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Chapter 1

Bootstrap and Jackknife

1.1 The Bootstrap

Efron 31979,1981Ú1982c�ó�¥Ú\Ú?�ÚuÐ
Bootstarp�{, d

�uL
�þ�'u d�{�ïÄ.

Bootstrap�{´�a�ëêMonte Carlo�{, ÙÏL2Ä�éoN©

Ù?1�O. 2Ä��{ò *ÿ����À���k�oN, l¥?1�

Å(2)Ä�5�OoN�A�±9éÄ�oN�ÑÚOíä. �8IoN©Ù

vk�½�, Bootstrap�{²~�¦^, d�, ��´��®k�&E.

Bootstrap �c�±��ëêBootstrap, ��±�ëêBootstrap(þ�ù

¥). ëêBootstrap´�oN©Ù ��®�, |^Monte Carlo�{ldoN

¥Ä�?1ÚOíä; 
�ëêBootstrap´�oN©Ù����, |^2Ä�
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�{l��¥(2)Ä�?1ÚOíä.

�±À��¤L«�k�oN�©Ù���”�”oN, ÙäkÚý¢oN

aq�A�. ÏLld”�”oN¥ ­E(2)Ä�, �±âd�OÚOþ�Ä�

©Ù. ÚOþ��
5�, X �, IO����±ÏL2Ä�5�O.

��Ä�©Ù�Bootstrap�Oaqu�Ý�O��{. ·�ÏL����

���ã5�O�Ý¼ê�/G. ��ã Ø´�Ý, �´3�ëê¯K¥, �

±�À�´�Ý���Ün�O. ·�kéõ�{l®���Ý¥�)�Å�

�, BootstrapKl²�©Ù¥�)�Å��. b�x = (x1, · · · , xn)���l

oN©ÙF (x)¥*ÿ����, X∗�lx¥�ÅÀJ�����, K

P (X∗ = xi) =
1

n
, i = 1, · · · , n.

lx¥k�£�2Ä����Å��X∗1 , · · · , X∗n. w,�ÅCþX∗1 , · · · , X∗n
� i.i.d��ÅCþ, Ñl{x1, · · · , xn}þ�þ!©Ù.

²�©Ù¼êFn(x)´F (x)��O, �±y², Fn(x)´F (x)�¿©ÚO

þ. 
�,��¡, Fn(x) ��´{x1, · · · , xn}þ�þ!©Ù�ÅCþX∗�©
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Ù¼ê. Ïd3Bootstrap¥kù�%C. Fn%C�F , Bootstrap­Ee�²

�©Ù¼êF ∗n´Fn�%C. lx¥2Ä�,�dulFn¥�)�Å��. ùü

« %C�±L«�

F → X → Fn

Fn → X∗ → F ∗n

lx¥�)��Bootstrap�Å���±ù�¢y, kl{1, 2, · · · , n}¥k

�£�À�ng��{i1, · · · , in},,���Bootstrap��x∗ = (xi1 , · · · , xin ).

b�θ´·�a,��ëê(�þ), θ̂�θ��O. Kθ̂�©Ù�Bootstrap �

O�±ÏLXe�{��
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1. éBootstrap­E�1bg(b = 1, . . . , B),

(a) ÏLk�£�lx1, · · · , xn¥Ä���2Ä��
�x∗(b) = x∗1, . . . , x

∗
n.

(b) �âx∗(b)O�θ̂(b).

2. Fθ̂(·)�Bootstrap�O�θ̂(1), . . . , θ̂(B)�²�©Ù¼ê.

~1 Fn�BootstrapÄ� b�·�*	���

x = {2, 2, 1, 1, 5, 4, 4, 3, 1, 2}

lx¥2Ä��ìÀJ1, 2, 3, 4, 5�VÇ©O�0.3, 0.3, 0.1, 0.2, 0.1?1. l
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lx¥�ÅÀJ �����X∗, Ù©Ù¼êÒ´²�©Ù¼ê, =

FX∗ (x) = Fn(x) =



0, x < 1;
0.3, 1 ≤ x < 2;
0.6, 2 ≤ x < 3;
0.7, 3 ≤ x < 4;
0.9, 4 ≤ x < 5;
1, x ≥ 5.

5¿XJFnvk�CFX , K­EÄ�e�©Ù�Ø¬�CFX . þ~¥

���x¢Sþ´lPoisson(2)¥�Å�)�, lx¥�þ­EÄ��±éÐ

��OFn, �´ØUéÐ��OFX , Ï�ÃØ­Eõ�g2Ä�, ���

Bootstrap��Ñvk0.

1.1.1 Bootstrap Estimation of Standard Error

�Oþθ̂�IO��Bootstrap�O, ´Bootstrap­Eθ̂(1), . . . , θ̂(B) ���I

O�:

ŝeB(θ̂∗) =

√√√√ 1

B − 1

B∑
b=1

(θ̂(b) − θ̂∗)2.
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Ù¥θ̂∗ = 1
B

∑B
b=1 θ̂

(b).

�âEfronÚTibshirini(1993), ���IO���Ð��O, ­E�g

êB¿�I��~�. B = 50~~®²v

, B > 200´é���(�&«m

Ø	).

~2 (IO��Bootstrap�O) bootstrap�p�{Æ��êâ8law, P

¹
15¤{Æ��\Æ�Á�²þ¤1(LSAT)ÚGPA(¦
100).

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

LSAT 576 635 558 578 666 580 555 661 651 605 653 575 545 572 594

GPA 339 330 281 303 344 307 300 343 336 313 312 274 276 288 296

�OLSATÚGPA�m��'Xê,¿¦���'Xê�IO��Bootstrap�

O.

3�~¥

1. êâ´¤é�(xi, yi), i = 1, . . . , 15.
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2. �±ÏL���'Xê�O�'Xê

τ̂ =
n
∑
i xiyi −

∑
i xi

∑
i yi√

n
∑
i x

2
i − (

∑
i xi)

2
√
n
∑
i y

2
i − (

∑
i yi)

2
.

3. Bootstrapéù
êâé2Ä�.

Ïd, �{Xe

1. éBootstrap­E�1bg(b = 1, . . . , B),

(a) ÏLk�£�lx1, · · · , xn¥Ä���2Ä���
x∗(b) = x∗1, . . . , x

∗
n. ùpxi½öx∗i����þ.

(b) �âx∗(b)O�τ̂ (b).

2. Fτ̂ (·)�Bootstrap�O�τ̂ (1), . . . , τ̂ (B)�²�©Ù¼
ê.

���'Xê�cor(LSAT,GPA) = 0.7763745, ¦^Bootstrap�OIO

��§SXe:
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↑Code
library(bootstrap) #for the law data

print(cor(law$LSAT, law$GPA))

#set up the bootstrap

B <- 200 #number of replicates

n <- nrow(law) #sample size

R <- numeric(B) #storage for replicates

#bootstrap estimate of standard error of R

for (b in 1:B) {

#randomly select the indices

i <- sample(1:n, size = n, replace = TRUE)

LSAT <- law$LSAT[i] #i is a vector of indices

GPA <- law$GPA[i]

R[b] <- cor(LSAT, GPA)

}

#output

print(se.R <- sd(R))

hist(R, prob = TRUE)
↓Code

se(τ̂)�Bootstrap�O�0.1371913, ���'Xê�IO��nØ�
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�0.115.

~3¦^boot¼ê?1Bootstrap�OIO�3R¥,�bootp�boot¼

ê�±?1Bootstrap�O. boot ¼ê¥�ëêstatistic´ ��¼ê, ^5�

£a,��ÚOþ�. ù�¼ê7L��kü�ëê, Ù¥1��´êâ, 1�

�L«Bootstrap Ä�¥��I�þ, ªÇ½ö�­�. Ïd·�Äk���

¼êO�θ̂(b). ^i = (i1, · · · , in) L«�I�þ, KO��'Xê�§S�

↑Code
tau<-function(x,i){

xi<-x[i,]

cor(xi[,1],xi[,2])

}
↓Code

,�·�Ò�±¦^boot¼ê?1Bootstrap�O:

↑Code
library(boot) #for boot function

obj <- boot(data = law, statistic = tau, R = 2000)
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obj

# alternative method for std.error

y <- obj$t

sd(y)

detach(package:boot)
↓Code

*ÿ��θ̂�^t1∗IÑ. 2000g­Ee�BootstrapIO��O� 0.1326418.

Úboot¼ê�qõU�¼ê´bootstrap�p�bootstrap¼ê. ¦^

d¼ê­Eþã¯K�§SXe

↑Code
library(bootstrap) #for boot function

n <- 15

theta <- function(i,x){ cor(x[i,1],x[i,2]) }

results <- bootstrap(1:n,2000,theta,law)

sd(results$thetastar) #0.1325971

detach(package:bootstrap)
↓Code
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ü�¼ê�^{þk
�É, bootstrap�´Â¹
Efron & Tibshirani�Ö

p�§SÚêâ. boot �´Â¹
Davson & Hinkley�Öp�§SÚêâ.

1.1.2 Bootstrap Estimation of Bias

θ����Oþθ̂� �½Â�

bias(θ̂) = Eθ̂ − θ.

�θ̂�©Ù��½ö/ªéE,¦�Ï"�O�Ø�U(ld©Ù¥Ä�C

�é(J, Monte Carlo�{Ø�1), ±93y¢¥, ·��Ø��θ�ý�

�(I��O), ù«�¹e �´���. �´·�®²k
��, θ̂´θ��

O, 
Ï"Eθ̂�±ÏLBootstrap�{?1�O. l
 �±�� ���O:

b̂iasB(θ̂) = E∗θ̂∗ − θ̂.

E∗L«Bootstrap²�©Ù.
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Ïd���Oþ� ��Bootstrap�O, ´ÏL¦^�c��e��

Oþθ̂5�Oθ, 
 ¦^θ̂�Bootstrap­E5�OEθ̂. é��k���x =

(x1, · · · , xn), kθ̂(x)�B�i.i.d�Oþθ̂(b). K{θ̂(b)}�þ�´Ï"�Eθ̂∗�

Ã �O, Ïd ��Bootstrap�O�

b̂iasB(θ̂) = θ̂∗ − θ̂.

ùpθ̂∗ = 1
B

∑B
b=1 θ̂

(b). �� �¿�Xθ̂²þ5wLp�O
θ; 
K� �

¿�Xθ̂²þ5wL$�O
θ. Ïd, ��²L �?�(Bias-correction)�

�Oþ�

θ̃ = θ̂ − b̂iasB(θ̂).

~4 Bootstrap ��O: �Oþ~¥���'Xê� �

↑Code
theta.hat <- cor(law$LSAT, law$GPA)

#bootstrap estimate of bias

B <- 2000 #larger for estimating bias
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n <- nrow(law)

theta.b <- numeric(B)

for (b in 1:B) {

i <- sample(1:n, size = n, replace = TRUE)

LSAT <- law$LSAT[i]

GPA <- law$GPA[i]

theta.b[b] <- cor(LSAT, GPA)

}

bias <- mean(theta.b - theta.hat)

bias
↓Code

ù��Ú~3¥�boot¼ê�£�(J�~�C.

~5 Bootstrap ��O: b�x = (x1, · · · , x10) ∼ N(µ, σ2), ¦σ2��O

þ σ̂2 = 1
n

∑n
i=1(xi − x̄)2� �

↑Code
n<-10

x<-rnorm(n,mean=0,sd=10)
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sigma2.hat<-(n-1)*var(x)/n

#bootstrap estimate of bias

B <- 2000 #larger for estimating bias

sigma2.b <- numeric(B)

for (b in 1:B) {

i <- sample(1:n, size = n, replace = TRUE)

sigma2.b[b] <-(n-1)*var(x[i])/n

}

bias <- mean(sigma2.b - sigma2.hat)

bias
↓Code

3ù«�/e, σ̂2L$��O
ëêσ2.

~6 '�ëê�O� ��Bootstrap�O. ±�bootstrapp�patchê

â�~. Têâ´ÿþ
8�<¦^3«ØÓ��Ô�É�¥,«Ö���¹

þ. ùn«�Ô©O´S¤J, Î�¬(²LFDA"1�), #�¬(,�#ó�

�Ó�ó²e)��, UFDA5½, #ó�)���¬��"1). ïÄ�8�

´'�#�ÚÎ���d5. XJ�±y²#�ÚÎ��m��d5, Ké#
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�ÒØI���­#�FDA��"1
. �d5�IO´é'�ëê

θ =
E(new)− E(old)

E(old)− E(placebo)
.

e|θ| ≤ 0.20, K#�ÚÎ�Ò�d. �Oθ�ÚOþ�Ȳ/Z̄. ùü�Cþ

3patchêâ¥�Ñ. ·��8I´O�d�O ��Bootstrap�O.

↑Code
data(patch, package = "bootstrap")

patch

n <- nrow(patch) #in bootstrap package

B <- 2000

theta.b <- numeric(B)

theta.hat <- mean(patch$y) / mean(patch$z)

#bootstrap

for (b in 1:B) {

i <- sample(1:n, size = n, replace = TRUE)

y <- patch$y[i]

z <- patch$z[i]

theta.b[b] <- mean(y) / mean(z)

}
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bias <- mean(theta.b) - theta.hat

se <- sd(theta.b)

print(list(est=theta.hat, bias = bias,

se = se, cv = bias/se))
↓Code

1.2 Jackknife

Jackknife(
�{)´dQuenouille(1949,1956)JÑ�2Ä��{. Jackknife

aqu”leave-one-out”����y�{. -x = (x1, . . . , xn)�*ÿ����,

½Â1i�Jackknife���¿K1i������{��, =

x(i) = (x1, · · · , xi−1, xi+1, · · · , xn).

eθ̂ = Tn(x), K½Â1i�Jackknife­E�θ̂(i) = Tn−1(x(i)), i = 1, · · · , n.
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b�ëêθ = t(F ),�©ÙF�¼ê. Fn�F�²�©Ù¼ê. Kθ�”plug-

in”�O �θ̂ = t(Fn). ¡��”plug-in”�Oθ̂´²w�, XJêâ��ÌCz

�Auθ̂ ��ÌCz.

   ������Jackknife���OOO

XJθ̂���²w�(plug-in)�Oþ, Kθ̂(i) = t(Fn−1(x(i)), ±9  �

�Jackknife�O(Quenouille)�

b̂iasjack = (n− 1)(θ̂(·) − θ̂),

Ù¥θ̂(·) = 1
n

∑n
i=1 θ̂(i).

·�±θ�oN���~5`²��o ��Jackknife�O¥Xê´n−1.

du���”plug-in”�O�

θ̂ =
1

n

n∑
i=1

(xi − x̄)2.
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�Oþθ̂´σ2�k �O, �� bias(θ̂) = Eθ̂−σ2 = −σ
2

n
.z��Jackknife�

O´Äu��þn− 1����E, ÏdJackknife­Eθ̂(i) � ��− σ2

n−1
. ¤

±

E[θ̂(i) − θ̂] = E[θ̂(i) − θ]− E[θ̂ − θ]

= bias(θ̂(i))− bias(θ̂) = −
σ2

n− 1
− (−

σ2

n
) =

bias(θ̂)

n− 1
.

¤±, 3Jackknife ��O�½Â¥kXên− 1.

~7 ��Jackknife�OO�patchêâ¥'�ëê��O ��Jackknife�

O.

↑Code
data(patch, package = "bootstrap")

n <- nrow(patch)

y <- patch$y

z <- patch$z

theta.hat <- mean(y) / mean(z)

print (theta.hat)
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#compute the jackknife replicates, leave-one-out estimates

theta.jack <- numeric(n)

for (i in 1:n)

theta.jack[i] <- mean(y[-i]) / mean(z[-i])

bias <- (n - 1) * (mean(theta.jack) - theta.hat)

print(bias) #jackknife estimate of bias
↓Code

IIIOOO������Jackknife ���OOO

é²w�ÚOþθ̂, ÙIO��Jackknife�O(Tukey)½Â�

ŝejack =

√√√√n− 1

n

n∑
i=1

(θ̂(i) − θ̂(·))2.

'X�θ�oNþ��, θ̂ = x̄, Ù���O�

V ar(θ̂) =
σ̂2

n
=

1

n(n− 1)

n∑
i=1

(xi − x̄)2
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Pθ(i) = nx̄−xi
n−1

, Kθ̂(·) = 1
n
θ̂(i) = θ̂, θ̂(i) − θ̂(·) = x̄−xi

n−1
. Ïdk

ŝejack =

√
V ar(θ̂).

~8 IO��Jackknife�O O�patchêâ¥'�ëê��OIO�

�Jackknife�O.

↑Code
se <- sqrt((n-1) *

mean((theta.jack - mean(theta.jack))^2))

print(se)
↓Code

Jackknife���������///

e�Oþθ̂Ø
²w, Jackknife�{Ò�U¬��. ¥ êÒ´��Ø²wÚ

Oþ�~f.

Previous Next First Last Back Forward 20



~9 (Jackknife�{��) ^Jackknife�{�Ol1,2,...,100¥�ÅÄ�

�10�ê�¥ ê�IO�.

↑Code
set.seed(123) #for the specific example given

#change the seed to see other examples

n <- 10

x <- sample(1:100, size = n)

#jackknife estimate of se

M <- numeric(n)

for (i in 1:n) { #leave one out

y <- x[-i]

M[i] <- median(y)

}

Mbar <- mean(M)

print(sqrt((n-1)/n * sum((M - Mbar)^2)))

#bootstrap estimate of se

Mb <- replicate(1000, expr = {

y <- sample(x, size = n, replace = TRUE)

median(y) })

print(sd(Mb))
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↓Code

�~¥Jackknife�OÚBootstrap�O��é�, w,�3¯K. ¯¢þ, d

u¥ êØ´²w�, Jackknife�{��
.

1.3 Jackknife-after-Bootstrap

c¡·�0�
¦^���Oþ� �ÚIO��Bootstrap�O. ù
�

O��q´�Oþ, @où
�Oþ ���TXÛ�OQ? �«�{Ò´¦

^Jackknife�{5�Où
�Oþ���.

5¿�ŝe(θ̂)´Bgθ̂�Bootstrap­EÚOþ���IO�, @oXJ·�

¿K 1i���, KJackknife�{Ò´éz�i, l�{�n − 1����¥2

Ä�Bg, 5O�ŝe(θ̂(i)) (BootstrapL§), =��Jackknife­E. ��·�

��

ŝejack(ŝeB(θ̂)) =

√√√√n− 1

n

n∑
i=1

(ŝeB(i)(θ̂)− ŝeB(·)(θ̂))2
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Ù¥ŝeB(·)(θ̂) = 1
n

∑n
i=1 ŝeB(i)(θ̂). =éz�i, ·�ò­EBootstrap��.

ù�,´�Ç$e�, �3�´k�{�±;�­EBootstrap.

Jackknife-after-Bootstrap �{´éz�”leave-one-out”�Bootstrap�

�O����O. äNXe:

Px∗i = (x∗1, . . . , x
∗
n)��gBootstrapÄ�, x∗1, · · · , x∗BL«����

�B�Bootstrap��. -J(i)L«Bootstrap�� ¥Ø¹xi�@
���I;

B(i)L«Ø¹xi�Bootstrap���ê, Ïd·��±¦^¿KB − B(i)�

¹k xi����Ù{���5O���Jackknife­E. �IO��Oþ

�Jackknife�O�

ŝejab(ŝeB(θ̂)) =

√√√√n− 1

n

n∑
i=1

(ŝeB(i) − ŝeB(·))2,

Ù¥

ŝeB(i) =

√√√√ 1

B(i)

∑
j∈J(i)

[θ̂(j) − θ̂(J(i))]
2,
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θ̂(J(i)) =
1

B(i)

∑
j∈J(i)

θ̂(j).

~ 10 (Jackknife-after-Bootstrap),é~6¥IO��Bootstrap�OŝeB(θ̂),

¦^ Jackknife-after-Bootstrap �{�OÙIO�.

↑Code
# initialize

data(patch, package = "bootstrap")

n <- nrow(patch)

y <- patch$y

z <- patch$z

B <- 2000

theta.b <- numeric(B)

# set up storage for the sampled indices

indices <- matrix(0, nrow = B, ncol = n)

# jackknife-after-bootstrap step 1: run the bootstrap

for (b in 1:B) {

i <- sample(1:n, size = n, replace = TRUE)

y <- patch$y[i]
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z <- patch$z[i]

theta.b[b] <- mean(y) / mean(z)

#save the indices for the jackknife

indices[b, ] <- i

}

#jackknife-after-bootstrap to est. se(se)

se.jack <- numeric(n)

for (i in 1:n) {

#in i-th replicate omit all samples with x[i]

keep <- (1:B)[apply(indices, MARGIN = 1,

FUN = function(k) {!any(k == i)})]

se.jack[i] <- sd(theta.b[keep])

}

print(sd(theta.b))

print(sqrt((n-1) * mean((se.jack - mean(se.jack))^2)))

↓Code

Previous Next First Last Back Forward 25



1.4 Bootstrap Confidence Intervals

�!¥·�0�A«3Bootstrap¥�E8Iëê�ìC�&«m��

{, Ù¥�) IO��Bootstrap�&«m, Ä��Bootstrap�&«m,

Bootstrapz© ê(percentile)�&«mÚ Bootstrap t �&«m.

1.4.1 The Standard Normal Bootstrap Confidence In-
terval

IO��Bootstrap�&«m´�«'�{ü��{. b�θ̂´ëê θ��O

þ, ±9�Oþ�IO��se(θ̂). eθ̂ìC���©Ù, =

Z =
θ̂ − Eθ̂
se(θ̂)

ìCÑlIO��©Ù. Keθ̂�θ�Ã �O, @oθ���ìC�100(1 −

α)% IO�� Bootstrap �&«m�

θ̂ ± zα/2ŝeB(θ̂),
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Ù¥zα/2 = Φ−1(1 − α/2). d«mN´O�, �´k��5b�½öCLTI

¤á. ±9 θ̂�θ�Ã �O.

1.4.2 The Percentile Bootstrap Confidence Interval

d/ª

P (L ≤ θ̂ ≤ U) = 1− α

�, �±¦^Bootstrap­E���z© ê5�OLÚU . 
θ̂�θ��O, Ï

dÒ� θ�1 − α�&«mþe.©O�Bootstrap­E���1− α/2z© 

êθ̂∗
[(B+1)(1−α/2)]

Úα/2z© êθ̂∗
[(B+1)α/2]

.

Efron & Tibshirani y²
z© ê«m�'uIO��«mkX�Ð�

nØCXÇ. e¡·��¬0� bias-corrected and accelerated(BCa) z© 

ê«m, §´z© ê«m���?���, kX�Ð�nØ5�±93A^

¥kX�Ð�CXÇ.
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1.4.3 The Basic Bootstrap Confidence Interval

d

P (L < θ̂ − θ < U) = 1− α

3θ̂ − θ�©Ù���, duBootstrap­Eθ̂∗���© êθ̂∗
[(B+1)α/2]

Ú

θ̂∗
[(B+1)(1−α/2)]

÷v

P (θ̂∗[(B+1)α/2] − θ̂ ≤ θ
∗ − θ̂ ≤ θ̂∗[(B+1)(1−α/2)] − θ̂) ≈ 1− α.

Ïd100(1− α)%�&«m�

(2θ̂ − θ̂∗[(B+1)(1−α/2)], 2θ̂ − θ̂
∗
[(B+1)α/2])

boot�p�¼êboot.ciO�Ê«a.��&«m: Ä��, ��, z© 

ê, Æ)zÚBCa.

~ 11 patchêâ'�ÚOþ�Bootstrap �&«m
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�~`²XÛ¦^bootÚboot.ci¼ê����,Ä��Úz© ê Boot-

strap�&«m. e¡��èO� '�ÚOþ�95%�&«m.

↑Code
library(boot) #for boot and boot.ci

data(patch, package = "bootstrap")

theta.boot <- function(dat, ind) {

#function to compute the statistic

y <- dat[ind, 1]

z <- dat[ind, 2]

mean(y) / mean(z)

}

y <- patch$y

z <- patch$z

dat <- cbind(y, z)

boot.obj <- boot(dat, statistic = theta.boot, R = 2000)

print(boot.obj)

print(boot.ci(boot.obj,

type = c("basic", "norm", "perc")))
↓Code
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5¿�|θ| < 0.2�, Î�Ú#�â�@�´�d�. Ïd«m�Ovk|±Î

�Ú#���d5. e¡ ·��âBootstrap�&«m�½ÂO��&«m,

Úþ¡�(J�é'.

↑Code
#calculations for bootstrap confidence intervals

alpha <- c(.025, .975)

#normal

print(boot.obj$t0 + qnorm(alpha) * sd(boot.obj$t))

#basic

print(2*boot.obj$t0 -

quantile(boot.obj$t, rev(alpha), type=1))

#percentile

print(quantile(boot.obj$t, alpha, type=6))
↓Code

~ 12 patchêâ¥�'Xê�Bootstrap�&«m élawêâ, O��'

ÚOþ�95%�&«m.
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↑Code
library(boot)

data(law, package = "bootstrap")

boot.obj <- boot(law, R = 2000,

statistic = function(x, i){cor(x[i,1], x[i,2])})

print(boot.ci(boot.obj, type=c("basic","norm","perc")))
↓Code

n«�&«mÑCX4
ρ = .76(d�ÏL��êâ8law82O��). z©

 ê�&«mÚ�� �&«m��É3u���'Xê�©Ù´Ø´�C�

�©Ù. �ÚOþ�©Ùé�C���, z© ê «mÚ��«mÒ¬��.

1.4.4 The Bootstrap t interval

=¦�θ̂�©Ù´��©Ù, �θ̂�θ�Ã �O, Z = (θ̂ − θ)/se(θ̂) �©Ù�

Ø¬�½´���, ù´Ï�·��O
se(θ̂). ·��ØU`Z�©Ù´t©

Ù, Ï� Bootstrap�Oŝe(θ̂)�©Ù��. Bootstrap t«m¿vk¦^t©Ù

��íä©Ù. 
´¦^ 2Ä��{����”ta.”�ÚOþ�©Ù. b
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�x = (x1, . . . , xn)�*ÿ����, K100(1−α)% Bootstrap t �&«m�

(θ̂ − t∗1−α/2ŝe(θ̂), θ̂ − t
∗
α/2ŝe(θ̂))

Ù¥ŝe(θ̂), t∗
α/2
Út∗

1−α/2de¡��{O�:

Bootstrap t «««mmm(ÆÆÆ)))zzz���Bootstrap«««mmm)

1. O�*ÿ��θ̂.

2. éz�­E, b = 1, · · · , B:

(a) lx¥k�£�Ä���1b���x(b) = (x
(b)
1 , . . . , x

(b)
n ).

(b) d1b�2Ä���O�θ̂(b).

(c) O�IO��Oŝe(θ̂(b)).(éz�Bootstrap��x(b), 2üÕ?1
��Bootstrap�O).

(d) O�1b�­Ee�”t”ÚOþ: t(b) = (θ̂(b) − θ̂)/ŝe(θ̂(b)).

3. ­E��t(1), . . . , t(B)�©Ù��íä©Ù.éÑ��© êt∗
α/2
Út∗

1−α/2.

4. O�ŝe(θ̂), =Bootstrap­E{θ̂(b)}���IO�.

Previous Next First Last Back Forward 32



5. O��&. (θ̂ − t∗
1−α/2ŝe(θ̂), θ̂ − t

∗
α/2

ŝe(θ̂)).

Bootstrap t«m���":´�2g¦^Bootstrap�{��IO�

��Oŝe(θ̂(b)). ù´3Bootstrap p¡i@Bootstrap. eB = 1000,

KBootstrap t «m�{I�'O��{1000���m.

~ 13 Bootstrap t«m �~·����¼ê5O���½öõ���

eBootstrap t �&«m. %@��&Y²�95%, Bootstrap­Eê�500, �

OIO��­Egê%@�100.

↑Code
boot.t.ci <-

function(x, B = 500, R = 100, level = .95, statistic){

#compute the bootstrap t CI

x <- as.matrix(x); n <- nrow(x)

stat <- numeric(B); se <- numeric(B)

boot.se <- function(x, R, f) {

#local function to compute the bootstrap

#estimate of standard error for statistic f(x)

x <- as.matrix(x); m <- nrow(x)
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th <- replicate(R, expr = {

i <- sample(1:m, size = m, replace = TRUE)

f(x[i, ])

})

return(sd(th))

}

for (b in 1:B) {

j <- sample(1:n, size = n, replace = TRUE)

y <- x[j, ]

stat[b] <- statistic(y)

se[b] <- boot.se(y, R = R, f = statistic)

}

stat0 <- statistic(x)

t.stats <- (stat - stat0) / se

se0 <- sd(stat)

alpha <- 1 - level

Qt <- quantile(t.stats, c(alpha/2, 1-alpha/2), type = 1)

names(Qt) <- rev(names(Qt))

CI <- rev(stat0 - Qt * se0)

} ↓Code
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~14 patchêâe'�ÚOþ�Bootstrap t �&«m

§SXe:

↑Code
#boot package and patch data were loaded in Example 7.10

#library(boot) #for boot and boot.ci

#data(patch, package = "bootstrap")

dat <- cbind(patch$y, patch$z)

stat <- function(dat) {

mean(dat[, 1]) / mean(dat[, 2]) }

ci <- boot.t.ci(dat, statistic = stat, B=2000, R=200)

print(ci)
↓Code

1.5 Better Bootstrap Confidence Intervals

éz© ê«m?1?��±���Ð�Bootstrap�&«m, Ùäk �Ð�
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nØ5�Ú�Ð�¢SCXÇ. é100(1−α)%�&«m, ¦^ü�Ïf5N�

~^�α/2Ú1 − α/2© ê: �� �(bias)�?�, �� Ý(skewness)�

?�.  � �?�P�z0,  Ý½ö”\�”?�P�a. �`�Bootstrap�&

«m�~ ¡�BCa.

100(1− α)% BCa �&«m�: kO�

α1 = Φ(ẑ0 +
ẑ0 + zα/2

1− â(ẑ0 + zα/2)
),

α2 = Φ(ẑ0 +
ẑ0 + z1−α/2

1− â(ẑ0 + z1−α/2)
)

Ù¥zα = Φ−1(α). ẑ0, âde¡�ªfO�. K BCa «m�

(θ̂∗α1
, θ̂∗α2

).

BCa «m�e.Úþ.´Bootstrap­E�²��α1Úα2© ê.
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 �?�Ïf¢Sþ´ÿþθ̂�­Eθ̂∗�¥ ê �. Ù�O�

ẑ0 = Φ−1(
1

B

B∑
b=1

I(θ̂(b) < θ̂)).

\�Ïf´lJackknife­E¥�O:

â =

∑n
i=1(θ(·) − θ(i))3

6
∑n
i=1((θ(·) − θ(i))2)3/2

.

â�¤±¡�´\�Ïf, ´Ï�§�O�´�éu8Iëêθ, θ̂�IO�

�CzÇ. ·�3¦^IO��Bootstrap�&«m�, ´b������~

ê, �θÃ'. �´éõ�ÿ�� Ñ�UÚθk'. \�Ïf�8�Ò´��Ä

��Oþ����U¬�8Iëêk', Ïdé�&.?1N�.

BCa�{�5
�±ëw�Öá�.

BCa���555���

BCa Bootstrap�&«mkü�­��nØ5�:
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�´ØC5,=eθ��&«m�(θ̂∗α1
, θ̂∗α2

), g(·)���C�¼ê,Kg(θ)�

�&«m�(g(θ̂∗α1
), g(θ̂∗α2

)).

,	��5�´��°(5, =Ø�±1/n��Ýªu0.

Bootstrap t �&«m´��°(�, �´ØäkØC5. Bootstrap z©

 ê«mkØC5, �´Ø´��°(�; IO���&«mQvkØC5, �

vk��°(5.

~ 15 BCa Bootstrap �&«m �~´���¼ê5O�BCa Bootstrap

�&«m.

↑Code
boot.BCa <-

function(x, th0, th, stat, conf = .95) {

# bootstrap with BCa bootstrap confidence interval

# th0 is the observed statistic

# th is the vector of bootstrap replicates

# stat is the function to compute the statistic

x <- as.matrix(x)

n <- nrow(x) #observations in rows
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N <- 1:n

alpha <- (1 + c(-conf, conf))/2

zalpha <- qnorm(alpha)

# the bias correction factor

z0 <- qnorm(sum(th < th0) / length(th))

# the acceleration factor (jackknife est.)

th.jack <- numeric(n)

for (i in 1:n) {

J <- N[1:(n-1)]

th.jack[i] <- stat(x[-i, ], J)

}

L <- mean(th.jack) - th.jack

a <- sum(L^3)/(6 * sum(L^2)^1.5)

# BCa conf. limits

adj.alpha <- pnorm(z0 + (z0+zalpha)/(1-a*(z0+zalpha)))

limits <- quantile(th, adj.alpha, type=6)

return(list("est"=th0, "BCa"=limits))

}
↓Code
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~ 16 (BCa �&«m) O�patchêâ¥'�ÚOþ�BCa�&«m.

↑Code
n <- nrow(patch)

B <- 2000

y <- patch$y

z <- patch$z

x <- cbind(y, z)

theta.b <- numeric(B)

theta.hat <- mean(y) / mean(z)

#bootstrap

for (b in 1:B) {

i <- sample(1:n, size = n, replace = TRUE)

y <- patch$y[i]

z <- patch$z[i]

theta.b[b] <- mean(y) / mean(z)

}

#compute the BCa interval

stat <- function(dat, index) {

mean(dat[index, 1]) / mean(dat[index, 2]) }

boot.BCa(x, th0 = theta.hat, th = theta.b, stat = stat)
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↓Code

3(J¥, α/2 = 0.025Ú1− α/2 = 0.975�©ON��0.0334Ú0.982.

~ 17 ¦^¼êboot.ciO�þ~¥�BCa Bootstrap �&«m

↑Code
#using x from Example 16

boot.obj <- boot(x, statistic = stat, R=2000)

boot.ci(boot.obj, type=c("perc", "bca"))
↓Code

d~¥�O�
z© ê�&«m.

1.6 Application: Cross Validation

���y(Cross Validation)´�«©�êâ�{, Ù�±^5�yëê�O

�­è5, ©a�{�O(Ý, �.�Ün5��. Jackknife �±�À�´�

��y��«A~, ÙÌ�^5�O �Ú�Oþ�IO�.
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�{ü����y�{´¤¢�”holdout” �{. Ùòêâ�Å©�Ôö

8(training set)ÚÿÁ8(testing set)ü�f8. ,�=¦^Ôö8��?1

ï�, ,�ÏLÿÁ85é�.?1µ�. Ù`:´training/testing '~ Ø

�6u­Egê. Ù":´�6uêâ�©��ª, ,
:�UlØ?\�ÿ

Á8¥, 
,
:�Uõg?\ÿÁ8. ù«�{¥yÑ”Mente Carlo”ÅÄ

5, =�Å©�ØÓ, (J¬ÅÄ.

”K-fold”���y´é”holdout”�{�U?, Ùòêâ©��K�f8,

,�­E”holdout”�{Kg. zg1i�f8���ÿÁ85µ��., Ù{

�K − 1�f8���Ôö8?1ï�. ��O�Kg �²þØ�. Ù`:´

éêâ�©��ª�65Ø´ér, z�:=k�g3ÿÁ8¥, 
3Ôö8

¥kK − 1g. Ïd�O���¬�XK�O\
~�. ":´O���mE

,ÝO\.

”leave-one-out” ���y´”K-fold”���y���A~(K = n), =¦

^��:��ÿÁ8, Ù{�: ��Ôö8. Ù":´O���mE,Ý
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�U¬'�p.

~ 18�.ÀJ¯K�DAAGp�ironslagêâ£ã
ü«�{(chemical,

magnetic)ÿþ¹cþ�53g(J. Ñ:ãw«chemicalÚmagneticCþ´�

�'�, �´'X�UØ´�5�. lÑ:ãþ�±wÑ, �gõ�ª, ½ö�

U���ê�, ½éê�.U�Ð�[Üêâ.

�~·�¦^���y5?1�.ÀJ. ÏL���y5�O�.�ýÿ

Ø�. ÿÀ��.k

1. �5�.: Y = β0 + β1X + e.

2. �g�: Y = β0 + β1X + β2X2 + e.

3. �ê: log(Y ) = log(β0) + β1X + e.

4. log-log: log(Y ) = β0 + β1log(X) + e.

o«�.�ëê�O§SXe

↑Code
par(ask = TRUE)
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library(DAAG); attach(ironslag)

a <- seq(10, 40, .1) #sequence for plotting fits

L1 <- lm(magnetic ~ chemical)

plot(chemical, magnetic, main="Linear", pch=16)

yhat1 <- L1$coef[1] + L1$coef[2] * a

lines(a, yhat1, lwd=2)

L2 <- lm(magnetic ~ chemical + I(chemical^2))

plot(chemical, magnetic, main="Quadratic", pch=16)

yhat2 <- L2$coef[1] + L2$coef[2] * a + L2$coef[3] * a^2

lines(a, yhat2, lwd=2)

L3 <- lm(log(magnetic) ~ chemical)

plot(chemical, magnetic, main="Exponential", pch=16)

logyhat3 <- L3$coef[1] + L3$coef[2] * a

yhat3 <- exp(logyhat3)

lines(a, yhat3, lwd=2)

L4 <- lm(log(magnetic) ~ log(chemical))

plot(log(chemical), log(magnetic), main="Log-Log", pch=16)
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logyhat4 <- L4$coef[1] + L4$coef[2] * log(a)

lines(log(a), logyhat4, lwd=2)
↓Code

,�·�¦^���y5éz��.�ýÿØ�?1�O. �{Xe

1. ék = 1, . . . , n, -(xk, yk)�u���, ¦^Ù{��é�
.ëê?1�O. ,�O�ýÿØ�.
(a) ¦^Ù{���é�.?1[Ü.

(b) O�ýÿ�: ŷk = β̂0 + β1xk.
(c) O�ýÿØ�: ek = yk − ŷk.
2. O�þ�ýÿØ�: σ2

e = 1
n

∑n
i=1 e

2
k.

O�§SXe

↑Code
n <- length(magnetic)

e1 <- e2 <- e3 <- e4 <- numeric(n)

# for n-fold cross validation

# fit models on leave-one-out samples
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for (k in 1:n) {

y <- magnetic[-k]

x <- chemical[-k]

J1 <- lm(y ~ x)

yhat1 <- J1$coef[1] + J1$coef[2] * chemical[k]

e1[k] <- magnetic[k] - yhat1

J2 <- lm(y ~ x + I(x^2))

yhat2 <- J2$coef[1] + J2$coef[2] * chemical[k] +

J2$coef[3] * chemical[k]^2

e2[k] <- magnetic[k] - yhat2

J3 <- lm(log(y) ~ x)

logyhat3 <- J3$coef[1] + J3$coef[2] * chemical[k]

yhat3 <- exp(logyhat3)

e3[k] <- magnetic[k] - yhat3

J4 <- lm(log(y) ~ log(x))

logyhat4 <- J4$coef[1] + J4$coef[2] * log(chemical[k])

yhat4 <- exp(logyhat4)
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e4[k] <- magnetic[k] - yhat4

}

c(mean(e1^2), mean(e2^2), mean(e3^2), mean(e4^2))
↓Code

(JL²�gõ�ª£8�ýÿØ���. ·��±¦^plot(L2)?1�.

�ä.
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