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Chapter 0

Introduction and Review

0.1 Parametric and Nonparametric Statistics

• ëëëêêêÚÚÚOOO

- ëëëêêê: �xoN©Ù�(��)~ê

- ÚÚÚOOOþþþ: =�6u���þ

- ëëëêêê���{{{: ÄuoN©Ù��
b�e?1�OÚíä

~~~ 1. b�IQ�©X ∼ N(µ, 102), ·�*ÿ��10�IQ�©�121, 98, 95,
94, 102, 106, 112, 120, 108, 109. �Ä�¯K´: ²þIQ�©´ÄwÍ��
u100?

"b�: H0 : µ = 100
éáb�: H1 : µ > 100.
u��{: 3��b�e, ¦^z-test ?1u�.
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• ���ëëëêêêÚÚÚOOO

- Øb½oN©Ù�/ª

- �OÚíäL§¥éoN©Ù����b�

- õÄu���5�

- “nonparametric”�c¦^Ø´éT�, ·��8�E,´éëê?
1�O½u�. �Øb�©Ù/ª®�, ��=b���´{ü�
Å��.

- �O(�â�: distribution-free Statistics

~~~ 2. b�IQ�©Xi �i.i.d, ·�*ÿ��10�IQ�©�121, 98, 95, 94,
102, 106, 112, 120, 108, 109. �Ä�¯K´: IQ�©�¥ ê´ÄwÍ��
u100?

"b�: H0 : med(X) = 100
éáb�: H1 : med(X) > 100.
u��{: ¦^�ëêu��{?1u�.
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• êêêâââ���ÿÿÿþþþºººÝÝÝ

- nominal scale: �¶ºÝ, ~Xµ5O!¬x!��

êâLy�/aO0,�a�mÃ�?gS,�aO�±^êi�è
L«

- ordinal scale: ^SºÝ, ~XèxG¹!�þ�?

êâLy�/aO0, �é�?!���üS, �ÿþÑaO�m
�O(��

- interval scale: m�ºÝ, ~Xc°!�¼§Ý

êâLy�/ê�0,�±?1\~$�,/00´�´ºÝþ��
�:§Ø�L/Ø�30

- ratio scale: '~ºÝ,~XN!�p

êâLy�/ê�0,�±?1\~!¦Ø$�,/00L«/v
k0½/Ø�30
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• ������oooÆÆÆSSS���ëëëêêêÚÚÚOOO

- 3éõ�ÿ, éuoN©Ùvk“k�”�£

- eëêÚO�{�b�Ø¤á,KÚOíä(J�UkØ

- 3���|Ü, ��%CLyØZ

• Ïd·�I��aÚO�{:

- é�./©Ù=�é�b�

- é�./©Ùb�'�è/Ø¯a

Previous Next First Last Back Forward 4



0.2 Review of Probability distribution

0.2.1 Normal distribution

• �~61�é¡¨/ëY©Ù

• X ∼ N(µ, σ2)�VÇ�Ý¼ê

f(x) =
1√
2πσ

e
− (x−µ)2

2σ2

Ù¥(µ, σ2)�ëëëêêê.

• N(0, 1)�IO��©Ù, �A�©Ù¼êP�Φ, VÇ�Ý¼ê�φ

• IOz: X ∼ N(µ, σ2), K

X − µ
σ

∼ N(0, 1)

• N(µ, σ2)�©Ù¼ê(CDF)

FX(x) = P (X ≤ x) = P ((X − µ)/σ ≤ (x− µ)/σ) = Φ((x− µ)/σ)
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Figure 1: PDF and CDF of standard normal distribution.
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0.2.2 Binomial distribution

• dn(�ê®�)�BernoulliÁ��¤

• z�BernoulliÁ��k“¤õ”(S) Ú“�}”(F) ü«�UÁ�(J

• zgÁ��¤õ�VÇþ�P (S) = p

• Á��pÕá

• ��©Ù�ÅCþX={ngÁ�¥¤õ�gê}, Ù©ÙÆ�

P (X = k) =

(
n

k

)
pk(1− p)n−k, k = 0, 1, . . . , n

P�X ∼ Bin(n, p). p�ëëëêêê.

• þ�EX = np, ��V ar(X) = np(1− p).

Previous Next First Last Back Forward 7



0.3 Quantile

p©©©   êêê b�oN©Ù¼ê�F (x), KF (x)�p© êξp´÷veã
^����ê:

F (ξp) ≥ p, F (ξp − 0) ≤ p, 0 < p < 1

ù�½Â�p© ê�UØ��(´y: ep© êØ��, K§¿÷��k.
«m) �d, ½Âp© ê�

ξp = inf{x : F (x) ≥ p}, p ∈ (0, 1)

þþþα©©©   êêê ¡êxα�ëY©ÙF (x)�þα© ê, XJ

F (xα) = 1− α

- w,éëY©ÙF (x)kξ1−α = xα.

- ~¦^T©Ù�¶¡5Pþ© ê, XIO���þα© ê�zα, tn�
þα© ê�tα(n)�
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0.3.1 Descriptive Statistics

b�X1, . . . , Xn i.i.d ∼ f(x), �A�CDF�F (x). ~^�ÚOþ�)

• þ�X̄ = 1
n

∑n
i=1 Xi.

• ��!IO�

S2
n =

1

n− 1

n∑
i=1

(Xi − X̄)2.

• gSÚOþ. PÙgSÚOþ�X(1) ≤ X(2) ≤ . . . ≤ X(n), K

– ¥ ê

m1/2 =

{
X

(n+1
2

)
, n�Ûê

1
2
[X(n

2
) +X(n

2
+1), n�óê

– p© ê
mn,p = Xbnpc

– X(n)k�Ý¼ê

fn(t) = n[F (t)]n−1f(t)
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– X(1)k�Ý¼ê

f1(t) = n[1− F (t)]n−1f(t)

– (X(i), X(j)), (i < j)kéÜVÇ�Ý

fij(s, t) =
n!

(i− 1)!(j − i− 1)!(n− j)! [F (s)]i−1 ·

[F (t)− F (s)]j−i−1[1− F (t)]n−jf(s)f(t)I(s < t)

– X(1) ≤ X(2) ≤ . . . ≤ X(n)kéÜ�Ý

f1...n(t1, . . . , tn) = n!f(t1) · · · f(tn)I(t1 ≤ . . . ≤ tn)

• ²�©Ù¼ê

Fn(x) =
1

n

n∑
i=1

I(Xi ≤ x).
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0.4 Review of Statistical Inference

0.4.1 Estimation

~~~ 3. eX1, . . . , Xn�5g��oNN(µ, σ2)��|{ü�Å��, Á¦o
Nþ�a(F ) = µ, oN��a(F ) = σ2 ±9oN©Ù�þq © êa(F ) =
µ+ σzq ��O.

))):
|^Ý�O�{. doN©ÙX ∼ N(µ, σ2)k

EX = µ, V ar(X) = σ2,

ldÝ�O�{�µÚσ2��O©O�

µ̂ = X̄, σ̂2 = S2.

?þq© ê��O�X̄ + S2zq.
|^��q,�O�{. duéêq,¼ê�

l(µ, σ2) =
n∑
i=1

log

(
1√

2πσ2
e−(xi−µ)2/(2σ2)

)
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∝ n

2
logσ2 −

∑n
i=1(xi − µ)2

2σ2
.

dul(µ, σ2)�ëê���¼ê, - ∂l(µ,σ2)
∂µ

= 0, ∂l(µ,σ
2)

∂σ2 = 0. ´����)

´éêq,¼ê����:, l��µ, σ2���q,�O

µ̂ = X̄, σ̂2 =
1

n

n∑
i=1

(Xi − X̄)2 =
n− 1

n
S2.

�â��q,�O�½Â, oN©Ù�þq© ê���q,�O�µ̂+ σ̂2zq.

• ÝÝÝ���OOO���{{{(Method of moments): I�®�'uoN©Ù�(�
)Ý
�§3÷v·��K^�eÝ�Oþθ̃n÷v

- �Ü5: θ̃n → θ

- ìC��5:
√
n(θ̃n − θ) N(0, b2)

• ������qqq,,,���{{{(Maximum likelihood): I�®�oN©Ù, 3÷v·�
�K^�e��q,�Oþθ̂n÷v

- �Ü5: θ̂n → θ
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- ìC��5:
√
n(θ̂n − θ) N(0, I−1(θ)), ��/, é��¼êgk

√
n(g(θ̂)− g(θ)) N(0,∇Tθ I−1(θ)∇θ) (delta method)

Ù¥I(θ)�Fisher&E
, ∇θ = ∇g(θ).

• �Oþ`û5µ½

– Ã 5

– k�5

– ������������ÃÃÃ   ���OOO

- Cramér-Rao Ø�ª:

V arθ(ĝ) ≥ [g′(θ)]2/(nI(θ))

- Lehmann-Scheffé ½n: �T�¿©��ÚOþ, ĝ(T )�g(θ)�Ã 
�O, Kĝ�g �����Ã �O.

- eeeg���kkk������OOO���333, KKKMLE ĝ 777���kkk������OOO.

Previous Next First Last Back Forward 13



0.4.2 Confidence set

-F�©Ù¼êF���a, θ�a,��þ§~Xþ�!�Ý½ö£8
¼ê�. -Cn�θ��U���8Ü, §�6u��X1, . . . , Xn. K

• XJ
inf
F∈F

P (θ ∈ Cn) ≥ 1− α

é¤k�nÑ¤á, @oCn¡�θ���(kkk¡¡¡������)1− α���&&&888.

• XJ
lim inf

n→∞
inf
F∈F

P (θ ∈ Cn) ≥ 1− α

@oCn¡�θ���������ìììCCC1− α���&&&888.

• XJ
lim inf

n→∞
P (θ ∈ Cn) ≥ 1− α

é¤k�F ∈ FÑ¤á, @oCn¡�θ���ÅÅÅ:::ìììCCC1− α���&&&888.
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l�θ�����ëê§F = {Fθ(x) : FθëY, θ ∈ Θ}�Cn = [An, Bn]�
ÿ,

• �&«mµ

inf
F∈F

P (θ ∈ Cn) ≥ 1− α⇐⇒

P (An ≤ θ ≤ Bn) = 1− α,∀θ ∈ Θ, ∀n

• ��ìC�&«mµ

lim
n→∞

inf
F∈F

P (θ ∈ Cn) ≥ 1− α⇐⇒

lim
n→∞

inf
θ∈Θ

P (An ≤ θ ≤ Bn) = 1− α

• Å:ìC«mµ

lim
n→∞

P (θ ∈ Cn) ≥ 1− αé¤k�F ∈ FÑ¤á⇐⇒

lim
n→∞

P (An ≤ θ ≤ Bn) = 1− α,∀θ ∈ Θ
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~~~ 4. b�X1, . . . , Xni.i.d ∼ Bin(1, p), ¦p�1− α�&«m"

PX =
∑n
i=1 Xi§KX ∼ Bin(n, p)§3*ÿ�X = x�p�1 − α�&«

m�

(Clopper-Pearson Interval)[
(1 +

n− x+ 1

xF1−α/2(2x, 2(n− x+ 1))
)−1,

(°(«m) (1 +
n− x

(x+ 1)Fα/2(2(x+ 1), 2(n− x))
)−1

]

(Wald Interval)

(ìC«m)

[
p̂− zα/2

√
p̂(1− p̂)

n
, p̂+ zα/2

√
p̂(1− p̂)

n

]
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0.4.3 Testing

• �b��éáb�H0 : θ ∈ Θ0 ↔ H1 : θ ∈ Θ1

• áý�µ¦��b��áý���«�

• u�ϕ�õ�¼ê

βϕ(θ) = Pθ(¦^u�ϕáýH0)

• p�=P (3H0e, ��u�ÚOþT*ÿ�Tobs@o�½ö�4à)

- V>b�H0 : θ = θ0 ↔ H1 : θ 6= θ0

p � = Pθ0(|T | ≥ |Tobs|)

- �>b�H0 : θ ≥ θ0 ↔ H1 : θ < θ0

p � = Pθ0(T < Tobs)

- m>b�H0 : θ ≤ θ0 ↔ H1 : θ > θ0

p � = Pθ0(T > Tobs)
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uuu������YYY²²² ¡u�{KϕkY²α§XJ

βϕ(θ) ≤ α, θ ∈ Θ0

UMP uuu��� ¡Y²αu�ϕ�b�H0 : θ ∈ Θ0 ↔ H1 : θ ∈ Θ1����`
u�(UMPT), XJéTb��?¿Y²αu�ϕ1Ñk

βϕ(θ) ≥ βϕ1(θ), θ ∈ Θ1

ÏéUMPT:

- Neyman-Pearson lemma

- MLR (Monotone Likelihood ratio) x
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ÄÄÄuuuqqq,,,���~~~^̂̂uuu������{{{
éb�H0 : θ ∈ Θ0 ↔ H1 : θ ∈ Θ − Θ0, b�Äui.i.d��X1, . . . , Xn�

q,¼ê�Ln(θ), θ̂n���q,�O. K

• The likelihood ratio test:

λ(x) =
supθ∈Θ Ln(θ)

supθ∈Θ0
Ln(θ)

�y3H0¤á^�e§�n→∞�k

2logλ(x) χ2
dimΘ−dimΘ0

éb�H0 : θ = θ0,

• The score test statistic:

1√
n
S(θ0)T I−1(θ0)

1√
n
S(θ̃0)

Ù¥S(θ) = ∂logLn(θ)/∂θ.
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• The Wald test statistic:

n(θ̂n − θ0)T
{
I−1(θ̂n)

}−1

(θ̂n − θ0)

nnn«««uuu������'''���

• Waldu�¦^�Ø´"b�e�IOØ�

• Scoreu�¦^�´"b�e�IOØ�

• q,'u�nÜ|^
"b�Ú*ÿq,

• é�5�Ú¥�5���þ, q,'u���Ð�
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