:

library(boot) #for boot function
obj <- boot(data = law, statistic = tau, R = 2000)
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obj
# alternative method for std.error

y <- obj$t
sd(y)
detach(package:boot)
i,fode
B OB FIE 15 . 20009%E & F fIBootstraphiif Z 4t 1H4 0.1326418.
Fiboot B& HUAH AL I B8 i 26 U bootstraptl L ffJbootstrapf £, 1 F
IR BRI AR AT
‘ ‘ TCode
library(bootstrap) #for boot function
n <- 15
theta <- function(i,x){ cor(x[i,1],x[i,2]) }
results <- bootstrap(1:n,2000,theta,law)
sd(results$thetastar) #0.1325971
detach(package:bootstrap)

1Code
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AR HE EAHEER bootstrapt 25k T Efron & Tibshiraniff) 1)
HEREFFAEYE. boot AZULE T Davson & Hinkley 45 B[R 5 A .

1.1.2 Bootstrap Estimation of Bias
O — M THROR R 2 58 LN
bias(8) = E6 — 0.

2401149 43 A3 A R 88 7 AR B A A0 45 00T B 0 T SR AT (AN M 3 A b b R AR
R HE, Monte CarloJ7 IEAFAT), BLEABL S, FATHRAFIEOH FHAH
(7 B 1), SRR TR 2 R R F M. R BRATCEH THAR, 020104
i, T BT LAt Bootstrap /A HEAT (4 1. AT 7 LA 34 2 A £ -

—

biasp(0) = E*0* — 6.

E*F/r~BootstrapZ ¥ 404 .
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Al b — AN 1F & 59 I 22 I Bootstrapfli tF, & 8 i 48 F 24 8 FE A R B4l
TEOEAN T, T 18 FHOMBootstrap® R A1 E. W — AN HBREE Az =
(w1, ), AOG)KBALLAEH RO, (O Y8 I 150" )
Tofmflith, BEUbRZ K Bootstrapflith Ay

biasp (9) = 0% — 6.

KHGr = LB 00 IR KA O TR B ST T 0; 1 5 i 2
BB OT AR To. Hik, — 23 k% IE (Bias-correction) ]
fhi-E

0 =0—biasg(f).

fjl4 BootstrapfRZEit: it LT EREXRBHERE

theta.hat <- cor(law$LSAT, law$GPA)
#bootstrap estimate of bias
B <- 2000 #larger for estimating bias
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n <- nrow(law)
theta.b <- numeric(B)
for (b in 1:B) {
i <- sample(l:n, size = n, replace = TRUE)
LSAT <- law$LSAT[i]
GPA <- law$GPA[i]
theta.b[b] <- cor(LSAT, GPA)

}
bias <- mean(theta.b - theta.hat)
bias
iCodc
IXAMEFIFI 3 b oot i HiR [A] [ 45 SR AHIE.
15 Bootstrapﬁ%ﬁii‘l‘: Bz = (21, ,z10) ~ N(p,02), Ko?BIfEIH
8262 = T (z — 2)2HRE
TCode

n<-10
x<-rnorm(n,mean=0,sd=10)

Previous Next First Last Back Forward 13



sigma2.hat<-(n-1)*var(x)/n
#bootstrap estimate of bias
B <- 2000 #larger for estimating bias
sigma2.b <- numeric(B)
for (b in 1:B) {
i <- sample(l:n, size = n, replace = TRUE)
sigma2.b[b] <-(n-1)*var(x[i])/n
}
bias <- mean(sigma2.b - sigma2.hat)
bias
I Code

TR T, 62 &I T 2402

f5l6 LL{EEZSHE T RZER Bootstrapftiit. Llfibootstrap & fipatch%l
PR, B R T 8 N AE 3RS 5] 11 245 ) 5 v b AN A AR SR
BOX WA RE, 1B (S FDAF L), Bre i (GEAN T
AHIE ) T2 N A2, S EFDAMUE, ¥ L) A= M ). M Em
R LEBUHT 2 AN IH 2 S V. SR DUTIE B 37 24 A0 T 24 2 TR R S50, DR S
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PP TR E S 2 BRI FDARIF S 1. SN LRI bR Xt Ul S 5L

_ E(new) — E(old)
" E(old) — E(placebo)’

O] < 0.20, MFFAMIHABEN. Mito gt BAY/Z. BHAERE
fEpatch#dl thae . JATH B brie TH e T 22 I Bootstrapfliit.

data(patch, package = "bootstrap") e
patch
n <- nrow(patch) #in bootstrap package
B <- 2000
theta.b <- numeric(B)
theta.hat <- mean(patch$y) / mean(patch$z)
#bootstrap
for (b in 1:B) {
i <- sample(l:n, size = n, replace = TRUE)
y <- patch$y[il]
z <- patch$z[i]
theta.b[b] <- mean(y) / mean(z)
}
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bias <- mean(theta.b) - theta.hat
se <- sd(theta.b)
print(list(est=theta.hat, bias = bias,

se = se, cv = bias/se))
L Code

1.2 Jackknife

Jackknife( 7J¥1i%) & HQuenouille(1949,1956) #2 H (1) FE 4l 7%, Jackknife
Ffl T leave-one-out” A IR IE VL. Ba = (z1,...,z0) NI B FEA,
58 SR JackknifeFE 48 ZHUR MR A G MR R A, HI

() = (@1, Tim1, Tip 1, 5 Tn)-

#0 = T (), WiE Ui Jackknife EE A0y = Tno1(z(;)), i =1, ,n.
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&S0 = t(F), NAAFMERE. F, NFRAZ% 5 AkE. Wor)” plug-
in” it No = t(Fy). *fj’\*/l\”plug-in”ﬁi‘l’éfn'ﬁ%?ﬁﬁ‘], n B N E AR AL
FART-6 1/ MEAS L.

I 2 i Jackknifefd it

RO Hg — A F W 1 (plug-in) i 1F 8, WOy = t(Fa_1(zgy), P& M %
] Jackknifefti T} (Quenouille) Ky

biasjacr = (n—1)(0(y — ),

Jiq]% = £ X100
SRALAO A 2 R IRt 2 0 Jckkenife i o4 R n — 1.
1T 17 plug-in” fiit 9
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ORI il it, %A bias(f) = Bi—o? = — = FF—/Jackknifeft
TR fon — 1I0REAHORE, Rk Jackknife 420, RN — -2 BT
[

E[0(;) — 0] = E[0;) — 6] — E[0 — 0]
o? o2, bias(d)
n—1 n n—1"

JItLA, #£ Jackknifeffi 22 ffi tHf#5€ XA F¥n — 1.

= bias(é(i)) — bias(f) = —

517 fRZE BRI Jackknifeff it THE patchZHfE H L AE 2 80 £ 1 22 1) Jackknife
it

TCode
data(patch, package = "bootstrap")

n <- nrow(patch)

y <- patch$y

z <- patch$z

theta.hat <- mean(y) / mean(z)
print (theta.hat)

Previous Next First Last Back Forward 18



#compute the jackknife replicates, leave-one-out estimates
theta.jack <- numeric(n)
for (i in 1:n)
theta.jack[i] <- mean(y[-i]) / mean(z[-il)
bias <- (n - 1) * (mean(theta.jack) - theta.hat)

print(bias) #jackknife estimate of bias
L Code

bRtz i Jackknife flith
XPFH I SETH 0, FbRiE % ) Jackknifeft i (Tukey) & L

R n—1<~ » -
Sejack = \J - Z(@(“ —00y)2.

i=1

40 A B RIE, § = 7, Hoi 2 it A

s 62 1 = 9
Var(0) = = Z(mz — )

;771(71—1)1. :
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1200 = =gt Wl = £00) =0, 8y — 0y = 55 BEH

B8 #5 A Z= B Jackknifefd it i S patch 5 F A8 2 B8 A5 1 b ik 22
It Jackknifefiti 11

TCode
se <- sqrt((n-1) *

mean((theta.jack - mean(theta.jack))"2))

print(se)
L Code

Jackknife s 315 &

LA ROR T, Jackknife 7 LA AT E S KA. LR — N AT 4
THEHFT
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519 (Jackknife75 %5 %) FJackknifes5 3% &3 M1,2,...,1005 Bl 41 3 BY
RO P AL B IR E.

set.seed(123) #for the specific example given
#change the seed to see other examples
n <- 10
x <- sample(1:100, size = n)
#jackknife estimate of se
M <- numeric(n)
for (i in 1:n) {
y <= x[-i]
M[i] <- median(y)

#leave one out

}

Mbar <- mean(M)

print(sqrt((n-1)/n * sum((M - Mbar)~2)))

#bootstrap estimate of se

Mb <- replicate(1000, expr = {
y <- sample(x, size = n, replace = TRUE)
median(y) })

print(sd(Mb))
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Al Jackknifefd 1T FlBootstrapfli 11 #H Z R iz, AR M. Fs L) i
TR IE 1, Jackknife SRR T .

1.3 Jackknife-after-Bootstrap

A TETFRATTIA 41 T AE R — A5 v 2 1 s 22 #0122 ) Bootstrapfili v, X 24l
AR G SRl T &, B2 0X S Al vh (7 22 WAl TR T —Fh o i R A
F Jackknife 7 i RAL TR L fh 1+ R 77 2.

TE 7 Bl se(9) £ BIX O Bootstrap E & Gi it B AL A SR HE RS, I8 4 0 341
Fi iR, W Jackknife LR AN, WRIRTIn — IMERE S H
HFEBIR, %H’ﬁs@(é(i)) (Bootstrapid #2), Bl —“NJackknife®E &. )5 A
(EE

2= LS (e (0) — 5o (6))?

=1

n

sAejack(sAeB(é)) = \j

Previous Next First Last Back Forward 22

| Code



Hrbsep)(0) = 2300, sepy(0). EIXEEEAN, AT B HBootstraps &.
XSRS RCRAR T, RIEIE A JVE 7T LAl % % 5 Bootstrap.

Jackknife-after-Bootstrap 77 % f& % 4> leave-one-out” ffjBootstrapff
A E M BT

Wx; = (xF,...,%5) 8 — XBootstrapfli #, z, -+ , e R R H A K/
N BIfiBootstrapff 4. 4 J(i)F~nBootstrapfE A HF AN o, (1 IR LA AR 5 bt
B(i)E R Az Bootstrapte AN ¥, ML FATA LEH Z 4B — B(i) 1
B x MR G AR IFEA K U 5 — D Jackknife® 5. #bxs #E Z 4l T &
¥ Jackknifefi 4

n

~ ~ A - 1 - ~ =
sejap(sep(0)) = \J > (sepy — sep())%
=1

n

Hrp

) 1 T
sep(i) = \j B0 2 P —duwl

JeJ (@)
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ro 1
o = 5@

151 10 (Jackknife-after-Bootstrap), 3146 s EZE M Bootstrapfiitses (9),

R Jackknife-after-Bootstrap /& EiTEirEE.

TCode
# initialize
data(patch, package = "bootstrap")
n <- nrow(patch)
y <- patch$y
z <- patch$z
B <- 2000
theta.b <- numeric(B)
# set up storage for the sampled indices
indices <- matrix(0, nrow = B, ncol = n)

# jackknife-after-bootstrap step 1: run the bootstrap
for (b in 1:B) {

i <- sample(l:n, size = n, replace = TRUE)

y <- patch$yl[il
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z <- patch$z[il

theta.b[b] <- mean(y) / mean(z)
#save the indices for the jackknife
indices[b, ] <- i

}

#jackknife-after-bootstrap to est. se(se)
se.jack <- numeric(n)
for (i in 1:n) {
#in i-th replicate omit all samples with x[il
keep <- (1:B) [apply(indices, MARGIN = 1,
FUN = function(k) {'!any(k == i)})]
se.jack[i] <- sd(theta.bl[keepl)

print(sd(theta.b))
print (sqrt((n-1) * mean((se.jack - mean(se.jack))"2)))
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1.4 Bootstrap Confidence Intervals

AT AT AL FEBootstraph 1 i H A5 S 50 L B S XA (1 7
w5, HoA L HE A5 ik IE S Bootstrap & {5 X 8], % A ) Bootstrap® 15 X [H,
Bootstrap Fi 7 # (percentile) B {5 X [A]F1 Bootstrap t 1% X [A].
1.4.1 The Standard Normal Bootstrap Confidence In-
terval

bR IE A Bootstrap B 15 X ] /& — i EL B 181 B (9 7 0. RO S50 orafliit
8, DA IR 2 Nse(0). & 08HE B IEAE, &

- Eb

- se()
I TR BRE 5 A5 0 A, WG 000 Tofii i v, I8 2000 — A ¥i3E 100(1 —
)% Fr#EIEA Bootstrap E5 X [HK

é:t Za/QS%B(é)’
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Hhzg o = 711 — a/2). KXAEZ I, (H2F ESEREIECLTH
FRAL. LK 6RO T Rifitiit.

1.4.2 The Percentile Bootstrap Confidence Interval

B
PL<H<U)=1—a

%01, 7T LAE i Bootstrap B & I REA B AL HOR A5 LAU. 116000 1T,
SRR 01 — o BAF X 18])_E R F 90 N Bootstrap B FIHEAL — o/2F 3L
B0 54 1)1y /2RI 1) -

Efron & Tibshirani HEM] 11 707 8 X (AR E T AR vk IE S [X 6] 5 SE 4 )
Mg E G, FHENTIESNE bias-corrected and accelerated(BCa) H 4L
KX TH], E AR AR K —AMBIERR AR, 755 S0 A SRR 1R 5T LA S AR B
A I R
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1.4.3 The Basic Bootstrap Confidence Interval

35|
P(L<f-0<U)=1-a

TEO — O 43 5 & A i, H1 T-BootstrapE 5.6 [#1 B A% 43 fir iﬁé[*(B-H)a/z] Pl

V1) 1-a/2) 2
PO pi1yaso =0 < 0" =0 < Ofipinyaoam —O~1-a

HH100(1 — )% BEAS XN

(20 =0 p11)(1-as2)) 20 — O(B+1)as2)

bootfl L f i Hiboot.ciit HHFRAM B X [1]: EEARM, L, B
B, FHFBCa.

5] 11 patch#HIELLEGHE M Bootstrap E{EX[8]
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ABIEBIATE H boot Mboot.ci i BT B 125, 2 A AT H 77 Boot-
strap B A5 X8, TR HESHHRI195% B A5 X (.

library(boot) #for boot and boot.ci
data(patch, package = "bootstrap")
theta.boot <- function(dat, ind) {

#function to compute the statistic

y <- dat[ind, 1]

z <- dat[ind, 2]

mean(y) / mean(z)
}
y <- patch$y
z <- patch$z
dat <- cbind(y, 2z)
boot.obj <- boot(dat, statistic = theta.boot, R = 2000)
print(boot.obj)
print (boot.ci(boot.obj,

type = c("basic", "norm", "perc")))

TCode

1Code
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TER (0] < 0.2, IHZFUET 254 BA DR S0 R, Bk IX )l o+ 50 SR IH
A ML T AT Bootstrap & 45 [X 18] 1 & 15 B A X [H],
AN LTI PR 45 SRAT X L.

TCode
#calculations for bootstrap confidence intervals T
alpha <- ¢(.025, .975)
#normal
print (boot.obj$t0 + gqnorm(alpha) * sd(boot.obj$t))
#basic
print (2*boot.obj$t0 -
quantile(boot.obj$t, rev(alpha), type=1))
#percentile
print(quantile(boot.obj$t, alpha, type=6))
| Code

5] 12 patch#IEF 1% A2 B Bootstrap B S X 8] SflawH i, i+ HAHE
FiEH95% B (5 X [A].
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library(boot)
data(law, package = "bootstrap")
boot.obj <- boot(law, R = 2000,
statistic = function(x, i){cor(x[i,1], x[i,21)})
print(boot.ci(boot.obj, type=c("basic","norm","perc")))

=REERPMBESE T p = 76U @ T 8 B IR £law821H 5 HY). T4
fr BB AR X TR AL RS B X IR A 22 5 7E T FEACHH 98 R B 0 A A A Sl
BT, BGHREEAAIR ST IS, B XA EZS X A a2 — 20

1.4.4 The Bootstrap ¢ interval

Ellﬁﬁéﬁ’qﬁj\%ﬁ%E*ﬁﬂﬁ HOROM TG, Z = (6 — 0)/se(0) 5Tt

—ERIEDN, ERERNBAUET T se(d). BATBABERZI0 A0 5
ﬁfﬁ, K Bootstrapfitiitse(0) 14345 K 1. Bootstrap ¢[X i 354 6 Flt4r 45
VN HET A A, TR A A TSR 7 VR 19 B — ANV e R A [ Gtk B o A B
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Wx = (21, ..., Tn) NI EIRFEA, W100(1 — @)% Bootstrap t E1F XA
(6 —t7_/25e(0),0 — t}, ;5 5e(6))

Hrhse(d), te o AT oM NTH P 5 0

Bootstrap t K (% £ 4LtyBootstrap X [])
1. A 21439,
2. HEATL, b=1,---,B:

(a) Ao A DGR HOH O = @, 2D).
(b) & HoAFHEEH AT EOO)

(c) I Ar7E £ it se(®)). (3 H A Bootstraptt Az (®) | F % it 47
—ABootstrapfsit).

(d) FHHBATELT W %itE: 1) = (6®) — §)/se(6®).

3. TAMAW, B ey Ak R el o A Bl AE R SRR Fet

a/2 - a/2

4. it se(0), BPBootstrap® £ {0(®) } a5 A ARk £.
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5. SRR (0-t7_, ,5e(0),0 -t ,5¢(0)).

1—a/2
Bootstrap X [A] i) — A B & 2 2 1 K fBootstrapJj ¥2: 13 2 bx #E 2
i i Hse(0®). X 2 fEBootstrap H T #it EBootstrap. #B = 1000,
M Bootstrap t [X 8] /712 2 L 5l 1 75 72: 1000 4% 1 B[] .
{5 13 Bootstrap tX[8) AFFATE — A EECRIME — T8 E £ oA
FBootstrap t B X [A]. BAIAE(E KV H95%, BootstrapH £ 500, 1
THPRE 22 ) 3 52 RBOBRA 9 100.

boot.t.ci <-
function(x, B = 500, R = 100, level = .95, statistic){

#compute the bootstrap t CI

x <- as.matrix(x); n <- nrow(x)

stat <- numeric(B); se <- numeric(B)

boot.se <- function(x, R, f) {
#local function to compute the bootstrap
#estimate of standard error for statistic f(x)
x <- as.matrix(x); m <- nrow(x)
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th <- replicate(R, expr = {

i <- sample(l:m, size = m, replace = TRUE)

f(x[i, 1
»
return(sd(th))

}
for (b in 1:B) {
j <- sample(l:n, size = n, replace = TRUE)
y <= x[j, ]
stat[b] <- statistic(y)
se[b] <- boot.se(y, R = R, f = statistic)
}
stat0 <- statistic(x)
t.stats <- (stat - stat0) / se
se0 <- sd(stat)
alpha <- 1 - level
Qt <- quantile(t.stats, c(alpha/2, 1-alpha/2), type = 1)
names (Qt) <- rev(names(Qt))
CI <- rev(statO0 - Qt * se0)

1Code
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514 patch##E FLLEGZIT 2RI Bootstrap t E{EXIE]

TR

‘ TCode
#boot package and patch data were loaded in Example 7.10
#library (boot) #for boot and boot.ci
#data(patch, package = "bootstrap")
dat <- cbind(patch$y, patch$z)
stat <- function(dat) {

mean(dat[, 1]) / mean(dat[, 2]) }
ci <- boot.t.ci(dat, statistic = stat, B=2000, R=200)
print(ci)
| Code

1.5 Better Bootstrap Confidence Intervals

X 73 R X R RE AT 42 1E T DA B B 4 HIBootstrap B A5 X 6], JHA HIF[
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BV RN B Y SE B B 2. RT100(1 — o) Y0 BAS X Ta), A FH P AR Sk i 8
THHPa/2M1 — o200 MK — M2 (bias) E 1E, — MR E (skewness) 1)
BIE. W7 MIMEIEC Nz, fMEZEE IE EIEIE Na. ERKIBootstrap B {5

X [t % FxNBCa.
100(1 — a)% BCa BIEXHN: JeitH

20+ Za/2

— B30 4 — 2Ry
R Y P

20+ 21_a/2
1—a(20 + z1-a/2)

Hifizg = @1 (a). Z0,al FEMRTHEL 1 BCa X%

ag = P(Z0 +

(05,,08,)-

BCa [X [ F S0 L5t 2 Bootstrap & (456 i o Moo 2017 5L
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TWZEBIE A T S2br L AN E Lo M . Hikith
1 & R
s0 = @*1(5 ;1(9@) < ).

Jn3# N2 MJackknife 8 5 il it

Y (0 — 00)*
6311 ((0() — 01))?)3/%

AZ AR RN A T, R BB A v =2 M0 T AR 2400, dntRiE
FIARb 2. FRATILE o b v IE & Bootstrap B 18 X A, 2% T Z N —AH
H, Hook. HEMZET 2 #Rnlgefof ¢, Il FE 11 B i8R 2% &
BURL TR 2 T s 5 BARSH0E %, RILx B A5 ST .

BCa 7 RIS ] LS F [ B kL

BCalfitt i

BCa BootstrapE {5 X A7 P4~ 5 2 1) B P il :

a =
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RAVENE, IO E A KR (02, ,0%,), 9() R EL, Wg(0)73
B (908, ), 905,)).

TR R, BRZE DAL /R A& T0.

Bootstrap t B X A2 ZFrks i, H2AEEALM. Bootstrap H 4
PEBUX TR A, AR AN S BRI, bRl 1E2S BAS X (R BE A A2,
WA SR

{5 15 BCa Bootstrap B{EX[8 AF2S — Rk Ecki 5 BCa Bootstrap
BIEXE.

boot.BCa <-
function(x, thO, th, stat, conf = .95) {
# bootstrap with BCa bootstrap confidence interval
thO is the observed statistic
th is the vector of bootstrap replicates
stat is the function to compute the statistic
<- as.matrix(x)
<- nrow(x) #observations in rows

B X # # #
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N <- 1:n
alpha <- (1 + c(-conf, conf))/2
zalpha <- gnorm(alpha)
# the bias correction factor
z0 <- gnorm(sum(th < thO0) / length(th))
# the acceleration factor (jackknife est.)
th.jack <- numeric(n)
for (i in 1:n) {
J <= N[1:(n-1)]
th.jack[i] <- stat(x[-i, 1, J)
}
L <- mean(th.jack) - th.jack
a <- sum(L"3)/(6 * sum(L"2)"1.5)
# BCa conf. limits
adj.alpha <- pnorm(z0 + (zO+zalpha)/(1-a*(zO+zalpha)))
limits <- quantile(th, adj.alpha, type=6)
return(list("est"=th0O, "BCa"=limits))
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5l 16 (BCa EfEX8) I+ HpatchHiFH L EGIHERIBCaEEXE.

TCode

<- nrow(patch)
<- 2000
<- patch$y
<- patch$z
<- cbind(y, z)
theta.b <- numeric(B)
theta.hat <- mean(y) / mean(z)
#bootstrap
for (b in 1:B) {

i <- sample(l:n, size = n, replace = TRUE)

y <- patch$y[il]

z <- patch$z[i]

theta.b[b] <- mean(y) / mean(z)

}
#compute the BCa interval
stat <- function(dat, index) {

mean(dat[index, 1]) / mean(dat[index, 2]) }
boot.BCa(x, thO = theta.hat, th = theta.b, stat = stat)

M N< B
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LR, o/2 = 0.025511 — a/2 = 097547 HIHTE }0.0334410.982.

5 17 £ E#boot.cilt E L fIFHIBCa Bootstrap BE{EXI[E]

FCode
#using x from Example 16
boot.obj <- boot(x, statistic = stat, R=2000)
boot.ci(boot.obj, type=c("perc", "bca"))

L Code

Se TS T E OB A X .
1.6 Application: Cross Validation

R X5 IE (Cross Validation) & —Fi 4> FIHE 7732, HoaT LU SRIGTE S 40k i
HIfe g, 3 8RR HERAE, AR A B SE4E. Jackknife AT DAL E A
SXCBGAIE R AR, B SR A T ZE A T R AR U
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It 4] BRI B8 SUIRIE 77 V52 BT 197 holdout” J5vk. FH B BE ML 4 NI 25
4E (training set) FIMREE (testing set) A T-4E. SR 5 OUAE FH ISR SRR A AT
AL, AR MR AR SR A HEAT DAl AR S R training /testing LEA] AN
I T B UCHL B s AR T2k 10 4 15 20, 8 fUR] B AN iR N
WA, L fURTRE 2 ENTIASE. X A7k 2 H” Mente Carlo” i3]
P, BIRENLTEIA ), 4R kEh.

” K-fold” 38 X Bk & % holdout” J7 2 S, Foks #0440 B A KA~ 748,
SR )5 E R holdout” JEK IR, BEREE AT ERBAE RIRA RV BEAL, HoAx
MK — INFEEIEANGESETEE. RETHHKR B riRzE. Bl
Yo Bt 1) 73 007 A AS AR 38, B AT — AR AR b, AR I 2Rk
PHK — 1k EIGA T 7 Z 2 b K SE N R, SR v S R
AR,

”leave-one-out” 3 X IGE " K-fold” 22 X IGIE ) — MBI (K = n), {Uff
M= EAERMAR, HARI S MERIGREE. o SR TS AR I 18] 2 2 32
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AR R .

N
He

{5 18 IR BRI B DA AG B [Wironslag# 14 T WiFh 777% (chemical,
magnetic) & & B EMI53K &5 R, #5 B &/~ chemical flmagnetic”f & & IF
AHICI, (R KGRI RN, BB BT LR H, ik, s n]

—MBRHU, SO HOR B B 4 UL £ i

AR FRATIAE P 22 OB A AT AR A 0 . 303 SRR R A T 2 A T
WP R

1. BMRAL Y =80+ B X +e

2. ZUM: Y =Bo+ BiX + B2 X% e
3.

4. log-log: log(Y) = o + Pilog(X) +e.

FBE: log(Y) = log(Bo) + B1 X +e.

VORI I S B T R P 0 T

par(ask = TRUE)
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library (DAAG); attach(ironslag)

a <- seq(10, 40, .1) #sequence for plotting fits
L1 <- lm(magnetic ~ chemical)
plot(chemical, magnetic, main="Linear", pch=16)
yhatl <- Li$coef[1] + Li$coef[2] * a

lines(a, yhatl, lwd=2)

L2 <- lm(magnetic ~ chemical + I(chemical~2))
plot(chemical, magnetic, main="Quadratic", pch=16)
yhat2 <- L2$coef[1] + L2$coef[2] * a + L2$coef[3] * a2
lines(a, yhat2, lwd=2)

L3 <- 1m(log(magnetic) ~ chemical)

plot(chemical, magnetic, main="Exponential", pch=16)
logyhat3 <- L3$coef[1] + L3$coef[2] * a

yhat3 <- exp(logyhat3)

lines(a, yhat3, lwd=2)

L4 <- 1m(log(magnetic) ~ log(chemical))
plot(log(chemical), log(magnetic), main="Log-Log", pch=16)
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logyhat4 <- L4$coef[1] + L4$coef[2] * log(a)

lines(log(a), logyhat4, lwd=2)
L Code

IR AT 22 OGRS MR R TR Z2 AT f it SR

Lotk = 1,y m, A (o, y) W IR, 10 % A AF AR
AR HATAE . RB T AR £

(a) 1& B A 09 4% AL A 347 D0 B,

(b) A Gx = Bo + Prak.

(C) it H MR £ er =Yk — Uk-

2. HHHFRMEE: 02 = % nier.

TR WT

TCode
n <- length(magnetic)

el <- e2 <- e3 <- e4 <- numeric(n)

# for n-fold cross validation
# fit models on leave-one-out samples
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for (k in

1:n) {

y <- magnetic[-k]
x <- chemical[-k]

J1 <-
yhat1l
e1[k]

J2 <-
yhat2

e2[k]

J3 <-

Im(y ~ x)
<- Ji$coef[1] + J1$coef[2] * chemical[k]
<- magnetic[k] - yhatl

In(y ~ x + I(x"2))

<- J2$coef[1] + J2$coef[2] * chemicall[k] +
J2$coef [3] * chemical[k] "2

<- magnetic[k] - yhat2

Im(log(y) ~ x)

logyhat3 <- J3$coef[1] + J3$coef[2] * chemical[k]

yhat3
e3[k]

J4 <-

<- exp(logyhat3)
<- magnetic[k] - yhat3

Im(log(y) ~ log(x))

logyhat4 <- J4$coef[1] + J4$coef[2] * log(chemicall[k])

yhat4

<- exp(logyhat4)
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e4[k] <- magnetic[k] - yhat4
}

c(mean(e1°2), mean(e2"2), mean(e3~2), mean(ed4d~2))
i(,ade

SRE W k2 W A R TR 22 . BATA LUE Al plot (L2) #1744

2.
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