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the second derivative.
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Slater %! #u i (STO)

-REN0R) o
R,(r,&) =N, r"e= o J@ny
* ¢ ———orbital exponents, ~n,l
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st o F A E o9~k RSCF1t & 4% %1
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Slater & #i#t (STO)
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* B kAT Yape = N X2y 2% "

4o Py a=1 b=c=0
d.: a=b=1 c=0

Xy
The X AT R, & MAKXFTYERELTHEA:
X>X=X,, Y>VYV-Y,, 2>1-7Z,
r—>‘F—I§A‘
* 2&STOH L HEATIiFF £ 08T il ro04 (4%t iL)
HEH R ITAH(REEMH)o
* STOw R A : HHEREF 5 Fafn o @ 25 A BAT Kk KX)o

(o )= [0 dF, 2 (Fa) 2, (Fo) s 2 () 2, (o)



Gaussian®! & # (GTO)

anm — Rn(r10[)YIm (‘9’§0)
R (r,a)=N,_ r"e"

* a———orbital exponents, ~n,l

* ARk 4LT(HEAETL4EAL):
P\,dtA—™ r2
;(pqt:Npth yiz'e

_(8a) P plgttl s 2a 314
N pgt = [(2 p)!(2q)!(2t)!] ( Vs )

#lde: p,. p=l q=t=0 ; d. : p=q=1 t=0

Xy

S. F. Boys, Proc. Roy. Soc. A200, 42 (1950)



Gaussian®! & # (GTO)
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Gaussian®! & # (GTO)

x GTOMM 5. Z i it — i, 3 F el b
?‘&“ﬁy\é}‘o

GTO# fdn % 52, elec.
2 2 2 A g
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2P ~ Y -
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Gaussian®! & # (GTO)

‘ ‘ . L b L a elec.
M A AP=—_R, BP=——R ; r
a+b a+b o/ T °
S S A P
d Az, rL=r:+AP°-2.APr, cosf —
R

T#:  BPr2=BP(r2+AP%-2. AP-r, c0s6)

APr2 = AP (r? + BP%+2-BP-r, c0s0)

BPr2+APr2 =(AP+BP)-r2+BP-AP%+ AP.BP’

=R-r’+BP-AP-R
d

R-r? 4 2 _RuZ=R.r2 RS2
a+b a+b (a+Db)



Gaussian®! & # (GTO)
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¥ 45 69 Gaussian & # (STO-nG)

fANGaussian M B A FH SR FTMEL BRE. 2Rt HE
— A& A Ju/ANGaussian & & # (primitives) & & (¥ 4% 7)) — N2 F

7 (F-R,)= deu dp @, T ~Ra)

Kb d, ﬁ&,mﬁ, L4 i £ A

gp(ap ,F—ﬁA) # % p A2 —fuegGaussian & & %, #uik
" Ao, it PaHR,

<T 34 ik #CGF & 7 Slater#u i sy Hartree-Fock & F #u i



¥ 45 &9 Gaussian & # (STO-nG)

Slater-type 1s orbita

o =e=r

Gaussian-type 15 orbital
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1. &4 Aa(STO-nG)

it FRTF A LA Z g —NAO, #A—ASTO. A, =
A, RSN & #(251p). AnANGaussian & & # 4 484~ 4 7STO,
AP 4 Ao B ERGAEE A &R —APSlaterd 2. 1.
STO-3G, STO-4G, STO-6G

2. X Zeta(DZ) &

#MNAO Bl & N LiE 45 # (Zeta) R Al 69 K & # & 7.2 C2H2 o F,
®E 2 HMNSSTO, &A42sSTO, &AN2pX, @MDY, AA
20Z. 2. E & & ANlSe oA (4s2p/2s). A A =zeta(T2)% 44

W.J. Hehre, R.F. Stewart, J.A. Pople, J. Chem. Phys. 51, 2657 (1969)
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3. 234 (SV) &
ALZMERA—NEAR#HET, HEHE AN (RN HK
(Zeta) F Bl 49 A & & A %, #3]% #HVDZA4VTZ

4o 6-31G: 4 ZA0 A — /A & #(STO-6G), #£ZA0A &M
% (STO-3G#STO-1G)
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2T+ X

W.J. Hehre, R.F. Stewart, J.A. Pople, J. Chem. Phys. 51, 2657 (1969)
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6-31G(d) (<. 5 4 6-31G*): atLi-Caifite — 4 & 2 4 42d 3
& #(64N), #Sc-Znifte — A A & 4 42135 & £ (104N),

6-31G(d,p) (4. B #46-31G**): f6-31G* @ L sk k 2t S foHe & F
i de — 40 3 Hr & B (3N)o

6-311G(3df,3pd) 4 3 f.& F L e ¢ = 4ad & K (15/N) Fo — T & £
(TA), ARAET Lot = mpd 2 (9N)Fo—ad & H(BA)o
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6-31+G =t 3k & & F ifide @ NHRA P K, SHPX, pY, pz

6-31++G BT E RAEF WS, A A A E Lifite — NHRIS I
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* Dunning's correlation consistent basis sets (ta % — g & 4):

cc-pVDZ : HEZ KX pE, X¥iaH F6-31G**, & A =*2tH
A & [2s1p]#t % — A 1 &% 48 £[3s2pld].

CC-pVTZ : HrE = 9%, AR T r2NEHKFINTR K, |
B F o2 Np s # Ao LN B 2

#cC-pvDZg|cc-pvTZ, % T 4 MNAO A #| 69CCFI% 4o — 48 5},
X B — R 5 AHE ORI E

AR B3| 5| 5 B A BA e R A LBHAETHRK 40
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aug-cc-pVTZ: one set of diffuse function for each angular
momentum. 8 ¥ 6948 4 F, stHE o % & H & LT K,
do FfrauUQ-Kak L EHHGHRE B, HAU-Ka., #—
& £ 4% B4 T L 27T 14 4% #]jun-,may-,apr- £ 4. #] 4o,
aug-cc-pVTZst 2% 2 F As,p,df#Hh# & Ko 4 F £ R aTH
B H, EHHGHAA BREEE, #45Fjun-cc-pVTZ A 4.

*RHAa

Bk dTRFAXERLEIRNE, iR E T 6iE
AR — N bR A4 (astinid g TEH )

lanl2mb: #a & F & - K (& S A);
lanl2dz: #a % F#H-EZ2 X492 (F A).



Basis Set Exchange # iz &

https://www.basissetexchange.org/

a
5 & 1.08
4563. 248
bd2.0248
134.9738
44.455308
13. 82908
1.82773@
sSP 3 1l.0e
2a. 96428
4.383310
1.45933@
5P 1 1.08
a.45334560
sSP 1 1.0
@.1455858
S5P 1 1.0
2.2435008
D 1 1.0
2.58408
D 1 1.0
a.62e88
D 1 1.0
a.15658
F 1 1.0
a. 3000008

EEE L

a.88196665
@.8152386
0.8761269
@.2688a18
@.68164620
@. 2218068

@.114668
@.919999

-8.88383863

1. 888808

1. a80008

1. 8880000

1. 888008

1. 800008

1. 888008

1. 8880080

8.04824587

@.237594

@.815854

1.2066808

1. 206608

1.2060086

6-311++G(3df,3pd)

Carbon
s-type cGF with 6 G, scale factor

orbital exponents and contraction
coefficients

s-and p-type cGF with 3 G

s-and p-type cGF with 1 G

diffuse function
d-type cGF with 1 G

f-type cGF with 1 G



#ARTF EaA

*ABER)ETHEHE, Aearass, HE5H6EME,
£ &

Do+ % & &% Fexactly.

@Confining Potential, energy shift, & i & 4 .

*HRAA, PEEHETHRERTETF. $AS. £RETF. &
WPFE Tk E Ao
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2. Slater&! & # 49 42 e 38 4o RO =N r"7e™ " pop 4 #
Va——-a'bﬁ]&"Nng o

3.% ARHF/STO-3G+t & K 2~ F X, 19 ¢

(D4 A T % 14K & #(basis);

(2)4¢. A 7 % & NGauss & & # (primitive gaussians);

(3) T 94 1% FI N o F #LH (4 £ 92)2

(4) 2 /o sb b b K GFUll-Clit £, # & % 2 Am A2

4.4 & — NHF/6-31G* e HF/6-31G** 48 < 4a Bl #9 2~ F o
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1§ 2ot % 3
F(k) = f +Oof (x)e 2mkxgy  f(x) = j F(k)e2mikx g
EHM4 Lt L4 (AL REM)
1 — 21T, N-1 21T .
F(k) =+ Z) fe N fx) = RZ; F(k)e N "™

F & ok K

Pn (1) = Z C,(g)e9dT
g
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i 2ot L
A(k) = % JLF(r)e‘“"rdr
-1 F(r+ Ry)e *"dr A(k)(1 — e Bn) =0
Q Jq

1 o .
= —j F(re *7 dr' . eRa
Qg

7 B 2 ia & %

elGnfn — 1 G, R, =2mm

Gn — hlbl + hzbz + h3b3



Bloch = 32

— B R BB G HBETURAR FAEHR T Ot #
do, AL FHRIBEAFRAMRRIESF B .

230 Y N A ~ . .
BB % [h, t] =0 o(r+nR)=t"Me(r)=1"1¢p(r)
A(ny +ny) = A(ny)A(n,) A =exp(ik-Ry)
Qan(r) = unk(r)eik.r
J‘

ﬁ(ﬂJ“M\AﬂA

‘:I f

A &k ok & 2P g B 30 05 2L

\V "\/
Tr#, REa—~NERTKH% /\f\ M/\/\
\/
e M THe™ Ty, (1) = & gu; (1) -

2

2m,

HR)u;p (1) = |- (V +ik)* + V(T)] u; k(r) = & puip (1)
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F &k A

° . | .
(G + k|~ 5A[Uu) = 5|G + kI Can
© P
Evaluate in real space, then FFT to k-space
Vier = Vaclpr]  {Vier} = {Vie,a}
— Hartree %
Poisson equation in k-space Vi.c = GG
— Add all contribution, then FFT back to real space

Ve =Vire + Vaee + Vere  {Va} = {Vi}

z VoCpne  ‘CF

(G + K|V [thic) =
\FFT
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A At 2 3L
+ oo 1 M-1
fx) ®glx) = fl@)g(x — a)da fU) ® glk) =+ Z f(m)g(k —m)
— m=0
N fle) N gla) M g(—a)
1
0.3 0.5
1 a’} 1 :; 1 :;
M elx—a) 0 N f)@eglx)
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* AXPCC A A 2T T HEN)

(G’|Veff|G> = z Verr (Gn)8¢/_gq,
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« 4% 4zresolution of the identity (RI) & & 74



S43 R B = ik

o # g4 K % (Norm conserving pseudopotential)
- # % & % (Ultrasoft pseudopotential)

o % Ak F ik (Projector augmented wave)



Pseudopotential

» The same scattering properties (phase shifts modulo 2rx)
can be reproduced by different potentials.
» lonic pseudopotential

Replace the strong Coulomb potential of the nucleus and the
effects of the tightly bound core electrons by an effective ionic
potential acting on the valence electrons (frozen core).

Semilocal |-dependent potential

0P = > Vi) Vi () (Vi
Im

= Vioe (1) + ) [Vin) 6V, (r) Vi v ‘
Im v

8V,(r) = 0 for r >R, "’




PP Construction

Calculation of the all electron atom in a reference state (only for
the radial part
part) d? I(1+ 1)
QD(T) = [un’l(T)/T]Ylm 2 dr2 unl(r) T + Vext(r) — &nl un,l(r) =0
Construction of the pseudo valence orbitals ¢?s(r)
Get screened PP from an inversion of the Schrodinger equation

d? ps
A2 1(1+1) gy (1)

tot —
Vlo (7") =& — [ 2 — ufs(r)

2m,

Removal of the electrostatic and xc components due to the
valence electrons from the screened PP, i.e.“unscreening”

VS = = v (o] = v



Core Corrections

» Nonlinear core-valence xc scheme v*¢[pfs] — v*¢[pcore + p§s]

» Partial core density
P (r) — VPS5 (r) = VB ] = VX[l 4 e ]
B0 — " fili|T + VP*[ipy) + B [pPS] + EXC[pP* + 5gore]
i

fp(c)'ore (7‘) r> rnlc

6
~Ccore

po (1) =5 :

0 o+ ) ort r<rhie
\ =3

» It’s reasonable to set "' to about the radius where the
full core density drops below the valence electron
density.



Norm-Conserving Pseudopotential

» Requirements for a good pseudopotential

All-electron and pseudo valence eigenvalues agree for a chosen
“prototype” atomic configuration

All-electron and pseudo valence wavefunctions agree beyond a
chosen core radius r,.

The logarithmic derivatives of the all-electron and pseudo
wavefunctions agree at I.

The integrated charge inside r,. for each wavefunction agrees
(norm conserving condition).

The first energy derivative of the logarithmic derivatives of the
all-electron and pseudo wave function agrees at .
d d R
2 - _ 2..2
21 [(ﬂp) P drlngoL 471[0 Q°redr



Choice of the Core Radii

» Big enough to make a soft pseudopotential
» Small enough to keep good transferability

» Not too small to be very close to the outmost radial
node



Separable Pseudopotential Operator

» Kleinman-Bylander scheme

|¢5§5V1 SVl
VNL Vlocal(r) z PS |5V |l/) )
l

Reduce number of integrals from N(N+1)/2 to N
[ ji(kr) 8v(r)j;(k'r)r?drP;(cos 0y,,')
J i) x@r?dr [ ji(k'r)x(r)r?dr Pi(cos 6)

ghost state, avoid using too attractive local potential, sometime
treat semicore state as a valence state is necessary.

» Without constructing the semilocal potential
|le> = —T — Vi) (Plpni>

Xim ) X1m|
VNL = Z | m> g; >is a solution of Ayl> = i
= ( Xim |9im)



Multiple Reference Energies

» Construct pseudofunctions vy, at different energies &;
Define matrix = (Welxer)

1
Xs (r) = {gl - [_E V2 4+ Vlocal(r)]}lps ()

» Define projectors . = z B by (s|Byr) = 6, ¢

6I7NL = z zBSS’

Im |s,s’

B ﬁs]

Y, is a solution of Hi, = e,

» Generalized norm conserving condition

4nJrccﬁi (r)qu(r)rzdr = 47TJTC¢1- (M¢;(rr2dr Vi, j
0 0



Ultrasoit Pseudopotential
» Relax the NC constraint
Qnm (1) = Yy ()P (1) — Py () (1)

Qnm = fernm(r) = <¢n|¢m)R - (&mllp’vn)R
S=1+ z Qnmlﬂft) (ﬂfnl
nm,I

(Bi|S[bir) = 8,0 (Wil SIy), = (i)

» Charge

nw) =y [mmf Y Gl IFIBNBLIG)

nm,I

1.0 2.0
r (a.u.)

PRB 1990, 41, 7892

Typically, the augmentation charge Q, . should be pseudized



USPP Construction

» An all-electron calculation on a free atom to get V,g(I)
» At reference energies get |,) , (T + Vi —e)lh,) =0
» Construct pseudo-wave-function and a smooth V, .(r)

» Obtain projectors

lxn) = (e, — T — Vloc)lll;n> Bym = (&nl)(m) |Bn) = z(B_l)manm>

<T +Vioe + ) DumlBn) (Bm|> ) = € <1 + > Guml) (Bm|> [9a) is satisfied

» Unscreening Dnm = Bum + €mdnm

Vlioocn(r) = Vloc(r) — j ar’ |:8ﬂ2/| - .uxc(r)

D?&?% = Dpm — JdT’VlOC(T’)n(T')



USPP as an AE Method
» Meaning of D

| a2 . - -
- (] o+ o) + (BB + 010 - 316
| a2 -
= =\ Pi| =2 A+ Vioc|®) ) + (dile| @)
1w N (1 ™
i et () ¢i|_2meA+VAE P;

T T
\_energy pseudo onsite ./ \_ energy AE onsite




One-Electron Equation

» Generalized eigen problem

Bl (R0] = Y (=7 + Vi) + 5 [[ arar 222 4 B + [arian@an() + ugRy)
6Etot _ T VL = Z D(O) |ﬁn ﬁm
51/;:(7') _ ElSl/Jl(T) nm.l
) @0 -1+ Y Ol BB
5; ()

nm,l

H|Y;) = €:S|;)

H=-V?+ Vegs + z Drllm |:8711><1871n|

nm,l

SE . @)
Vesr(1) = 5ng),t) = Vlloocn(r) + j dr Ir — 1| + Uy (1)

Dhyn = D% + [ drVese(r) Qb (1)



Projector Augmented Wave Method

» Transform operator
) = 7 [P THAT ) = €T 7 [in)
» Expansion with partial waves
only modify the wave function close to the nuclei
a
|p7) =(1 +T79)|9f) =  Tp) = |oF) — |BF)
» Projectors

) = Z SBE)  ln) =T i) = Z 2lof) . for Ir— Rl <7

PE = (15'a|1/1n> requirement of Imear transform

Z|$?>(ﬁf| = the completeness relation

<ﬁﬁ|$laz> = 6;,i,> for|r—Re <r? biorthogonality



The PAW Transform

- 1+ZZ(|¢% - [E)pe]

» Let  cime = (Pime|Pn) , We have
|W,) = |l/)~n> - Z|§5lme> Cime T Z |Pime) Cime

pseudo pseudo-onsite AE-onsite



[1hn)

[Ba) = ) |80 (FilEn)
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Charge Density

» All-electron charge density
n(r) = alr) +nt (r) — at(r)

) = ) fol @) (r| )

nl(r) = Z pij (p:ilr)(r| o))
)

il(r) = Z pij (Pi|r)r|®;)

(i,))
an

n. frozen core AE charge density

» Frozen core

Ny =Ny + N,

on a plane-wave grid

on a radial support grid

leqJ )

fi. partial core charge density

nz. pseudized core density



Hartree Energy

» Charge decomposition Compensa;ion charge

nT=n+nZC=(\ﬁ+ﬁ+ﬁZC})+(n1+nZC)—(1\’il+ﬁ+ﬁZ}C)

Y —
i n% ﬁ%
1 1. 1 =1\/= 1 1 =1 1 =1
> (nr)(nr) = > (ir)(Ar) + (nT — nT)(nT) + P (nT - nT)(nT - nT)
t

an approximation for an

~ ~1
replace fiy by fir incomplete set of projectors

1 1 1
=5 (fir) (i) — 2 (ﬁ%)(ﬁ%) + 2 (n%)(n%)

» Compensation charge (for valence electrons)

j (m'—#A' =) |[r—R|'YY;(r —R)dr =0
Qr
~ AL ~ S
A= Qi) QL) = qhalr — RO, G—R)
(i’j)’L
moments of AE-augmentation functions



Exchange-Correlation Energy
» Charge decomposition

ne+n=F+Aa+7)+ 0 +n,) - @+ 7+ 7,)

» For local or semilocal xc functional and a complete set of
projectors

~

E.. =E.[fi+7A+7,]+E.,[nt+n.] —E.[At+7+7,]



Total Energy

» Three terms
E=F+E'—E!

E=) fu(®

+ j vy [z [AG) + A dr + U(R, Zioy)

Et = zpij <$l

(&)

1
—5A

an> + Eyclfi + A + ] + Eylfi + 7]

—%A‘g’ﬁ,-) + E . [At + A + 7] + Ey[fil + A
+ f vy [fig][A (r) + A(r)]dr
Q

1
E =) oy (o —7A|‘/’f> + Exeln® #mel + Eqlntl + j nlnzeln (rdr
@ N




Generalized Eigenvalue Problem

» Overlap
SHR}] =1+ Z|ﬁi>%j (ﬁj| qij = <¢i|¢j) — (&MJ)
(@, [S|T,.) = 6,

» Hamiltonian

n — == — — 'S —
P e fo ¥ {Fn dp 0p on(r) dp = dp;j 0p
|| Al

1 N PPN ~1\/x
Hip, {RY] = A+ T+ ) 15)(Dy; + Dy — D)(5
(.

N\ ~

Uegr = Uyl + A + 7z ] + Uyl + A+ 7]



Corrections to Hamiltonian

U ap ) sa@r) opy; "o - Ve ()@ e

DL = OF <c/> 5A+ b; >
= vl
Lj apl] [ eff|'Vj
Ueleff[nl] = Uy [nl + an] + Uy [nl + nc]
~. O0EY 1 1. - ~ R
DY = = = (@] -3 + 0| §)) + D | drolural@
Pij — Ja,

~

ﬁelff[ﬁl] = Un [A' + A+ fize] + ch[ﬁl + A+ fi]



PAW Dataset

» AE and PS partial waves ¢; and ¢;
» Projector functions 7

» Core-charge density nc , pseudized core charge density 7z
and the partial electronic core-charge density 7,
» The compensation functions g,(r)

A double grid technique can be used for not-so-soft
compensation charge



From PAW to USPP

» The total energy functional of the US-PP method can be
obtained by linearization of the PAW energy functional
around the atomic reference occupancies #jj

» In the following limiting case, USPP method is strictly
equivalent the PAW method
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Selt-Consistent Field

» Flow chart trial charge p;, and trial wavefuctions o,

»
»

set up Hamiltonian H(p;,)

A 4

iterative refinements of wavefunctions o,

A 4

new charge density p,,

mixing

new density pi,

<_N converged-

Y

calculate properties

Veff

eigenvalue
problem/minim
Ization

k-sampling,
smearing

energy



Effective Potential

» Hartree potential o
calculate the integral Ve(™) = r—1] dr’

solve the Poisson equation V?vy = —4mp

» xc potential
local potential
OEP method
GKS scheme



[terative Matrix Diagonalization

» Only interested in part of the eigenvalues INPUT: NBANDS

» Krylov subspace method

» Lanczos iteration
Y = (G (&01 - h11§01)

Pn+1 = Cn+1(ii§0n - hnn(Pn - hn,n—l(pn—l) hij = <(P1|H|§0j)
(@i|;) = 6y

a tridiagonal matrix in the iterative subspace



[terative Matrix Diagonalization

» Rayleigh quotient

v _ (0?IRlo)
(@ |p?P)

R[] = (h — £9%[)|p9P) residual vector

» Trace minimization

1
min = Tr(X*A4X) X e ¢k
X*Xx=I2

R=(—-XX")AX = AX — X(X*AX)

concurrency of matrix operation



Multidimensional Optimization

0 1 ik
F =f®)+ Y xhz =

= axlax]
']

zc—b-x+5x-A-x

» Steepest descent
0F (x)

dx

_ i+1
Xiy1 =X+ a7 g;

g=-

X=X;

» Conjugated gradient
Vf=Ax—-b;  §(Vf) = Adx
u-[6(Vf)l=0=u-4-v=20

_Gi+1°9i+1

XX + -+

hii1 =941 tvih; Yi
9gdi 9i

///

Y 7
//,7///’;// 7 g
//////97/////

w2 /4

V2 /8%
/////5///&/'///
Y i/
/////I /4 L‘//

YV /AP
/fﬁ,/’/ / 117//

777/

7/ //
f’/,// 7

7

/(7
W/ A

// L7

e/



Multidimensional Optimization

» Quasi Newton methods

Fx+8) = f(x) + Vf(x)8 +% 5AS

Vf(x+8) =0=8=—-A"1Vf(x)

limH; —» A1t

Broyden, BFGS



Preconditioning

» find a matrix K which gives the exact error of the wave

function
if @ — % =68¢p ,then R[p® + 5¢] = R[p®]+ (h—e[)§p =0

S = —(h— e“pf)_lR[goap]
= KR[p]

» Condition humber

» Teter preconditioning: diagonal matrix, for large G the
kinetic term dominates H, for small G becomes a

constant
27 + 18x + 12x2 + 8x3 h? G*

5 I X = -
GG' 27 + 18x + 12x2 + 8x3 + 16x4 2m 1.5EXIn(R)

|pn> = Kan> |¢;l> = |¢n> + Aan)

(GIK|G') =




Davidson and LOBPCG Method

» Davidson iteration
include n eigenvectors and n residual vectors
solve the 2n X 2n eigenvalue problem, got the n lowest-energy
eigenvectors

» Locally optimal block preconditioned conjugate gradient
(LOBPCG) algorithm

X« XCyx+WCy + PCp Rayleigh-Ritz procedure

W=U-XX")TR search direction
TR = T(AX — X(X*Ax)) preconditioned residual
P={—-XX")(W'Cy, — P'Cp) conjugate direction



Sequential (Band-by-Band) Algorithms

» Steepest descent
gn = (1= ) 1bwr)bw'1S) o)

| D minimization along the search direction is a 2x2 eigenvalue
problem
(b;)|H —€S|b;) =0 bii—12 ={¢n/9n}  Rayleigh-Ritz scheme

at each step, a new residual vector is introduced, leading to a
larger iterative subspace

(bi|H —eS|b) =0 bii=1n-1={u/9n/ 9%/ 90/}
» Conjugated gradient

conjugate each new search direction to the previous directions

) -lok)+ Prilom) ) e (617

pht|ght-1)




Block Davidson Method

» Block Davidson scheme

select a subset in all bands, do Davidson iteration

{pnln =1, ..., Npanas} = {Pklk = 1, ..., 14}

Npands
{qb,%/g,% = (1 - |¢n><¢>n|s> K(H — €ppS) il = 1,...,n1} {pZlk = 1,n,)

n=1

Npands
{qbi/gz%/gi = (1 - Z |¢n)<¢n|5> K(H — eappS)gilk =1, ---,nl}

n=1

After all subsets are converged, do a Raighly-Ritz optimization

for the final eigenvectors {delk =1, ..., Npangs)



Projected Preconditioned CG

» Gradient projection techniques for constrained
optimization

X< x+Yys x<—MQ92,

» PPCG algorithm

Restrict Cy, C,y, and C; to be block diagonal

J. Comput. Phys. 2015 290, 73



Projected Preconditioned CG
» PPCG algorithm with block size = |

Input: The matrix A, a preconditioner 7', and a starting guess of the invariant
subspace X € C"** associated with the k smallest eigenvalues of A;

Output: An approximate invariant subspace X € C™** associated with the k
smallest eigenvalues of A;

1: X « orth(X@): P« [];
2: while convergence not reached do
W« T(AX — X (X*AX));
W+ (I — XX*)W;
P« (I-XX*")P;
for j=1,...,k do
S [zj, wj, psl;
Find the smallest eigenpair (Gmin, Cmin) of S™ASc = 0S*Se, where ¢*S™Sc = 1;
aj ¢ Cmin(1), Bj < cmin(2); and v, < cmin(3) (7v; = 0 at the initial step);
10: pj = Bijw; + VP
11: x; (—Ufjitj —|—pj.
12:  end for
13: X <« orth(X);
14:  If needed, perform the Rayleigh-Ritz procedure within span(X);
15: end while

© 0N




Residual Minimization

» Residual Minimization - direct inversion in the iterative
subspace (RMM-DIIS)

minimize the norm of the residual vector instead of the
Rayleigh Ritz quotient
<R[§0n+1]|R[§0n+1]>

because the norm of the residual vector has an unconstrained
minimum at each eigenvector, orthonormalization becomes
unnecessary.

fast, but always finds the vector which is closest to the initial
trial vector.



RMM-DIIS

» calculate a preconditioned residual vector
» perform a trial step along this direction
[#m) = |¢m) + AK|Rm)  |Rm) = |R(dm))

» search for the linear combination

|$M>= S i> with M = 1
R) = R(") = ) a[Ri)
2. (FhlRi)as = € ) (ohlslen) e

0

j=0 J



Integration over the BZ

» Charge density

occ

P = OO r)drdk
n

» Numerically, integral is a weighted summation

1

— = ) wyg
‘QBZ

Qpz &

» The integrand is a smooth and periodic function of k

fill) = ) fi(T) etk
T



Special Points

» A one-dimensional example

fok) = Ay + Ay sin(k) + A, sin(2k)
2T

=1 f(k)dk=A4
0

T 3 )
= /2 (k = 5) k== s N\




Monkhorst-Pack points
» Reduce from 3D to ID

» Fractional coordinates

U = 2r—m, —1)/2n, r=1.23,..,n

» Offset from the I' point

P-O-0-0-0 15 50 0l
15958 loooc
oFooe D29
F-o-t-o-6 L2 010 O]



» For hexagonal lattice, the I" point should be included

before after shiffed o I
symmetrization




Difference between Metal and Insulator

» Occupation is a step function at zero temperature

1 ~
Z Q_BZJQ <§0n(k)|X|§0n(k)>9(€nk — H)dk

BZ

» More k points are required for metal

_._\\ \\

_ \

NI EE

\ \
X \

A

\

metal:a sharp insulator:a
Fermi surface band gap




Smearing

» Fermi-Dirac distribution

1
f(g) = =) o= kBT
e o +1

» Energy is no longer variational with respect to the partial
occupancies f

» New variational function: free energy
F=FE-) a0S(fud
nk
S(f) = =lfInf + (1 = HIn(1 - f)]



Fermi-Dirac function

» From F to f (1)

(2)
(3)

(4)

(1), (4) — (5)
(2) — (6)

(7)

(5)=(7)— (&)
8) — (9)

F=E—-%,05f)
S(UF) = =lfInf + (1 = NIn(1 = f)]
o=kgT

S [F = pEnfo = NI =0

ofn
dE  8sS )
00— — ]

ofa 0f "
Z—;=—[lnf+1—ln(1—f)—1]
OF

37 =

& — oln

1-f
= IniL
N7

€n

1-fa
En— fnl
exp[”T”]zla+1

—u=0

9) — fn=m

» The reduced occupation probability below the Fermi
energy are not compensated by the occupation
probability above the Fermi energy.



Gaussian Smearing

» Broadening energy levels with Gaussian function, f
becomes an integral of the Gaussian function

f(&) = 5[1 - erf(=5)
» The error function does not have an analytical inversion,
entropy and free energy can not be written in f

s(5) =5ze |- (5]

» ¢ has no physical interpretation.

» Forces are calculated as derivatives of F(G), not
necessarily equal to force at E(0)



Gaussian Smearing

» Extrapolation to ¢ = 0: Because the dependence of the
free energy and the Kohn-Sham energy on the smearing
width is the same (to first order), averaging the two
values gives a much better approximation to the T = 0 K

result

F(o) = E(0) +yo? (1)
F(o) =E(o) —0S(0) (2)
S(o) = — 61;(00) ~ —2yc (3)
(1)—-(3) — E(0) = E(0) —yo? (4)

1) +(4) — E0) ~5(F(0) + E(0))




Methiessel & Paxton Smearing

» Expansion of step function in a complete set of
orthogonal functions, Gaussian smearing is the 0" order

1
folx) = 3 (1 — erf(x))

fu() = fo(x) + TN ApHym_1(x) e™*°
Sy(x) = %ANHZN(x)e_xZ

R 1. _ (="
» Extrapolationtoc =2 0 With: An= o

E0) = E(o) = ﬁ((N + 1)F(o) + E(a))

» If entropy S = GZ Sv(f) is small, E@) ~ F(o) ~ E(0) ~ E(0) ,
force are accurdte within the same limit.

» Not suitable for insulator, occupation may be >1.

Phys. Rev. B 1989 40, 3616



Cold Smearing

» A broadening scheme leading to an occupation function
that is positive definite.

§(x) = ie—[x—(l/\/i)]z(z _ \/fx) .= U—€

Vi ;
fi = f:g(x)dx x; = - ;éi
S = Z i

i = viﬁe—[xi—w@f(l —V2x,)

Phys. Rev. Lett. 1999 82, 3296



Linear Tetrahedron Method

» Dividing up BZ into tetrahedra , o
Linear interpolation of the function to be o LN
integrated within these tetrahedral N '

AP S
73N 4

integration of the interpolated function

» k-space integral
£l = ) ¢ (10X (k)

Interpolation

J
remapping of the tetrahedra onto the k-

points

nj

1
wnj == dkcj(k)f(e,(k))
gz Qg7




Blochl Correction

» Linear interpolation under- or
overestimates the real curvature

» For full bands these errors cancel

» Corrections for metal

1 4
Swyn = z EDT(EF) z(gjn - gkn)
T =

» Best k-point convergence for energy

» With Blochl corrections the new effective partial
occupancies do not minimize the ground state total
energy



Energy functional

» KS energy functional
Exs = Ts[n] + Epot[n] Ts[n] = Eg — jdrvin(r) n°%(r) Es = z €j

Epor = j A1V gt (F) n(F) + Egln] + Excln]

» KS energy as a functional of effective potential
Exs[vi™] = Eg[v™] — [ drvi™(r) n®t () + Epoe [n°%]

» Harris-Foulkes functional

Enr [nm] = E; [Vnin] — jdrvnin(r)nin(r) + Epot[ni"]

widely used in energy estimation in non-SCF calculations, no
need to calculate noUt



Mixing
» Linear Mixing
nm. = anf + (1 — a)n" charge density residual
— n::n + a(n;)ut _ n::n) R[nf"] — niout [nijn] _ nlg'n

large a works well for strongly bound, rigid systems, while for

soft systems, such as metal surfaces convergence can be
difficult.

charge sloshing problem
SvU(6) = ) &(6,6)8v™(6) @<

INPUT: AMIX

1

: €(Gmin)
Kerker preconditioning: damping the oscillations in the low-q
components of the charge density.

G|”

|G| + GAax

INPUT: BMIX

e(l6]) =




Broyden Mixing

» linear mixing is similar to quasi-Newton-Raphson
iteration x.,,=x.-J''R.

» Using J,=al as the initial Jacobian, using quasi-Newton
scheme, update ] at every step



Pulay Mixing
» RMM-DIIS like

Find the linear combination coefficients of several densities.

Minimize the normal of the residue vector subject to the
constraint of conserving the number of electrons (DIIS like)

It is desirable to reuse the approximation for the charge
dielectric function which was obtained in previous ionic steps
to reduce the number of electronic steps during relaxations

and MD.

INPUT: MAXMIX




It SCF Convergence Falils

. fails to converge
fails to converge —

| 11$e Davidson (ALGO=N) = T IC HARG=12 (no chargeppdzité} — ]
| ' coﬁverges
converges
play with mixing parameters
. . converges ICHARG=?
use this setting : ~ AMIX=0.1 : BMIX=0.01 -

‘ fails to converge

converges " increase BMIX
— BMIX=3.0 ; AMIN=0.01-

‘ fails to converge

bug report
after positions have been checked




